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This appendix extends our results to the case in which protection not only
requires that an insider has paid c, upon entry, but also that she has never
stopped paying the per-period fixed cost f > 0 at some point in time in the
past. Therefore, the sole modification with respect to the baseline model is
that, in any period, if all insiders have incurred the protection cost ¢, and
continuously paid f, the outsiders are assumed to be able to instantaneously
enter by paying c. > 0; however, if one of the insiders did not pay ¢, upon
entry or stopped paying f, then entry would become costless for all outsiders.
Insiders and outsiders take actions simultaneously at each point in time, with
all past actions being observable. In each period, an outsider must therefore
choose whether to take action p, action u or action w. In turn, an insider must
choose whether to pay the protection cost f (an action denoted by p) or not
to incur it (an action denoted by u). Throughout, we will let F' = f/r.

We first study the case in which II,, > c., mentioning at the end of the
appendix how to deal with the cases in which such condition is violated. Before
starting the equilibrium analysis, let us clarify several points. First, we note
that in any subgame in which at least one of the insiders did not pay for
protection in the past (either did not pay ¢, upon entry or stopped paying
f at some point after entry), all outsiders immediately enter for free. Thus
in the following discussion, we exclusively focus on subgames in which all
insiders have paid for protection at each point in time until the beginning of
the subgame.

Second, we point out that, in any subgame with & < n — 2 outsiders,
there always exist equilibria such that no insider pays f and all the outsiders
then immediately enter at zero cost. Such an equilibrium is a normal outcome
in coordination games. As we explained in the paper’s main text, we shall
refer to such continuation equilibria in subgames with £ < n — 2 outsiders
as “no-barrier continuation equilibria” (with the implicit understanding that
the continuation subgame to which they refer is the one with &k outsiders).
For certain range of parameters, there will be other equilibria in which all the
insiders will find it optimal to pay f in the subgame under consideration. We

will call those “barrier continuation equilibria.”



Third, note that a key consideration when we study subgames with &k out-
siders left is what equilibria will be played in subgames following entry of one
of the outsiders, i.e., subgames with &’ < k outsiders. In particular, if it is
expected that no-barrier equilibria will be played in all following subgames, all
players know that after the next entry, all outsiders will enter for free. This con-
sideration therefore leads to a multiplicity of equilibria. To reduce the number
of cases under consideration, we shall restrict attention to the following class
of equilibria: if, in a subgame with k& outsiders, a no-barrier (continuation)
equilibrium is played, then no-barrier equilibria are played in all subgames
with less than k outsiders.! Technically, this preserves some monotonicity in
the continuation payoffs of insiders that are useful to determine the payoff in
the preemption phase: in that phase, given that the number of outsiders who
enter is random, all continuation subgames are possible outcomes. Intuitively,
these equilibria also appear very reasonable: if it is not possible to coordinate
on paying f for a subgame with k outsiders and n — k insiders, it should be
even more difficult when there are more insiders.

Finally, we note that we will not directly use a proof by induction as we did
in the paper’s appendix in order to illustrate how we compute the continuous-

time limit of the game given the randomizing behavior by game players.
Solving the subgames with less than three outsiders
One outsider left to enter

We work backwards in the state space, so we begin our analysis by consid-
ering those subgames in which just one outsider is left to enter, that is, k = 1.
Since II,, > c., it is a dominant strategy for the unique outsider to enter im-
mediately, so no insider ever pays for protection. The continuation payoff of
an insider in such a subgame is then I; = II,,. The continuation payoft of the

outsider is O, = II,,.

Two outsiders left to enter

Tt is important to take into account that if a barrier equilibrium exists in a subgame with
k outsiders, then there exists a barrier equilibrium in any subgame with fewer outsiders.



We now consider the subgames with only two outsiders left (i.e., k = 2). As
pointed out above, there always exist “no-barrier equilibria” in which insiders
never pay f in this subgame and both outsiders enter immediately as soon
as the subgame starts. If F' is large (F' > II,,_o — II,,), this is the unique
equilibrium outcome of this subgame. When F' < II,,_5 — II,,, we proceed to
show that there exists another equilibrium in which insiders continuously pay
f as long as no entry takes place. This behavior by insiders, aimed at keeping
the entry cost at c., creates the same dilemma for the two remaining outsiders
as the one that we studied in the paper’s main text, so they will mix between
entering without paying the protection cost and waiting. The following lemma,
formalizes the possible equilibrium outcomes in these subgames as we work in

continuous time.
Lemma A In subgames with two outsiders:

1. There always exists a no-barrier continuation equilibrium such that insid-
ers do not pay f and outsiders choose action u; the continuation payoff of
an outsider is Oy = I1,,, whereas the continuation payoff of an insider is

I, =1,. If F > 11,5 — I1,,, this is the unique (symmetric) equilibrium.

2. If F < 11,5 — 11, there also exists a barrier continuation equilibrium
such that insiders pay f as long as the subgame is not over and outsiders
miz between actions u and w at each point in time. In the continuous-
time limit of the game, the entry time of an outsider is drawn from an
exponential distribution with parameter Ay, where Ay = (I, — ¢.)/ce.
The continuation payoff of an outsider is Oy = 1I,, — c., whereas the
continuation payoff of insiders is Iy = py(Il,_o — F') 4+ (1 — )11, where
fo =1/(r+ 2X2).

Proof. This lemma is a particular case (for k& = 2) of a general situation
involving 2 < k < n — 1 outsiders and n — k insiders under the restriction
that no outsider ever takes action p. We do the proof for general k£ as it will

be used to show later results. For the case of k¥ = 2 (Lemma A), action p is



dominated for outsiders. We characterize the equilibrium of this game in a
sequence of steps. First, we rule out mixing by the n — k insiders. Next, we
characterize the probability with which each of the k outsiders takes action
u at each point in time (as long as no outsider has yet entered). Finally, we
characterize continuation payoffs to the £ outsiders and the n — k insiders.
We proceed by proving first the following claim: if in the subgame with k
outsiders, these players mix between actions v and w, then the existing n — k
insiders cannot be mixing between actions u and p in a symmetric equilibrium.
Given that outsiders each choose u with (behavioral) probability p, ; € (0,1)
at each period in which the subgame is not over, suppose to the contrary that
the existing n — k insiders pay f with (per-period) probability ¢, € (0,1).
To ease notation, normalize to zero the date at which the subgame under
consideration starts, and let V5, (7) denote an insider’s expected payoff from
paying f until time 7 > 0 given that the other n — k — 1 insiders pay it with
probability ¢, and the k outsiders play u with probability p, ,. If there are
7/A periods of length A > 0 each until 7 is reached, it then follows that

ifl s—1 o)
Var(1) = D (e 1= p, )" (1= (1= p )" O (i — A+ maAS)
s=0 =0 l=s
1

o T L= pu)VE (Y (s — HIAG 4 Y maAS),

1=0 =%

where we have used the fact that fOA Tn_je "Sds ~ m,_;A for small A > 0.2
Note that some straightforward manipulations yield that the variation in the
insider’s payoff if she pays f one more period (conditional on the subgame not

being over) equals
o n—k—1 kN~ n—k—1 k =
Var(T+A)=Vour(T) = (0 (1=pup) )50 (1=pup) " (M —7n— f)AGS.

Because sign(Vs (7 +A) — Vi4(7)) = sign(mp— — 7, — f), we find that when

2Recall that the end of the current subgame results in immediate entry by the remaining
outsiders, thus effectively ending the overall game.



all other insiders pay f at each period with some probability ¢, € (0,1) (and
outsiders enter with probability p,, € (0,1)) that an insider would find it
optimally to unilaterally deviate. In particular, she would prefer paying f
with probability one until entry occurred if f < m,_x — 7, (equivalently, if
F <10,y — II,,), and she would prefer not to ever put some positive weight
in paying f at any point in time otherwise.

The consequence is that equilibria must involve either all insiders contin-
uously paying f until entry by some outsider occurs or neither of them ever
paying f. It is clear that an equilibrium in which no insider pays f always
exists and it is such that I, = II,, and O, = II,,. In addition, using the same
proof above for ¢, = 1 shows that the existing n — k insiders have an incentive
to choose ¢, = 1if F' < II,,_; — II, regardless of the value taken by p, , (if
F > 1, — 11, only ¢, = 0 is possible). That is, when F < II,_; — II,,,
there exists another equilibrium in which insiders pay f as long as entry does
not occur and outsiders engage in a waiting game to determine who pays the
entry cost c.. We proceed to characterize behavior by outsiders in such an
equilibrium exhibiting delay.

To find out the value of p, ;, let ¢, = 1 and let V,,x(7) denote the payoff
of an outsider to choosing u at time 7 > 0 given that each of the other k — 1
outsiders choose such an action with probability p, , at each period of length

A > 0 and wait with complementary probability. It readily follows that

ifl o0 [e%e)

Var(m) = D [(A=p, )" P A=(1=p, )" ] (Z ﬂnAfSl) H(1=p, ) A [ D maAd = 0B |
s=0 l=s =%

so we have

V(T + 8) = Vi (1) = 63 [(1 = p, 1) "5 [ce = (1= pup)* ™ (mad + c.)].

In order for an outsider to be indifferent among choosing action w at all points

in time, we must have that V,, x (7 + A) = V,,x(7) for all 7. Since 6 = 1 —rA



for small enough A > 0, it follows that
Pus =1 = (L4 A2) 7YY,

where Ay = (11, — c.)/ce.
Given some fixed time 7 > 0, and m(A) = 7/A periods of play until then,
the probability that an outsider does not choose action u at some time earlier

than 7 converges to

1 AoT ApT

1—@0(1—;}“,,6)“& = 1—£§1@(1+A2A)*7<k31m = 1= 1im [(14+0pA)%=5] 7551 = 1—e <1,

Using the fact \y/(k — 1) = r(II, — c.)/((k — 1)ce), it then follows that an
outsider chooses the first time at which to select action u according to an
exponential distribution with parameter Ay = r(Il, — ¢.)/((k — 1)c.).

In a mixed-strategy Nash equilibrium, an outsider should be indifferent
among all possible times at which to choose action u, so the fact that V,, ,(A) =
IT,, — c. implies that the expected gain of an outsider is Oy = II, — c.. In
addition, using the fact that each outsider chooses her entry time according
to an exponential distribution with parameter )\, the continuation payoff of

an insider is

1, :/ (/ (Tt — f)e_’"sds—i—/ Wne_”ds> ke P AT
0 0 7

Integrating and letting u, = r/(r + kM) then yields that the continuation

payoff of an insider equals

I = (I — F) + (1 — gy I,

Three outsiders left to enter

As before, if F' > II,,_3 — II,,, there can be no equilibria in these subgames

other than no-barrier ones. If F' < II,,_3 — II,,, no-barrier equilibria still exist,



but there may also exist barrier equilibria that we proceed to characterize. In
particular, we show below that sustaining barrier equilibria in the subgame
with three outsiders can be based on the expectation that it will be followed
by either a no-barrier continuation equilibrium play or a barrier continuation
equilibrium in the subgame in which two outsiders are left. Suppose first that
a no-barrier equilibrium outcome is expected to occur in the subgame with
two outsiders. It then follows that action p (enter and pay the fixed protection
cost) is dominated in the current subgame with three outsiders since no one
will pay f later on. This creates, as in the previous lemma, the conditions
for a waiting game in which the three outsiders try to free ride on each other
so as to save on the entry cost c.. We show in the next lemma that the
individual entry time then follows an exponential distribution with parameter
A3 = (1L, —c.)/(2¢c.).

Suppose now that a barrier equilibrium outcome is expected to occur in
the subgame with two outsiders. We examine whether barrier equilibria in
the current subgame can be sustained by such an expectation, leaving insid-
ers’ incentives to pay f aside for the moment and just focusing on outsiders’
incentives. By the previous lemma, an outsider that enters first by paying c,
expects a continuation payoff of Iy = y(Il,,—o — F') + (1 — p15)I1,,, so it follows
that playing action p is (weakly) dominated by u if I, — ¢, — c¢. < Oy — ce.
Given that O, = II, — ¢., the condition can be equivalently expressed as
cp > 5 p = Po(lln—p — I, — F). As we just saw above, in this case, the three
outsiders will play a waiting game, hoping that another outsider will enter
before them. In order for insiders to have an incentive to pay f, it is necessary
that F' not be too large (F' < II,,_5 — II,,).

So the three outsiders left to enter in the subgames under consideration
can find themselves in a waiting game for different reasons. As explained
above, this can occur because coordination on paying f is expected to fail
in the next subgame (no-barrier equilibria will be played) or because of the
expectation that an outsider will find it too costly to pay for protection when
entering even if she foresees that a barrier equilibrium will be played if she

enters (barrier equilibria will be played with ¢, > ¢} and F' < II,,_3 — II,,).



In both cases, paying c, is dominated in the current subgame, and any entry
will thus be followed by entry of all the remaining outsiders, so the outsiders
wait to enter in the hope of saving c.. In the lemma below, both of these cases
are summarized in part 2a.

If it instead holds that ¢, < c}, (which necessarily requires that F <
I1,,_» —II,,), preemptively entering and paying ¢, becomes very attractive for
an outsider if the other two do not enter and a barrier equilibrium is foreseen
in the subgame with two outsiders left. There is however a risk of coordination
failure were all outsiders simultaneously to enter and pay c,. This creates the
conditions for a preemption game described in the lemma below, part 2b. As
the time between two consecutive periods shrinks, outsiders essentially mix
between p and w, that is, between entering with protection and waiting. En-
try occurs instantaneously with probability one, and the number of entrants
follows a binomial distribution (so that there is positive probability of simul-
taneous entry by several outsiders). Because insiders pay f over a negligible
amount of time, in the limit there is no constraint on how small F' should be
(other than the condition initially imposed that F' be smaller than IT,, 5 —1II,,).

Lemma B In subgames with three outsiders:

1. There always exists a no-barrier continuation equilibrium such that in-
siders mever pay [ and outsiders choose action u immediately. If F' >

1,3 — I,,, this is the unique (symmetric) equilibrium.
2. IfF <TL, 5 —1II,:

(a) There also exist barrier continuation equilibria such that insiders
pay f while the subgame is not over and outsiders mix between ac-
tions u and w at each point in time. In the continuous-time limit of
the game, the entry time of an outsider is drawn from an exponen-
tial distribution with parameter A3, where A3 = r(II,, — c.)/(2¢.).
The continuation payoff of an outsider is O3 = 11, — c., whereas the

continuation payoff of insiders is I3 = ps(I,,—3 — F) + (1 — pg)1L,,



where s = 1/(r + 3X3). Furthermore, these are the unique barrier

equilibria if ¢, > c5.

(b) If ¢, < c3, there also exist barrier equilibria such that the three
outsiders start playing a preemption game as soon as this subgame
begins. In the continuous-time limit of the game, outsiders mix
between w and p. The continuation payoff of the outsiders converges
to O3 = 11,, — c., whereas the continuation payoff of the insiders is
I3 = ¢3(1) 5 + (1 — ¢4(1))IL,,, where ¢5(1) is the probability of a

single outsider entering (out of the three existing ones).?

Proof. Consider first subgames with three outsiders in which insiders play
a no-barrier equilibrium in the subgame with two outsiders left. As we showed
in the proof of Lemma A (now for the case of k = 3), there always exist a
no-barrier equilibrium in the current subgame, and no other equilibrium exists
if ¥ >1I,_3—1II,. For F' < II,,_3 —1II,,, there also exist barrier equilibria in the
current subgame in which insiders pay f with probability one and outsiders mix
between actions u and w. Each outsider chooses her entry time according to an
exponential distribution with parameter A3 = r(I1,, —¢.)/(2¢.), so O3 = II,, —c,
and I3 = pg(Il,,—3 — F) + (1 — pg)I,, where pug = r/(r + 3A3).

Consider now subgames with three outsiders in which insiders play the
barrier equilibrium in the subgame with two outsiders left (which requires
that F' < II,_o — II,). Regardless of parameter values, there always exist a
no-barrier equilibrium in the current subgame, so it simply remains to examine
(and characterize if applicable) other types of equilibria.

Throughout the remainder of the proof, we normalize to zero the date at
which the subgame with three outsiders starts. Recalling that each player in
a mixed-strategy equilibrium should be indifferent among all actions chosen
with positive probability, we have that outsiders may mix in principle using
the three actions available to each of them, namely w, p and w. Similarly,

insiders may mix between p and u. We denote p,; > 0 for the probability

3See expression (7) in the proof for the specific formula for ¢5(1).



with which one of the outsiders plays action a when k outsiders remain to
enter, whereas ¢, > 0 denotes the probability with which each insider plays
action p when k outsiders remain to enter (recall we have already analyzed the
case in which ¢, = 0). We let V, ;, denote the outsider’s payoff when following
action a € {w, p,u} (given the mixing probabilities used by the other players),
and denote the insider’s payoff when following action @ € {p,u} by V;;.* We

have the following;:

‘/27,3 = p%u,!}(ﬂ-n—QA + 125) + 2pw,3<1 - pw,S)(ﬂ-n—lA + Hn(g) + (1 - pw,3>2]‘_‘[n —Ce—Cp
—(1 = @572 pl 5(o — 10,)0 (1)

Vu,S = p12u,3(7rn72A+Hn5>+2;0w,3(1_Pw,s)(anlA‘*’Hn(s)"i‘(1_pw,3>2Hn_Ce (2)

and

Vs = ¢§_3[Pi,3(vw,35> + 2Pw,3:0p,3025 + (Pw,:s + Pp3 T+ 1)Pu,3Hn5 + P§,3(Hn — ¢e)d]
(1 — 5L, (3)

Letting C} = (?) denotes the binomial coefficient indexed by 3 and [, we

can also compute what an insider expects to earn when not paying f,

3
Vis =0+ Y Ch(ps) (1= pua)* " (maai),
=0

and similarly when she does pay f:

(Pu3)* (T3 + ‘7;),35) + 3(00,3)?[Pus (T2 + 11,0) + p, 5(Tp_2A + L50)]+
Vs = Wg_4 3pw,3{(Pu,3)2<77n71A +1L,6) + (pp,3>2(ﬂ-n*1A +11,,0) + 2Pu,3/0p,3(77n71A + 11,0)]
(1 = py3)* (A +11,0)

H(1 = QI + Y Chlpus) (1= pug)* (mamiA)] = FA.

=0

*All these probabilities (p, s, a € {w,p,u}, and ;) and value functions (Vox, a €
{w,p,u}, and Vz, @ € {p,u}) depend on A, but we omit the dependence to avoid clutter.
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The facts that p, 3+ p,3 =1 —p, 3 and S, C4(Pps) (1 = pys)® ™t =1 yield

that the expression for V53 can be rewritten after some manipulations as

305 (Pu)*Ppslln + (6 — 1) + 370 Cilpu)' (1 = pug)® ' (Tatld) — fA

V'\,B - Hn+ —
? 1- ¥3 4<pw,3)35

Note first that action p is dominated (i.e., p, 3 = 0) when ¢, > ¢; 5, so the
argument used in the proof of Lemma A (for the case of k = 3) proves part
2a.> To complete the proof, it simply remains to analyze the cases in which
¢p < ¢5 . In these cases, we must have p,5 > 0: otherwise, outsiders would
engage in a waiting game such as the one studied in the proof of Lemma A
(for k = 3), and ¢, < ¢ would imply that an outsider could do better off
by choosing action p at 7 = 0. Outsiders must clearly always put positive
weight on w, since they wish to avoid coordination failures when entering if
there is an incentive to preempt, and they wish to free ride on others if there
is some incentive to enter without protection. So we must also have p,, 3 > 0
(otherwise, we would have V, 3 > V), 3, which would contradict p,3 > 0). So
both p, 3 and p,, 5 must be bounded away from 0 whenever ¢, < c3 p.

We now show that we must have V53 < V53 for A > 0 small enough, which
means that ¢ must equal 1 in the continuous-time limit of the game. To

demonstrate this result, note that V53 < V53 if and only if

3
390731_4(pw,3)2pp,3Hn+90§_4(pw,3)36[ﬂn(6_1)+Z Cé(ﬁw,?))l(1_pw,3)3_l(7rn—lA)] > fA?

1=0

so the facts that 6 ~ 1 — rA and @3l > 0 (recall the hypothesis that
3 > 0) yields that the inequality holds for A > 0 small enough provided
lima o py 30p3 > 0, which was shown earlier. So situations in which mixing
by outsiders involves positive weights on w and p must be accompanied by in-
siders choosing to protect themselves: an insider finds it unilaterally optimal

to choose 5 =1 if the other insiders choose 5 = 1 as well.

’Note that playing barrier equilibria in the subgame with two outsiders left necessarily
requires that F' < II,_5 — II,,, so the fact that ¢, > 0 > c;F for F > II,,_o — II,, indeed
shows that we have completed the proof of part 2a.

11



To sum up the situation when ¢, < ¢ ., we have shown that p, 30,3 > 0
and p; = 1. We now prove by contradiction that action u must be chosen with
positive probability (even if turns out to be negligible as A — 0). Suppose to

the contrary that p, ; = 0. Then it is straightforward to show that V}, 3 =V, 3
Cp
[2 - Hn

yields p,, 3 — as A — 0. Letting V3(p,, 3, &) = Vi3 — Vp 3, that is,

(1—pi ) (T, — cc)e"™ -
‘/E’;(pw,:%? A) = 1 2 pg e—TA - p%u,3<7rn—2A + ]26 A) +
- Pw,3

2pw,3(1 - pw,S)(ﬂ-nflA + Hn67TA> + (1 - pw73)2Hn — Ce — Cp,

the implicit function theorem implies that

Vs
dpy 3 _ IA [a—g
dA A oV
apw,?) A=0
r(IL, — ¢,
P (200 = )T = )+ pTs = )
_ w,3
2pw,3([2 - Hn) 7
. dpw73 . .
so Il,, < I, < I, 5 and ¢, < II,, < II,,_; imply that —= < 0, which in
dA A,
turn implies that p,, 3 T T % o s A — 0. Now consider an outsider who
2 — Un

contemplates choosing action u instead of p, noting that expressions (1) and
(2) for p5 =1 yield

Vs — Vs = ¢, — 6p% 5(Ip — II,,). (4)
Cp

I, - 11,
A is infinitesimally increased that both § and ,012073 decrease, so we would have

Since V3 = V3 for A =0 (note p,, 3 =

in such a case), it holds as

that V,, 3 — V, 3 increases and hence V,, 3 must be greater than V), 3 for A close

enough to 0. Because there can be no profitable deviation in equilibrium, we

12



have found a contradiction, and therefore we must have that action u is played
with positive probability in a mixed-strategy equilibrium.
So we must have V,, 3 = V,3 = V, 3 in a mixed-strategy equilibrium in

which players use stationary strategies. Since V}, 3 = V3, p,, 3 > 0 yields

Cp

ST ?

where we have used equated V, 3 — V3 to 0 in expression (4). Using the

& _
P <67t s0

working hypothesis that ¢, < ¢5 » = I, — II,, yields that ————
’ (Ig — Hn>6

P < 1 for A >0 close enough to zero.
Because p, 3 = 1 — (p,3 + p,3) and Oy = II,, — ¢, the expression for V,, 3

in (3) can be rewritten for p; =1 as follows:

(1- P?u,3)Hn - Pp,3(Pp,3 + 21011;,3)66

Vs =
’ 5t — P23

)

Equating V,, 3 and V,, 3 yields the value for p, 3 > 0 after some manipulations:

ce — (1 —96)BIL, — pr,:s(l - 6p%u,3)0
pp,3 = - pw,37 (6)

0cCe

where B = 6(2 — p,3)p5 3+ (1 — pu3)? and C' = 2m,_1(1 — py,3) + Puy 3Tn—2-
Using the fact that Io — I1,, = py(Il,_o — II,, — F'), we find for small A > 0
that

Cp

Puwa ™ \/MQ(HTL—Q — 1L, — F)7

Cp

~1-— ,
P \/M2(Hn—2 —1I, = F)

and

pu,3 ~ 0)

that is, action u is played with positive but vanishing probability as A — 0.
We now determine payoffs. Given m periods of play between time 0 and
some fixed time 7 > 0, it holds that the probability that no outsider has

13



entered and paid for protection once time 7 arrives is (p,3)*" = (p,5)*"/*

(since m = 7/A), which converges to zero as A converges to zero for any
arbitrarily chosen 7 > 0. We then must have that there is probability one that
at least one outsider will enter and pay for protection (almost) instantaneously.
In words, outsiders correlate their actions as A goes to zero even though they
randomize independently.

We conclude the proof by characterizing the probability distribution over
entry outcomes at (normalized) time 0 as well as equilibrium payoffs for the
case under consideration. Because the probability of no entry at any point
in time is (1 — p,3)?, it holds that the probability that at least one outsider
enters is 1 — (1 — p, 3)®. Conditional upon at least one outsider entering, we
then have that

$3(3) = (pp3)°/ (1 = (1 = p,3)*),
$5(2) = 3(1 — Pp,s)(ﬂp,3)2/(1 —(1- ﬂp,3)3)7
and
¢3(1) = 3(1 = pp3)°pp5/ (1 = (1 = p,5)°), (7)

where ¢, (1) denotes the probability that [ > 1 outsiders enter simultaneously at
7 = 0 given that there are k > [ of them. We finally observe that an outsider’s
continuation payoff at the beginning of these subgames is O3 = I1,, — ¢, (since
Vo3 = Vius = Vs = II,, — ¢, for small enough A > 0). Since I} = Iy = II,,, the

expected payoff earned by an insider is

I3 = ¢3(1) > + (1 — ¢3(1))1L,.
]
More than three outsiders left to enter

The ideas uncovered in the subgames with three outsiders partially extend

to the subgames with a larger number of outsiders.® Letting ¢} p = 1, (I —

SWe recall that if a no-barrier (continuation) equilibrium is played in a subgame with
k outsiders, then no-barrier equilibria are assumed to be played in all subgames with less
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IT,, — F'), it holds in the subgames with k£ > 3 outsiders that ¢, > ¢;_, » implies
that the only barrier equilibrium is such that players mix between w and u,
and the time of first entry is exponentially distributed. As in the paper’s
main text, the critical ingredient of the induction argument is that {cj F}Z;;
is a monotonically increasing sequence.” This implies that, when ¢, > Ch1.F>
if one outsider chooses to enter by paying the protection cost c,, the k — 1
remaining outsiders will then engage in a waiting game, since ¢, > ¢j_, . The

following result therefore holds.
Lemma C In subgames with k € {3,...,n — 1} outsiders:

1. There always exists a no-barrier continuation equilibrium such that in-
siders never pay [ and outsiders choose action w. If F > I, — II,,

this is the unique (symmetric) equilibrium.

2. If F < II,,_y — II,,, there also exists a barrier continuation equilibrium
such that insiders pay f while the subgame is not over and the k outsiders
mix between actions u and w. In the continuous-time limit of the game,
the entry time of outsiders is drawn from an exponential distribution with
parameter kM, where N\, = r(Il, — ¢.)/((k — 1)c.). The continuation
payoff of an outsider is Oy = I1,, — c., whereas the continuation payoff of
an insider is I, = p,(IL,— — F) + (1 — py )11, where p, = 7v/(r + k).

If ¢, > ¢ g, this is the unique barrier equilibrium.

Proof. We prove the result by induction. Lemma B established the result
for k = 3, so it only remains to prove that it holds for & > 4 whenever it is true
for k—1. So suppose that the result holds for k£ —1, and consider the subgames
with &k outsiders when ¢, > ¢;_;. Let us focus on an outsider’s incentive to

play p. Since ¢, p < ¢j_; p for all k' < k —1, she knows when choosing action

than k outsiders.

"Note that ), = (k — 1)c./(kIl, — c.) is increasing in k, since ¢, < II, implies that
dpy/dk = c.(I1,,—ce)/(kIl,, —c.)? > 0. Taking into account that both y;, and I1,,_y —II,,— F
are positive, the fact that II,_, and p, are both increasing in k then yields that ¢ p <
Cap<..<Ch_1p
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p that p being simultaneously chosen by [ > 0 other outsiders will result in the
remaining ones playing a waiting game (by the induction hypothesis). Clearly,
the highest payoff that can be achieved is the one attained when no other
outsider enters simultaneously, i.e., when [ = 0. Thus, the highest payoft she
can obtain by taking action p is I_1 — ¢, — ¢e = 11 + (1 — py_1 )11, —
¢p — Ce. Since ¢, > Cp_1p implies Iy y — ¢, — c. <II, — ¢, it then follows that
no outsider must be willing to enter by paying the protection cost in subgames
with k outsiders. Letting k£ > 4 in the proof of Lemma A then delivers the
desired result. m

We now consider the more complex case where preemption can occur. It is
essential for our purposes to define J’, the critical number of outsiders such that
a waiting game is played if the number of outsiders is strictly less than J' (i.e.,
in subgames in which the number of outsiders left to enter equals 2, ..., J' —1).
As we explained earlier, outsiders can go from playing a preemption game
to a waiting game for two reasons: either it is expected that a no-barrier
equilibrium will be played in the next subgame, or, even if it is expected that
a barrier equilibrium will then be played, it is still not worthwhile to pay for
protection upon entry (¢, > ¢j_; ). Corresponding to the first case, we define
J1 as the maximum value of k such that the continuation equilibrium played in
a subgame with k£ — 1 outsiders is of the no-barrier type, so J; ranges from 2 to
n. For the second case, we define J; = inf{k >3 :¢, < c;_, p}, where J, = n
if it is not well defined. Note that J; is a step function of ¢, ranging from 3
to n. Overall, we let J' = max(Jy, J2).® As soon as any of these thresholds .J;
and Jy is crossed, a waiting game starts. We will now show that for k£ > J', a
series of preemption games takes place. A priori, the players may mix between
the three available actions, w, p and u. We can show that action w is chosen,
but with vanishing probability as A goes to zero, so we have the following
result.

Lemma D In subgames with k € {J',...,n — 1} outsiders such that ¢, <

Ch_1.r, the unique symmetric equilibrium in the continuous-time limit of the

8Note that J = Js, so J' > J, and hence the introduction of a flow cost of protection
mitigates preemption incentives whenever J; > Js.
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game has the following features:’

(i) Outsiders miz only between actions p and w at each point in time, and
the probability p, of playing p is uniquely determined.
(ii) Such probability p,, increases with k.

(iii) Immediate entry by at least one outsider occurs.

Proof. The current situation is significantly more complex than the one
we analyzed earlier when k£ = 3, since a sequence of preemption games can
now occur. In the three outsider case, there was at most a single preemption
game being played and we could thus derive probabilities explicitly and take
the limit for small values of A. When k > 3, the probabilities of entry in each
subgame exhibiting preemption features must be determined recursively, so we
shall pursue the following approach for characterizing the game’s continuous-
time limit. For a given period length A, let p,;(A) > 0 be the probability
with which each outsider plays action a € {w,p,u} when k outsiders are left
to enter. Also, let p;,(A) > 0 be the probability with which each insider
plays action @ € {p, u} in such subgames. Furthermore, let V, ;(A) denote the
outsider’s payoff from choosing action a given that the £ — 1 other outsiders
are mixing over actions with probability p, ,(A) and the n — k insiders choose
Pz x(A). In equilibrium, the mixing probabilities p, ,(A) for a € {w,p, u} must
be such that outsiders are indifferent between all three actions and such that
these are indeed probabilities (i.e. Vpx(A) = Vir(A) = Vur(A), poi(D) €
(0,1) and >~ crypuy Par(d) = 1). In addition, p;,(A) = 1 requires that
Voe(A) > Var(A), whereas p;(A) = 1 requires that V5.(A) < Var(A).

9The proof of the lemma also reveals when J’ # n that I,,_y < I,,_o < ... < Ly < Iy _1,
i.e., the gate-keeper expects her payoff to improve as preemption by outsiders choosing
protected entry takes place: even though entry harms the gate-keeper’s payoff, the threat
of potential entry becomes less intense because the remaining outsiders enter with a smaller
probability, and the latter effect dominates the former. The finding that I,,_; < I,_o <
w. < Iy < Iy_1 when J' # n, coupled with our previous one that Ij_1 > I _o > ... >
Iy = 1I,, (see previous lemma), means that the gate-keeper’s expected payoff peaks when
the outsiders’ preemption incentives vanish and their incentives to free-ride on each other
appear (see Vettas 2000 for the discovery of such payoff nonmonotonicity result in a related
context.). When J' = n, it always holds that I;,_1 > I;_5 > ... > Iy = II,,, so the gate-
keeper is severely harmed by outsider entry (her expected payoff falls from I, to Iy = II,,
as soon as there is entry).
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What we will do is to prove for small A > 0 that either V;,(A) > Vir(A)
or V;,(A) < Vazi(A) and then solve for the solution of the system consisting
of V1 (A) = Vi (A) = Vi k(A) for A = 0, what we call the continuous-time
approximation of the equilibrium.'® We will show that this solution exists and
is unique, so that the fact that the value functions V, x(A) (a € {w,p,u})
are continuous in A and in the probabilities will imply that our approach
effectively provides the limit of equilibrium play when we move to continuous
time.

To illustrate further this method, consider the case of three players solved
in the proof of Lemma B. In that case we solved explicitly, for a small fixed
value of A, for the probabilities p, 5(A), a € {w,p,u} (see (5) and (6)). We
see from the solution presented in the proof of Lemma B, that taking the
limit of all the probabilities as A converges to zero (as we did) leads to the
same solution as directly solving the system consisting of equations (1)-(3) for
A = 0, as was to be expected due to the continuity of the system. From now
on, p,; and V; ;. shall respectively denote p, ;(A) and V,x(A) for A = 0.

In order to solve for the approximation of the equilibrium outcome, we
work directly with the solution for A = 0. As in the proof of Lemma B, it is
easy to show that insiders cannot be randomizing between u and p, whereas
outsiders must be choosing each of the three actions available to them with
positive probability. Taking this into account, we prove the result in a number
of steps (the proof is quite similar to the one in the paper’s appendix).

Step 1: p,; =0."

We show this result by induction. For A = 0, we have

Vu,J’ =11, — ce

YU Formally, what we mean by (continuous-time) approximation of the equilibrium is a set

of admissible mixing probabilities p, , (a € {p,u,w}) satisfying the following property: for
any (small) € > 0, there exists A¢ such that A < A, implies that [p, ,(A) —p, | < €, where
Pai(A) is the exact equilibrium play.

! Rigorously speaking, this should be interpreted as Pui L 0as A — 0.
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and

VwJ/ = PI‘[XU,J/ =J - 1,Xp,Jl = O,Xu”]/ = 0] Vw”]/ +
J—-1J'-1-m
Z Z PI‘[Xw’J/ = J/— l—l—m,Xp’J/ :l,Xqu :m] Hn—|—
m=1 =0
J'—1

S PrXy =0 —1-1,X, 0 =1,X,=0] Oy,
=1

where Pr[X,, 1, X, k, X x| denotes the probability that X, outsiders choose
w, X, outsiders choose p and X, ;, outsiders choose u. We know, that for all
k < J', a waiting game is played and, according to Lemma C, O, = II,, — c,,

so the system of equations can be rewritten as
Voo =11, — ce
and
Vs = PrXyy=J—1,X,,=0,X,, =0] Vo +
(1-Pr[Xy,=J-1,X,,=0X,,=0]) I, —

J'—1

> PrXyy=J —1-1,X, 0 =1,X, 5 =0 c.
=1

In a mixed-strategy equilibrium, an outsider must be indifferent between all
actions played with positive probability, so we must have V,, y = V,, », which

implies that

J'—1

Y PriXyy =J-1-1,X, 0 =1, X, =0 | (1=Pr[Xy s =J~1,X, 0 =0,X, 0 =0]) = 1.
1=1

This holds if and only if

J' -1
> PrXyy =T —1-1,X, 0 =1,X, 0 =0/ =1,
=0
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hence we get that p, ; = 0. Further, this implies that O = II,, — ¢, and the
property is therefore true for k = J’. The reasoning follows exactly the same
lines for larger values of k (since u is chosen in equilibrium, but with vanishing
probability as A — 0).

Thus, in the approximation we consider, the players will essentially mix
just between actions w and p in subgames in which insiders pay f while the
subgame is not over. We denote p, = p,, for the individual probability of
entry (so we have p,,, = 1 — p,). Given k outsiders, the payoff to choosing

action p is given by

k—1

Vo = Z Crr (o) (1= p ) oy — ¢y — ¢,

=0

where C!_| = (kjl) denotes the binomial coefficient indexed by £ — 1 and [.
The value to an outsider of paying the protection cost when entering depends
on how many other outsiders simultaneously enter. If [ other outsiders enter,
the outsider participates in the next period as an insider in a subgame with
k—1—1[ outsiders. Her expected gain in this case is thus I;_;_; (the continuation
value of being an insider with £ — 1 — [ outsiders).

Each of the k£ outsiders will mix between p and w so as to leave others

indifferent between these two actions, which yields that
‘/p,k = Hn — Ce,

since Vi, = Vi, = 1I,, — c. for A = 0. Letting I q1=1,_1,—1, and
k—1

Fu(p) = Chy p(1—=p)F " Ty,

=0

the indifference condition can be equivalently written as:

Fi(py) = 6 (8)

Step 2: p, is the unique solution to Fy(p,) = c,.
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Having established in Step 1 that p;, must necessarily solve Fj(p,) = ¢,, we
now show that there exists a unique solution to such an equation. Consider

)

first the last “preemption game,” i.e., the subgame where J' outsiders are left

to enter. As shown in the main text, the indifference between actions p and w
is defined by

FJ/<:0J’) = Cp,

where
J -1

Ep(p) = Z Chy (L= p) " Ty
1=0

Note that following entry by at least one outsider, a waiting game is played
(the speed will be determined by the number of other outsiders who happen to
enter). Note that according to Lemma C, I y—y—; = (I, (gr—1-1—1,) =
Cyr_y_ p- We showed previously that ¢j, 5 is an increasing function of k. So we
have I y_y > Iy > ... > Iy, and it can be immediately observed that F (p)
strictly decreases with p. Indeed, increasing p shifts the distribution to states
with lower payoffs.

Furthermore, if J' = J, then we have F,(0) = I,_1 = ¢}, 4 p > ¢, (since
Jo = inf{k > 3 : ¢, < ¢, p} by definition). If instead J' = J;, we also have
Fr(0)=1;,-1=c5_yp > ¢ (since Jy > Jy implies ¢, < ¢, 4 p < ¢, _y ¢ by
the increasingness of ¢ ). So it always holds that Fj(0) = I,y =c}_| p >
¢, Since Fyi(1) = Iy = 0 and Fy(p) is a continuous and strictly decreasing
function, it then follows that the equation F/(p) = ¢, has a unique solution
py € (0,1).

We now work recursively with Fy(p) for & > J'. We use the following
key properties of Fj1(p) proven below:

e Property 1:

oF, k
5, (P) = () (Fulp) = Fina(p))
e Property 2:
OF} 1
“ap W0



e Property 3:
Iy = Frya(py)-

From Properties 1 and 2, we can show recursively that Fjq(p) is increas-
ing at zero, reaches a maximum when Fyq(p) and Fi(p) cross and is then
decreasing.'? Furthermore, we know that Fj,1(1) = Iy = 0. So to estab-
lish that Fi.i(p) = ¢, has a unique solution it is sufficient to show that
F11(0) > ¢,. To prove it, note that we have Fj.;(0) = I;, and Property
3 implies that I, = Fj11(p.), so it holds that F,,1(0) = Fy.1(p,). Because
Fri1(p) is increasing at zero according to Property 2, the unique maximum
must be reached somewhere between 0 and p,. According to Property 1, we
know that Fj,1(p) > Fi(p) for p > p., and therefore Fi.1(p,) > Fi(pg)-
Taking into account that Fj.1(0) = Fii1(p,), as we just showed, and that
Fi(py) = ¢, it follows that Fj1(0) > c,.

Step 3: Lemma D (i) follows directly from steps 1 and 2. We also showed
above that Fy41(p) > ¢, for p € (0, p;,), so we must that have p;, < p,,, which
proves (ii). Finally, (iii) can be shown as in the proof of Lemma B.

To conclude the proof, we show that properties 1-3 stated above do hold:

Property 1 We have that

k—1
Fu(p)=> Chy (p)'(1 = p) " Thoiy
=0

and
k

Fepa(p) =Y Ch () (1= p) ' T (9)

=0

2Indeed, we have shown that Fj is a decreasing function. By Property 2, Fjy 4 is
increasing at zero and must cross F;» at least once since F;» converges to zero when p
converges to one and Flj ;1 starts above zero. At this intersection point, by Property 1,
Fj 41 must reach a local maximum. Such a function cannot have another turning point
(which should be a local minimum given that F;1 is continuously differentiable): if this
were the case, F'j/q should be decreasing at a faster rate than the everywhere decreasing
function F/, so the continuous differentiability of Fj, 1 rules out that F;;1; be tangent to
Fj at the local minimum, and it must be that F;;; and Fj» cross at such a point, which
in turn would contradict Property 1 applied on the right neighborhood of the turning point
by the continuous differentiability of F;/ ;.
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So we can establish that

Fi(p) = Frpa(p) = ch 1 )"7 =T, —l_ZCk 1_ k YT
k
= chl{::ll (p)l_l(l k l]k: = Zok k ljk_l — 1—
=1
Consider
OF; o
o ) = ch 1) (L= )~ = (k= D)) (1 = )] T
= ch — )" = kp) Ti
— ch l 1 )k lfl(l N kp) Tk—l N k(l . p)kilTk; (11)
so that

OF, -
k+1 Zl(]k =1 1 p)k =1 Ik l_kZCk 1 p)k =1 Ik 1— k(l—p)k_lfk.

Given that C._t = IC! /k, using (10) yields:

OFei1, v, k
a—p(P) = (

T p)(Fk(p) — Fr(p), (12)

as claimed.
Properties 2 and 3 We have that

%—i’“(n) = z_: Ly [lp) (1= p) = (k= 1= D)) (1 — p)* 7] Thory

= > Gy (0T A=)l = (k= 1p] T — (k= D)1= p)* *Ti,
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SO

S0 = (k= )T~ Taa) (13)
for k> J + 1.

Denote now fk(,o) for the expected payoff to an insider when there are
k outsiders who choose to enter with probability p (the expectation being

conditional upon at least one outsider entering). Then

k=l

S s (0= p)
Ii(p) = lz;ck 1—(1-p)kF Igt, (14)

so straightforward manipulations yield:

~

(1=(1=p" Lip) = > Ci(A=p*" Ty

k

= Y (A T~ (1-p) I

=0
= Fa(p) = (1—=p)* L.

If there existed a unique p,, satisfying Fj(p;) = c,, then we would have fk(pk) =

I}, so using the previous equality for p = p, would yield

(1-(01- Pk)k) I = Frpi(py) — (1= Pk)k Tk;

that is, an insider’s expected payoff (net of II,,) when k outsiders remain to

enter would satisfy
Iy = Fia(py) (15)
if a unique p,, satisfying Fy(p,) = ¢, existed.
Because we know that there exists a unique pj satisfying F/(p;) = ¢, it
OF, - -
simply remains to prove that a—k(O) >0, that is, I,_1 < [p_o for k> J +1,
P

which follows from working recursively on k as in Vettas (2000).!% m

I3Notice that expressions (4a), (5a) and (6)-(9) in Vettas (2000) are equivalent to ex-
pressions (8), (15), (9) for p = 0, (12), Fx(1) = 0 < ¢,, and (13), respectively. Note
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A direct application of Lemmas A-D yields the following result.

Proposition 1b

In the continuous-time limit of the game, the outcome of any symmet-
ric equilibrium exhibits the following properties when 11, > c.: there exists a
critical number J' € {3,...,n} such that, if the gate-keeper initially paid for

protection (paid ¢, and continuously paid f as long as no entry takes place):

1. J' # n implies that outsiders randomize in such a way that at least n—J’
of them immediately enter and pay the protection cost c,, whereas J' = n

implies that no outsider enters immediately.

2. After entry by at least n — J' outsiders (if J' # n) or none of them (if
J' = n), the remaining outsiders, if there are at least two, delay entry

for a random length of time and do not pay for protection upon entry.

3. After one of them enters without paying the protection cost, all the re-

maining outsiders immediately follow at no cost.

This proposition also holds when II,, < ¢., a situation that for large enough
values of n approximates free entry. In particular, there exists a critical value
J such that if the number of outsiders is larger or equal to J, outsiders mix
between actions p and w and at least n —.J immediately enter if .J # n or none
enter if J = n. The main difference is that if the number of outsiders is less
than J , no further entry takes place whereas in the case ¢, < II,, all players
play a waiting game and eventually enter. We derive the value of J below.

In situations where ¢, > II,,, action u is always dominated by w if no insider
has ever stopped paying for protection (both upon entry and thereafter), since
playing u yields payoff II,, — ¢, < 0. Define ¢ = II,,_; — ¢, in what follows,
and let J = max(J;, J3), where J) = inf{k > 3 : ¢, < ¢,_,} (with J, = n if

the definition is vacuous), so that subgames with & < J — 1 outsiders exhibit

that the expression that turns out to be equivalent in our setting to (10) in Vettas (2000)
(namely, Fj+1(0) > Ij) actually holds with equality, and hence it is redundant based on the
expression in (9) evaluated at p = 0.
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no further entry.'* Lemmas A-D are then directly applicable by simply letting
ce = II,, and redefining ¢} r and Jy as ¢, = Il — c. and Jj, respectively.
Hence, the case in which ¢, > II,, corresponds to infinitely long entry delays in
subgames in which insiders continuously pay f and outsiders have no preemp-
tive incentives. The proposition then applies accounting for this new notation
and the fact that the delay in entry after the initial preemptive entry phase is

infinite.

14Gince it holds that Hn—(7—1) —Ce>Cp > Hn—(7—2) — ¢, by definition of J .
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