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A Equilibrium Dynamics and Asymptotics

This section characterizes the dynamic and asymptotic properties of a general version of the
economy introduced in Section 2. Our main result, stated in Proposition 2, shows that the
economy converges to a path of constant real consumption growth under milder conditions
than the ones analyzed in Section 2. It also provides a sharp characterization of the constant
growth path as a function of sectoral income elasticities, sectoral capital shares and produc-
tivity growth of different sectors. Moreover, we show that these results hold for a wider class
of models. In particular, we introduce a generalization of the baseline nonhomthetic CES ag-
gregator that allows us to establish a precise connection to empirical measures of the growth
rate of real aggregate consumption as defined in the Penn World Table 8.0 (Feenstra et al.,
2013).

Notation Henceforth, we denote by 7 the elasticity of a (potentially multivariate) function
f with respect to its argument z, i.e., ny = dlog f/0logx. When function f is defined over a
single variable x, we simply refer to the elasticity function as ny. Moreover, we use bold face
notation to indicate a collection of sectoral variables. For instance, p(t) stands for the set of

sectoral prices at time ¢, that is, {p; (t)}ilzl.

A.1 Household Preferences and Demand

Consider a unit mass of households with identical preferences over a stream of real consump-

tion per capita [c (t)];2, defined as

U(0) = /0 ety (1) dt, (A1)

where u(-) is the instantaneous utility function, p > 0 is the discount rate, and n > 0 denotes
population growth. We make the standard assumption that n < p, and that the instantaneous
utility function w is asymptotically isoelastic, that is, lim. oo 7y = ct//u =1 — 0 with 6 > 0.
Households inelastically supply labor, L (t) = L (0) e™.

Per capita real consumption c (t) aggregates cosumption of a bundle ¢(t) = {¢; (75)}5:1 of

goods according to generalized nonhomothetic CES preferences defined implicitly through

Dolglcm ™ a®m] T =1, (A.2)

where each consumption good is characterized by an income elasticity parameter ; > 0

and o € (0,1) denotes the elasticity of substitution. Function ¢(-) is a positive-valued and



monotonic function and will be characterized in what follows.!
When consumers face prices p = {pi}ile , the expenditure function corresponding to the

preferences above is be given by (see derivations in the main Appendix A)

1
I 1—0o

P
e(ep)= (D lg(e)p) ™7 : (A.3)
i=1
Correspondingly, the consumption expenditure share of good 7 is given by

(e pici  (9() p; e
wien == (L) (A4

For any variable that varies across sectors, e.g., income elasticity parameters ¢;, we can define
expenditure-weighted averages. For instance, we define the economy-wide average income

elasticity paramter as
I

e(ap) =) wilep)e (A.5)

i=1

In the remainder of the paper, we will drop the dependence of expenditure-weighted average
functions on the prices whenever the corresponding prices are clear from the context.

The real consumption aggregator defined by equation (A.2) characterizes the consumer’s
instantaneous utility function up to a monotonic transformation implied by g(-). In order for
our concept of real aggregate consumption ¢(t) to correspond to empirical measures of real
income, the choice of g(-) should express consumer utility in terms of equivalent expenditure
in constant prices.? Accordingly, we choose function g (-) in such a way that aggregate con-
sumption per capita c is expressed in terms of constant prices q, i.e., in real terms. We define
g(+) implicitly through:

I 1—0o

c= Y lg(%a]'" , (A.6)

i=1
that is, we let g = e~! (-; ). With this definition, Equation (A.2) defines c(t) as an aggregator
of a bundle {¢; (t)}._, expressed in terms of the cost of an optimal bundle when consumers

face given constant prices q.

!To find the basic isoelastic nonhomothetic CES aggregator presented in Section 2, one can simply replace
g(c) = cand g; = §=Z. We focus our attention to the empirically relevant case (at least, for three sectors)
where the elasticity of substitution is not greater than unity to avoid a taxonomical analysis, but these pref-
erences are well defined for ¢ > 1 (see main Appendix A) and, as it will become clear in the analysis that
follows, the theoretical results extend to o > 1.

2This point becomes critical only when we aim to characterize the asymptotic behavior of our economy.
Measures of real consumption constructed based on chained Fisher indices provide a local approximation of
the utility for any smooth utility function. Therefore, in so far as the local approximation holds, the choice of
g(-) does not bear on our empirical results in Section 3. We refer the readers to the online Appendix for more
details on this point.




The next proposition, characterizes the solution to the household problem.

Proposition 1. Consider the household’s problem of mazimizing (A.1) where the aggregator
is defined by Equations (A.2) and (A.6), subject to the flow budget constraint

a(t) =w(t)+[r(t) —nla(t) —e(c(t);p ), (A7)

and the No-Ponzi condition

lim a (t) exp (- /0 () - n) dt’) >0, (A8)

t—o00

for some path of wage w(-), interest rate r(-), and sectoral prices p(-). Then, the Euler

FEquation L
_,_p® 1 g DPi(t)
@ _ T (t) p (1) (1 U)CO’U(E(C(t))v pi(t)) (A 9)
c(t) ng, (e(t):t) — nu(c(t)) ’ '

along with the transversality condition

lim a(t)e--me__<) ___elca)

s ORI (A.10)

characterize necessary conditions for any paths of consumption and assets to be the solution
to the household problem. In the Euler Equation above M and € are expenditure-weighted

sectoral averages at price p(t), and the elasticity of marginal expenditure is given by

W (e(t)st) = (5“””“)—1)

1+(1_0)<VM%aap@D>]’

e(c;q) =)
(1o |V Eep() VarCied)
e(c;p(t)) e(c;q)

Furthermore, let A = max/Emin be the ratio of the largest to the smallest sectoral elasticity
parameters correpsonding to the household preference’s aggregator in Equation (A.2), and
suppose the elasticity of intertemporal substition is bounded above by 1/8, that is, n, (¢) < —0
for all c. If the following inequality is satisfied

1 1—-0

Q>(A—1) Z+ 1

(A1), (A.12)

then the household problem has a unique solution, fully characterized by the Euler equation

and the transversality conditions above.

The proposition above establishes that under mild conditions on the concavity of instan-

taneous utility function wu(-), the household problem has a unique optimum that can be found



by solving an Euler equation. First, note that if all income elasticity parameters are the same,
then the real consumption elasticity of the marginal expenditure in Equation (A.11) becomes
zero and the Euler equation reduces to its familiar form of standard homothetic preferences
with heterogenous technological growth growth rates across consumption sectors (see, e.g.,
Ngai and Pissarides, 2007).

When income elasticity parameters are heterogenous across sectors, we have two distinct
modifications to the standard Euler equation. To unpack these two different modifications,
note that (ngC — nur) g is the rate of decline in the marginal utility of consumer spending
(expenditure) at constant prices, which in turn depends on the concavity of the instantaneous
utility function and the expenditure function. Accordingly, the numerator of equation (A.9)
describes the growth rate of the marginal utility of consumer spending, while the denominator
expresses the ratio between growth rates of consumer spending and real aggreate consumption
in terms of base prices q.

First, due to nonhomotheticity, the expenditure function is a nonlinear function of real
consumption. Therefore, the denominator in the right hand side of the Euler equation (A.9)
includes an adjustment term that reflects the convexity of the expenditure function. The ad-
justment effectively increases the concavity of the instantaneous utility function by the degree
of the convexity of the expenditure function. Equation (A.11) shows that this nonhomoth-
eticity adjustment depends on the mean and the variance of the income elasticity parameters
with distributions implied by expenditure shares, under current and base prices. The larger
the mean and the variance of the income elasticity parameters under current prices relative
to base prices, the larger is this adjustment. Intuitively, the components of consumer’s ex-
penditure corresponding to goods with higher income elasticity have higher convexity in real
aggregate consumption. When the income of a typical consumer grows, she spends a larger
share of her income on more income elastic goods. As a result, the expenditure function as a
whole becomes a more convex function of real aggregate consumption.

The last term on the numerator of Euler equation (A.9) accounts for the interaction of
income elasticity and growth rates of sectoral prices. If the rates of growth in sectoral prices are
positively correlated with income elasticity parameters, when (real) income grows consumers
have to shift a larger share of their expenditure toward more expensive goods. This effectively
reduces the growth rate of their real consumption.

We emphasize that equations (A.9), (A.10), (A.11), and (A.12) are all invariant to common
scaling of sectoral elasticity parameters ¢;’s. Therefore, our choice of cardinality for function
g(-) in equation (A.6) highlights (and pins down) the one degree of freedom that we face in

our choice of sectoral elasticity parameters.



A.2 Production

The production side of our model includes sectoral heterogeneity in rates of technological
progress, analyzed first by Ngai and Pissarides (2007), as well as sectoral heterogeneity in
factor intensities, studied first in a two-sector setting by Acemoglu and Guerrieri (2008). We
show that our growth model remains fully tractable when we incoporate both these supply
side channels.

Capital is accumulated using investment goods produced by sector ¢ = 0,
K (t) =Yy (t)— 0K (t). (A.13)

Labor and capital are combined by producers of consumption good sectors i € {1,...,I} to

produce output using a Cobb-Douglas technology
Y (t) = A (8) Ly ()7 K; ()™,  forie{0,...,1}, (A.14)

where the production function in sector ¢ is characterized with sector-specific capital in-
tensity «; € (0,1). The Hicks-neutral technological progress A; (t) grows exogenously with
the (potentially time varying) rate 7;(t) that asymptotically becomes constant, i.e., rate
limy_oo A; (t) JA; (t) = i > 0 for all sectors 1.

Since we assume competitive labor and capital markets, the marginal revenue product of

labor and capital have to equate their respective prices, that is,

pi (1) Yi (1)

w(t) = ﬂ—aﬂ—zﬁgf, (A.15)
R(t) = aw (A.16)

Ki (t) . (673 w (t)
Ll(t) N 1 —OéiR(t)7

for i € {0,...,1}. (A.17)

Equation (A.17) shows that sectoral capital-labor ratios are proportional to each other, and
to the relative price of labor to capital.
As before, we normalize the price of the investment sector in each period to unity,

po(t) = 1. We find the prices of sectoral consumption goods by equalizing marginal rev-



enue products of capital from equation (A.16)

1w ) (w0
)

pi(t) = a?i (1— ai)l_o‘i A; (t) (t)

_ <Zﬂ>a G - 20> o j:) ((f) o (£)%0% (A.18)

where in the second equality we have substituted for relative price of inputs from equation

(A.17), and ko denotes the capital-labor ratio in the investment sector. Equation (A.18)
shows that consumption good prices depend only on sectoral TFPs and the capital-labor
ratio in the investment sector. As expected, goods produced by sectors with lower TFPs are
more expensive. The dependence of prices on capital-labor ratio in the investment sector in
equation (A.18) is a proxy for their dependence on the rental price of capital. Goods produced
by sectors with higher capital intensities become more expensive as capital-labor ratios rise
and the rental price of capital falls.

Equation (A.18) illustrates how both supply-side forces driving structural change appear
through sectoral prices. A higher rate of technological progress in sector i (relative to the
investment sector) is a force lowering the price in this sector, the mechanism featured in the
model of Ngai and Pissarides (2007). As the economy accumulates capital, the capital-labor
ratio grows proportionally in all sectors. A higher capital intensity in sector i (relative to the
investment sector) is an alternative force lowering the price in this sector, one formalized in
the model by Acemoglu and Guerrieri (2008).

A.3 Competitive Equilibrium and Equilibrium Dynamics

Market clearing implies that for all £ > 0,

1

L(t) = Y Li(t) (A.19)
=0
I

K(t) = > Ki(t)=a(t)L(t), (A.20)
=0

pi(t)Yi(t) = wi(t)e(t) L(?), (A.21)

where w;(t) = w;(c(t); p(t)) and e(t) = e(c(t); p(t)) are the expenditure share and expenditure
functions as defined in equations (A.3) and (A.4). Equation (A.21) connects the production
allocations to the nonhomothetic CES demand system. In particular, this equation charac-
terizes the total sectoral outputs that, together with prices of labor and capital, pin down

equilibrium sectoral allocations of labor and capital from equations (A.15) and (A.16). More-



over, the total value of output at time ¢ is given by

1

v = Sp0vi,
=0
= Yo +Lt)e).

An equilibrium path in our economy consists of the path [¢(-), a(-),w(-), Y (-), K(-), L(-)]?2,
of per capita real consumption and assets, sectoral shares in consumption expenditure, and sec-
toral outputs and allocations of capital and employment, along with the path [r(-), R(-), w(-), p(:)]720
of real interest rate, rental price of capital, wage, and sectoral output prices satisfying equa-
tions (A.4), (A.9), (A.10), (A.13), (A.14), (A.19), (A.20), (A.21) and r(t) = R(t) — ¢ for all
t>0.

The next proposition characterizes the asymptotic properties of the competitve equilibrium

of our economy.

Proposition 2. Let constant v* be defined as

*

. (I =a)yi +am
= min

A.22
iez/{0} (1 — o)&i/emaz ( )

where Emay 18 the mazimum among all income elasticity parameters. Assume that condi-
tion (A.12) is satisfied (which ensures that the instantaneous utility function defined in equa-

tions (A.1), (A.6), and (A.2) is concave in real consumption c), and that
p>n+(1-0)y" (A.23)

Then, there exists a unique competitive equilibrium path for our economy, along which per

capita real consumption asymptotically grows at a constant rate

¢(t)
lim —= =~*. A.24
t—o0 C(t) K ( )
Let T* be the set of consumption sectors achieving the minimum in equation (A.22). Asymp-
totically, the share of sectors belonging to this set in employment and consumption erpendi-
ture converges to a time-constant distribution. The employment and consumption expenditure

shares of any sector i outside the set T* vanishes at a rate

lim Li(t) = lim it
t—00 li (t) t—00 Wwj (t)

e.

~—

(673 & *
=—-(1-o0) (’Yz‘-l-l_ao’yo— Y ) : (A.25)

Emaa:

Proposition 2 states the key asymptotic properties of our economy. First, as with standard

growth models, the equilibrium is unique and the rate of growth of real consumption and real



interest rate coverge to constant values. More notably, the economy asymptotically features
realloction of labor across consumption sectors: while some sectors converge to comprising
constant shares, others shrink at a constant rate. Crucially, the rate of growth of real con-
sumption and the set of sectors that do not vanish asymptotically are determined through
a combination two forces: 1) the supply-side subsitition forces, as captured by the sectoral
rates of technical growth and capital intensities in the numerator of equation (A.22), and
2) the demand-side income forces, as captured by the preference elasticity parameter in the
denominator of the same equation. This relation generalizes and encompasses the results of
both Ngai and Pissarides (2007) and Acemoglu and Guerrieri (2008) and unifies them with
our account of long-run demand nonhomotheticity.

Here, we offer some basic intuition for the results and leave a detailed proof of the propo-
sition to Appendix B. Define the productivity-adjusted capital-labor ratio in the investment

sector as e
Ro(t) = olt)

= KW (4.26)
Ao(t) 5 Lo(1)

This variable has a one-to-one relationship with real interest rate through r(¢) = agfo(-)t* 1~
6 and, as we will explain below, constitutes the main state variable of the economy. As we
expect from a path of asymptotically constant growth, this variable has to converge to a
constant. Now, substituting the normalized capital-labor ratio of the investment sector in

equation (A.18), we observe that the growth rates of consumption good prices take the form

pi(t) _ <7~”v0 (ﬂ)ao_ai o (i =aiw )t (A.27)

pi (0) %o (0)
Therefore, if the rental price of capital remains constant, price of consumption good 7 falls
at the rate (v; — ) + C;Z%OSOVO, where the first terms in the parantheses captures technical

growth in sector ¢ and the second term captures the extent to which technical growth in
the investment sector differentially impacts growth in sector ¢ through differences in capital
intensity.

Since households invest optimally, both investement and household expenditure comprise
non-negligible values of the total value as the economy grows. Therefore, total consumption
expenditure of households asymptotically grows at the same rate as the rate of growth of the

investment sector. Combining these insights and equations (A.27) and (A.4) yields

lim wilt)
t—o00 W (t)

=(1-o0) [ngsm — (’71- + 1 . 70>} . (A.28)
—
Since all shares are bounded above by one, the rate of growth of sectoral shares cannot remain
asymptotically positive. Therefore, for the equilibrium to be well defined we need to ensure

that these rates of growth do not asymptotically exceed 0. This simple rule in fact pins down



the asymptotic rate of growth of real consumption per capita v* in equation (A.22), which in
general will be different from the rate of growth of per capita consumption expenditure 12—?10.

While Proposition 2 provides a simple account of the asymptotic properties of our model,
the dynamics of the equilibrium path in this economy may generally be more complex. How-
ever, the model still remains fully tractable and the dynamic equations can be written in
terms of a state variable kg, investment-sector capital-labor ratio, and a control variable ¢,
per capita real consumption. Appendix C provides the full derivation of dynamic equations
characterizing the competitive equilibrium everywhere along an path with an initial condition
(¢(0),%0(0)). A system of two linear equations in % and :g%g

the two variables for (¢(t),ko(t)) at time t. Our unified model includes heterogeneity across

determines rates of growth of

sectors along three different dimensions, i.e., income elasticity of demand for sectoral outputs,
capital intensitiy, and rate of technical growth, the interactions between all these sources of
heterogeneity appear in the dynamic equations.

Here, for the sake of brevity, we present the dynamic equations for the special case where
a; = « for all sectors i. This case parallels the workhorse model analyzed by Buera and
Kaboski (2009) and Herrendorf et al. (2013) including two competing forces: income non-
homotheticity and heterogeneous rates of technological growth. When capital intensities are
identical, capital-labor ratios equalize across all sectors in equilibrium and kg equals the
economy-wide capital-labor ratio. Dropping the subscript 0 to reflect this fact, the dynamics

of equilibrium paths take the following form:

¢ _ AR = (64 p) +7 (L4 (L= 0) pey) — 0
c =14+ (5-1)(1+Q-0)Var(£))+ (1 —0) (Var (£) = Var' (5))’
iPo= %a—;—<n+5+lj°ao>k,

where & denotes the normalized capital-labor ratio (which is the same across all sectors), -,
Var(-), and p.. indicate mean, variance, and correlation coefficient of sectoral variables with
distribution implied by expenditure shares under current prices, while ¥ and Var/(-) denote
mean and variance of sectoral variables with distribution implied by expenditure shares under

base prices.

10



B Proofs of Section A

Proof of Proposition 1.
Using an argument similar to the one used for Lemma 1, we can decompose the problem
into two intra-temporal and intertemporal problems. To avoid repetition, we focus on the
latter, using the definition of the expenditure function in Equation (A.3) as the cost of real
consumption ¢ (¢) for the representative consumer in terms of the price of investment good at
time t.

For a given path of wages [w (t)];2,, rental prices of capital [r (t)];2,, and sectoral good
prices [p (t)];2,, the current-value Hamiltonian for the consumer problem (A.1) may be written

as:

A~

H(t,c(t),a(t),A(#) =ulc®) +A @) (w®)+[rt)—nla(t)—elc(t);p ().

Let us start with the necessary conditions. The FOCs for the Hamiltonian are as follows:

oH , de
oH : A

In addition, we impose that the solution satisfy the transversality condition:

lim e~ PTIN (1) a (t) = 0. (B.3)
Equations (B.1) and (B.2) together with the law of evolution of assets (A.10) and the transver-
sality equation (B.3) characterize paths of per capita real aggregate consumption and asset
holdings [c(+),a (+)], and costate A (-) that satisfy necessary conditions for optimality.

Next, we show conditions that ensure the solution above indeed corresponds to the unique
solution to the household utility maximization problem. A standard argument (using (B.2)
and the No-Ponzi constraint) shows that for all feasible pairs [c(-),a ()] , we have that
limy_yo0 exp (— (p —n) t) A (t) a () > 0. Therefore, we can establish that the pair characterized
by Equations (B.1), (B.2), and (B.3) indeed correspond to the optimum if the Hamiltonian
is concave in c¢. Furthermore, since the Hamiltonian is separable in (c,a) and linear a, strict
concavity in ¢ implies the uniqueness of the optimum for the household problem. We will
come back to the characterization of conditions ensuring the concavity of e at the end of the
proof.

From Equation (B.1), we find that

At = )l () B0



where % is the marginal (dollar) cost of consumption.We can compute the consumption

elasticity of expenditure:

_ Ologe c 0

~ Odloge  1—-o00c

1
= 779 : E giw’ia
=1

C
e

I
log Z (g5pi)' 7,
i=1

where the last equation can be explicitly expressed as 7, (c) m as a function of real
aggregate consumption ¢ and current prices p.

To translate the equations above into the Euler format, we need to compute A () /X (t),
which corresponds to the growth in value of income at time t. Using Equation (B.4), we
can write the growth in utility value of income as the sum of the contribution of growth of
real consumption, decline in the price index, and the decline in the average income elasticity

parameter, that is,

First, we simplify the growth of consumption expenditure:
é e Di
e T,e c + ; pl (3

¢ pi
= 7795'*‘1‘&:
c D

where we have used the fact that ne’ = w; from Lemma 1 (see below) and have defined %
to be the average rate of growth of prices across sectors, as weighted by their corresponding
consumption expenditures. Next, we compute the growth of the real consumption elasticity

of expenditure:

meo_ g €

e Mg
_ ¢ c ¢ Pi pz
= e D (p) :

(]

B é _ 5 € Pi)
= nng'g"‘(l—U)Tlg@'VW'(g)+(1—U)Z<€—1> (pi)wz,

¢ €\ ¢ €
= 77779'54’(1_‘7)779?"/@7"(%)'E"’(l_U)COU <7>a

12



where in the third equality, we have used the results of Lemma 1 substituting for the elasticities
of average income elasticity parameter €.

Combining all of the above, we find the Euler equation to be:

B r—p—%—(l—a)Cov(%,%) (B5)
¢y — L4y, +nE (L+ (L —0) Var (2)) .

z

The Euler Equation (B.5) is expressed for a general function g(-). Specializing this result
to the specific function defined in Equation (A.6), we will now derive the Euler Equation
for the real consumption stated in terms of constant prices q. Since g is the inverse of the

expenditure function at prices g, from Equation (B.5), we have:

L =ny(c) - e(c; q),

—1
suggesting ng = (c;q) . It follows that:

~—

. clgp
776_
e(cq

)

~—

which is positive if we have €; > 0 for all sectors. This ensures that the function e is monoton-
ically increasing and one-to-one. This elasticity, which may in general be different from zero,
characterizes the way income effects shifts expenditure across sectors with different prices. In
particular, whenever the average elasticity parameter £ is higher than the one at base prices,
marginal cost of increasing real consumption exceeds the current aggregate price index.

Similarly, substituting for q in Equation (B.10) from Lemma 1 below, we find:

- _Ologe(ciq) _ _(1-0) )
o dlogc (5(0; q)) 2 ’

To ensure the sufficiency of the FOCs and the uniqueness of the solution, we need to find

conditions under which the Hamiltonian in strictly concave. The second order condition for
cis o2
” e u
C )‘@ - Cignu (nu’ - 7786/80) ’
where we have substituted for A\ from Equation (B.4). This expression has to always be
negative. We need to only focus on the term within the parentheses. The first term on the

right hand side, by assumption, is always greater than 6. To compute the second term, note

13



that
c ¢ B c 0%
Ne. = Noejoc = 6-775/6@’
= e+ —1, (B.6)

and 7y is given by Equation (A.14) from Section A.
Finally, we can find 7,, in Equation (A.14) by using the definition of function g(-) in
Equation (A.6). Since e(c; q) = ¢, we have that nye = 0 at prices g and therefore:

Ny, + (1 —0) Var <&>] , (B.7)
gi(c;q)

which implies 7, = — (1 — o) Var (8'(‘?q)>.
Combining all the results above, we find the second order condition to require:

9+ 5GP 1y [s(c;m <Var<e;c,p>> ) Var«s;c,q)] o,

e(c;q) e(cq) e (¢ p)2 e(c Q)2

0 = n4&;

for all c. Remembering that the variance of any distribution on {51-}{:1 is bounded above by
i (Emaz — &tmm)Q, it immediately follows that condition (A.12) is a sufficient condition for the
FOC to always characterize an optimal solution.

|

Lemma 1. The real consumption and sectoral price elasticities of the expenditure function

are given by:

Ne = NgE, (B.8)
bt = w;. (B.9)

Furthermore, define the average T of some sectoral parameters x; across the consumption

sector weighted by expenditure shares:

I
T = E €XT;W;.
=1

The elasticities of this function are given by:

1_
e = ———nCoule,x), (B.10)
X

= (1-o0) (% = 1) wi. (B.11)

14



Proof. We can compute the consumption elasticity of expenditure:

. Ologe c 0 ! e \l—o
= Floge ~ 1_086log;(9 p)' 7,
I
= ng‘zgiwia
i=1
= 14€.

where the last equation can be explicitly expressed as 74 (c) - € (c;p) as a function of real

aggregate consumption c. Similarly, we can compute the price elasticity of the expenditure

function:
Odloge p; 0 !
Pi — i 1 €jn \1—0
e 0log p; 1—00dp; og;(g Pi)
_ (9 e
e )
= Wj.

Next, we use the expressions above to compute the elasticities of the sectoral shares in con-

sumption expenditure. From Equation (A.4) we have:

Mo = (L—0)(mgei—ne)=(1—0)ng(ei—2),
e = (1—0) (6 —n’) = (1 —0) (6 —wj),

where ¢;; stands for the kronecker delta function.

Finally, we use the elasticities of the expenditures shares to compute elasticities of a general

function . We find:

1
Ny = gzi‘jwﬂ?ﬁj,
j
1-0 —
= — g Y wjw; (g5 — ),
J
1-0
= TngCov (€i, ;)
, 1 .
51 = gzxﬂ’ﬂ?g]y
J
1-0
= > wyw; (G —wi),
J
T
= (1-o0) (%—1)%.
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For instance, for z; = ¢;, we find that:

ne = (1 —o0)ngCov (%,ei) = (1—-o0)n4sEVar (g) . (B.12)

Proof of Proposition 2
Our strategy for the proof of this proposition is as follows. To establish the existence and
uniqueness of the competitive equilibrium, we invoke the second Welfare Theorem. We for-
mulate the social planner’s problem, whose potential solutions have to correspond to different
competitive equilibria in our economy. We solve the social planner’s problem and show that
it has a unique solution, and further establish a direct correspondence between this solution
and the competitive equilibrium, which thus has to also be unique.

Let @ (c1, -+ ,cr) = u(c), where c¢ is defined through Equation (A.2), denote the in-
stantaneous utility of the representative household over a bundle of ¢ = (ci)iI:1 per capita
consumption of I different goods. The social planner’s problem can be stated as the following

maximization problem:

max / e~ (01 (8) - er (1),
{ki()li ()} JO

where
¢ = AEMLTM, 1<i<I, (B.13)
ko= AgkSoly ™™ — (6 +n)k, (B.14)
subject to constraints:
I

o= 1, (B.15)

=0
I
ko= k (B.16)

and k (0) = K (0) /L (0) and k (¢) > 0 for all ¢.

The corresponding present value Hamiltonian is given by:
H= i+ p (ALK — (5+n) k),

where we substitute for per capita consumption, i.e., Equations (B.13) and (B.16), in the

expression for & making the latter a function of vectors of sectoral per capita stocks of capital
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and employment shares (k,1).?

We can show that the function M (k) = max 1) # under the constraints suggested by
Equations (B.15) and (B.16) is a strictly concave function of k, if @ is a strictly concave
function of its arguments. To see why, let us define functions F (k,1) = @ (k, 1) +uAgLk§°15
and F (k) = max; F (k,l). First, it is straightforward to see that F is jointly strictly concave
in (k,l) for 4 > 0, which implies that Fis a strictly concave function of vector k. The
strict concavity of the latter then implies that M (k) = Maxy™. =k F (k) is a strictly concave
function of k.

Now let us find a candidate solution for the social planner’s problem that satisfies the

following conditions:

oM

o5 = OFnmp—s=p—(p=nn (B-17)
g: = aigfiAi (’Z)ai_lzc, 1<i<I, (B.18)
(?zf _ (1_ai)§ZAi (]l“>a=£ 1<i<I, (B.19)
LT (O (5.20)
T () (B.21)

and the transversality condition

lim e~ (P~ () k() = 0, (B.22)

t—o00

where £ and ¢ are Lagrange multipliers corresponding to the two constraints Equations (B.13)
and (B.16), respectively.
From Equations (B.17) and (B.20) we find:

¢
p(t) = 1 (0) exp (—/ (aoFco (t’)“o‘1 —(p+ 5)) dt’> , (B.23)
0
where we have used the productivity adjusted definition of capital-labor ratio:

Fo (t) = Ag (¢) "1/ (7e0) 200/ (B.24)

Similarly, we define the economy-wide aggregate capital-labor ratio k (t) = Ag (t)_l/(l_ao) E(t)/L(t)

3Let us remember that according to our vector notation k = (ko, -+ ,kr) denotes the vector of sectoral per
capita stocks of capital, which is distinct from k, the economy-wide total per capita stock of capital.
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and rewrite the transversality condition as:

lim & (£) 2 (0) exp (— /Ot <a0/%0 ()t - (5 0t gl )) dt’) =0, (B.25)

t—00 — Qo

~ Y0
where we have used the fact, which we will show later, that asymptotically & (¢) — kreT-a0’,

Note that with this transformation Equation (B.14) can be written as:

l%(t) = loko (t)™° — <n Ny > k(t). (B.26)
1-— (7))
Henceforth, we use the notation that z (¢) denotes variable x (t) adjusted by productivity in
the investment sector, i.e., T (t) = Ao (t)_l/(l_ao) x (t). Dividing (B.19) by (B.18), we find:
1—a;

(1) = 58 (B.27)

suggesting that capital-labor ratios in all sectors are proportional to each other. This relation
echoes Equation (A.17), suggesting, as we show below, that £ and ¢ correspond to the wage
and rental price of capital in a competitive equilibrium.

Starting from any initial value 1(0), Equation (B.23) along with conditions (B.18) to (B.21)
define a unique path for the allocations. The argument follows from the strict concavity of
function F defined earlier, and the intuition is as follows. Equation (B.23) determines pu(t)
and therefore function F at time ¢. The optimal allocation at this point it time is simply
given by maximizing function F under constraints (B.15) and (B.15), which has to be unique.

Note that any candidate path that satisfies the conditions above has to further satisfy the

following two asymptotic conditions:

lim fi (1) = &5 >0, (B.28)
Iimlo(t) = 1l 0<lj<1, (B.29)

implying that the asymptotic capital-labor ratio and employment in the investment sector are
constant and interior. If, on the contrary, we asymptotically have kg — 0, we can show that
¢ — 0 and Equation (B.19) has to be violated.* If &y — oo, Equation (B.26) implies that
the tranversality condition B.25 has to be violated. Therefore, condition (B.28), has to hold.
Now from Equation (B.27) we learn that all sectoral capital-labor ratios asymptote to nonzero

constants and therefore lim;_,o k (1) = k* = Zf:o *ff > 0. Hence, from Equation (B.26)

1

4 Assume Ro converges to zero exponentially at a constant rate. From Equation (B.23), p has to converge
to zero at the rate of —oco, which implies the same has to be the case for €. From Equation (B.19), we need to
have that 94/0c¢; converges to zero at the rate of —oo, which can hold only if ¢;’s all grow at an ever increasing
rate. This contradicts the initial assumption that capital-labor ratios converge to zero.
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we know that [ > 0, since otherwise k — 0. Finally, assuming l5 = 1 would suggest that
k* = Ry and (7)™ ' = n+ 6 + 22— Substituting this in Equation (B.25) would violate

1—ag

the transversality condition. Therefore, any candidate path satisfying the conditions above
will asymptotically be an interior candidate solution, in the sense that labor-capital ratios
grow at the same rate as the rate of technological progress in the investment sector and
there is an interior split of employment between the investment and the consumption sector.
This implies, as we will see shortly, that the per capita consumption expenditure in the
corresponding competitive equilibrium also grows at the same rate as the rate of growth of
technology in the investment sector.

Next, we show that the growth of real consumption per capita along any candidate path

satisfying the conditions above has to be asymptotically constant. To see this, note that

71

combining Equations (B.13) and (B.27), we find that ¢; = A, " A;l;&y* for i € {1,---,I}.
Equation (B.28) then implies:

- Gi(t) Qi . C
1 — ( B.30
tlglo Ci (t) it 1—a0fm+fyZ ’ ( )
where we defined the asymptotic rate of growth of the share of employment in sector i as:
Li (1)
~C _ 1 i
c = <0. .
6 = i g <0 @31
Now, from Equation (A.2), we have that for all ¢ > 0:
I .
(673 C
Rz <%+ 1 '70‘|'gi_77g52'> =0,
. — C
=1
where we have defined the effective share of sector ¢ in consumption as v; = (g (¢) ™" ¢;) (o=1/ 6
The rate of growth of per capita real consumption is then given by
¢ 1 /. [ ol
-=— {7+ Yo+, (B.32)
c  MgE 1—ag

where averages are taken with respect to the distribution implied by {I/Z-}i[:l. Equation (B.19)

suggests that, up to a constant, consumption share v;’s are the same as employment shares

5Note that Equation (B.29) establishes the total employment share in the consumption sector asymptotically
converges to a constant lc — 1 — 5. However, within the aggregate consumption sector, some sectors could
continue to shrink asymptotically which can result in Equation (B.31) taking nonzero values.

As a reminder, share v; equals the share of sector i in consumption expenditure w; = (g ()% p;/e)' ™7
for the corresponding prices in the competitive equilibrium. We introduce a different variable here solely to
respect the conceptual distinction between the formulation of the social planner’s problem and the competitive
equilibrium where the prices are implicit in the former (and the current formulation).
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l;’s. To see this, rewrite Equation (B.19) as:

oc ¢;

_ v d
€ = (L-a)' (oot
_ o ¢ v
= (-agu') 21

where we have used n$ = v;/n4€ from Equation (A.8).

Define set Z* C {1,---,1} as the set of consumption sectors with nonzero asymptotic
employment shares, i.e., 7% = {z|’yzc = O}. Consider some sector i ¢ Z*, for which ,%C <0
implying that the asymptotic employment share of this sector is zero, i.e., lim; o [; = 0. Since
consumption shares v;’s have to grow proportionally to employment shares as we showed
above, for any such sector ¢ we have lim;_,,,v; = 0. It then follows that limt_wo’yT =
Y icT 'SIZC = 0, and taking the limit of expression (B.32), we find the asymptotic rate of
growth of per capital consumption as:

. 1 —
fy*zlim@: <V*+ - ),

t=oo c(t)  1myE* 1—ap o

where averages are taken with respect to the distribution implied by {V,Z"}ilzl the limit of
distribution {I/i}ilzl, with support Z*.
In order to characterize the set Z*, we need to compute the asymptotic rate of growth of

v; for each sector 7. Substituting Equation (B.27) in Equation (B.19), we find:

, oc 1 [¢\™ £ 1-es

where the right hand side captures the social cost of producing good i in marginal utility

terms at time ¢. From Equations (B.20) and (B.21), we have:

¢ = pogRyh (B.34)
1

€ = pAy ™ (1—ag)&g°. (B.35)

Substituting in the expression above we find:

l—ay
ul (C) Ei _ % (e 7] 1— o 1—ay Aéfao Rao—ai (B 36)
W CingE o 1— oy A, 0 ’ '

where we have again used n$ = v;/nge .
u'(c) c is -0

We proceed by establishing that the asymptotic rate of growth of the term T e S Thag
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To see this, let us rewrite Equation (B.19) as:

cu’ (c) b~ l; ¢

77g5 N l—ai

which we can then sum over ¢ € {1,---, I} to find:

1
cu’ (¢) l;
= gz :
ol

yrs

Since Zfil l; converges to a nonzero value 1 — [j, the rate of growth of the expression on the
left hand side is the same as &, which we know, from Equation (B.35), grows at the same
rate as MA(I)/ (1720) " We use this fact and the fact that &= vil /A=), (¢)°* to conclude from
Equation (B.36) that:

.U oy
lm 2= (1= 0) <ngm - 1_a070>- (B.37)

Crucially, Equation (B.37) implies that for any sector i* € Z*, whose employment share

does not asymptotically vanish, we should have:

% 1 Qg%
v = Yir + Yo | -
NgEi* 1—ag

Now, consider the set i, defined as follows:

. . (1 = @0)7i + @ino
1= argminier oy — ozlo) W
1

Consider the rate of growth of employment share in a consumption sector i € 7:

U% (6

lim 4 = (1-o0) (ngaﬁ* -7 — 1 —ia()%) ,

t—o0 U
7
1 ai* 1 Q-
= 1 —_ " E— - _ ” 1 .
(1-0)g Li* <% +1_a070> 5; (’Yﬂrl_%%)]

The expression shows that =71 1fi ¢ T*, this expression has to be strictly negative, vio-

lating the assumption that i € 7. If i* ¢ 7, will have to be negative violating the assumption
that +* € Z*. It then follows that:

v (I—ag)vi+aivo
min
i€z/{0} 1My (1 —ag)e;

Finally, we need to check that the transversality condition is indeed satisfied. Since we
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cu'(c) s o )
e 1S Toags We find that:

know that the asymptotic rate of growth of

0
1—(1%07

where we have used the fact that lim; ,oo () = € and limy,o 14 (c(t)) = ng are both

constants. Therefore, in order to satisfy condition B.25, we need to ensure that
p>n+(1-0)y"

From Equations (B.17) and (B.20), p(t) > 0 for all ¢. Therefore, from strict concavity

o)
t=0"

Due to the strict concavity of M, we conclude that the resulting path corresponds to the

of F it follows that these equations together give a unique path of [k (-),1(-),k(-),p (-]

unique solution to the social planner’s problem (see Theorem 7.14 in Acemoglu, 2008). This
completes the proof of the proposition.

For completeness, we state the correspondence between the variables above and the vari-
ables characterizing the competitive equilibrium. Comparing expressions (B.34) and (B.35)
with expressions (A.15) and (A.16) in the derivations of the competitive equilibrium, we find

that ¢ = pR and & = pw. Substituting in the expression (B.33) yields:

u (C)@_i E o i 1-oy
1% 8Ci N Al (67 1-— (673 ’

where the right hand side corresponds to the expression for unit price of goods in sector i in

Equation (A.18). We use ¢ = v;/n4€ to rewrite this expression as

cu' (¢) y;
— = PiGi,
Ko Tige
which, once we sum over i € {1,--- , I}, implies
cu (¢
(7) =e.
H1gE

In light of this connection, the key step of the proof above establishing the rate of growth of the
expression on the left hand side has a stright forward interpretation: per capita consumption
expenditure grows at the same rate as the output of the investment sector.

|
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C Equilibrium Dynamic Equations

In this section, we characterize the dynamics of this economy along the equilibrium path.

Define investment sector productivity-adjusted aggregate and investment variables:

Py=—20 =00 =B g =0
AT () L(1) AT (1) L (1) AT (1) AT (1)
(C.1)

and denote the share of labor employed in the investment sector be ly(t) = Lo(t)/L. With
this normalization, the rental price of capitaly and the capital-labor ratio in the investment
sector have the following one-to-one relationship R (t) = ap&o(t)*~! and we can use them
interchangably to characterize the path of the aggregate economy.

Per capita consumption and productivity-adjusted capital-labor ratio in the investment
sector (c(t),kRo(t)) fully characterize the state of the economy at time ¢. First, note that
productivity-adjusted per capita consumption expenditure é(¢) is a function of these two

variables and time:

[pilt)g (c (£))" Fo ()% ] H’) - (C.2)

I
et) =eé(c(t),ro(t),t) = (

=1

where we have substituted from Equations (A.18) and (C.1) in the definition of Equation

(A.3) and have defined a (exogenously given) time-dependent function

i) = (a°>ai (1 — O‘O)l_ai Ao (8) 750 A; (8)7" .

(074 1—04,‘

The direct dependence on time is due to the impact of time-varying sectoral technologies
on prices. Similarly, we can write the share of sector ¢ in consumption expenditure as a
function of (¢(t),ko(t)) and time as w; (t) = w; (c(t),ko(t),t) . Averages of the income
elasticity parameter and capital share in the consumption sector of the economy € and & then
also become functions of the two state variables (and time). We emphasize in the special
case where capital intensities are identical across all consumption sectors, the expenditure
function in Equation (A.3) becomes independent of capital-labor ratios and solely depends on
real consumption per capita ¢ and time.

In addition to the expenditure and sectoral shares, the duplet (c(t), %o(t)) also pins down
total investment and total per-capita stock of capital at time ¢ along any equilibrium path.

To see that, we first compute the employment share of the investment sector, dropping the
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dependence on time to simplify notation:

= Lo 1
0= = Lo
L 14+ <
(1 — o) %o
= - —, C.3
l—ag)go+(1—a)e (C-3)
where in the second line we have used the equality ii((:)) = 11:5) 17% Combining Equation

(C.3) with go = lokg°, we can write both the normalized output and the employment share

of the investment sector as:

1—a
jo = R0 — z 4
Yo ’K;[) 1—01[)67 (C )
l—a e
g = 1-— . C.5
0 1—040,‘%30 ( )

Therefore, since average capital share & and normalized expenditure € are both functions of
(c(t), Ro(t)) and time, so are the employment share and normalized output of the investment
sector. Finally, the following lemma establishes that the total per-capita stock of capital is

also a function of the same pair of variables.

Lemma 2. Along any equilibrium path and for all times t, the aggregate productivity-adjusted
per-capita stock of capital k and the productivity-adjusted capital-labor ratio in the investment

sector kg satisfy the following equation:

~ _ e a — Qg
k= 1+ —% | ———— C.6
KO[ TRy <060(1—040)>]’ (C6)
where € and & are functions of (¢, k) and time as defined by Equation (C.2). Moreover, for

any level of per capita real consumption ¢ > 0 at time t, Equation (C.6) defines a monotoni-

cally increasing and one-to-one mapping between k and Ro.

Proof. Along any equilibrium path, the output of all consumption goods are strictly positive
and therefore x; > 0 for all ¢ > 1. From Equation (A.16), we know that R > Q0A0%8071 and
therefore along any equilibrium path xg > 0. Hence, the allocations of labor and capital to

all sectors are always interior.
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Aggregate capital to labor ratio in the economy may be written as:

K Ly Lo
k’—f = LH0+LHC’
KC

= loko + (1 —lo) ko—,
Ko

a/(l—a) ]
ag/ (1 —ag) ]’

e Qo 1—a
= Ko {1+Rgo<a0_ 1—Oé0>:|7 (C?)

where in the second equality, we have defined Lo and k¢ as the total employment and captial-

= Ko [loJr(l — o)

labor ratio in the consumption sector, and in the third equality, we have used the expressions

for capital-to-labor ratios in Equations (A.17) as well as

__ow
1—-aR’

kC

In the last equality, we have used the expression for the share of employment in the investment
sector from Equation (C.5). Adjusting both sides of Equation (C.7) with respect to the
productivity in the investment sector yields the desired result.

We will now show that the function defined by Equation (C.7) is one-to-one and mono-
tonically increasing, mapping values of k to &o everywhere along any equilibrium path. To
show this, it is sufficient to establish that the derivative of this function with respect to &g is

everywhere strictly positive.

ok a— o 0 /14 Lan\ O a— o
Ih—— 0 0
OFo * <a0 (1—ao) ) ko <’””0 e) + (”0 e) 970 \ap(1—ag) )’
~l—ap ~
o & — o R_aoéalog (Ho 0e> (Rl—a0é> a Olog &
N (67) (1 —Oéo) 0 8log/%0 0 (67 (1 —Oéo) Y} 8logn0

= 1+<a0($_a0) (04—040)(1—040—(040—04))+04(1—U)2i:wi(03—1)(040—0%)],
= Haa()é a— o —a)—(1l—-o0)Var(«a
— 1 (Y e an -0 - (- o) Var (a)l,

where in the third equality we have invoked the results of Lemma 1. Recalling the expression

for the employment share of the investment sector [y from Equation C.5, we can now rewrite
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this as follows:

Ok B B a—ay (1-o0)Var(a)
8/%0 a 1+(1 lo)( (7)) Clo(l—@) )7
1-1 _ _

- lg—{—W_Oa)[a(l—a)—(l—U)Var(a)].

Finally, note that the expression within the square bracket on the right hand side is always

positive. This is because:

a(l-a)—(1—-o)Var(a) > a(l—a)—Var(a),

= a—aZ>0.

where the inequality in the second line follows from the fact that for all sectors i, we have
0 < a; < 1. This completes the proof that the mapping of k to & is monotonic and one-to-

one. 1

Equation (C.6) shows that whenever average capital share of the consumption sector
exceeds that of the investment sector, the economy-wide capital-labor ratio k is greater than
the capital-labor ratio in the investment sector kg. Furthermore, the lemma ensures us that
the relationship that the two ratios is one-to-one. This point is critical since it allows us to
use the investment sector capital-labor ratio kg as the state variable fully characterizing the
path of capital accumulation in the economy.

The next proposition characterizes the dynamics of competitive equilibria in our economy
in terms of the two state variables (¢, Kp). Before introducing the dynamic equations, let us

introduce a function a function y of the state variables:

Ry € (c, Ro; t)

This function has the property that xy = a0 (lf—a) = ké’ioagl and will greatly simplify the

exposition of the forthcoming lemma.

Proposition 3. The following system of two equations characterizes the dynamics of state
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variables (c, ko) in any competitive equilibria of our economy:

=Lt o (L4 0oy var (2))]

(C.9)

—+—[a0—a(1—|—(1—0)p57a)];€2 = @RS (61 )+ (14 (1= 0) per)
l-a(l+(1-0)pea)
B 1—0[0 i
g€ [@ (1 + (1 —0) pe,a) — 0] X~
HI+ (1@ @ —a0) X~ (1= Var @2 = (1-a0(1-a)x) i

Y0

—(1+ (@—ag)x) <n+(5—|—1

)

+[a(@—ao) + (1 —0)Var(a)xy

+@(1+(1-0)pay) —a

where T and Var(x) denote the average and variance of a sector-specific set of parameters x
and py 4 denotes the correlation coeffcient between this parameter and another set of parame-
ters ', all according to the distribution implied by sectoral expenditures shares at time t, and
X is defined by Equation (C.8).

If the condition (A.12) is satisfied (the instantaneous utility function defined in Equa-
tions (A.1), (A.6), and (A.2) is concave in real consumption c), then the system above uniquely

determines (¢/c, ko/ko) at time t.

Proof. First, let us express the Euler Equation (B.5) in terms of the variables (c, ko,t) by
substituting for the growth of sectoral prices based on the production side of our economy.
From Equation (A.18) we can write sectoral prices as

l—ay

o~ —1 pl-ap map—0y
pi = @A Ay URe"TT,

where ; is a constant sector-specific parameter. This implies that the rate of growth of

sectoral prices is given by:

pi l—oy Ko
= = “0 = Yi + = (a0 — ;).
pi  1—a Ko

This allows us to compute the average of growth rates of sectoral prices and their covariance
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with income elasticity parameters under the distribution implied by expenditure shares:

P l1-a _ ko
(z) = Yo =7+ (a0 — @) —,
Di 1—ap Ko

Cov <ei, pz>
Dbi

Substituting this relation and the fact that r = R —§ = 040/?;8‘0_1 — ¢ in the Euler equation,

K
—Cov (51'7%;) — <1 Z/an + ,%2) Cov ({:‘i,Oéi) .

yields:

—1gr — 1+ 1, 4+ 1gE (1 +(1—-o0)Var <§>)] g

tlao—a(l+(1—0)pea)l %—g = aRg® =0+ p)+F(1+(1—0)pey)
1—a(l4+(1—0)p:a
B <1< Jpea)

where p. ., and p. , denote correlation coefficients between the income elasticity parameters
and the technological rates of growth and capital shares at the sectoral levels, both under the
distributions implied by expenditure shares.

The equation governing the evolution of aggregate capital stock can be written as follows

= y0—<n+5+ 0 )kz,
~ap
= kgo(l—ao(l—a)x)—<n—|—5+ gl >l§:, (C.11)
l—ag

where we have used K = Yy — 6K in the second equality and Equations (C.4) and (C.8) in the
fourth equality. Next, we need to transform this equation into one described in terms of the
per-capita stock of capital in the investment sector %g. This will complete the characterization
of the dynamics of the pair (¢, ko).

Lemma 2 established that along any equilibrium path a one-to-one mapping exists that
relates a level of (productivity-adjusted) per capita stock of capital k to a corresponding

level of (productivity-adjusted) capital-per-worker %o in the investment sector. Taking the

28



derivative of this function (from Equation (C.6)) yields:

< X ~— ~ a—ao L ~1l— a_OZO 2 ~1l—aqp ~ 1 -
k= ko+(1—ag)kyg®e————kKo+Fky *———€+ Ve———
( ) R ap (1 — o) O ao(1-ag) 0 ap (1 —ag)

l—ag~ Q@ — Q0 Ko /f(l) *0g &

_ _ é _a
= |Ro+ (1 —ag)ky e )(a—ao)é—i-ag. (C.12)

ao(l—ap)| Ro  ap(1—ap
Therefore, we need to compute the growth rates of expenditure é /€ and average (consumption-
sector) capital intensities @/@ in terms of the growth rates of real consumption ¢/c and
investment-sector capital-to-labor ratio /%0 /Ro.

Now, we can use the expressions for the elasticity of function @ with respect to real

consumption and price, from Lemma 1, to find:

= +Z77’”pz,

_1-0 ¢ —a A ,;50
= a 77900’0(50‘) C+(1_U)Z<Oé_1>WZ[1—040140_147;+(O£0_O[1)/%0

%

Qll Ll

_ (1—0)77g£p57a-i—1_0{C’ov(a,’y)—k( Yo -l-li{())Var(oz)].

Similarly, we can write the growth rate of consumption expenditure as:

é Ao
I pzi —
e +Z i l—agAy
C 1-— (67 AO Az /;3() 1 AO
- 77g5 +¥wl ll—avo_AZ—i—(aO aZ) NO 1—CE()A()
_¢ _\ Fo ao

We can write Equation (C.12) as:

£ ptO-a)@- a2y |@-an S ag),

[e=]
[e=)

= [+ @) @=a)x—(1-0)Var (@] 2 + 0@ 1+ (1= ) pe) —ao]xg
—[@(1+ (1 =) pany) — @] X7 — [@(@— ag) + (1 — o) Var (a)] xy0-
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Finally, substituting this expression into Equation (C.11) give us:

Ko

[1—}—(1—6)(6—010))(—(1—0)Var(a)]l%—0
+T]g§[5(1 +(1-0) Pa,oz) —ao]Xg = l-a(l—@ X) /?580_1
_ "o
e @-an (oo )

+[@(@—ag) + (1 — o) Var (a)] x
+ @1+ (1=0)pay) — a0l X7
where we have used the fact that lo =1 —lc =1 —ag (1 — @) x and k/f = 1+ (@ — ag) x-

To ensure that the system of Equations above indeed has a solution, we need to establish

that the determinant of the following matrix is nonzero:

—nS — L4 ny, +nge (1+ (1 —0) Var (£)) ag—a(l+(1—o0)pea)
ngE [@ (14 (1= 0) pe.a) — 0] X 1+ (1 —-a)(@—ao)x—(1—0)Var(a)x

M =

A necessary condition for the Euler equation to have a unique solution is that the expression
M, 1 is strictly positive. Since Mj o - Moy < 0 and Moo = 8‘% > 0 (from Lemma 2), this is
sufficient to ensure that the determinant of matrix M is indeed positive.

|

Starting from initial level of per capita stock of capital k(0), Equation (C.6) and a choice
of ¢(0), give the corresponding allocation of capital to the investment sector kg. For all ¢t > 0,
Equations (C.9) and (C.10) describe the dynamics of the economy in terms of (¢, ko).

The two state variables (¢, ko) at time t are sufficient to fully specify the economy. As
we discussed, both € and & are functions of ¢ and kg, with the dependence on the latter
going through the dependence of functions (A.4) on prices, as specified by Equation (A.18).
Knowing the two state variables at any given time ¢, capital and labor employed in each

consumption good sector ¢ may be written as:

Q; - e(c, K 1
K; = (a;wz‘ (¢, Ro) - (F':(C;OO)> - LAgt=eo,
1—oy _ . €l(c, ko)
L; = <1—Oé(l)wi (C’K/O)' %840 'La

which completes the characterization of the economy.
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D Stone-Geary Estimation

We follow the estimation procedure described in Herrendorf et al. (2013). The identification
of the parameters in the utility function is based on the estimation of the first order conditions

of the intra-period problem to estimate the parameters of the aggregator (28),

Ly _ g, |y iefash Vil ) P (D.1)
- 1—0o .
Lg Zie{a,m,s} prft Zie{a,m,s} pzctcict Zie{a,m,s} pgtcict

with the understanding that ¢,, = 0. We perform the estimation with and without sectoral
trade controls for net exports. As with nonhomothetic CES preferences, we estimate three
parameters that are common across countries {o,¢,,¢s} that govern the price and income
elasticities, and {€};cz ccc which are country specific parameters.
Table G.6 (also in the online appendix) reports the estimates. As expected, we find that
Cq < 0 and ¢; > 0. However, we cannot reject that the point estimates are statistically
different from zero at conventional levels when clustering the standard errors at the country
level.”
To have a better grasp of the magnitude of the income effects, we compute the values of
Pa,Ca P +Cs

— —= and —=. For the U.S., they are never higher (in absolute terms
Zie{a,m,s} pitoit ZiE{a,m,s} pitcit ’ y & ( )

than .05%, which suggests that non-homtheticities are insignificant when companred to ag-

gregate consumption. The highest values of the non-homotheticities are found in Venezuela

where they reach 11% for agriculture and 22% for services.

E Stata Code for Monte-Carlo Simulations and Estimation

This Stata code generates time series of prices, sectoral expenditure for one country as chosen
by a representative agent with nonhomothetic CES.® The code prints on screen the estimated
elasticities using the true price index, a chained Fisher price index and a simple CPI con-
structed using weighted prices by expenditure shares. The bottom line is that all of them
provide very similar estimates.

Note that we have shocks to growth rates of relative prices and aggregate consumption to
avoid colinearity among regressors and allow for identification. All shocks can be dispensed
with if two (or more) countries are generated, as this provides additional variation to identify

the elasticities.

** Create a fake dataset using non-homothetic CES and estimate it

clear all

"We control for net sectoral exports in agriculture and manufacturing in each regression. We also report
the log-likelihood of the overall fit and the Akaike information criterion in Table G.6.
8We thank Tomasz Swiecki for a fruitful discussion on this topic.
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set more off

kxxkckkx Basic Parameters skskskkkkksk

set obs 100 /*number of observations*/

global gc .01 /*growth of real cx*/

global sigma .75 /* Price Elasticity -- Change here to obtain different resilts*/
global ga .022

global gm .017

global gs .016

global ea 0.5 /*Income Elasticities */

global em 1.1

global es 1.4

*fkkkkk Generate Variables s kkkkkxx
gen t = _n

gen rc = rnormal(0,.01)

gen C = 100*(1+$gc+rc) "t

gen ra = rnormal(0,.01)
gen rm = rnormal(0,.01)
gen rs = rnormal(0,.01)

gen pa= 100*(1+$gatra)”(-t)
gen pm= 100* (1+$gm+rm) " (-t)
gen ps= 100*(1+$gs+rs)~(-t)

gen P = (C”($ea-1)*pa”(1-$sigma)+C~ ($em-1)*pm~ (1-$sigma) ///
+C~ ($es-1) *ps~ (1-$sigma)) ~(1/(1-$sigma))
label var P "Ideal Price Index"

gen expsh_a = C~($ea-1)*(pa/P)~ (1-$sigma)
C~($em-1) *(pm/P) ~ (1-$sigma)

C~($es-1)*(ps/P) " (1-$sigma)

gen expsh_m

gen expsh_s

gen cpi =expsh_a*pa+ expsh_m*pm + expsh_s*ps
gen fisher = sqrt(expsh_a*pal[t-1]+ expsh_m*pm[t-1] + expsh_s*ps[t-1]1) ///
*sqrt (expsh_a[t-1]*pa+ expsh_m[t-1]*pm + expsh_s[t-1]*ps)

PxC

gen log_cpi_inv = log(expenditure/cpi)

gen expenditure

gen log_fisher_inv=log(expenditure/fisher)

32



**xxxxx Generate Logs of Variables *¥kkxxxx
gen log_expsh_a = log(expsh_a)
gen log_expsh_m = log(expsh_m)
gen log_expsh_s = log(expsh_s)

gen log_sh_am = log(expsh_a)-log(expsh_m)
gen log_sh_sm = log(expsh_s)-log(expsh_m)
gen log_pam = log(pa/pm)

gen log_psm = log(ps/pm)

gen log_c = log(C)

*kkkkk Regression Analysis kkkkksksksk
* True Regression

reg log_sh_am log_pam log_c

reg log_sh_sm log_psm log_c

* Regression with Regular CPI and Fisher Indices
reg log_sh_am log_pam log_cpi_inv

reg log_sh_sm log_psm log_cpi_inv

* Regressions run in the paper (SUR)
local eql log_sh_am log_pam log_cpi_inv,
local eq2 log_sh_sm log_psm log_cpi_inv,

constraint 1 [log_sh_sm]log_psm=[log_sh_am]log_pam
sureg (‘eql’) (‘eq2’) , const(l)

local eql log_sh_am log_pam log_fisher_inv,

local eq2 log_sh_sm log_psm log_fisher_inv,

constraint 1 [log_sh_sm]log_psm=[log_sh_am]log_pam
sureg (‘eql’) (‘eq2’) , const(1)

>k >k % % K K K 3K 3k Dj_sp]_ay Results *k*kkkxkkskskskk

quietly {

noisily: di "sssskskskkokokokokokkkokskokkskkskkkkkokkkokkk!!_n"SIGMA"  _n ///
"True: $sigma" _n "Estimated: "(1-_b[log_sh_sm:log_psm])
noisily: di _n "RELATIVE INCOME ELASTICITIES"
noisily: di "True: " (($ea-$em)/($es-$em))
noisily: di "Estimated: "(_b[log_sh_am:log_fisher_inv]/_b[log_sh_sm:log _fisher_inv]) ///

_n 1V ok ok ok ok ok sk sk sk sk ok ok ok ok ok ok ok ok ok ok ok sk ok skok ok ok ok ok ok ok ok
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F  Further Discussion on the Definition and Use of Real Con-

sumption

In this paragraph, we outline the justification for the choice of the chained-Fisher price index
as a deflator to construct our empirical measures of real consumption. A more detailed
explanation is given in subsection F.1. The justification comes from the following two facts.
First, the exact ideal price index for any non-homothetic continuously differentiable utility
function is the Térnqvist-Theil Index up to a second order approximation. Second, the Fisher
index and the Térnqvist-Theil Index approximate each other up to second order. Thus, the
using a Fisher index provides a second order approximation to our ideal price index. Diewert
(1976, 1978, 2002) provides a formal proof of these statements and a quantitative analysis. To
assess the accuracy of this second order estimation we have also run Monte-Carlo simulations
using the true price index and the Fisher price index and the estimation results are almost
identical. For example, when generating data consistent with the U.S., the estimates were
identical up to the fifth decimal. Also, using a simple non-chained deflator did not make a big
quantitative difference. This is indeed a mere reproduction of the results reported in Diewert
(1976, 1978) and Hill (2006). Online Appendix E contains a template of the code used.

F.1 On the Use of Price Deflators to Construct Real Consumption Mea-

sures

In this section we discuss the results from Diewert (1976, 1978) and cover in more detail the discussion
on the Use of Price Deflators to Construct Real Consumption Measures discussed in the first paragraph
paragraph. Let the distance function be defined as d(c, u) = max4{d : U(c/d) > u}, where bold fonts
denote vectors and U(c) is consumer’s direct utility function. This function is the dual of the cost
function implied by U, k(p,u) (see Deaton, 1979). Note that by definition U(c/d(c,u)) = u. Thus, d
is simply a quantity index defined relative to scalar value w.

To see more clearly the quantity index nature of the distance function, studying the dual of the
distance function is useful. Let ¢(p, E) = ¢(1,p/F) = ¥(p/FE) denote the indirect utility associated
with U, where we have used homogeneity of degree zero of the indirect utility function. Suppose that
at given prices p and expenditure F, we have that ¥(p, E) = u. Define the dual distance d*(p, u).

Then,
o () = F1

d(q,u)k(p,u) = E. (F.2)

Thus, d*(p,u) = E. In other words,

Tt is in this sense that d = C' is interpreted as a quantity index (real consumption in our case) and

k = P as a price index. The previous expression can be written in terms of log-changes as

Alnd+Alnk=AnE, (F.3)
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where A denotes a change between, say, period 0 and 1. The Malmquist Quantity Index is defined the
difference in distances holding the reference utility constant, In Q3 (qo, q1,u) = Ind(qy, u)—Ind(qo, u).
Intuitively, it compares two different consumption baskets measuring the change in the distance to
an indifference curve that generates utility w. Theorems 2.16 and 2.17 in Diewert (1976) state the

following:
Theorem Let the distance function generated by U be a general translog function of the form
1 1
Ind(c,U) =ap+a Inc+ 3 Inc’Alnc+byInU +1InUb’ Inc + 5€0 (InU)? (F.4)

where bold fonts denote vectors and calligraphic, matrices.? Suppose that the quantity vector c; is a

solution to the maximization problem max.{U(c;) : pic = pici} then

N woitwi
ci\ ? (e, u™) _ u R
) ’ ’ = - = T ’ ’ F.5
Qo1 (co,€1,Po, P1) Zl;ll (c%) d(co, ") Qo1 (co,c1,u™) (F.5)
where ¢;; and wj; denote consumption and expenditure shares of good ¢ at time ¢ and u* = /U (qo)U(q1).

Let the cost function generated by U, k(p,u), be a translog function (analogous to F.4). Then,

N “’Qi‘g“’li ( *)
P1i K(P1, U
Po1 (co, €1, Po, P1) = () =——= (F.6)
115, (po. 1)

The left hand side of (F.5) and (F.6) correspond to the T6érnqvist indeces (which can be computed
empirically), while the right hand side of (F.5) is the Malquist Index and the Koniis index or “True Cost
of Living” (Diewert, 1976), for (F.6). Diewert (1976) shows that there exists functional specifications
of (F.4) other than the translog for which this result also holds exactly. In other words, this is not
an if and only if result. The appeal of the translog function is that it approximates to a second
order any continuously differentiable function. In particular, for the cost function implied by (A.3) is
continuously differentiable, so this theory applies to the preferences in our paper.

Diewert (1978) shows that the T6rnqgvist index and the Fisher price index coincide with each
other up to the second order terms of a Taylor expansion around any arbitrary pair of prices and
quantities (po, P1,Co,€1). In other words, Térnqvist and Fisher price indeces have exactly the same
first and second order derivatives evaluated at (pg, p1,€o,c1). Thus, they approximate each other up
to a second order. Quantitatively, the difference between these indices is very small. For example, Hill
(2006) studies a time series data set covering 64 components of United States gross domestic product
from 1977 to 1994. He finds that making all possible bilateral comparisons between any two years, the
Fisher and Toérnqvist price indices differed by only 0.1 per cent on average. This close correspondence
is consistent with the results of other empirical studies using annual time series data (Diewert, 1976,
1978). Thus, the use of both price indices seems to make very little difference in practice.

Diewert (1978) argues that chaining the indices overtime is preferable to hold a constant basket

as long as quantities change less between two adjacent periods than in two distant-in-time periods.

9There exists some regularity restrictions for the distance function in order to be a well defined object from
the point of view of consumer theory. See Diewert (1971, 1976).
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Indeed, Alterman et al. (1999) (page 61, Proposition 1) showed that if the logarithmic price ratios
In(p;t/pit—1) trend linearly with time ¢ and the expenditure shares also trend linearly with time, then
the Tornqvist chained-index is exact in the sense that it does not introduce any intertemporal bias.
That is, chaining by year or defining a price index between two arbitrary years is equivalent. They
also show that quantitatively using Fisher or Tornqvist makes little difference (the theoretical reason
being again that one approximates the other very well, as we have already discussed).

We conclude from this analysis that using the chained Fisher price indexes to deflate nominal

expenditure constitutes a very good approximation of real consumption.

F.2 Income Elasticities and Utility Cardinalization

Finally, concerning the identification of the income elasticities, as noted by Hanoch (1975),
there is one degree of freedom that is not pinned down by the nonhomothetic CES, (2). This
is why only the relative slopes of the Engel curves, ¢; — €y, can be identified. However, this
normalization does not affect the real allocations, just the level of utility. To see that, consider
the monotonic transformation our real consumption measure as Cy = Cf in the definition of
the utility function, (2). This would not change the real allocations in our economy nor
the expenditure elasticities as defined in (14) (see Appendix A). However, the implied real
consumption elasticities would change from ¢; to (g;. Thus, the level of the estimates we
obtain in our estimation ¢; — ¢; depend on the choice of the definition of real consumption.
As we have discussed, when we deflate using the chained-Fisher price index, our aggregate
consumption is defined relative to a baseline utility level (that is not known).!® This is the
reason why in the theory section A we choose a different normalization of utility that can be
interpreted in meaningful monetary terms. We follow the definition of Feenstra et al. (2013)
for real aggregate variables. We select a cardinalization of the utility such that it informs us
of the monetary cost of obtaining a given level of utility for a given set of reference prices.
In practice, this definition introduces a normalization to income elasticities (dividing all of
them by the elasticity with highest value, emax). Thus, this pins down the degree of freedom

in defining income elasticities.
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Table G.1: Residual Relative Log-Expenditure Shares on Residual Aggregate Consumption

Dep. Var.: log (Affentiee ) log (yfensiees)
Residual Log-Expenditure (1) (2) (3) (4)
Residual Log Aggregate Income -0.34 -0.42 0.27 0.23
(0.11)  (0.12) (0.08) (0.07)

Residual Log Agg. Income below Median Income 0.19 0.09
(0.12) (0.13)

R? 027 029 020 021
Observations 513 513 513 513

Note: Standard errors clustered by country. Residual Aggregate Income is constructed
by taking the residuals of the following OLS regresssion: logY = alogpé, + Blogpt,, +
vlog pé,+£°+vf where superscript ¢ denotes country, and subscript ¢, time. p¢, denotes price
of agriculture in country c at time ¢. Likewise p, , and p¢, denote the prices of manufacturing
and services, respectively. £¢ denotes a country fixed effect and v§ the error term. Residual
log-expenditures are constructed in an analogous manner.

Table G.2: Contribution of Relative Prices and Consumption

Specification Log- LR Test AIC BIC
Likelihood % p-value
FE Only -324.28 — —  754.56 1010.02
FE + Prices -270.30  107.96 0.00 648.61  908.89
FE 4+ Consumption 363.34 1375.25 0.00 -616.68 -351.58
. . 1472.71 0.00
Full Specification 412.08 97 47 0.00 -712.15  -442.23

Note: AIC refers to the Akaike Information Criterion, BIC refers to the Bayesian
Information Criterion. The first two Likelihood Ratio Tests are done against the
model that has only country-(relative)sector fixed effects. The last Likelihood Ratio
Test compares the full model against one with fixed effects and consumption.

H Plots of Fit with Regional Estimates for All Countries

Figures H.4, H.5 and H.6 starting on page 48 report the fit for all countries in our sample using
the region estimates for OECD, Asian and Latin American countries separately {o,,es, —

EmrEar — Emﬂo} where r denotes the regional estimation .
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Table G.3: Partial Correlations

Regression Consumption Relative Prices

Equation  Partial Corr. Partial Corr.?2 Partial Corr. Partial Corr.?

Ly/Ly, -0.85 0.72 0.11 0.01

Ls/L,, 0.46 0.21 0.17 0.03
Note: Country*(relative)sector fixed effects included. Suppose that y is determined
by x1,x9,...,2. The partial correlation between y and x; is estimates the corre-

lation that would be observed between y and x; if the other z’s did not vary. The
squared correlations estimate the proportion of the variance of y that is explained
by each.

Table G.4: Heterogeneous Price Elasticity of Substitution

Agri.-Manu. Serv.-Manu

Dep. Var: Emp. Shares (1) (2)
Oam 0.67
(0.12)

Osm 0.78

(0.18)
€a — Em -1.01
(0.13)

€s —E&m 033

(0.13)

c - sm Fixed Effects Y Y

Trade Controls Y Y

Note: Standard errors clustered by country.

Table G.5: Value Added Regressions

Dep. Var: Value Added (1) (2)

o 0.91 0.51
(0.25) (0.14)
€a — Em -1.00 -1.17
(0.21) (0.15)
€s — Em 0.22 0.10
(0.08) (0.15)
Observations 1043 1043
c - sm Fixed Effects N Y

Note: Standard errors clustered by country.
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Table G.6: Stone-Geary Estimation Results

Dep. Var.: Emp. Shares (1) (2)
o 0.21 0.21

(0.05) (0.05)
Ca -208 -201

(205) (194)
Cs 415 395

(475) (452)
Log-Likelihood 173677 173645
Akaike IC -347348  -347274
Bayesian IC -347333  -347236
Sectoral Trade Control N Y

Measures of Non-homotheticity
Entire Sample

max g P 000 -0.00
min = 011 -0.11
max o B e 000 -0.00
wmin W -0.11 -0.11

United States

pU-S-z,

maxz_{ S;pU.S.CU.S, 4.9e-04 4.9e-04
1€{a,m,s 7 i

min e e 5de04 -5de-04
i€{a,m,s} i i

Note: Standard errors clustered by country.
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Table G.7: Contribution of Prices and Consumption for OECD Countries

Specification Log- LR Test AIC BIC
Likelihood % p-value
FE Only 43.84 — —  -45.68 33.91
FE + Prices 119.21 150.74 0.00 -194.41 -111.03
FE 4 Consumption 428.92 770.16 0.00 -811.84 -724.67
. : 794.35 0.00
Full Specification 441.01 94 18 0.00 -834.03 -743.07

Note: AIC refers to the Akaike Information Criterion, BIC refers to the Bayesian
Information Criterion. The first two Likelihood Ratio Tests are done against the
model that has only country-(relative)sector fixed effects. The last Likelihood Ratio
Test compares the full model against one with fixed effects and consumption.

Regression Consumption Relative Prices

Equation Partial Corr. Partial Corr.? Partial Corr. Partial Corr.?

Lo/Ly, -0.52 0.27 -0.24 0.06

Lgs/Ly, 0.88 0.77 0.02 0.00
Note: Country*(relative)sector fixed effects included. Suppose that y is determined
by x1,x9,...,xr. The partial correlation between y and 1 is estimates the corre-

lation that would be observed between y and x; if the other z’s did not vary. The
squared correlations estimate the proportion of the variance of y that is explained
by each.

Figure G.1: Predicted Evolution of Expenditure Shares for the U.S.

.6
I

Expenditure Shares
4
1

1950 2000 2050
Year

® Agriculture Share Predicted Agriculture Share
A Manufacturing Share  ————- Predicted Manufacturing Share
® Services Share — — — - Predicted Services Share
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Table G.8: Contribution of Prices and Consumption for Non-OECD Countries

Specification Log- LR Test AIC BIC
Likelihood % p-value
FE Only -186.07 — — 44213  595.38
FE + Prices -182.83 6.47 0.01 437.66 595.28
FE 4 Consumption 261.90 895.94 0.00 -449.81 -287.80
. : 932.32 0.00
Full Specification 280.09 36.38 0.00 -484.19 -317.81

Note: AIC refers to the Akaike Information Criterion, BIC refers to the Bayesian
Information Criterion. The first two Likelihood Ratio Tests are done against the
model that has only country-(relative)sector fixed effects. The last Likelihood Ratio
Test compares the full model against one with fixed effects and consumption.

Regression Consumption Relative Prices

Equation Partial Corr. Partial Corr.? Partial Corr. Partial Corr.?
Lo/Ly, -0.88 0.78 0.17 0.03
Ls/Ly, 0.22 0.05 0.00 0.00

Note: Country*(relative)sector fixed effects included. Suppose that y is determined
by x1,x9,...,xr. The partial correlation between y and x; is estimates the corre-
lation that would be observed between y and x; if the other z’s did not vary. The
squared correlations estimate the proportion of the variance of y that is explained
by each.

Table G.9: Growth Rates of Relative Prices in the Country Panel

log (pi,t ) = af, + Bi - Year + &5, i={s,a}

p$n,t
Pa ps
lOg (pfn) log <p$n>

Year -0.59 0.13

(0.05) (0.04)
Country-Sector FE Yes Yes
R? 0.49 0.41
Observations 1680 1680

Note: Year has been re-scaled to Year/100.
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Figure G.2:

Argentina Stone-Geary

Country Fit Using Stone-Geary Preferences

Brazil Stone-Geary

Chile Stone-Geary
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Figure G.3: Country Fit Using Stone-Geary Preferences
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