Online Appendix for

“Managerial Attention and Worker Performance”

by Marina Halac and Andrea Prat

This Online Appendix contains the proof of our results for the undiscounted limit discussed
in Section 2 of the paper, the proof of Proposition 2, details for the discussion of the forward-

looking agent case described in Section 4, and an analysis of discontinuous equilibria.

A1l Undiscounted limit

Denote a = limg_,, as. We prove the following result:

Proposition Al. Fiz any set of parameters (v, pu,b) and consider the limit as r goes to
zero. Let F < F so that the equilibrium of Proposition 1 exists. As F approaches F, a
vanishes, so the probability of returning to high performance goes to zero as time passes

without recognition.

Proof. Consider W, for s <3, given by equation (26). In the limit as r — 0, we have

\ijs = ,LLEIL‘S - ’Y(F + E - \Ijs) + 7#5/ mtdt + ,UQE:BS\IJS - a, (Al)

S

where a = rrl. Using (27) and substituting with (22),

2
- F
a= bt — L — (1 - 7)1 F. (A2)
12T
Substituting (22) and (A2) in (A1) yields
. _ F s _ _ 2F
U, = pbry, — v (F + 7—__ — \Ils> + ’mb/ zydt 4 2oz U, — [ubf 7 — — (1—-2)F

W2bT s W2bT

= (pPbzs + ) Uy + pb(z, — T) + W,ug/ r,dt — YFT.

s

Solving this differential equation with initial condition ¥y = 0 gives that for s <5,

U, = / L@(m —T)+ Wl_?/ ydt — VFT} el (Bectn)dig (A3)
0 T
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Following the same steps as in the proof of Proposition 1, an equilibrium is a value of

€ (0,00) such that (i) @ > 0 and (ii) U5 = U. For condition (i), note that the right-hand
side of (A2) is increasing in T and % = —Z — Z%(1 — Z)p?b < 0, so a is decreasing in 5.
Note also that the value of s that makes a = 0 is finite. Hence, making the dependence of a
ons exphclt a(3) > 0 is equivalent to 5 < 3 for 3™ defined by a(3™*) = 0. Note that
5™ is a continuous and differentiable function of parameters.

Using (A3), condition (ii) is equivalent to
_ o _ = [° — fg(p25x¢+7)di _ vE
T pb(z, —T) +~yub [ zdt —~yFT| elr dr = T (A4)
0 T %
Denote the left-hand side of (A4) by [hs(S) and the right-hand side by rhs. We show that

if § is an equilibrium, then [hs(3) is strictly increasing at s = §'. The derivative of [hs(3)

with respect to s is

(93 )

Js +\1/g( 2bm +7) — va
Substituting with gﬁ = —yZ —7%(1—7)u*b and U5 = ¥ and canceling and rearranging terms
yields
lhs(3)

55 = 2{b +y )@ + (1 = T)d] + bz} /0 el ()dige

Since both [hs(S) and rhs are continuous, this implies that the equilibrium threshold time
S is unique: there exists a unique point § where (hs(3') = rhs. Moreover, the fact that the
derivative of [hs(S) is bounded away from zero allows to apply the Implicit Function Theorem
and obtain that the equilibrium is continuous (in fact differentiable) in the parameters.
Hence, given an original equilibrium 3 with 3 < s | a new equilibrium with 3" < sma@"
exists for any local change of parameters.

We next show that increasing F' reduces a. Together with the results above, this implies
that starting from any given continuous equilibrium with investment, one can increase F' until
a becomes arbitrarily close to zero in equilibrium. Note that for a fixed 5, rhs increases when
F increases whereas [hs(S) decreases pointwise. Therefore, the point s at Wthh lhs( ) =rhs

increases when F increases. Note that T depends on F' only through s, and = > 0 implies



oz

55 < 0. Hence, using (A2),

Oa - 2F ) oT 2
(u e ) oF T e (1-7)y

Q.E.D.

A2 Proof of Proposition 2

The case with p > v is analogous to that studied in Proposition 1 and thus omitted. Consider
w <.

The construction of the equilibrium is simple. Given a threshold time s € (0, 00), the
law of motion for the agent’s belief on [0, 5] is given by (9). The solution to this differential
equation with initial condition xy = 1 yields the agent’s belief x, and the agent’s effort
as = (ub—vb)x, for s € [0,3]. Since the right-hand side of (9) is Lipshitz continuous in z, it
follows from the Picard-Lindelof theorem that there exists a solution and it is unique. Note
that this solution does not depend on s, and that both x, and a, are decreasing for all s < 5.
Denote the values at § by x5 = Z(85) and az = a(5); we omit the dependence on § in what
follows.

As explained in the text, (10) implies that the agent’s effort must be constant for all
s > 5. Therefore, given continuity of x,, the agent’s belief and effort must be z, = ¥ and
as, = a for all s > 5. Moreover, given these constant values, the principal’s investment is also
pinned down: setting &, = 0 in (8), we obtain that for all s > S, ¢, must be equal to

7= % + 3ud + v(1 - 3)).

Consider now the claim that any continuous equilibrium with positive investment must
take this form. First, note that this equilibrium is the unique continuous equilibrium with
positive investment where, at each time s > 0, the principal either is indifferent or does
not have incentives to invest. This follows from (10), which implies that in any continuous
equilibrium, the agent’s effort and the principal’s value of recognition must be constant for
all times s > s if the principal is indifferent between investing and not investing at s. Next,
consider continuous equilibria in which the principal has strict incentives to invest over some
time interval. By the same reasoning as in the proof of Proposition 1, there exists A > 0
such that the principal has strict incentives to invest at s € [0, A]. However, this requires

[pag +v(1 —ag)|¥o > (v + r)F, which cannot be satisfied since ¥y = 0. Thus, a continuous



equilibrium in which the principal has strict incentives to invest does not exist, and the claim
follows.

Finally, we prove the claims in fn. 18 of the paper. As explained above, the solution to (9)
(with initial condition xq = 1) uniquely determines x,, and thus a, = (ub — vb)x,, for s <3,
independently of the value of 5. Moreover, note that for any given s, the values of a, m&
and 7 are pinned down for s > §—these values are a, = a, 7L = %, and 7 = 7l + F—and

as a result the values of 72 and 7 are also pinned for s < s:

7_{_L — / e—r(r—s)aTdT + e—r(g—s)g’
s T

w0

H = / e~ () (r=8)=[] [naz+v(1—az)ldz {aT + vl 4 [par + v(1 — m)]”é{} dr

s

+e—(v+7”)(3—8)—ff[uaz+l’(1—az)]dz (E + F) . (A3)
r

V)

Using (A5), it follows that for any given 5, W5 = 7l — 74 is given by

s ~ L L
T / o ()T lnas +v(1-a:)Jd (ar —@) +7(nf — 75) 0
0 +par +v(l —a.)|¥s— (y+r)F

It is immediate to verify that W; is strictly increasing in 5 and is thus bounded above by
limg . U5, which is finite. Note that pa + v(1 — @) is also strictly increasing in s and is
bounded above by v. Therefore, it follows that there exists F > 0 such that a time 3 at
which (10) is satisfied (i.e., Wsluas + v(1 — as)] = (y +r)F) exists if and only if F < F,
and such a time s is unique. Given the construction and claims above, this proves that a
continuous equilibrium with positive investment exists if and only if F' is small enough, and

such an equilibrium is unique.

A3 Details for Section 4

In this section, we describe how we solve numerically the case of a forward-looking agent

discussed in Section 4.

Agent’s problem. The agent’s expected payoff at s =0 is

o — 1
Uy = / e (1 — R,) {,uxsas (b+Uo) — 5@? ds, (BCO)
0



where Ry, = 1 — e~ Jo #e7a7d7  The agent’s optimization problem is

o - 1
max Uy = / e (1 — Ry) [,uxsas (b + Uo) — iai ds
0

as

subject to & = —yxs — xs(1 — z5)pas + (1 — x5)qs, (A6)
R, = (1 — R)pasx,, (A7)
o = 1, RO =0. (BCl)

Note that given the principal’s equilibrium strategy, the agent faces a relatively simple single-
agent experimentation problem where the evolution of the underlying state (the principal’s
type) depends only on recognition, as the principal’s investment is only a function of the time
that has passed since recognition (and her type). The agent’s action affects both the payoff
process and the learning process, and the forward-looking agent takes this into account when
choosing effort. In particular, we solve for the agent’s optimal sequence of effort taking into
account how his belief will evolve and affect effort choices depending on the effort he chooses.
This computation ensures that no deviation (including double deviations) is profitable for
the agent.

For multipliers A4, A\os, the Hamiltonian is:

[e%S) _ 1 .
H = / {6—7‘8(1 — Ry) {umsas (b + UO) — 5@?} + AMsTs + )\QSRS} ds.
0
The first order conditions with respect to as, A5 and Ao, yield

0 = e (1 —R,) [pz, (5 + Up) — as] — Msts(1 — o) + Aos(1 — Ry)pus,
_>\.13 = eirs(l - Rs),uas(l; + UO) - )\ls [’Y + (1 - QxS)Nas + QS] + )\23(1 - Rs)ﬂa37

) — 1
Xy, = —e ’* [luxsas(b + UO) — §a§:| — Aol X .
Replacing with mis = Ajze™ and mos, = Agge”™,

0 = (1-Ry) [/m:s(l_)+ Up) — as} —mysxs(1 — xs)p + ma(l — Ry)pas, (A8)
_mls + rmis = (1 - RS)MCLS(B + UO) — Mis [’Y + (1 - 2378),”0/5 + qs] + m25<1 - Rs)ﬂa& (Ag)

- 1
—1Mgs + Moy = — {umsas(b + Up) — 5@?} — Mol T . (A10)



The transversality condition on mis and mayg is

lim e "my, = lim e *my, = 0. (BC2)
5—00 5§—00

Given the principal’s investment ¢, the agent’s effort and belief are determined by equations

(A6)-(A10) and boundary conditions (BC0)-(BC2).

Equilibrium dynamics and smooth pasting. We consider an equilibrium with thresh-
old time 5 € (0,00) so that the principal does not invest at s < § and she mixes between
investing and not investing at s > 5. As in the case of a myopic agent, we have that for

s < s,

Ay = (y+71)As — pa, vy, (A11)
¥, = —A,—rl, (A12)
7t = —a,+ral, (A13)
with boundary conditions
As=F, ¥y=0, and 72 = 7", (BC3)
where U = (7:% and 7" is derived below.

For s > 35, A, = F, so the system is

Ay = 0, (A14)
v, = -7k (A15)
7t = —ay+ral, (A16)
with boundary conditions
As=F, Ug=V, and 7L =7~ (BC4)

The value of 7 is obtained from smooth pasting: we require that a, and x, be continuously

differentiable at 5. This gives

. az—=V5 1 [((r+)F  azp¥?
e R + .
r r 1wV (v+r)F



Solving for the equilibrium. We find values (3, Uy, m1g, mag) such that equations (A6)-
(A16) and boundary conditions (BC0)-(BC4) are satisfied. Begin by fixing a set of initial

values (5, Uy, myg, mag). We proceed as follows:

1. Solve the agent’s problem for s < 5. Given (s, Uy, myg, M) and initial conditions
(BC1), and setting g, = 0, we can solve (A6)-(A10) on [0,5]. We obtain ag, s, Rs, m1s,

and me, for s < s.

2. Solve the system characterizing equilibrium dynamics for s >5. We solve (A14)-(A16)
given the boundary conditions (BC4). We obtain a,, 7%, ¥,, and A, for s > 3.

3. Solve for the agent’s belief and the principal’s investment for s > 5. We obtain the
belief x5 on [s, 00) by inputting the effort path as obtained in step 2 into the agent’s
problem (A6)-(A10). Then having solved for =5 and as, we can solve for the investment

¢s on [5,00). We obtain ¢, 25, Rs, m1s, and mgg for s > 3.

4. Solve the system characterizing equilibrium dynamics for s <35. We solve (A11)-(A13)
given boundary conditions (BC3). Note that the value of Ay is unknown here but we
can solve the system because a, is pinned down at this point. We obtain 7% ¥, and
A, for s <s.

5. Compare solution to initial values. Having solved for all variables, compute now the
resulting values for the value of recognition and the agent’s expected payoff at time
s = 0, which we can denote by \Tfo and [70 respectively, and the limits limg_,,, 67" m;
and limg_, ., e "*myg. If given initial values (3, Uy, m1g, mag), we obtain \TIO =0, (70 = U,
lim, oo e7™mq, = 0, and lim,_,,, e "*mgs = 0, then we have found an equilibrium.
Otherwise we change the initial values, searching on a grid of (3, Uy, m1g, mag), until

these four conditions are satisfied up to some precision target.

A4 Discontinuous equilibria

Consider the setting of Section 1. Our analysis in the paper restricted attention to equilibria
in which the agent’s belief as a function of the time since recognition, x,, is continuous.
In this section, we study equilibria in which this belief can jump. Because such equilibria
can in principle take many arbitrary forms, we focus on a simple class of discontinuous
equilibria that are stationary. We show that the principal prefers the continuous equilibrium

characterized in Proposition 1 to any discontinuous equilibrium in this class.



We define a stationary discontinuous equilibrium as an equilibrium in which the principal
does not invest except in countably many points s',s?, ... such that, for all n € N =
{1,2,...}, (i) s"™ = s" + A for some A > 0, and (ii) the principal invests with a mass
probability x > 0 at s”. Denote the set of times at which the principal invests by J =
{st st + A st +2A,...}. s', A, and  are such that for some 0 < 2z~ < 2 < 1, the agent’s
belief that the principal is a high type satisfies z,- = 2~ and z,+ = 27 for all s € J. Let
s = min{s : z, = 27 }; note that s!' — s° = A.

Figure A1 depicts a discontinuous equilibrium. (While the scale makes it difficult to see,
the values of all variables shown in the figure are strictly positive at all s > 0.) At each time
s € J at which the principal invests, the agent’s belief  jumps from x~ to z*, and so effort
as jumps from a= = pbzr~ to at = pbx™. At all other times s ¢ J, the evolution of z is
given by the law of motion (3), the same one that describes the agent’s belief over [0,3] in
the continuous equilibrium. Note that since the principal has incentives to invest only at the
instants s € J, she must be indifferent between investing and not investing at these times.!
Also, by construction, the low type and high type’s expected payoffs are the same at each
s € JU " and hence the principal is also indifferent at s°. Analogous to (6) and (7), it
follows that A, = F' and pa™ ¥, = (y+r)F at all s € J U s.

It is worth noting that in any stationary discontinuous equilibrium, A must be bounded
from below by a strictly positive value.? Although the smooth pasting condition need not be
satisfied in a discontinuous equilibrium, roughly speaking the intuition is related to that for
smooth pasting in the continuous equilibrium: if A is too small, the principal’s indifference
between investing and not when she invests would imply that she has strict incentives to
invest at a previous point. Thus, as discussed in the paper, an equilibrium where the agent’s
belief is constant from (approximately) the time at which the principal starts investing does

not exist.

Comparing with the continuous equilibrium of Proposition 1, we find:?

Proposition A2. The principal’s expected payoff at s = 0, 7l is higher in the continuous

equilibrium of Proposition 1 than in any stationary discontinuous equilibrium.

f the principal had strict incentives to invest at s € J, she would invest over a time interval [s —e, s + €]
for some ¢ > 0.

2To prove this, we can show that s <5 < s!, which implies that if A (and thus k) were to go to zero, then
5% and s' would go to 5. However, in this limit, the discontinuous equilibrium would yield a higher payoff for
the principal at s = 0, m{!, than the continuous equilibrium of Proposition 1, contradicting Proposition A2
below. A formal proof for the claim that s° <5 < s' is available from the authors upon request.

3 A welfare analysis of the agent is uninteresting because the agent is myopic. A myopic agent is indifferent
between the continuous and discontinuous equilibria at time s = 0; at any other time, he prefers the
equilibrium that induces higher effort.
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Figure A1l: Dynamics in the continuous equilibrium (solid lines) and the discontinuous
equilibrium (dashed lines). Parameters are the same as in Figure 1. Rec; is the unconditional
instantaneous probability of recognition, given by pxsas. The vertical lines indicate the times

5 and sY.



Proof. Using superscripts d and c to denote variables in the discontinuous equilibrium and the

continuous equilibrium respectively, we have x4

and :L’f+ = xfo and ad+ = d for all s € J. As for the principal’s incentives, as noted,

indifference implies A = F' and paty ¥4 = (y+7r)F at each s € JUs?, and at any s ¢ J U s"

= 2¢ and a? = a¢ at all 0 < s < min{s, s'},

we must have AY < F. Finally, we will use the fact that in the continuous equilibrium,
uals < (y+r)F for all s <. This follows from the proof of Proposition 1, where we show
that the equilibrium threshold time 3 is such that the left-hand side of (32) is less than the
right-hand side at all s <'3.

We now proceed by proving two claims.

Claim 1. Ifs® >3, then wllc > rli?.

Proof of Claim 1. Suppose by contradiction that s® > 5 and 7l > 7ll. Note that s° > 5
implies
pag Wi = (v +7)F = pag ¥

where a?o < a%. Therefore,

Uy = 7t — 7l > wlle — 7l = WS (A17)
Now note that we can write
SO
T d
ﬂ_(l]-ld _ / e*('err)TffO palds [ai + ,Yﬂ_Ld + MadTrOHd} dr + e*('err)sOffo ,ua~d7' Hd
0

0

s
< / 6_(’Y+T)T_IOT pasdr
0

0

ai—i—’y(/

— < Hd
te (y+r)s? fo pald e,

e—r(?—‘r)a%d;]i_i_ e—r(sO—T) > + M&c,]rgld] dr

where the inequality follows from the fact that a? = a¢ for s € [0,3], a? < a for s € [3,5"],
and 7f? > 7 for s € (0,5"]. It then follows that

0

it —plle < /0 e~ (rtnT=Jy pazdr [76—1«(30—7) (Wfod — 7T50) + pal ( Hd _ Wé{c)} dr

+6—(7+T fo pagdt ( gd — 71—500) . (A18)

10



Note that 7% 0 =7l 0 — F and 7% o = =i ©° — F'; hence, substituting,

0

ngd ngc < /0 o~ ()T [ natds [76—7«(30 )(WHd_TrSO ) + pal ( Hd Wé{c)] dr
e OS5 asd (pHd_ pHey (A19)

Recall that by the contradiction assumption, 74 > 7wl¢. But then (A19) requires w4 —

¢ < it — 7fle | contradicting (A17).4|
Claim 2. Ifs® <5, then nwlic > nlld.

Proof of Claim 2. Suppose by contradiction that s® <5 and 74 > 7fl°. Note that s° <5
implies

pagpWi = (v +1)F > pag ¥
Note that ad = a¢ for s € [0, s°]. Hence, we obtain
Wy = glld — phhd > plie _ ple — ye, (A20)

d

Now note that given a? = a¢ for s € [0, s°], we can write

0

7_‘_(I]-Icl 77516 _ / e*(’y+r‘r Jo paldr [,)/ (7T£d ) +ua ( Hd 7_I_OHC)} dr
0
+e—(’y+7")so_foso paldr (ﬂ_g Wgc) ' (A21)
For any 7 < s°,

Ld Le _ —r(s%—71) Ld r(s0—7) Hd Hce
T —n =e (so—wso)<e (7T —7T80),

where the last inequality follows from the fact that m% 0 = 0 — F whereas 7r ¢ > 7r — F.
4To see why (A19) requires 7f @ —7flc < wgd wfte, divide both sides by 7§ 4 _r{e under the assumption

that m{fd — zlle > 0:

s° Hd He o Hd He
cJF (0 o —Too _ NGO s cgr [ Tgo — Tgo
1< / —(v+r)T— [ pasdr |:’7€ r(s®—1) (st> +/14a :| dr+e (y47)s" = [ pasdr (?{di’—[ )
0 o 7To o To

The claim follows from the fact that

0

1= / e~ O FNT=Jg mazdT [ 4 4 el dr + e*(err)sO*f(fO pagds
0

11



Hence, substituting (72% — 7£¢) in (A21), we obtain

0
s
Hd He —(y+r)T— [ paldr —r(s¥—7) (._Hd He c (,_Hd He
Ty — Ty < / e Jo waz e (ﬂ'so —Wso)+uaT(7T0 — ) dr
0

50 c =
fe— (0= [ pagdr (ng _ 7Tgc) ‘ (A22)

Recall that by the contradiction assumption, 74 — k¢ > 0. But then (A22) requires

il — mile < it — wlle, contradicting (A20).°|| Q.E.D.

5This can be verified following analogous steps to those in fn. 4.
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