Online Appendix

Fiscal Unions

Emmaunel Farhi and Ivan Werning

A Online Appendix: Proofs and Details for Static Model in Sec-

tions 2-3

A.1 Proof of Proposition 1

We have already proved that the conditions in the proposition are necessary for an allocation to-
gether with prices to form part of an equilibrium with complete markets. We now need to establish
these conditions are sufficient. The proof is constructive. Start with an allocation together with
prices that satisfy these conditions. We choose wages Wi(s) to satisfy the labor-leisure condition
(5) foreachi € I and s € S. Given some set of state prices Q(s), we pick portfolio taxes 5 (s)
to satisfy the risk sharing condition (3) for each i € I and s € S. Note a first dimension of inde-
terminacy here: we can always multiply state prices Q(s) and portfolio taxes 1+ 75 (s) by some
arbitrary common function A(s) of s. We then pick labor taxes 7; to satisfy the price setting equation
(6). Finally, for a given set of ex-post fiscal transfers T (s) that satisfy the country budget constraint
[Q(s)T!(s)m(s)ds = [ Q(s) [Pr(s)(Ci(s) — E%(s))] 7(s) and the condition that aggregate net inter-
national transfers are zero in every state (8), we compute transfers to households T'(s) using the
government budget constraint (7). We can then compute the required portfolio positions D' (s) us-
ing the ex-post household budget constraint (2). These choices guarantee that the ex-ante household
budget constraint (1) is verified. Note a second dimension of indeterminacy, as we have some degree

of freedom in choosing ex-post fiscal transfers T"(s).

A.2 Proof of Proposition 2

We have already proved that the conditions in the proposition are necessary for an allocation to-
gether with prices to form part of an equilibrium with complete markets. We now need to establish
these conditions are sufficient. The proof is constructive. Start with an allocation together with
prices that satisfy these conditions. We choose wages Wi(s) to satisfy the labor-leisure condition (5)
for eachi € I and s € S. We then pick labor taxes T/ to satisfy the prices setting equation (12). We
choose transfers T (s) to satisfy the household budget constraint (11). We then choose ex-post fiscal
transfers T7(s) to satisfy the government budget constraint (13). We can verify that these choices
satisfy (8).
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A.3 Price Setting with Constant Elasticity of Substitution

We have
fT uZCNT )Ciyr(s)7t(s)ds 1 e—1

JUL (s)Cir(s)m(s)ds — 1+1 e

We can rewrite the first-order condition for P}\,T as

p(8) ;o\ i T j _
| w? O EICHs) 57y U () 7)) ds = 0.

If il’,’((s)) p'(s) is constant then this implies that

/ Cier(s) UL, (s) T'(s) 7(s) ds = 0.

1 e—-1 _
Thus in this case T e 1or TL = —1/e.

A.4 Proof of Proposition 7

Consider an equilibrium such that T#(s) # 0 for some i € I,s € S. Assume, towards a contradiction,
that the allocation is constrained Pareto efficient. ‘
We consider two cases in turn. First, suppose that VéT(s) = UET (s)(1+ iigzg 7i(s)) < 0 for some

set ) C I x S of positive measure of countries and states. Define the sections Q(s) = {i : (i,s) € Q}.
Then there exists a perturbation that for each s € S : (a) lowers Ci.(s) for i € Q(s) and improves wel-
fare V'(s); (b) increases C.(s) for i ¢ Q(s) and improves welfare V'(s); and (c) satisfies the resource
constraint [ C.(s)di = [ E-.(s)di. This perturbation is feasible and creates a Pareto improvement, a
contradiction.

Next, consider the case where 1 + 218 Ti(s) > Oforalli € I,s € S. For each state s consider
! (s)

ranking countries by their weighted labor wedge mri (s). By Proposition 6 it must be that

ls ’s

sty 1 S
- (s) it
7T )

(s)
1 li(s) i 1 l;
+ pl (S)T (S) + pz
foralli, i, s and s’. This implies that the ranking must be the same in all states s. It follows that there
is a country i* that is at top of the ranking for all states s, i.e. i* € Ngcgargmax;e; %Ti(s). Propo-
sition 5 then implies that this country has a positive labor wedge: T (s) > 0 for all s. Proposition 4
then implies that T/ (s) = 0 for all s. Therefore we have that 7/(s) < 0 foralli € I,s € S. Proposition

5 then implies that actually ’(s) = 0 foralli € I,s € S.
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B Online Appendix: Extensions for Static Model in Sections 2-3

B.1 Sticky Wages

In order to have a well defined wage setting problem we assume that labor services are produced by
combining a variety of differentiated labor inputs according to the constant returns CES technology

1

. 1 -

N'(s) = (/ N"h(s)lf:valh>1 w
0

The rest of the technology is as before. We assume that in each country there is a continuum of
workers I € [0,1], each supplying a particular variety h € [0,1] with preferences

/if@*ﬁ@LC?@LAWWﬂxﬂn@M&

The budget constraints are the same as before

/DM@Q@N@%SQ

Plir(s)Ciin(s) + Pr(s)CH'(s) < (1 — 1 )W AN (s)
+ Pr(s)E(s) +IT'(s) + T'(s) + (1 + th(s)) D" (s),

except that the wage W' is now specific to each worker h but independent of s because wages
are set in advance of the realization of the state s. Note that prices of non-traded goods are now
state-contingent. For convenience, we now assume that the worker pays for the labor tax; firms are
untaxed.

Workers set their own wages W'/ taking into account that in each state of the world s labor
demand is given by Ni(s)(W'"/W!)~¢= where Wi = (f(Wi'h)l’ewdh)l/(l’sw) is the wage index for
labor services. In a symmetric equilibrium, all workers set the same wage W' = W', and consume
and work the same so that C%’T(s) = Clir(s), CiT'h (s) = Ci(s) and N*#(s) = Ni(s). The wage W' is
given by ' '

Wi — 1 ew [ —N’(s)llf\](s)n(s)ds'

B e OL{OLE
Py (s)

All varieties sell at the same price so that PﬁT(s) = Pi,7(s). This price is given by

- e Wi
Pur(s) = o3 2y

All the results that we derived in the version of the model with sticky prices carry through with

no modification to this specification with sticky wages. In particular, Propositions 1-12 are still
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valid. However, the corresponding allocations can be different than under sticky prices if there are
productivity shocks.

B.2 Limited Commitment

Explicit or implicit insurance (risk sharing) arrangements inevitably raise concerns of incentives.
We have abstracted from these considerations, not because we believe them to be unimportant, but
in order to isolate the effects that our aggregate demand externality has on optimal risk sharing.
Modeling limits to insurance due to incentive problems requires making specific choices about the
underlying shocks, the asymmetry of information, the available monitoring technologies, or the type
of commitment problem, etc. Although the possibilities are vast and exploring them all is beyond
the scope of this paper, we believe the main insights of our analysis would carry over.*?

In the online appendix B.3, we analyze an example with moral hazard. Here instead, we develop
an example with limited commitment. Consider the implementation with incomplete markets and
international transfers, where all international risk sharing occurs through international transfers. Ex
post, in every state of the world s, some countries i are net contributors to the union with Ti(s) <0,
and some countries i are net beneficiaries with Ti(s) > 0. This poses no particular problem to the
extent that there exists a strong enough union-wide institutional enforcement mechanism. But with
imperfect enforcement and limited commitment, the concern arises that governments of ex-post net
contributor countries do no in fact contribute the transfers that were agreed upon ex ante behind the
veil of ignorance before the realization of the shock.

To make things stark, consider the extreme case where there is no institutional enforcement mech-
anism. Governments can default on their promised transfers T?(s), and have no ability to commit.
We assume that default leads to a utility loss for which we adopt a flexible parametrization K'(s).

The planning problem can now be written as

max ///\iVi (C%(s),?;s) n(s)dids (28)
Pr.Pyr.Cr(s) Pnr
subject to
/ Cii(s)di = / Ei(s)di 29)
and

Vi (cg(s), lfi—T,-s> > i (E}(s),lf.—T;s> — Ki(s). (30)

NT NT

The only difference introduced by the limited commitment problem is the presence of the incen-

#3In practice of course, institutional mechanisms exist to mitigate these agency problems. For example, most fiscal
unions such as the US channel a large part of their transfers through more or less ex-ante-rules-based automatic stabiliz-
ers (through the unemployment insurance program, federal income and social security taxes, bailout funds), probably
for reasons of political acceptability and transparency, but also to mitigate the difficulties associated with collective and
distributing discretionary ex-post transfers in a world with limited commitment. Another example is state debt-limit in
the US, or collective budget procedures and enforcement mechanisms that already exist in Europe.
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tive compatibility constraint (30), requiring each country to be better off sticking to the fiscal union
arrangement than defaulting and reverting to autarky while experiencing the endowment loss asso-
ciated with default.

Let 4 > 0 be the multiplier on (29) and v/(s) > 0 be the multiplier on (30). The condition for
constrained efficient risk sharing becomes

UE (91 + SOl +/ () = . QY

By contrast, the corresponding corresponding condition for a country outside the currency union is

UE, (s)[1+vi(s)] = p. (32)

Condition (32) shows that even with flexible exchange rates, limited commitment endogenously
limits insurance (risk sharing) possibilities. A high value of the multiplier v(s) indicates that it
is relatively tempting for country i to default in a state s. The optimal contract then adjusts the
transfer T'(s) and the traded goods consumption Ci(s) so that default is prevented. Condition (31)
shows how the optimal provision of insurance (risk sharing) and incentives must be modified when
the country is in a currency union. The provision of incentives requires the private consumption of
traded goods to vary with the realization of government consumption. Because prices are sticky, this
generates a non-zero pattern of labor wedges 7' (s). This in turn opens up a wedge between the social
and private marginal utility of income, which creates another force agains the perfect equalization
of consumption of traded goods across states for each country.

This example shows that the optimal risk sharing arrangements are different for countries that
belong to a currency union than that for countries who have a flexible exchange rate. This is true with
or without enforcement frictions. In both cases, the optimal arrangement involves a key sufficient
statistic, the social marginal utility of transfers given by UET(S)[l -+ ”‘Z.(S)Ti(s)] for a country in a

p'(s)

currency union and given by U (s) for a country outside a currency union.

B.3 Moral Hazard

Suppose that the government can exert effort e ex ante to affect the distribution of the endowment
of the traded good ex post, but that effort e is not observable, creating a moral hazard problem. We
focus on a single country i € [0,1]. We assume that the shock s is purely idiosyncratic and only
affects the value of the endowment EZ-(s) in country i. Naturally, monetary policy at the union level
should not react to to the idiosyncratic shocks s of an infinitesimal country, so that Pr(s) = Pr is

constant. These assumptions simplify the exposition. The principal-agent problem is then

max ),e/ 1% <CiT(S),I£—T> 7t(s|e)ds — h(e) (33)

Pr/Ch (s NT
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subject to
J(Cis) = Ex(s)m(sle)ds <0 4

and

/Vi (CZT(S),PPZ—T> rt(s|e)ds — h(e) > /Vi (CIT(S),15—T> ni(s|e’)ds —h(e’)  foralle’. (35)

NT NT

The first constraint (34) simply conditions the average level of expected transfers; this reflects the
fact that insurance is priced fairly i.e. (Q(s) = 1), since the shock is experienced by a single country
and does not affect aggregate resources at the union level. The last constraint (35) is the incentive
compatibility condition, requiring the country’s effort to be optimal, taking the schedule C%(s) as
given.

In the absence of nominal rigidities or for a country with flexible exchange rates and independent

monetary policy, we would solve the same problem but using V**(C~.(s)) = max,, Vi (Ch(s),p') in
place of V' (Cl (s ) ) Note that V* (Ck, p') < V*(CL) with equality at a single value of Cl, so

that V'* is an upper envelope of V. When prices are rigid it is as if the country were more risk
averse, in the sense described earlier. In the presence of moral hazard, higher risk aversion affects
the optimal insurance (risk sharing) contract Ci.(+).

Consider the planning problem (33). Let u be the multiplier on (34) and dv(e’) be the measure
multiplier on (35). The corresponding for constrained efficient risk sharing becomes

ug, (s )[1+

][1 -|—/ — (s ‘e )dv(e’)] = . (36)

S

By contrast, the corresponding corresponding condition for a country outside the currency union is

U, (s)[1 +/ — il |e )dv(e’)] = . (37)

Condition (37) shows that even with flexible exchange rates, moral hazard endogenously limits in-
surance (risk sharing) possibilities. There is a meaningful tradeoff between insurance (risk sharing)
and incentives and providing incentives for the country’s government to exert the adequate level ef-
fort requires the government to have “skin in the game”. The private consumption of traded goods
must vary with the realization of government spending on traded goods. It must be high when-

ever the particular realization of government spending is more likely (as measured by the likelihood
7i(sle) = me(sle”)

7i(sle)
ernment is tempted to exert (as measured by the measure multiplier dv(e’) on the corresponding

ration ) under the desired effort level than under alternative effort levels that the gov-
incentive compatibility constraint). This is accomplished by reducing the level of transfers to the
country when government spending on traded goods is high.

Condition (36) shows how the optimal provision of insurance (risk sharing) and incentives must

be modified when the country is in a currency union. The provision of incentives requires the pri-
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vate consumption of traded goods to vary with the realization of government consumption. Because
prices are sticky, this generates a non-zero pattern of labor wedges 7'(s). This in turn opens up a
wedge between the social and private marginal utility of income, which creates another force agains
the perfect equalization of consumption of traded goods across states. As a result, the optimal in-
surance insurance (risk sharing) arrangements are different for countries that belong to a currency
union than that for countries who have a flexible exchange rate.

B.4 Government Spending

We introduce government spending in the model. We characterize the joint optimal use of interna-
tional transfers and government spending. Our analysis underscores that both instruments should
be used in conjunction. Moreover, we show that our characterization of fiscal unions is robust to
the availability of government spending as an additional instrument. We also compare their relative

performance depending on a number of deep economic parameters by studying a few limit cases.

Introducing government spending. Following the literature, we focus on the case where govern-
ment spending is concentrated on non-traded goods, which we view as the most practically relevant
case.** In each state s and country i, the government spends Pi Gk (s) to finance government
consumption of Gi1(s) of non-traded goods. As is standard, we capture agents’ preferences of gov-
ernment consumption by including it in the utility function and write

U'(Giyr(s), Chr(s), Cr(s), N'(s);s)

for the state-s utility function of country i agents. We assume that that preferences are weakly sep-
arable over government consumption on the one hand, and private consumption and labor on the
other hand. In addition, we continue to assume that preferences over consumption goods are weakly
separable from labor, and that the preference over consumption goods are homothetic.

Apart from that, there are only minor differences with the setup of the main model. These differ-
ences involve the government budget constraint, the resource constraint for non-traded goods, and
the price setting conditions.*> Our implementability results in Propositions 1 and 2 can be extended
in a straightforward way.

#For example Beetsma and Jensen (2005) and Gali and Monacelli (2008) introduce government spending on domestic
goods in models where all goods are traded, with or without home bias in consumption. The natural equivalent in our
setup is to study government spending on non-traded goods. We have also analyzed government spending on traded
goods. The analysis is available upon request.

#5The government budget constraint is now T'(s) + Py, 7Gi1(s) = i Wi(s)Ni(s) — 1}, (s)D'(s) + T'(s). The resource
constraint for non-traded goods is now Ci;;(s) + Gi7(s) = A(s)N(s). The price setting constraint is now Pi, =

Q) Wis) rei ~
Torl () A7) [C}\,T(s)-&-G}\,T(s)]ﬂ(s)ds

J 1+Qrg)(s) [Clir(s)+Gip(5)] (s)ds

(1+1)
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Second-Best Planning problem. In order to write down the second-best Ramsey planning prob-
lem jointly characterizing international transfers and government spending, we modify the indirect

utility function. We define

o A ; al(p;s)Cr + Gi,(s
Vi (Gnr(s),Cr,pis) = U (GNT(S)/“ (p;s)Cr, Cr, v )A];(s) el );s> :

In an equilibrium with G4 (s), C%(s) and p'(s), ex post welfare in state s in country i is then given
by
Vi(Gr(s), Cr(s), p'(s);s)-

The second-best planning problem is

. //W(Qﬁ C%)Z;))ngm%

Pyr.C
/cﬂgm:/fagm

We can solve this planning problem recursively by defining

subject to

a'(p;s)Cr + Giyr(s) .S) (38)

Vi(Cr,p;s) = max U (G}'\,T(s),oc"(p;s)CT,CT, AT(S)

Gir(s)

and then solving

max Vi Ch(s) ;s | Alm(s) dids
ol 17 (et 5 2)

/cﬂ@mz/fﬂgm

Constrained Pareto efficient allocations. With these notations, the analysis is identical to that of

subject to

the model without government spending. Indeed, the derivatives of the indirect utility function
Vi(CT, p;s) are given by exactly the same formula as in Proposition 3, and as a result, Propositions
4-10 as well as Proposition 12 carry through without any modification.*® Hence our analysis of fiscal
unions is robust to the availability of government spending as an additional instrument.

Of course, this does not mean that the resulting allocation is unchanged. Away from this case,
optimal government spending can reduce the deviations of the labor wedge 7' (s) from zero, but it
does not eliminate them.*” There are two informative ways to write the optimality condition for
government spending, both of which follow directly from the definition of Vi(Cr, p;s) in equation

46The exact conditions in Proposition 11 for the constrained efficiency of the complete markets equilibrium without
portfolio taxes are different in the presence of government spending.

47Formally, this is true except in the knife-edge cases where the optimal allocation with flexible prices can be imple-
mented with a fixed exchange rate.
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(38):

U, (5) = = UNE), 9)
UG, (5) = (1= 7'(s))Ue,, (). (40)

To understand these formulas, it is best to analyze first the case when prices or exchange rates
are flexible. Optimal government spending is then characterized by equation (39) or equation (40)
with 7/(s) = 0. Both equations equalize the marginal benefit UENT(S) of government consump-
tion with its marginal cost, but express the marginal cost in two different (but equivalent) ways.
Equation (39) expresses the marginal cost —A%(S)Uf\,(s) in terms of the marginal increase labor that
would be required to service the marginal increase in government consumption, while equation (40)
with 7/(s) = 0 expresses the marginal cost UéNT (s) in terms of the marginal reduction in private
consumption that would be required to service the marginal increase in government consumption.
These are two equivalent ways of stating the Samuelson rule (see Samuelson 1954) for the optimal
provision of public goods.

Depending on which of these formulations one prefers to focus on, rigid prices and fixed ex-
change rates either require no deviation from the Samuelson rule (equation (39)) or a deviation from
the Samuelson rule (equation (40)). The reason is that the social marginal cost of government spend-
ing is still given by —A%(S)U}'\](s) but not by UENT (s) and instead by (1 — Ti(s))UéNT (s). This is
because the price of non-traded goods does not reflect the marginal cost of producing them. The
discrepancy is precisely given by the labor wedge. The government internalizes this wedge when it
decides its consumption of non-traded goods, but private agents do not. As a result, in recessions
when T(s) > 0, it is optimal to tilt the mix of government and private consumption of non-traded
goods in the direction of the former, and the opposite holds true in booms when 7'(s) < 0.4

Having characterized the jointly optimal use of international transfers and government spending
and shown the robustness of our characterization of optimal international transfers to the availabil-
ity of government spending as an additional instrument, we now compare the relative performance
of government spending and international transfers in a few enlightening limit cases. We first treat
the case of the closed-economy limit. We show that international transfers achieve perfect macroe-
conomic stabilization, with no residual role for government spending. By contrast, in the perfectly
open economy limit, international transfers are not used for macroeconomic stabilization, but gov-
ernment spending is. We then treat the cases where the disutility of labor is linear or government
spending is purely wasteful. In both cases, we show that even though the optimum is away from

the first best, government spending is not useful for macroeconomic stabilization.

#8This analysis assumes that prices are entirely rigid. If there is some adjustment in prices, then increases in govern-
ment spending stimulate inflation. Given a fixed exchange rate, and other things equal, this leads to an appreciation
of the real exchange rate which depresses private spending on non-traded goods and counteracts the direct effect of
government spending on total spending on non-traded goods (see e.g. Farhi-Werning 2012). This lessens the macroeco-
nomic stabilization role of government spending. The same holds true for international transfers, as we emphasize in
Section 5.
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Closed-economy limit. Consider first the closed-economy limit. This limit can be understood as

follows. Suppose for simplicity that preferences are given by v(Gi 1 (s)) + Clg‘?:v — ¢(Ni(s)) where
1

-1 7-1

Ci(s) = |(1— (x)%C}'\]T(s) T+ a%CiT(s)T " Then for any p, a’(p;s) is decreasing in «. The
closed-economy limit is obtained in the limit by also scaling where « goes to zero and a’(p; s) goes to
infinity as long as we also scale E’.(s) by uf—m) s0 as to keep a'(p;s)EL(s) constant. In this limit, the
tirst-best level of welfare is achieved. This is because international transfers are extremely power-
tul in relatively closed economies. Indeed, we have already emphasized that the “dollar-for-dollar”
output multiplier of transfers is precisely given by the relative expenditure share of non-traded to
traded goods. And this multiplier goes to infinity in the closed-economy limit. As we approach the
closed-economy limit, vanishingly small departures (as a fraction of each country’s nominal income)
from the international transfers that support the first-best allocation are enough to perfectly stabilize
the economy and deliver 7/(s) = 0 for all i and s. There is no residual macroeconomic stabilization

role for government spending, which then simply follows the first-best Samuelson rule.

Perfectly-open economy limit. The relative usefulness of international transfers and government
spending is reversed in the limit where countries are perfectly open, which we capture by letting «
go to one. In this limit, international transfers are not used for macroeconomic stabilization, in the
sense that constrained efficient and privately optimal risk sharing coincide, so that optimal inter-
national transfers are only needed when markets are incomplete, in order to replicate the complete
markets allocation with privately optimal risk sharing. By contrast, government spending is used

for macroeconomic stabilization as characterized by the same optimality conditions (39) and (40).

Linear disutility of labor. Suppose now that the disutility from labor is linear. We maintain the
same parametrization of preferences and assume in addition that ¢(N(s)) = ¢N’(s) for some con-
stant ¢ > 0. In this case, the first-order condition for optimal government spending (39) becomes
o' (Ghp(s)) = AiLZs)' This formula, which pins down G;1.(s) as a function of A(s), holds both under
rigid prices and fixed exchange rates, and under flexible prices or flexible exchange rates. Hence
there is a sense in which government spending is not used for macroeconomic stabilization, despite

the fact that macroeconomic stabilization is imperfect. The same is not true of international transfers.

Purely wasteful government spending. Another enlightening case is the case in which govern-
ment spending is purely wasteful, so that it does not enter preferences.* In that case, formulas (39)
and (40) indicate that it is optimal not to use government spending, both with rigid prices and fixed
exchange rates and with flexible prices or flexible exchange rates. Hence, once again, there is a sense
in which government spending is not used for macroeconomic stabilization, despite the fact that
macroeconomic stabilization is imperfect. The same is not true of international transfers.

% Formally, this means that U’ (G4;1.(s), Ci1(s), Ci-(s), Ni(s); s) is independent of Gi;1.(s).
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C Online Appendix: Proofs and Details for Dynamic Model in

Sections 4-5

C.1 Nonlinear Calvo Price Setting Equations

The equilibrium conditions for the Calvo price setting model can be expressed as follows

1 _ 5H§:_[jtl _ (Ft )6—1

1-0 K;
e 14+t 4 .
Ki = e—1 Ay, YNy +‘5:3HH,t+1Kt+1r

Fr = YiC; 78,1 Qs + 6BIT; L 1 Frpa,
together with an equation determining the evolution of price dispersion

Ar = h(Ap—1,1Hy),
where h(A, TT) = SATTE + (1 — 6) (%) “

C.2 Decomposing the Planning Problem (22)

We can break down the planning problem into two parts. First, there is an aggregate planning
problem determining the average output gap and inflation §; and 7t}

min J / et a2+ (7)) (41)

subject to (27).
Second, there is a disaggregated planning problem determining deviations from the aggregates

for output gap, home inflation and consumption smoothing, i, 7t:, , and oi
put gap p & Y Tty 1 t

oo rl . . 2
min% /0 /O e (Al )? + (5% + o (61)?] didt 42)

subject to (23), (24), (25), (26). Note that because the forcing variables in this linear quadratic problem
satisfy fol sidi = 0, the aggregation constraint (26) is not binding. We can therefore drop it from
the planning problem. The resulting relaxed planning problem can be broken down into separate
component planning problems for each country i € [0, 1]

min 5 [ e [an(h )2+ (77 + o (32] (43)



subject to (23), (24) and (25).

C.3 Incomplete Markets and No Transfers in a Currency Union

Here we analyze the solution with incomplete markets and no transfers. This solution imposes
9" = 0 and coincides with the solution with complete markets and no interventions in financial
markets, a well-known property of the Cole-Obstfeld case, where the lack of complete markets is not
a constraint on private risk sharing.

Using the fact that fol jidi = fol 7ty i = 0, we are led to the following planning problem:

. 1 o0 1 — a9 a1 * Ak .
ming [ [ e w12+ (32 + an)2+ (97)2] it

subject to

7T = 7t — Kyt
where the minimization is over the variables ﬁé{,tf mtf, i, 7. Note that since 0" = 0, the two aggre-
gation constraints fol fidi = 0 and fol fty; i = 0 are automatically verified.

The solution of the planning problem is then simply J; = 7y = 0 for the aggregates. This
result is a restatement of the result in Benigno (2004) and Gali and Monacelli (2008) that optimal
monetary policy in a currency union ensures that the union average output gap and inflation are
zero in every period. Monetary policy can be chosen at the union level so that monetary conditions
are adapted to the average country. The disaggregated variables ﬁht and 7! solve the following

system of differential equations,

A _ s
Tt = PTTH — Kyyt/

Af aq I

Yo =~ — Sp
with initial condition
Proposition 18. The solution with incomplete markets and no interventions in financial markets (N FAL =

0 = 0) coincides with the solution with complete markets and no interventions in financial markets. In both

cases, union-wide aggregates are zero
Ak *
y; =y =0.
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C.4 Transfer Multipliers in a Currency Union

Before solving the normative problem it is useful to review the positive effects of transfers. The next

proposition characterizes the response of the economy to a marginal increase in transfers.

— /02
Proposition 19 (Transfer Multipliers). Let v = w. Transfer multipliers are given by

aj B 1
aZt : :evtpl “_(1_evt)p ,
ONFAL a 1+¢
o7t _
i‘llt. — et [Pl o +p 1 :| ,
ONFA] o 1+¢
9

ot 1—« 1
- = —[1 e][p . +p1+¢}.

The presence of the discount factor p in all these expressions is natural because what matters
is the annuity value pN I%Aé of the transfer. Note that the terms of trade gap equals accumulated
inflation: §; = — f(f ﬁ%/sds.

Transfers have opposite effects on output in the short and long run. In the short run, when prices

are rigid, there is a Keynesian effect due to the fact that transfers stimulate the demand for home

Y p%. In the long run, when prices adjust, the neoclassical wealth effect on labor

goods: —=L- =
INFAL

i

L/ S
INFA) I+¢-
the Keynesian short-run response to the neoclassical long-run response, is controlled by the degree

supply lowers output: lim;_,e In the medium run, the speed of adjustment, from

of price flexibility x,, which affects v.

Note that the determinants of the Keynesian and neoclassical wealth effects are very different.
The strength of the Keynesian effect hinges on the relative expenditure share of home goods 1%‘:
the more closed the economy, the larger the Keynesian effect. The strength of the neoclassical wealth
effect depends on the elasticity of labor supply ¢: the more elastic labor supply, the larger the neo-
classical wealth effect.

Positive transfers also increase home inflation. The long-run cumulated response in the price of
home produced goods equals p1=% + pﬁ. The first term p1=% comes from the fact that transfers
increase the demand for home goods, due to home bias. The second term pﬁ is due to a neoclassical
wealth effect that reduces labor supply, raising the wage. How fast this increase in the price of home
goods occurs depends positively on the flexibility of prices through its effect on v.°!

The effects echo the celebrated Transfer Problem controversy of Keynes (1929) and Ohlin (1929).
With home bias, a transfer generates a boom when prices are sticky, and a real appreciation of the
terms of trade when prices are flexible. The neoclassical wealth effect associated with a transfer

comes into play when prices are flexible, and generates an output contraction and a further real

Note that v is decreasing in x,, with v = 0 when prices are rigid (x, = 0), and v = —oo when prices are flexible
(ky = o0).
°IRecall that v is decreasing in the degree of price flexibility Ky-
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appreciation.

C.5 Proof of Proposition 14

In this case, x, = 0 and the constraint set boils down to 7= (1- oc)(ji — &, and we are therefore left

with the following component planning problem
R R 5i a2 5i 2
mmi/o e[ (1— ) — 50)% + (812 .

The result follows.

C.6 Proof of Proposition 19

We use the decomposition of the planning problem given in Appendix C.2. We focus on the compo-
nent planning problem for a country i. We first solve the behavior of an economy for a given transfer

9. Then in Appendix C.7, we solve for the optimal g,

Define E; = [1,0 and E, = [0,1)". Let X} = [&};, #i)', Bi = [~Aaf, —§] = —AalE; — §E,.
— _ 2
Define A = | F . *y ] .Letv = ﬂ < 0 be the (only) negative eigenvalue of A, and
X, = [-v,1]) and be an eigenvector associated with the negative eigenvalue of A. The solution is
given by
Xi = el X, — / A=9)Bigs — et X, + Aaf ATE, +/ & eAU=1)Eyiy,
t
where -
X +/ e Blds = o' X,,
0
E{Xh = (1—a)d — 5.
We find -
L= [(1-0) — AaBpATE; | 6 - 5 - /0 & Ee At Eydt.
Using E5A™'Ey = —«, !, and E{A™'E; = 0, we can infer the path for output 7} = E5X; and inflation

7%’H )= EiX; as follows:

. A oa oL
7= el — K—DCQZ +/ § ELeAt=1 Eydy,
Y t
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fii = —ve'lal, -|—/ i Ele A Eydu,

The results in Proposition 19 follow by specializing these expressions to the case 5; = 0.

C.7 Derivation of the Optimum in Section 6.2

N

In Appendix C.6, we solved for the behavior of the disaggregated variables X! = [ﬁ}llt,ﬁ]’ for a
given 9. We now solve for the optimal 0. We apply the results of Appendix C.6 in the particular
case § = ghe Y. We get

X! = el X, + Aab' ATVE; — pe P15 (A + pI) 1 E,,

where
a = 1(1—«a —/\aE’A_lEl éi—§i+ S EL(A + ¢l _1E2,
v 2 0 ok2

— _ 2
Ei=[1,0/,E; =[0,1), A = pl (;Cy , V= w < 0is the negative eigenvalue of A, and
X, = [—v, 1] is an eigenvector associated with the negative eigenvalue of A. This yields
A lI)K]/§6 _
ity = —ayve’t — e V",
SO RSO
5i
§i— ayett — @éz‘ _ (p+y)ys; —a

Ky (o+9)p —xy

We need to solve

This can be rewritten as

~i ~1~
min 50624 3 [ e {"‘n<“zvzez’”+( PRy y2 gy 20y e—<¢—v>t>

i 2p (0 + )y —xy (o +¥)p —xy
2 vt | (AAN2 52 (0 + )93y 2 o 20t _ g YA vt
+(1xve ~|—(Ky.) (6") +((P+1I))1P_Ky) 20, yBe
_ 2ay (0 + ¥)9s; o= (=)t 2a) (p + ) ¥5; Gie zptﬂ m
(0 +9)p —xy Ky[(0+ )P — ]

Solving the integrals, we arrive at

RN (“/\) ai arv? +1 iN2 ("‘71’(2 + (o + ¢)2)(¢§6)2
2000 hl Rt
minos )+ o OV 202y 2 22910 + 909 — P
(arvicy — p — )93, i aAShY Gi _ aA ol B

Tt vlor - e, -2 (o—vr
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The solution is

[( BA _anlq gy @)] ( x5, aAps) (anviy—p—) sy (1—a+ 1))

p—V)Ky  p2v )| (orp)p—xy  (pty)yiy—r; (o +p—v)((p+9)p—ry)

@ (wA)? 241 A2 20\ A
Fe"‘ pKﬁ +%(1-0€+%) —(p:X—V)Ky(l—OC"‘%)

b -

C.8 Proof of Proposition 15

In the closed-economy limit, as &« — 0, we have ag = 0, and we see directly from Section C.7 that

Ky§6 p—2v (ocnwcy o 1/))1/]56

[ — .
e+P)p—xy azv2+1(p+¢—v)[(p+ )P —xy

D Online Appendix: Extensions of Dynamic Model in Sections
4-5 for Section 6

In this appendix, we detail two extensions of the dynamic model by introducing hand-to-mouth
consumers and alternative macroeconomic instruments. This appendix is organized as follows. Sec-
tion D.1 outlines the extended model. Section D.2 derives the allocations given exogenous policies.
Section D.3 derives the loss function. Sections D.4-D.9 set up the planning problem as well as the so-
lution method for alternative macroeconomic instruments: international transfers, capital controls,
government spending, redistribution, deficits, and then all domestic fiscal policy instruments com-
bined. Section D.10 specializes the previous sections to the case of no hand-to-mouth consumers. We
first setup up the model allowing only for international transfers, government spending, and capital
controls in Sections D.4-D.6. We then generalize it to allow for redistribution and deficits in Sections
D.7-D.9.

D.1 Model

This is a model of fiscal unions with two types of agents: hand-to-mouth (HtM) agents of measure
X € [0,1] and optimizers of measure 1 — . We assume throughout that countries are in a currency
union. From the get go, we study idiosyncratic productivity shocks in a given country i, which
will correspond to Home in the exposition of Sections 4-5.°2> We abstract from idiosyncratic shocks
in other countries and from aggregate shocks. As a result, union-wide aggregates and policies are

constant at their steady state where outputs in all countries are equal to one.

2There is no rest of the world (RoW) beyond the members of the fiscal union.
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D.1.1 Households

The two types of households in country i share the same preferences, given by

0o . 1 . .
[T (= opin(c) - o () on()) ), ()

where s € {o,7} designates the agent type; o denotes optimizers and r HtM agents. As in the main

papet, Nf’s denotes labor supplied by agent s in country 7, and the consumption basket is given by

7

is Lo is = Lois 7!
Ci* = (1—1;{)17((:1;”) 1 +‘X’7(Cﬁt) 1 ,

where

i, ! 05 o\ EL 5. 1
cio= ([ o a)

is the basket of home goods consumed by agent s in country i, with j denoting an individual good

v
. 1 . -1 =1
ci = ([ i)’

denotes the consumption index of imported goods consumed by agent s. We also have

i, L s et 1
cii= ([ o Ta)

Throughout the paper, we focus exclusively on the Cole-Obstfeld calibration and subsequently set

variety. Similarly,

n = v = 1. Asis standard, the parameter « indexes the degree of home bias in goods consumption.
As & — 0, the share of imported goods in domestic consumption vanishes. As & — 1, the share of
home goods vanishes. The two agent types differ with respect to their per-period budget constraints,

which we now describe.

D.1.2 Budget Constraints, Transfers, and NFA

In our analysis of transfers, country i will receive a transfer in every period from the remaining
members of the fiscal union after the realization of a productivity shock. We impose that each opti-
mizer and each HtM agent receive an equal share of this transfer in every period. To that end, the
government will tax optimizers and rebate the proceeds to the HtM agents accordingly.

For optimizers, only the net present value of this transfer matters. We encode the net present
value of this transfer in the initial net foreign asset position of country i, NFA}, which we will later
derive from the optimizers’ budget constraint explicitly.

We start our discussion of transfers by considering the optimizers” budget constraint. Each opti-
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mizer faces the per-period constraint of

1 , 1 41 , , 1
/0 P}{,t(])cﬁt(])d]—k/o /0 Ptk(])cllc,t(])dkd]"i_D;,t+l+/0 Dj 114k
(45)

SW%W+G+ﬁ1mﬁ+Aﬂ+ﬁ%%rﬁﬂmﬂbhtzﬂﬁu+Hﬁmw+HﬁHJWf

In this expression, D};/t 41 is country i’s holdings of country k bonds, Df/t 41 18 country i’s holdings
of country 7 bonds, P; is the domestic consumer price index, W is the domestic wage, Py;,(j) is the
price of variety j of the home good in country i, P¥(;) is the price of variety j of the good of country
k. Besides labor income and income on bond holdings, the budget constraint of optimizers features
three additional sources of transfers. We denote by P! Z}'{’t = P}'{/thi — WiN! nominal domestic profits,
where Pf;i,t is the price of the home good in country i. Note that optimizers receive all the profits in
the economy.

We now turn to the policy instruments that show up in the budget constraint. Tti * is the real trans-
fer each optimizer in country i receives from the domestic government. 7,' denotes the transfer that
each optimizer receives from the fiscal union. Note that for convenience, we adopt the convention
that international transfers are paid to optimizers and then passed through to HtM consumers via
government taxes and transfers. We could equivalently have specified that international transfers are
paid to the government and then distributed to optimizers and HtM consumers. Finally i._, is the in-
terest rate in country i and i* in the rest of the currency union with (1 +i*) = 1. These can be differ-
ent because of capital controls in the form of taxes on capital inflows chq’i in country i. We rebate the
proceeds from the capital controls lump sum to optimizers using T, PO — fol Tff’i’i(l + i*)Di’tdk,
and from now on, we omit these flows from the government budget constraint.

The HtM budget constraint given by
PICI" = WIN'" + PIT!". (46)

In our baseline model (we relax this later), the government must balance its budget in every

period ¢, yielding the following government budget constraint
Pi G+ XPITy + (1= Y)PTy" =0,

where G! are real government purchases of domestic goods.

We impose that the lump sum transfers to optimizers Tti’o and to hand-to-mouth agents Tti’r are
such that after these transfers: (i) each agent receives and equal share of domestic profits Ptht
in every period; (i) each agent receives and equal share of the international transfer P/7,' in every
period; (iii) each agent contributes equally towards the financing of domestic government spending
P}'{,tGi in every period.

For convenience, we introduce a separate notation, TZ’O and ’L'Z'r, for the part of these transfers that
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ensures equal distribution of profits across agents as described in point (i) above:

T, — 1" = Zl, (47)

Tl = T (48)

The government budget constraint can then equivalently be restated as

P, G+ xPit/" + (1 — x)Pit/* = 0. (49)

We denote the net present value of international transfers P/7,' discounted as the union interest
rate i* = B! — 1 in units of the initial domestic price index, P}, which is the same thing as the price

index for imports in country i, PL in every period:53

PZ’TZ PZTZ 00 (1
R e L
t=0 t=0 t=0
Points (ii) and (iii) above imply that
NFAL = 2 BT, )"*Gl]. (50)

In equilibrium, NFA is equal to the net present value of trade balances, as required by the current
account identity. Net exports are given by

NX; = P}, ,Y{ — P{Ci — P}; ,G}. (51)
Therefore, we have

Ny =~ 3 = 3 (1) - () - i), 62
t=0

D.1.3 Firms

Our descriptions of firms here is identical to that in the body of the paper. Firms produce differenti-
ated goods with a linear technology given by

Yi(j) = AIN{(j), (53)

where Al is the productivity in the home country. To offset the monopoly distortion, we introduce a
constant employment tax 1 + t* so that the real marginal cost deflated by the home producer price
index is given by

1+t Wi

MC} = TR
t H,t

(54)

53In the absence of transfers we simply have NFA) = 7/ = Oand 7" = 7/° = —(Si)*GL.
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This employment tax is set cooperatively at a symmetric steady state with flexible prices. As we
show later, this implies that % = —1 or &5 (14 1) = 1.

As in the main paper, we assume that the Law of One Price holds at all times and maintain
Producer Currency Pricing. Our price setting assumptions here are also analogous to those in the
paper, except that we now use continuous time. As a result, we can write the supply side equilibrium

conditions of the model as

1—4(IT )t (F;’)e‘l

1-46 K
: e 1+7b . : :
K= S H YN 4 ol Kl
. YOl
F = Clslt+ﬁ5( Ht+1) F1
i PII‘If
Ht = :
Pl 1

D.1.4 Terms of trade, Exchange rates, and UIP

We briefly restate here our conventions about price indices and exchange rates from the body of the
paper.

We can write the consumer price index (CPI) as
1

Pl = {(1 ) (Pl a(P@l-’?] (55)

and the home producer price index (PPI) as

1
) 1 . T—e
o= () Pl <)

The import price index is given by

1

. 1 T—y
p= ([ )

with Pl = ( [} Pi(j)1~¢dj) re denoting country i’s PPL.

Under the Law of One Price, we have P}{t = th where Pk, & ¢ is country k’s domestic PPLin terms
-
of country ks currency. Therefore, P = P*, where P* = ( fo (P5)1=7dk) ™7, is the world price index.

As is standard, we define the terms of trade by Si = PIj , which allows us to write the home CPI as

L
-

Pi=Pj (1 —a+a(Sp) )T
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The real exchange rate with country k is given by Q;'(, P = o where Pk is country k’s CPI. The effective

*

real exchange rate is therefore Qi = %
t
The UIP condition is

14 = (1417 (1 +i%).

We define the Pareto weights @lt' by
Cy° = @jC* Q.

The UIP condition implies a direct mapping between capital controls and these Pareto weights

®t+1 14 capz'
@Z

From now on, we simply describe capital controls in terms of the Pareto weights ©:.

D.1.5 Steady State

We postulate a symmetric steady state such that all countries i € [0, 1] within the monetary union
are symmetric so that S’ = @' = 1 and for simplicity set A’ = A¥ = A* = 1. The social planner sets
the labor tax T’ so that the steady state allocation is efficient. In particular, the centralized problem

to pin down the efficient steady state allocation can be written as

nmm1—Xx1—vnmcwy+xu—vnmcwy-TfauwQH¢ 1= g@wﬂH¢+vhmG) (56)

subject to technology and resource constraints

Y =N

Y = Cl + G

Ci — Xci,r + (1 . X)ci,o
N = xN" 4 (1 — x)N™.

The first-order conditions with respect to C*?, Ci”, N'* and N*" immediately imply that agents should
be symmetric. That is, the efficient steady state is characterized by C** = C' = C' and N'* = N/ =

N'. The remaining first-order conditions can be rearranged so that

(1-0v)G' = vC’
1—v

(N')? = o
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The first of these, together with the resource constraint, implies that
U:?, 1_U:F (57)

The second, using the technology constraint, yields
N'=1, Y =1. (58)

It is straightforward to show, as in Gali-Monacelli (2008) for example, that the efficient steady

state can be decentralized with an employment tax that solves (1 + tL) = 1, which implies
L 1
T = —e

Let Z}it denote profits of domestic firms, defined as
P{Zj;; = Py Y] — WiNj.
In steady state, we have

Zi = (8~ — %Ci'o(Ni'O)‘f’Ni =Y' = (1-0)Y'; i - =0, (59)

where the second line follows by setting S’ = 1 and N"* = N’ = 1.
It follows from our discussion in the previous subsection that in steady state, when trade is bal-

anced and there are no transfers, we have
T =170 = —(§') 4G = —vY’ (60)
which is consistent with the government budget constraint. This furthermore implies that

‘ ‘ 1 . . ‘
Tl’r = Tl’o + qZIH = Tl’o = —UYI. (61)

D.1.6 Linearized Equilibrium

As in the baseline model of Sections(4)-(5) and for the same reasons, we move to continuous time.
Notation. We begin by defining some useful notation. For all variables X;, we drop the time
subscript to denote the steady state by X. For X; € {TZ’O, Tt’"r, Tf’o, Tti’r, NFAi, NXi}, we define x; =
X; — X and % = X; — X, where X; denotes the natural allocation.”® For all other variables, we define
xt = In(X;) — In(X) and & = In(X;) — In(X).
Furthermore, it will be convenient to work with the allocation in gaps from the natural allocation.
To that end, we define for all variables %; = x; — &;. We will furthermore normalize our allocation

by writing it in gaps from union aggregates. For all country i variables, we let ¥, = £i — £}, where

>4We will abuse notation and let TZ'O and Tti'r refer to both the level of rebates and the normalized deviation from steady
state. Throughout, it will be obvious which of the two we refer to.
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ax 1
Xy = fo

Finally since inflation under flexible prices is not well defined, we define
7t — 7t* for both PPI and CPI inflation.

Labor supply. We start with the households’ labor supply condition,

l
(1-0) 0 =
Pt

_ Czo(NzO) _ C;'r(NZ'r)CP-

Linearizing, we have
i 10 0 ir ir
—pr=c¢f +¢ny =cf +Pny.
Therefore, we have
~10 1,0 ~1,7 ~1,1
+ iy = ¢y + oty

Alo‘{‘(l)ﬁio — é?r—i_(l)ﬁ?r
_10+¢ﬁ10 — CA;r‘i_gbﬁ?r

(Natural)
(Gaps from natural)

(Gaps from union)

Backus-Smith. We have
C/" = ©iC/ Qi
where Q! = (5})17%.% Linearizing, we have

¢’ =0+ + (1 a)s;

Therefore, we have

(Natural) g0 =6+ (1—a)
(Gaps from natural) 80 =4+ (1— )8
(Gaps from union) g0 =9l + (1 —a)sl
Aggregation. We have
= xet" + (1= x)c;

and
= xn" 4 (1 — x)n'’.

Production. We have

>We note here that under idiosyncratic shocks, we will have %;
idiosyncratic shock to measure-0 country i will not affect the union’s natural allocation.
56C;k’0
agent type), we write the country index (i or x) first, followed by the agent index (o or 7).

71

#idi is the union aggregate of the log-linearized variable x! in gaps from the natural.
Al = ' and ' =

155

(62)

(63)

(64)

(65)

(66)

(67)

= [, %idi = 0 for all natural variables. That is, any

= fol Ci’odi denotes the union aggregate of optimizers’ consumption. For double-superscripts (country and



Y! = AN

Linearizing, we have
i i i
Yi = ap +ny.

Therefore, we have

(Natural) 7l =al + 7l
(Gaps from natural) yAff = Ai
(Gaps from union) 7l =fl
HtM budget constraint. We have
P{T{" + WiN}" = P{C}’,
or ,
L
Linearizing, we have
Ti,r . . .
v+ ty" + (1 +¢)ny" + vy +v =0,
and since % = —v, we have
B4 (14 ¢)nt" 4 vcl” = 0.
Therefore, we have
(Natural) BT (14 @)l + vd" =0

(Gaps from natural)

(Gaps from union) B+ (1+ )y +vE) =

Aggregate demand. We have

C (S /1 0)C}
0

i (1 \Ci(gi® tai i
Y{ = (1—a)Ci(S})* +a o C{’O dj + Gi.

Linearizing, we have

1
1—v

i

ye= (1 —a)(0h + i+ =) + st +aci + 7—gi.
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B+ (L4 ¢)af" +vef =0

(68)

(69)

(70)

(71)

(72)

(73)

(74)
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Therefore, we have

(Natural) 1 i 5
1

(Gaps from natural) 10
1

(Gaps from union)

NFA. Log-linearizing (52), we find

A " ~r N ®i v
=S +aci+(1—a) (O + e+ = &) + T &

af ; & A A v
Jr=8+1—-a)(6i+6 ) + 17—

%

fi=8+0-0) @ +a ") + 38

Al

2]

Ugt'

NFAL = — /0 e Pt (ylt —a(1—v)si — (1 —v)ct — vgi) dt,

From (76), we have

(Natural) NFA, = —
(Gaps from natural) Nt Aé = —
(Gaps from union) N ﬁAé =—

Transfer conversion. We have

th,r _ Tz,r . Z}—I,t — Tz,r . YZ(SD_“ + —C;’O(N;'O)(PN;'

Linearizing, we have

Lr _ 4ir
T =t
Therefore, we have
(Natural)

(Gaps from natural)

(Gaps from union)

Similar conditions hold for Tti’o.
Government budget constraint. We have

1—-v

, e ; ,
— (i —ast — " — pny® —ny).

~1,r LY 1 ~1 1,0 ~1,0 ~ ]
T =t _(yt asy — ¢ — iy — 1y
ALy pLr AT Al ALO A1,0 Al
4=t = Y —asp =60 — ¢y — 1y

0= Ply,Gi+ xPiti" + (1 x)Pit}”,

which we can linearize as

avst = XT;’r +(1— X)Tf"’ + vgi.
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Therefore, we have

(Natural) avsh = )(fti’r +(1— )()fti’o + vg!
(Gaps from natural) avdl = x4 (1 - x)t° + vg!
(Gaps from union) avsl = x4 (1 — x)t° + vgh.

Symmetric fiscal union transfers. We want to rebate the transfers received by optimizers from the

union to HtM agents so that each agent receives the same amount. This condition is given by

NFA) = /0 e P [t + (SD)*Gildt. (81)
Linearizing yields
NFAL = /0 e PHT" + gl — vast)dt. (82)
This implies
(Natural) NEA) = /0 e PHE" 4 ugl — vasl)dt = 0
(Gaps from natural) N?Ag = /0 e PHET 4 gl — vadl)dt = 0
(Gaps from union) NFAL = / e PHET 4 ugl — vadlldt = 0.

Supply side with flexible prices. Under the natural, the supply side simplifies to the single equation

7= 4 asl + (14 ¢)il. (83)

Supply side with sticky prices. Let A = ps(p + ps), where p; is the arrival rate of price changes.

Using the supply-side equilibrium conditions in continuous time, we can write the Phillips Curve as
(Gaps from natural) R = PR, — A <4>ﬁ’t + 6+ zxsﬁ)

(Gaps from union) fil,, = pfth,, — A ¢l + & + abl ).
p Ht = P7TH¢ t T Ct t

D.2 Allocations Given Exogenous Policies

We begin this section by characterizing and solving for the natural allocation. We then summarize
the allocation with policy in gaps from the natural, which will be our exclusive focus for all sub-
sequent analysis. Furthermore, we derive the (IS) and (NKPC) equations, an initial condition with
which we can solve the dynamical system later on, as well as country i’s generalized budget con-
straint. Finally, we solve analytically the allocation under sticky prices but without policy, which we
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will later use for several of our numerical exercises.

D.2.1 Natural Allocation

We define the natural as the allocation with flexible prices and with passive policy. As discussed
in the main text, we allow government spending and taxes to move with the technology shock to
ensure that the flexible price allocation is efficient. At the natural allocation, taxes are uniform across
agents and the government budget is balanced in every period. This implies §¢ = 4 and 0! =
for all i. Furthermore, there are no fiscal union transfers so that N TSAS = 0. This implies that ‘Z‘ti '
and Tti’o merely denote tax rebates that are equally imposed on both agents to balance the per-period
government budget constraint. We note here again that under idiosyncratic shocks to any measure-0
country 7, the union-wide natural allocation remains unaffected and %; = 0 for all variables ;.
The natural allocation is given by the system of equations

372 = a} + i} (84)
= x&" + (1 - x)&/° (85)
= xiiy" + (1 — x)i” (86)
& + 4777?0 =& + iy (87)
0 — 91 +(1- oc)§lt (88)
0=F"4+ (14 )i +ve/ (89)

1 L v
1—0%: (1—a)(6; +c’t—clt0)+1_vg§ (90)
7t = ¢ +asi + (1+ ¢)ii} (91)

as well as the following conditions for transfers and the NFA

wos, = x4+ (1 - X)4° + vgﬁ (92)
T =F+ % (yt asy — ¢ — iy’ — ﬁi) (93)
T =1 - <yf —as; — & — g’ nt) (94)

O:—/Oooe Pt(yt—tx(l—v) —(1-v)é —vgt>d (95)
0= /OOO e P! <~” + v§ — ocvsﬁ)dt =0. (96)

We highlight two important features of the natural allocation: First, for any level of steady state
government spending v € [0,1], the natural allocation is x-invariant and § = 0. Second, for any
level of steady state government spending v € [0, 1] and for any share of hand-to-mouth agents

X € [0,1], the natural allocation is symmetric, with 7i;" = nt ?and ¢/ = ct ? for all t.
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We will now solve the natural allocation in closed form. We use §. = al. Solving out for &},

i = g} —al, & = x&" + (1 - x)¢°, and &° = 6} + (1 — «)3}, we find
7i—ab = xiy + (1— x)iy°
iy + (1 — )3} = & + piy”
ocvsﬁ +(1+ qb)nt + vfér = st + <pﬁ§'0 —(1- v)aﬁ
1 - ' v

=1 x( -5+ x(1 - 0)F +
(1+@)a; = X&)+ [(1=x) (1 = &) + aJs; + ¢}
From here, we can solve for &/ and 7", yielding
[ ¢ i vg i A=) -x)—(1-v)ap
Ct = Yi ay St
I=x+(1-v)p”" 1T-x+(1-0v)p 1-x+(1-v)¢p

G (Q-vp L (-o)(-x+¢), (1-0(1-v)
CT T (-0 T—x+ (- T I—x+(1-0)p"

Plugging these into the aggregate demand relation, we can solve for the terms of trade and find that
§i = L9t — (% ai. Using these to solve for the output gap, finally, we find

(97)

<
.

and similarly
5 =al. (98)
Solving the remainder of the allocation is straightforward using these two results. Finally, we note

here that

Pl
= —lpe*lptaé. (99)

V18
- =
I

We will make use of this result later on.

D.2.2 Allocation with Policy

We now present the allocation in terms of gaps from the natural. Recall that £ = In(X!) — In(X?) for
all variables X!, where X! denotes the natural allocation.

The linear model with policy is given by

_10 +(Pﬁ;}0 o C_’ltr—FCPﬁi'r (100)
—10 _ 91 (1 _ 06).% (101)
= 2+ (1 )8 02
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fil = xfAy + (1 - x)fy°

21

ai

v
1—0&

Yy =1y

= —(1+ )iy — vé)
1lvﬁ=@$+( w) (6 + & &) +

7 = B (§— dl — 0 — gl — )

avdi = X3+ (1- )8
NFAL =

NFAL =

+ vg}
+ v§i — vadi]dt

[

—/Oooe PG — a(1—v)8

. af aq a1 a7
Tt = P7 — A <<P”t + ¢+ “St)

i .0
=TTy, + as;

— (1 —0)& — vgi]dt

(103)
(104)
(105)

(106)

(107)
(108)

(109)
(110)
(111)

(112)
(113)

Note that for all variables we have fol ¥idi = 0, so that X} = #.. We used this simplification above.

We furthermore need an initial value condition to close the system and pin down the solution of

this first-order linear system of ODEs. We will derive the initial condition below.

Before doing so, it will be convenient to solve this system in terms of §, ", 6 and §!. We start

. ai af 21,
by solving out for 71, ¢}, and ¢,

D
~~
—
|
=
N—
Rl
+
=
=0
)
|

Next, we solve out for £/" using the last equation in the previous block, and for 7%
£ g q p t

2 71y". We are interested in the

X

air A Ai

which we can now use to solve for ¢;" and 7"

o ALY 2] af 21,0
(=T TV —as—C

°. This yields

7 = xﬁi’ + (1= x)i°

—(1 4 @)il" — vé”
(1—a)(1—x)8 + x(1— )&

27,0
_ 4)nt _

following two equations,

i+ (1— ) +

¢ 4
1_th+(1+c/)+1_
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G-t a-od+

A v
+1—x(1—a)?8 + T

ﬁl

. In particular, this yields

1-u(1—a)]§ - &

v

A1

8t

1 2
- 1—th -

(114)



and
al,1 1

= 1—X+(1—v)4>((1

Finally, we use the linearized aggregate demand relation to solve for §i. We find

s _ (1—v)p+avp \ '[( 1 I—a)xd \o v .
st—(l—(l—ﬂc)xl_x+(1—v)¢> {(1_1;_1_)(_'_(1_0)4))%_ _vgt

) 1+ ¢ —vo . (1 _ “)X()b ,Lei,r:|
T—x+(1-v)¢ " T-x+(1-0v)¢p"
=yt + vedh + vpbl + vt

OB+ 931+ (1= 0)(1 = 1) ~ agls + 97 ).

D
-

—(1-a)(1-x

Therefore, we can for the future introduce the following notation

_ér = lpyyt + 1/’99_11.; + P T+ nggéf;
”t = Wyyt + 11¢8} + 1100; + 1T
C = Oyl + Cob: + GoT + (o8

where
_ ¢ . (1-v)¢+avp
L sy e PR L gy g
_ 1—x ~ (1-v)¢+avp
L N A L ppry (gt 3
_ ¢ o (1-v)¢+avp
LA T A R e = (e I
B (1—v)¢p + ave
%1‘P‘“‘1—x+u—vw}g
and
_ 1-x A
173/_1—)(+(1—v)q‘){(1 v)l—x+[1 v(1 oc)]vy}
1—
Mg = 1_X+(1X_U)(P[1—v(1—tx)]vg
1_
179:1_X+(1)C_U)¢|:1_U+[1_0(1_“)]1/9}
1—
= T | -1 v -],
and

Cy = Xty + (1 =) (1 — )y
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(116)

(117)

(118)
(119)
(120)



Cg = XY¥g + (1-x)(1- ‘X)Vg

Cr=xr+(1—=x)1—a)r

Co = xo+ (1 —)[1+ (1 — a)vy].
D.2.3 IS equation

We start from the linearized aggregate demand equation and use slightly more convenient notation

to write
Ay = A8+ Agdl + Mol + At (121)
where
A, = 1 . (1_“)X(P
y =
1-v 1—x+0Q-v)¢
(1-0)¢ +avg
As=1—(1—«n
1+¢—ve
ANg=(1—0a)(1—
v
A, —
§1—v
A, = (1_0‘))(4)
T — 7
1-x+(1-v)¢
and where we have the easy conversions: vy = /ALZ’ Vg = —%,ve = —ﬁ—‘s’, and vy = —ﬁ—;. Differenti-

ating, we have ‘
Ayl = NS+ Ng&i + Nob + AT,

To derive the (IS) equation, all that is left to do is to find an expression for §; From the definition

of the terms of trade, we can directly write
§p = — (R +81)- (122)
Therefore, the fully general (IS) equation is given by
Ayt = = As(Fg s +8) + Agdl + Al + AV (123)

D.2.4 NKPC

We start with the general Phillips Curve

T = P7h — A <<Pn’i + ¢ + st — ai) : (124)
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Noting that
¢l + ¢ + o —al =0 (125)

under the natural allocation, and taking deviations from union aggregates, we can write the NKPC
in gap notation as
iy = A — APt + & + adh), (126)

Using expressions we derived earlier, we have
Rhis = Ptk — APTE— A(Qyh + Cobf + 3ot + Cg8t) — Aw(vy i + vl +veb} + vetl"),

or, collecting terms,
. . N A pir N
My = 7, — Ky¥r — Kobt — KT — KeQ, (127)

where

D.2.5 Initial Condition

As for the (IS) equation, we start with the linearized aggregate demand relation. We have

We can obtain an initial condition for our dynamic system by noting that

sh=8 +35 =0, (129)
implying that §. = —§!. Using this, we can write
Ayl = —As8h + Ag8h + Aoy + A2 (130)

D.2.6 Country-i Budget Constraint

Finally, it remains to simplify the net foreign asset relations. Solving out for N FAL, we can write

/ooe Pt +vgt—v¢xst}dt——/ooe PG — (1 — v)8l — (1 —0)& — vgi]dt.
0 0
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We can simplify to get
0= [Te i+ 8 — L= o (wdh + ol + 9+ vidl) - (- 00 - 0B
~ o (1= 0) (=)= )] (v vl v+ vl ) |,
Collecting terms, we can write
0= /O " et [ryﬁ;’ T2 + bl + rggfg} dt, (131)
where

Ty =1-(1=v)xpy —[a+ (1 =-0)(1=x) (1 —a)]yy
Te=1-(1—=v)x¢r = [a+ (1 -0)(1-x)(1 -a)vr
Tp=—-(1-v)A-x)— (T —v)xppe — [a+ (1 —v)(1 - x)(1—a)vy
Tg=—-(1-v)xpg—la+ (1 —0)(1 = x)(1 - a)]vg.

D.2.7 Allocation with Sticky Prices

Finally, we will solve the allocation presented above under sticky prices but without optimal policy
intervention. In particular, we have N Z%Aé = 0 since there are no international transfers. This implies
that £/ = #° = avél,

Furthermore, we set i = 0 and (3; — §' in the absence of government spending policy and capital

controls. Since we also have §, = vy} + v T, + 196, we can write

: Qv : A
agr 2 i
T, = ——(vy1f; + vy
t 1—zxvvr( vyt )
' (Xv ..
Air A
= —— i
t 1 — avvy yy

This allocation will be important for our numerical exercises where we compare optimal policy

to this no-policy benchmark.

NFA. The general country i budget constraint simplifies to
0= /0 e Pt [ryyﬁ; F T+ reél} dt (132)

_ - XU A av A
0 /0 e [(Fy+1}—1_avvrvy)yt+(Tg—#l}—l_{wwve b\ ar. (133)

One can easily verify that I'y + 't 75-1 = 0. The budget constraint then directly implies that
9" = 0 for the no-policy allocation.
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Allocation. The simplified (IS) equation can then be written as

7 = —G' (Al +3), (134)
where G’ = ﬁ The (NKPC) becomes
T1—avv
Ahie = PRtk s — Ryl (135)

with &) = x, + KT%W. And finally, the initial condition can be written as
iy = —G'3) (136)

. =1 Ag+avAg
with G' = BV

We can write the dynamical system describing the no-policy allocation as

Xl = AX! + B, (137)

R Ol I R D R |
G 0 el —G's

We will solve for 7k, ; to ensure the stability of this system. It is straightforward to verify that the

where

only negative eigenvalue of A is

_ % (p ~Jor 4G’ky) . (138)

The corresponding eigenvector is X, = (—&,1)".

We know that the solution to this system is given by

Xi = oA {Xo N / ( E2>ds} (139)

where E; = (1,0)' and E; = (0,1)’ are projection matrices. We restrict attention to the parameter

subspace where A is nonsingular. Furthermore, we know that
§ = —pale V!, (140)

where 4} is the initial technology shock. This implies

. , gt
X =t [Xé + ¢G'a6/() eAS‘/’SEzds} (141)
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=eM | X+ wGlal (A + wI) 'Ey| — wGlale V(A + wI) LE,. (142)

Stability. For stability, we require the term in square brackets be spanned on the stable manifold,

which is satisfied if and only if there exists an &, € C such that
ay Xy = X+ wG'ah (A +¢l)LE,. (143)

This condition implies the two stability equations

1/ ~ .
— &t = Ao+ wG'abEl (A +¢I)1E, (144)

wy = —G'5h + wG'a) E5 (A + ¢I) " Ey, (145)

from which we can solve explicitly for a, and 7t%; ,. Note that we have

| 2
<

Ef(A+yl)1E, =

T)_e)

ES(A+¢l)7lE, = glp,

where § = (p + )i — G'&,. We can now rewrite the two stability conditions as

N Ry
—%zxv = Ao + ¢G’$ya5 (146)
= —G'8 + Gl jl; %g. (147)

We can now characterize the closed-form solution of our dynamical system, which is given by
Xt = et X, — pGlahe V(A + ¢I) 'Ky, (148)

from which we can back out explicit solutions for inflation and output:

a7 1% k _ .
My = —azxve”t — ¢G’$ye Vgl (149)
7 = aet — wG’%e_wtaé. (150)

We note here that the no-policy benchmark allocation is y-invariant. To gain some intuition for
this result, note that under Cole-Obstfeld and with profit redistribution the positive allocation is
symmetric, with & = &, and trade is balanced in every period, NX! = 0. That is, HtM agents and

optimizers always consume the same amount and face the same budget constraint, in a sense, since
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there is no inter-temporal substitution.

D.3 Loss Function and Planning Problem

Before we can set up the planning problem for a currency union with hand-to-mouth agents, we
have to derive the loss function. Our loss function features three distinct policy instruments: ex-
post transfers, capital controls and government spending. It also leaves room for several derivative
policy instruments which we will discuss later. We follow the linear-quadratic approach discussed
in Benigno and Woodford (2012). We continue to assume that there are no aggregate shocks but in
this section, to derive the loss function, we need to temporarily allow for idiosyncratic shocks in all
countries.

D.3.1 Notation

Once again, we reiterate our notational conventions. For all X; ¢ {Ti'o, Tf’r, Tf’o, Tti’r, N FAi, N X;}, we
have xi = In(X!) — In(X'), where X' is the steady state value of X}; furthermore, we define ¥, =
In(X}) — In(X%), 1 = In(X}) — In(X!) and & = £ — fol #idi = £ — £, Our goal is to approximate
welfare in terms of ﬁ; variables.
By definition, we have X! = Xie*. Taylor expansions of the function xi — X! around x! = 0
y t y P t t t
yield:

To 15 order: X! ~ X' 4+ Xixl = X'(1 + x1).
To 2™ order: X! ~ X' + X'x| + %X"(xi)z = X{(1+xl+ %(xi)z)

So for example, the second-order approximation of In(X!) = In(X’) + x! around x! = 0 is exactly
In(X") + xi. Similarly, approximating (Xi)? = (X/)?e?* around ¢xi = 0, we have

, . )¢ 0 )¢ o0 . . , 2
(xi)? = (xiye 4 P BT iy — (0 (14 g+ 4 ()2). (151)

D.3.2 Starting with Household Utility

We begin by taking as our welfare criterion the households’ utility function. In particular, we solve
a coordinated problem, with the social planner’s objective function of the form

oo rl . .
u— /0 /0 G {x(l — ) In(C'") — ﬁ(N}’)H‘P (152)

#0201 0)In(G) = TN+ in(G) it
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Approximating the RHS to second order, we have

u=[" [ epf[<1—v>1n<<:”>+x<1—v> "+ (1= 01— o) In(C) + (1= 1) (1 - v)e}’

1+¢)?, ;
1 f ¢(Nzr)1+<p(1 + (1 + (P) ( ‘;(P) (n;,r)Z)
1 1 2 o i il g
—3 +2(N10)1+¢(1 +(1+¢)nt #(ﬂt’ )?) +vIn(G') + vgt | didt.

Recall the steady state relations: Y/ = 1, C" = C* = (1 —v), G = v, and (N»)!*? =
(Ni")14¢ = 1. Hence, we have

u— /Ooo/ole_pt[(l—v)ln(l—v) - ﬁ—kvln(v)
+ (1= 0)[xey" + (1= X)) = [xny" + (1 = x)ny°] + g

. X(1;—¢) (nzt',r)Z_ (1_X)2(1+¢)( ) didt.

Let Z' = (1 —v)In(1 —v) — ﬁ + vIn(v). Also note that xc/” + (1 — x)c® = ¢t and xn!” + (1 —
x)ny’ = ni. Finally, we use the linearity of the integral operator, noting that fol xidi = fol (% + %5 +
#)di = %}, to write

1) 1 . ) 1 . 1_ 1
u:/o /oe_pt{zur(1_")6““37_”1—@(”{ p - )2( ) (g2 digr. (153)

D.3.3 Linear-Quadratic Framework

Having completed a second-order approximation of the social planner’s welfare criterion, we will
now try to express said metric in terms of the variables ﬁ;, ﬁﬁq 4 Tt , 9;, and ¢ gt, where the latter three
represent the full set of policy instruments available to the planner. In this particular case, a proper
linear-quadratic approximation rests on the following two key steps:

i. Approximate the A-D relation to second order to find an expression for (1 — v)é&f + vg;.

ii. Express 7} ' in terms of inflation.

We start with (2): With Calvo-pricing, we have the distorted production function

1 /PL () € .y
y;/ ( gf(])> dj — AIN.
0 H,t

Therefore, we can approximate n; = v} + z; — a; to second order, where

. VPN N e
f=tn ([ () ) x5 [Pl Pl = a2 (154
0 Py, 0
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for ay = 57 and A = ps(p + ps). Note that this definition of a,; differs slightly from that used in
the main body of the paper. We found this notation slightly more convenient for the analysis in the
appendix. Hence, we have

= Vi + an(7yy,)” - ai. (155)

The technology term is invariant to policy and so we drop it. It would later naturally drop out as we
rewrite the loss in gaps from the natural allocation.
Next, we tackle the more difficult step (1): Recall that the A-D relation can be written as

. . , iCi 1 JCJ
Y;—G;:s;c*ﬁ((l— il / © )
Czo C]o

The linear-quadratic procedure requires that we approximate all those constraints to second order
that we use to substitute out terms in the loss function. We start by approximating the LHS to second
order. We have

1. 1.
LHS ~(1+y; + 5 (1)*) — v(1+ 8 + 5(81)°)
N L 1 N L N ~. [ ~.
=(1—v)+ [gi + 7] + 501 + 73)* — v[$i + &) — 58 + 81~
2 2

Integrating (using linearity of the integral), noting that §j{ = 0 and §! = a! because we only consider
idiosyncratic shocks (and country i is of measure 0) and we defined the natural allocation without

policy intervention, respectively, we have

LHS =~ (1-v)Y'+ / (9} + 7t)7di — oY’ — 2 / gt + &i)di. (156)
For the RHS, we have
Sic*,o®ici . . . . . 1. .
RHS %(1—a)T(l+S§+th0+9;+cé—ci'0+i[s;—l—ct —|—91_|_5t 10]2)
L @icisic*e 1,; .
—i—zx/o T(l—i—st—l—ct +9]—i—ct—ct —i—E[slt—i—ct +(9]+ct—ct ]2)d]

(1= 0)(U = )Y (sl 67 O] =i+ L+ 0o - )
i * * « 1 ! i *,0 j j 7,012 7.
+a(l—v)Y (1+9t +cr + 5 +§/0 [sp 4 ¢ + 0,4+ c; — ¢/ ]7dj ).
Putting these together, we can write
- + i — [ + giJ2di
Ugt 2 yt yt 1 gt gt 1
=(1—v)ef + (1 —v)sf + (1 - v)Ot
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1—v /!
2

Um0 (b2 + 264 = e +72) )

1_U / /( 24 25i(0] + ] — c” —|—cf")>djdi.

+ (0F + ¢} — ¢ + ¢}°)2di
_|_

Re-writing,

7; —vgi + / D2di — 2/ gh)2di

=(1—=v)e; +(1—v)si +(1—0)6;

1—v

1
0[G4 200+ 200~ 200 — 2kl + 2y — 2 )

+ t Ct

- a)(1—o)stere + L )(1_”)/0 (s1)2di + (1 — ) (1 — v) /Olsg(e;'+c§—c§f0+c;‘f0)di
+ @ /()1(s§)2di +a(1—v)(6f +¢f) /01 sidi.

Note that by definition, we have for all union variables x; = £; 4+ % = £ because ¥; = 0 (we

use idiosyncratic shocks and country i is of measure 0). Therefore, we also have §; = s; = 0 and
0 = 0 = 0. Hence, we have

[ —vg + / 2di — 2/ D2di

=(1-v)é + T(@;w) (=0 (&) + 1 -v)Ee”

1-— 1 . ‘ . N
2 v /0 ((9;)2 + (Cé)z + (Cé’o)z + ZO;C; _ ZG;C;.O . 2C;C;_0) dl

1—v

_|_

| ) .
/(st zdz—i—(l—zx)(l—v)/ si(8 + ¢l — c)di,
0

And so finally, we have

) ) ) 1 1 . _ v 1 . ) .
(1= )6 +vgi =0; +5 | Wi [ (g - (1 - v)ée” (157)
1— 1— 1 . . . .
10 =15 [ (02 2+ )2+ 200~ 26fct — 2clel )
1—v (1 5. 1
-2 (s;)zdl—u—a)a—v)/o si(8 + i — c*)di.
Therefore, we can write the welfare criterion as
u= /0 e—Pf{—an(ng,t)eru;}dt, (158)
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where fol 7 — yidi = 0 and thus drops out, and so

1_U A% ,0

u: =z' + (& 2 — (1 —v)eer (159)
1 . v . 1—v . .. . .
+ §(y§)2 - E(gi)z - (s1)* = (1 — &) (1 — v)s} (6] + ¢, — /)
1—v - .
=150 (002 + (2 + iy + 20l — 20l — el

XA+¢) iro (1—x)(1+9¢)
_T(”t) - > t)'

(160)

D.3.4 Gap Notation

We have now finished deriving a second-order approximation of the social planner’s welfare crite-
rion. We want to express this equation entirely in gap notation because we later want to write all
optimal policy problems in gap notation as well.

To that end, we convert variables according to x! = i + £} + #i. After some algebra, we find

A1 ~i ai si i 1-v 2i\2 &l i
2+ i — (gt) U8t8t — (81> — (1 - )83,

2

PO G -8 =] = (- ) (1= 0)5) [0+ & — &)

((5;’)2 + 20161 + (8)? + 286 + (31'0)2 + 28106 4 2616l + 26i¢t 4 2016
— 2§iE° — 2Bicio — 2fiE — 28E° — 28l za;c-;O)

_X(1+(P) (ﬁi,f)2_7((1+4))ﬁi,rﬁi,r_ (1_ )(1+¢) Aio)Z_ (1_X)(1+(P)ﬁzo~zo

2 t 2 t 't 2 ( 2 tnt/’
where
pe Lin Vi 1=U o X(A4¢) oy (1=x)(1+¢) .
Z :E( t)2_2(gt)2_ ) (&) > (7 ")? 5 (A to)
1, v, 1—v,_ S - 1—-v 1—v,
Zi =51 = (@) — =6~ (1= )1~ )il + & + 6 — & — ') - ——(0) - —— (@)
1—v,,

- @kf—%l—w@@?+d-+ﬂ—vﬁ(“”+dﬂ+%1 0)[elel’ + &l + e )

We also use gap notation for the inflation term in the loss function, noting that nﬁ/t = ﬁil,t =
ﬁi[,t + 7ty ;- As in the body of the paper, it is easy to verify that the social planner can fully stabilize
union-wide inflation so that 773, , = 0. Alternatively, we could have added terms in 7t} ; to the term
Z;} which will be entirely inconsequential for all subsequent analysis since the planning problem
can be disaggregated by country, as in the body of the paper, and we will focus exclusively on
idiosyncratic shocks in country i.
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D.3.5 Final Steps

What remains now is to use the first-order approximation of the equilibrium conditions to solve out
terms so that we can write the welfare criterion entirely as a function of ., 7t%; ,, 7", 0., and §.. This
is consistent with the linear-quadratic approach.

Drawing on our earlier derivations, we use the following substitutions:

iy =y + g8t + neéi - ﬂr%f'r
aj 1 X & X A
iy’ = (1 o Uy)]/t 77g8t Xﬂeei . XUTTt”

&= l/JyyAi + 1P69t + lPTTt + l/’ggt
’\1 0

ct = (1— &)y + [1+ (1 — a)vplfi + (1 — a)vedh + (1 — &) v 2
= Lyl + Cob} + Gt + (o8

After a lot of algebra, the social planner’s welfare criterion can be written as

A

u= / _pt/ {_“n (Al + Z' 4+ 25 + Zi+ ayy (51 + aop(01)7 + aee (F7)% + g (§1)> - (161)
+ "‘yG?tQt + "‘yg??égéi + “yrﬁi%g'r + "‘gegﬁiég + "‘gfgéi%ti'r + “Té%ti'réi

+ a0 + 0 81+ ok T+ ag 0| didt,

where
oy =3 — o~ (L= &)1~ o)y (G — (1~ a)vy) — 50— 11— )

F o)1 -, - XD (1_")2(“"’)(11,{— 1fxw>2
oo =+ — (1= &) (1 = 0)v(Go — (1 = ) =+ — o Gh =+ (1 — )y + 117

(- 0)(G - [1+<1—a)v@n+<1—v>[1+<1—a>v€1@9— (1;4’)%— LU0 (X2
e = = TR = (1= @) (1 = 0)ue(Ge — (1= a)ve) — 5 2% = 2 (1 - )

(= 0)(1 — &) g — x(12+</>),7§_ (1 —x)2(1+4>)(1 icx,ﬁ)z

1—-v l1-v,, 1-v

g = — 5 — v — (1= ) (1= v)g(Gg — (1 —@)rg) = — G2 — —— (1 — )3

0 -y X0, (o009

ayp == (1= v)vyvy — (1 = a)(1 = v) (vy[Go — (1 — &)vg] +vo[Cy — (1 — a)1y])
— (1 =v)¢ylo — (1= v)(1 = a)ry[1 + (1 — a)vp] — (1 = v)(Gy — (1 —a)vy)
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+ (1= 0)(1 = 0o+ (1= 0L+ (1= 0l — x(1+ @yto — (1+ P (= — T2—)
tye =— (1—v)yyvg — (1 - ) (vylle — (1 — a)vg] + 1[0, — (1 — a)vy])
- (1- U)@y@g (1- U) (1 )21’ng +(1-v)(1— “)Vygg (1-v)(1- “)Vggy
— 1+ @y = (1 + P (= = 7o)

ayr =— (T —=v)vyve — (1 —a) (1 —v) (vy[lr — (1 — a)ve] +ve[gy — (1 —a)vy))
— (1-0)gylr — (1 —v)(1 — a)*vyvr + (1 —v) (1 — a)vyle + (1 — v) (1 — a)vegy
~ 0+ e = (L + Qo= — 2
ago = — (1= v)vgry — (1 — &) (1 =) (vglGo — (1 = @)vp] + vy[Gg — (1 — a)ug))
— (1 =v)0glo — (1—v)(1 —a)vg[l + (1 — a)vp] — (1 = v)(Gg — (1 —a)vg)
£ (1= )1+ (- 2l + (1~ 0) (1 — a)vgls — x(1+ P)grs — (1 + )
tgr =— (1 —v)vgry — (1 — ) (vg[Qr — (1 — a)ve] + e[l — (1 — a)vg])
—(1- )ngr (1—- )(1 )ZVgVT + (1 —-v)(1- “)Vggr (1-v)(1— “)Vrgg

.
—x(1+¢)ngn — (1 ¢) Xﬂg’ﬁ
e =— (1= v)vevg — (1 =) (1 = v) (ve[Zo — (1 — a)vg] + vo[lr — (1 — a)v7])
—(1=0)xfo — (1 —v)(1 —a)ve[1+ (1 —a)vp] — (1 —v)(Cr — (1 — a)vgT)

+ (1 =0)[1+ (1 =a)vpllr + (1 = v)(1 = a)vefp — X(1+P)yerge — (1 +¢)

My)

2
X
1— X77977T

ayy =ay— (1= v)vyay — (1= a)(1 = 0)[gy — (1 - a)vylaj

oc;/t =—(1- v)vga’; —(1-a)(1—-v)[ge— (1~ rx)vg]ai — va
aep =~ (1= v)vea; — (1 - a)(1 = 0)[Gr — (1 - a)vela}

wp; = — (1= v)vpa; — (1 —a)(1 —v)[go — (1 — &)vglay.

It turns out that we generally have ocyt = ‘X’-L’,t = txé/t = Oforalltandi.

gt

D.3.6 Loss Function

We will find it more convenient later on to work with the loss function instead of the welfare function.
The former is the negative of the latter. Moreover, as in the body of the paper, we will be interested in
the loss function in gaps from its natural counterpart. Note in (161) that for the loss function under
the natural allocation, all terms drop out except for Z' + Z; + Zi. Therefore, we have the following
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loss function in gaps from the natural

L 1) (162)

——(u-ua
S . y Ny g y
= [T [ e o R0 — (900 — o B2 — e (82 — (312

2

2 Ai NN ajafr 2 4i aj iy airhil 1:
— g0 — aygli 8 — ayri Ty — gpQit — agr &y T — arp Ty 0 didt

o rl . ~.
= / / et [an(ﬁlHt)z— u;]didt.
0 0 !

D.3.7 General Planning Problem

In summary, in this section we have derived all elements that comprise the general planning problem
for country i, featuring all three policy instruments. Assembling them now, we can write the fully

general country-i planning problem as follows:

min / e P! {an(ﬁhtf — lf[;} dt (163)
0 ,

{00,808 =0

subject to

Ayl = —As(Tty p +51) + Ag&t + Aoy + AT’
Aj o af A Ai ag,r si
Tt = P7y p — Kyl — Kgbp — K2 Ty — Ky

Ayily = =S+ Al + Moy + AcTy

We note again that the coordinated union-wide planning problem coincides with the disaggre-
gated problem, where the social planner solves the above optimal control problem for each country
i € [0,1] separately. This follows from the analogous result derived in the main body of the paper. In
the remainder of this appendix, we will therefore only consider the disaggregated planning problem
of country i under an idiosyncratic productivity shock.

The constraints in this planning problem are the relevant implementability conditions. All other
equilibrium conditions can be used to simply back out the equilibrium variables that are not featured
in the planning problem.

D.4 Optimal Transfers

We now consider the problem where the social planner only has access to ex-post transfers, as in

body of the paper. In particular, we have 5; — ¢’ for all  and gi=0.
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Country i’s planning problem can then be written as

o . A .
Jmin [ e (2 - G
0, {t" }120 70 t

subject to

Aj o aj 2 hi ai,r
T = Py — Kyl — K90 — K< T,

where D’ = % and D = j\\—"yf, and also subject to the intial condition

Y

which will be used to ensure the stability of the dynamical system, and the budget constraint

0= / e Pt [Fyﬁi T2 4Ty | dt
0

(164)

(165)

(166)

which will be used to solve for §i. In particular, our strategy will be to solve the optimal allocation

and policy intervention as a function of o analytically, and then numerically solve for the optimal o

in a second stage.

Also note that we have replaced %Zr in the (IS) equation with another variable. This is necessary

to bring the planning problem into the form of a standard optimal control problem. Finally, we will

integrate the initial condition and the budget constraint, an isoperimetric constraint in this case, into

the optimal control problem using Lagrange multipliers. In particular, let

- xi = {ﬁht, i, ‘?ti’r} denote the vector of state variables,
— ul = {{i} denote the vector of control variables, and

— pi = { M 1y 1 1} denote the vector of costates.

Then we can summarize country i’s optimal control problem with its current-value Hamiltonian,

which is given by

H(x, uf, ub) =ar (hy )2 — UL

o

i=61,5i=0

+A [Fyyﬁ T2+ rg(ﬂ
+A [Ay% + As8h — Ao — Af%gf}
+ e | DT = D/ (g + )]
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i 2
+ UtV

i 2 2] Ai agr
+ Mo | 070 — Kyl — K90 — K2 T,

D.4.1 Optimality Conditions

Since we have transformed the planning problem into a standard optimal control problem, the opti-

mality conditions are given by

[(D]

i. 9,H! = 0 (Optimality)

ii. pyi/t - ;’t;’t = 9,H! (Multiplier)

iii. . = 9, H} (State equations)

iv. P‘ic,o = ang (Initial conditions),

where we abuse notation slightly to let x and u stand in for each element of the respective vectors. dy

denotes the partial derivative with respect to x. This yields the following nine first-order conditions:

Optimality:
Multiplier:
PHy: —
PHz —
State:

Initial conditions:

DP‘;,t + py = 0.

i/ ,,i 2
Py =D pyp — 20 7T 4
afr

i i 2 Ai ’
iy = Al"y — KyMmt — Zayyyt — ozy99 — &yt T

i i 2i,r 5i i
frrg = ALy — Koy — 200707 — el — atyrlfy

Vir,o =0
ﬂir,o = —AAr
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We will now reduce the size of the above dynamical system by solving out for Vér,t and :uér,t' Using
equations (168), (170) and (171), we can write

(ke + Dicy)ptly =(TyD +Tr)A — (2077 + Datyr) 2 — (2Dayy + aye)§s — (79 + Dayg)0.  (175)
Taking the derivative with respect to time and using (169), we have
(k¢ + Drcy) (D'l s — 20ty ) + (2cr + Dayr) )" + (2Datyy + aye) i = 0,

from which we can solve for the rate of change of transfers using the (IS) equation:

sy (oot DKy)(D/y;,t — 2077ty ) — D'(2Dayy + ayr) (7}, +57)
"o (176)
2077 + Dayr + D(2Dayy + atyr)

Using the (IS) equation again, we have

(7 + DKy)(D/]A;/t — Zanﬁht) — D'(2Dwyy, + ayr) (ﬁ}{t +§1)

ji = —D'(#tly,; +35l) — D 177
Finally, using (170) and our solution for y;/t above, we find

L i Ker - K'[ry af rZKleTT - K’[‘ﬂ(y"[ aj leTKy - 2K’rayy Ai KleTg - KTleg

= A -1 - - 178

Myt =PHy Kt + Dry t Kz + Dxy Eoke + Dx, Kt + Dry (178)

Therefore, we can write the reduced system of optimality conditions as

e = iy + KB + K+ Ko + Ky (179)

G = Tugttys + Jnftig s + 1585 (180)

T = Hy, iy + Haftly, + HS) (181)

Al = pRy — Kyl — ke — Ko B (182)

D.4.2 Solving the Dynamic System
In particular, the optimality conditions yield a system of linear ODEs which, letting Xj = {7t}; ,, 7, £, y;,t |3

Wwe can express as

X! = AXi + B, (183)
where . ‘
p —x, —k¢ 0 —Kg0" T o
A — ]71 0 0 ]]/ly ; _ ]_; Xé — ]?6
Hy 0 0 Hyl|’ H |’ A
0 K, Kc p Ki AN,
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where Ji = J;§, H! = H,$!, and K = K@éi + KA.
t tr 1 t t

The solution to this dynamical system is, as is well known, given by
. . t .
Xi = et {Xf) +/ e_ASBéds} ,
0
which we can rewrite as
. . t A = . _.
X! = oAt [XE, + / e ( — x90'E1 + JLE, + H'E3 + K;E4ds},
0
where E; is the 4 x 1 zero vector with a 1 in the i*" position. We can write
. , . gt . t
X! = At [Xé — kg’ / e MEids 4 (Kgb' 4+ K A) / e ASE,ds
0 0
t t
+ Wz/ e_AS_lpsEzdS + Wg/ B_AS_IPSEgdS},
0 0
where W, = —Wlé]s, and W3 = —lpa6H5.
Assuming that the economy is in the parameter subspace where A is nonsingular, we can use

the results [ e=4%ds = A=1(I —e~4") and [ e~ (AT¥Dsds = (A + I)~ (I — e~ (A+¥D) to solve the
integral, so that

X = At [Xé — 10 ATV — e AN E; + (Kb + KyA) AN — e A1) Ey
+ Wo(A+ D) NI — e AHPDNE, 4 Wy (A +¢l) " (I — e<A+1P1)t)E3} .
From this, we finally arrive at the solution

X! =t {xg) — kg0 AT E; + (Kgb' + KyA) A7 Ey + (A + 1) "  (WaEy + W3E3)} (184)
+ K@éiA_lEl — (Kgéi + KAA)A_1E4 — (A + ¢I)_1€_¢t(W2E2 + W3E3)
D.4.3 Stability
There is a unique solution if and only if A has two negative eigenvalues. For stability, we then need
Xh — 190" A7VEy + (Kgb' + KyA) A~ By + (A + )~ (WaEy + W3 E3)

to be in the stable manifold, the subspace of the state space spanned by the eigenvectors associated
with the negative eigenvalues. Let V}, j € {1,2}, be the eigenvector of A associated with the negative
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eigenvalue A;. Then there mustbe a; € C,j € {1,2} such that
g j j )

0 =a1 Vi + aoVs + X — k90’ A7 E1 + (Kob' + Ky\A)A™Ey (185)
+ (A+9I) " (WoE; + W3Es).

In particular, to guarantee stability we need to solve for the vector Z = (aq, a2, A, A, 7, 0’ %, f’é’r)' c

C”. Therefore, we need seven linearly independent conditions involving the desired variables. Equa-
tion (185) yields four of these conditions. To see this, left-multiply (185) by E; for each i € {1,2,3,4}.
The fifth stability condition will be the initial condition, Ayﬁé = —As§6 + A{?é’r + Agéi. The sixth

condition we obtain by writing

(ke + Dy ) ptbg = 0 (186)

= ([yD + T)A — (2077 + Daye) 8" — (2Dayy + aye)Fh — (acg + Dayg) .

The seventh and final condition we obtain from country i’s budget constraint. In particular, we

have
o= ["er {ryy“; T 4T |t
Tosi [T —pt I
We can write

X; = €At< - V7 — 062V2) + KgéiA_lEl — (Kgéi + KA/\)A_1E4 — (A + l[JI)_le_lPt(WzEz + W3E3)
= — MV — a0 Vo + g0 ATVE) — (Kgb' + KAA) AT Ey — (A + ¢I) e ¥ (WaEy + WE3).

Plugging this in and solving the integrals, we obtain our final stability condition

r a. 114 X
0=-04"4 "L (I’yEQ—l—I’TEg)'Vl—l—A 2 _(TyEs+T<E3)'Vs (187)

o AM—p 2—p

Kgéi Kgéi + K)A

5 (TyEr +T<E3)' A7 'E; —

(TyEs +T<E3) A~ 'Ey

1
— m(ryzsz +TE3) (A + ¢I) " {WhE; + W3Es].
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Putting everything together, we can write MZ = N, where

A% EiV, K\EjA71E, 0 1 0 0
EyV; E)V, K\E,A71E, 0 0 1 0
E{Vi ELV, K\E{AT'E, 0 0 0 1
M= A EiVs K\E,A7'E, Ay 0 0 0
0 0 0 0 0 Ay —As
0 0 I': + DIy 0 —(2ayyD +ayr) —(2a77r + Dayr)
(ryE)z\lJrE;Efy) Vl (ryEizrf;E3) V2 _%(FyEZ =+ 1"FL_E3)/1471E4 0 0 0 0
and
—E/W
—E,W
—ELW
N = —E\W
_A5§6 + Agéi
(azg + Dayg )6’
—Logi — P (T, By + TBs) A Ey + K05 (T, By + o) A7V E4 + %(A + 1)~ [WaEy + W3Es]

where W = —xp0'A~1E; + Kgf' A"E4 + (A + 9I) " [W,E; + W5E3]. Given these matrices, we
can compute the vector Z numerically by setting

Z=MIN (188)

over the parameter subspace on which M is invertible.

D.5 Optimal Capital Controls

We now consider the case where the social planner only has access to capital controls. That is, § = 0
for all t and NFA) = 0. The planner’s choice of capital controls will be encoded in a time-varying 5;

This directly implies that N Z%Aé = 0 in the absence of transfers. Furthermore, since we assume
that the government does not engage in additional redistribution, we have th',r = —(S})~*GL. Sim-
ilarly, Tti’r = th‘,o because the government does not discriminate between different types of agents.

Hence, we have
alr af
T, = aUs;. (189)

Plugeing in for & = v, fil + v,8i + v. 2 + 10!, with & = 0, we find that
gemg t yYr T Vg8t t t 8t

a7 xv A ¥
T = 1 — avvy (vyifs + vo0t) (190)
5‘, Ay Ad A
T = 1 —avvy (Vyyé - 1/99%). oy

97



IS equation. This allows us to rewrite the general (IS) equation for this particular allocation as

Af ~f i avv A AUy A
Ay = —Ns(TT + 5¢) + ﬁ/\ﬂ/i + (Mg + 1_—WAT)9Z (192)
or, more conveniently, .
i = —G'(fthy, + ) + G8, (193)
where
Ao+ g Ac
G = A ocvvyTA
Y I—avv P T
A
G' = A ocf)vy A
Y T—avv 77T
NKPC. Similarly, we can rewrite the Phillips Curve noting that we now have
iy, = pfthy, — 1,0 — K0! — LKT (vt + veéi) (194)
Ht Ht Y 1—avve VY ’
or, more conveniently,

where

Initial condition. Following similar conversions relative to the general specification presented in

the last section, we find that

(196)
for

G=De
Ay
o As + avA+
Ay

NFA. Finally, we record here the simplified country-i budget constraint when only capital controls

are used. We have

0= /O e Pt (fyﬁi - fgéi) dt, (197)
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where

A Qv

a oxv

[g=T | I
6 L TVG T

We note at this point that fy = 0 over the entire parameter space. We will continue to carry the term
around in this section, but we want to highlight the important implication of this result: informally,
present-value capital controls must always average to zero over time. Formally, of course, we must

have - -
0= / e P phldt = / e Ploidt. (198)
0 0

Disaggregated control problem. We are now in a position to transform country-i's disaggregated
planning problem to the form of a standard optimal control problem. In particular, the planning

problem is given by

dt, (199)

w A .
: —pt 27 N2 i N )
min /O e |:1X7-[(7TH,t) uf ga;_ol,l__;,r_avsai]

{61} 150

subject to

A s i ji

Ui = =G (7t +5;) + GO
A _ag A A] A Al
Tt = P7T — KyYy — Kb

b = —G'sh + GO},
0= /0 et (f"yyji + f“eéi) dt.

As in the previous section for optimal transfers, the conversion from planning two optimal control
problem requires to important steps. First, we include the initial condition and the isoperimetric
budget constraint in the Hamiltonian using Lagrange multipliers. Second, we have to substitute out
the time derivative é; in the (IS) equation and replace it with placeholder {#. We record country i’s

disaggregated optimal control problem in the form of the following Hamiltonian:

Hj (xi, ) =n(7thy,)* = Ui

§£:0,%t"’r:ocv§i
LA [fyy“; + fgé;}

A {3?5 + G5l — Gég}
1y |G = G/ (A + )

i A
+ Mg iVt
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i A N
+ Mot |07 — Ryl — Reby |

As before, xi describes the vector of state variables, u! the vector of control variables, and y! the
vector of costates.

Loss function. Finally, to work with the above Hamiltonian we have to record the precise form
that the loss function takes when the planner can only use capital controls. It is straightforward to
verify that we have

& o~ (AN2 A (RIN2 A 2idi
t|§§:0,ﬁ":av§§ = Byy ()" + Qpp(04) + Rya¥;0}, (200)
where

A oav ) Qv
Byy = yy + (—— ) Viar + vy

vy vy (1 _ OCUVT) yort g AUV yeyT

~ xv 2 9 Qv

Bog = tgp + (m) Vgltre Vel

N Y av
Ryp = ocn(l — ) vyvr 4 g + : Vodyr + 7 oyl

D.5.1 Optimality Conditions

The Hamiltonian is associated with the following first-order conditions.

Optimality:
Gy + pre = 0. (201)
Multiplier:
fie = Gy — 20ty (202)
Pyt — Fiye = ALy = Ryptlyy — 28y} — Ryg0} (203)
P,”é,t - %,t = Al — k@ﬂlﬁ,t — 2dgeb; — &ye]ﬁ (204)
State:
i = =G/ (ftyy + ) + G}
6i = o}

Initial conditions:

Mo =0 (205)
Hyo =D (206)
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o = —AG. (207)

We will now reduce the size of the above dynamical system by solving out for Vl;r,t and yé,t. Using
equations (201), (203) and (204), we can write

(R + Gy )i =(FyG +To)A — (2099 + Gityo)0; — (2Giyy + &yo) - (208)
Taking the derivative with respect to time and using (202), we have
(Ro + Gry)(G'l,, — 207l ) + (29 + Giye)0: + (2Giyy + iy)fi = 0,

from which we can solve for optimal capital controls using the (IS) equation:

(ke + Gry) (G'pl,, — 207ty ) — G' (2Giyy + yp) (A, + 81

o = — i S 209
f 2&g9 + Giryg + G(2Ghyy + &) (209)
Using the (IS) equation again, we have
» y Ro 4+ Giy) (G'ul , — 20,7, ) — G'(2Ghyy + &) (AL, + &
g — _G/(ﬁzj—lt by - G( y)( ‘uz,t 7z H,t) (A yyA y )( Ht t). (210)
’ 2099 + Glryg + G(2Ghyy + &)
Finally, using (203) and our solution for yé‘[,t above, we find
y , k,Fo — kol ~2RyRpg — Rolyg ., Ayeky — 2Rplyy
Py =Py + A= * -6, S/ (211)

Therefore, we can write the reduced system of optimality conditions just like in the case of opti-

mal transfers as the dynamical system

P"?,t = P.”;,t + Rofl} + Ry g + KaA (212)
]?i = f#y?";,t + fﬂﬁﬁ,t + Jiséi (213)
0 = Hu il + Aty + 8] (214)

Abys = Oy — Ry — Rl (215)

subject to the initial conditions V;,o = A, § = —G'5, + GO},

D.5.2 Solving the Dynamic System

Viewing the system of optimality conditions as system of linear ODEs, letting X! = {7t%, ,, 7., (3;, y;,t},
we can write as
X = AX! + B, (216)
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where

p —ky —Kg O 9 TTH o
A — iﬂ 0 0 i}ly , B; —_ ]} , X(Z) — ?Zlo ,
H; O 0 Hyy A; o)
0 K, Ky Ki A

where ]A; = J§, I:I; = H,$!, and I%; = Kgéi + Ky A.
The solution to this dynamical system is given by

Xi = oAt lx@ + /O t e—ASB;'ds] ,
which we can rewrite as
Xi = et {Xf) + /Ot e~ s (f;Ez + HE; + I%éE4ds] ,
where F; is the 4 x 1 zero vector with a 1 in the i position. We rewrite the solution for X! and get
Xi = At {Xé FRA /0 A, ds

t t
+ WZ/O e_As_wsEzdS + W3/0 e_AS_¢SE3dS},

where now W, = —gbaéfs and W3 = —l[JﬂéI:IS.
Following the same steps as in the previous section for optimal transfers, we arrive at the follow-
ing final expression for the solution of the dynamical system of optimality conditions:

X! =eAt {Xé + KAMATEg+ (A + D) H(WoEy + W3Es)] (217)

—RAATIE  — (A +9I) Le Y (WaEy + W3E3).

D.5.3 Stability

There is a unique solution to this system of linear ODEs if and only if A has two negative eigenvalues.
For stability, we require the term in square brackets above to be in the stable manifold. This gives
us four stability conditions, requiring that the term be spanned by the two 4 x 1 eigenvectors of A
associated with the negative eigenvalues. In particular, we have

0 =01 V4 + aoVa + Xb) — k90" A Eq + (Ko + Ky\A)A™'Ey (218)
+ (A+yI) " (WaEp + W3Es),

where, as before, V; is associated with the negative eigenvalue of A A;, and a1,y € C. To guarantee

stability, we solve the vector Z = (a1, ap, A, A, 7ti; o %, %é’r)’ € C” using seven linearly independent
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equations that satisfy said stability criterion as well as the initial conditions of the dynamical system.
Equation (218) gives us four of these conditions if we left-multiply both sides by E! fori € {1,2,3,4}.
As before, the fifth stability condition will be the initial condition, 7 + G’} — G0} = 0. Using the

initial conditions we obtained from the first-order conditions, we can write

0= ([yG +Tg)A — (28gg + GRyg)Bh — (2GRyy + Byp) T (219)
Finally, using the budget constraint, we have
0= [T (fyﬁg + fgég) dat
= /0 " P (P Ey + ToEs) Xidt.
Solving as before yields

44 A N
2 (fyEy + TE3) Vs (220)

151 A A I
0= T Ey + TE3) 'V,
/\1—P(y2+ 93) 1+A2—p
KA - . 1 . .
— % (yEa + T9Es) A7 Ey — PR () Ea + T9E3) (A + 9I) " (WaEy + W3E3).

Putting everything together, we can write MZ = N, where

EiVi E{V» KA\E]A7'E, 01 0 0
E\W ELV; R\E,ATE, 00 1 0
EtV ELVa R\ELAT1E, 0 0 0 1
M = ISA%) E\V» R\EJA7'E, 10 0 0
0 0 0 0 0 1 -G
0 0 Iy + GIy 0 0 —(2&yyG+ay) —(2&g9+ Gityp)
IyEx+1gE3) IyEx+TgEs) K\ £ —
Lhdb)ly, Lhbly, Kty E, + TeE)A7Es 0 0 0 0
Let W = (A + ¢I) "1 (WLE; + W3E;3), then
—E/W
—EyW
—ELW
N = —E\W
—-G's
0
o1 (DyE2 + FoEs) (A + ¢I) ! [WoEz + WE3]

Given these matrices, we can compute the vector Z numerically by setting
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Z=MN (221)

over the parameter subspace on which M is invertible.

D.6 Optimal Government Spending

Finally, we consider optimal government spending. We set 5; — f forall tand N FAl = 0. This again
implies NFA) = 0. Hence, 7;" = —(S!)7*G! = 1, because the government does not discriminate
between agents in the way it sets taxes. Thus, we have T/ = av§l — v§! or, substituting in for the

terms of trade,
agr av

y 1. ., ..
B = m(vyyi + (vg — E)gi + v6").

NFA. We start by considering country i’s budget constraint and record an important result: For
all x € [0,1] and v € [0,1], we have 6/ = 0 under optimal government spending. Moreover, under
the Cole-Obstfeld calibration trade is balanced in every period and HtM agents and optimizers are
entirely symmetric.

Under optimal government spending, the budget constraint becomes

B o ; XU ~ Ay a. [y 2af
0= e (o =yt ) (T =t ) o (Tt =g v e )l

1—avv,

and we have

“ av

I‘y—I‘y—i—mvyI}—O

N Qv 1

I',=T —_ — I =0.
g g+1—zxvvr(vg zx) °

Therefore, we must have 6/ = 0. Since the term in square brackets is also equivalent to net exports,
fy]?; + fg §§ + fgéi = NAXi, we furthermore find that trade is balanced in every period. This implies
that optimizers and HtM agents will have the same consumption profile, since the former do not
save or borrow to smooth their consumption over time.

As a result, we can rewrite the expression for the rebate as follows:

ag,r av

a7 1 a7
B = Tp—— (v + (vg — E)glt). (222)

And with that, we can now present the simplified dynamical system characterizing the allocation

under optimal government spending.

IS equation. The (IS) equation becomes

iy = —G'(ftly, +351) + Fgl, (223)
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where

_ Ag + 5 A (vg — &)

o

F A
Ay - 1—acvy1/T Az
NKPC. The Phillips Curve becomes
by = Ry — Ry — Rob — %o, (224)
where
X av 1
fg = Kg 1 —ocvaK (vg = E)

Initial condition. Finally, we can rewrite the initial condition as

o

Ayfih = —(As + a0AL)3h + (Ag — vAL) G + Agh'. (225)

Planning problem. Therefore, the planning problem for country i under optimal government

spending becomes

o . A .
{8i}e=0 /0 e !

subject to

A rpad 4 Af

Y = —G (7t +51) + F&}
Aq . aq A A A 2]
Tt = Pl — Kyl — Kg&t

Control problem. Again, the conversion from planning to optimal control problem requires two

steps. First, we now only include the initial condition in the Hamiltonian using Lagrange multiplier
A, since the isoperimetric budget constraint has dropped out. Second, we substitute out the time
derivative géi in the (IS) equation and replace it with placeholder 7. The following Hamiltonian

emerges:
Hj (x4, ui/}’li) :“n(ﬁéﬁ)z - Uﬂégzolﬁirr:mg
+A {Ay% + (As + avA7)3) — (Ag — VA7)
[ FE} = G (Rl + )

i ai
+ otV
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i A Noa s
T U [P — Kyl — K&t | -

As before, xi describes the vector of state variables, u! the vector of control variables, and y! the
vector of costates.

Loss function. Finally, we want to express the simplified loss function under government spending

is characterized by

Ui o, it = By (51)° + g (§0)* + g4, (227)
where
. xv 2 1., xv 1
Yag = Mgz (1 — zxvvr) (vg - E) bt ava(Vg 11— oc)“gT
. av 2 1 Qv 1 Y
yg = 2 () vy (Vg — ) g g (Vg — e o g vy
and the remaining coefficients are as before.
D.6.1 Optimality Conditions
The Hamiltonian yields the following first-order conditions.
Optimality:
Fpy,+ pz = 0. (228)
Multiplier:
b = Gl — 2077y, (229)
PP‘;/,t - P‘lyt = _kyﬂir,t - 25‘yyy£i - &ygﬁ (230)
oM, T ﬂi,t = _kgﬂir,t - Z&gggéi - &yg]% (231)
8 8
State:
ji = —G/(Atly, + §)) + F7}
5i 1&/;
My = Pffé{,t Ryift — ReQ}
Initial Conditions:
Moo =0 (232)
My = DAy (233)
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Hyo = —D(Ag — VA7), (234)

We will now simplify the above dynamical system by solving out for ,uim and ‘ué’t. Using equations
(228), (230) and (231), we can write

2 oy

(Rg + FRy)pi = —(28gq + Fityg) 8} — (2Fayy + atyg )7} (235)
Taking the derivative with respect to time and using (229), we have
(Rg + Fy) (G'py s — 20n ey 1) + (28gq + Fityg)St + (2FRyy + Ryg) i = O,
from which we can solve for optimal capital controls using the (IS) equation:

G- (Rg + FRy) (G’y;,t — 207ty ) — G/ (2Fdyy + Ryg) (74, + 8}) 236)
f 20ge + Fityg + F(2Fayy + &yy)

Using the (IS) equation again, we have

(kg + Fity) (G'pil,, — 202/ ) — G (2Fdyy + dyg) (A, + 81)

i _GlFy,+E)—F 4 . _ ~ 237
vt (s +51) Ditgg + Fityg + F(2Fiyy + iyg) (237)
Finally, using (230) and our solution for y%/t above, we find
T 2RyRgg — Kgllyg . AygRy — 2Relyy (238)
yt yhoot ke + FRy boRe+FR,
Therefore, we can write the reduced system of optimality conditions as
iy = Py + Kyl + Ko (239)
7 = Tty + Tt + 1534 (240)
5; = Hny;,t + Hnﬁ}{,t + Hsffi (241)
M = Tty — Ryl — Rl (242)
subject to the initial conditions V;,o = AAy and Ay = —(As + avA7)3h + (Ag — vAL) G
D.6.2 Solving the Dynamic System
Let X = {7}, , U1, &1, y;,t}. Then we have
X! = AXi + B, (243)
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where

p —Rky —Rg O 0 o
A= ]:" o0 ]}‘y Bl = Ji Xl = 7o
Hy 0 0 Hy, Hi o)
0 K, Ky o K! ANy

where Ji = J;5, Al = A8, and Ki = KA.
Therefore, following the same steps as in the previous two sections the solution of the dynamical
system of optimality conditions can be written as

Xt =eM | X) + (A +yI) " (WoEy + W3E3 + WyEy) (244)

— (A4 yI) e ¥ (WoEy + W3E3),
where W, = —lpaéfs and W3 = —1/)&61315.

D.6.3 Stability

As we argued in previous sections, there is a unique solution to this system of linear ODEs if and
only if A has two negative eigenvalues. For stability, we require the term in square brackets above
to be in the stable manifold. In other words, we require the term in square brackets to be spanned by
the two eigenvectors, V; and V,, of A that are associated with the two negative eigenvalues, which

we will call Ay and A;,. This gives us a system of four linearly independent equations
0=a1Vi +aoVa + Xj) + (A +9I) " (WoEp + W3E3 + W4Ey),

where a1, a7 € C.

Unlike in the previous two sections, we now only have to solve for six variables which we sum-
marize in the vector Z = (a1, a3, A, 7%%,0, %, ’f’é’r)’ € C°. Equation (218) gives us four of these condi-
tions if we left-multiply both sides by E! fori € {1,2,3,4}.

The fifth stability condition will be the initial condition, A,J) = —(As +avA¢)8) + (Ag — VA7)
The sixth and final stability condition we obtain from one of the initial conditions of the dynamical
system of optimality conditions,

-3 FaY

0 = —(2hgq + Fiyg)8h — (2Fayy + ayg) . (245)
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In matrix form, this system of linear equations can be written MZ = N, where

ElVi EiV, 0 1 0 0
ESVi EbVa 0 0 1 0
Mo | BV EsVa 000 0 1
E\Vi EjVa Ay O 0 0
0 0 0 0 Ay —(Ag — VA7)
0 0 0 0 —(2yyF+&ys) —(2&ge + Fityg)
and
—E{(A 4 ¢I) "1 (WaEy + W3Ej3)
—E5(A 4 1) (WaEy + W3E3)
N = | “B(A+ 9D (WaEs + WsEs)
—EL (A +¢I) "1 (WaE; + W3E3)
—(As + avA7)3)
0

Given these matrices, we can compute the vector Z numerically by setting
Z=MIN (246)

over the parameter subspace on which M is invertible.

D.7 Optimal Redistribution

We can easily study redistribution as a distinct, fourth policy instrument in the present framework,
even though we have not explicitly discussed it until now.

We have previously imposed that the government does not discriminate between agents when
funding its own outlays. To introduce redistribution as a distinct policy instrument, we remove this
constraint. In addition, we set NFA) = 0, implying that country i does not receive international

transfers. Therefore, the only relevant constraint becomes
X+ (1 - x)E° = avdl, (247)

since government spending is not used, §: = 0. Finally, the social planner cannot use capital controls,
either, so that 5; — §i for all .

Note that the only important difference between the characterization of optimal redistribution
and optimal transfers is country i’s budget constraint. In particular, we now have NFA) = 0 so that

0= /O e Pt (37; —(1—v)adl — (1 - u)él;) dt, (248)
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where NAXg =i — (1 —v)aél — (1 — v)&. We can rewrite the budget constraint using earlier results
so that

0= / et [(1 —a(l =y —(1- U)Cy)]% — (1= v)(avg +Zp)6' — (1 = v) (wve + §o) F | dt,
0
or, more conveniently,

0= /O e Pt {r*yﬁr;éwr;ﬁf’ dt. (249)

D.7.1 Optimal Control Problem

Exploiting the similarity between transfers and redistribution, we can simply adopt the same loss

function, IS equation, Phillips Curve and initial condition. The planning problem can therefore be

written as
S . A
_ min / e P! {an(n}{,t)z — Ui|gi_gi si_o | a1, (250)
6" {7 }i=0 /0 =08t
subject to
j. = —D' (A, —i—§’t)+D
-
ﬁth = pﬁ'}i,t - Kyyéi - Kf)éi - KT%ti'r
where D' = 25 and D = 21, and also subject to the intial condition A,ij, = — A3, + Agé) + AT'Z "
Ay Ay yYo = 0

Instead of the budget constraint under transfers, however, we now use the budget constraint pre-
sented in (249). As before, the associated optimal control problem can be characterized via the Hamil-
tonian

(251)

H(x}, ul, 1) =ar (i) = Uil g o

<D|>
°Q|>

+A [F*yt T+ rgél}

+A [Ay% + AGS) — Ao — ALY r}
+ My [Dﬁ;’ — D' (7t + §;)]

+ Vi,tﬁg

+ Vﬁr,t {Pﬁﬁ,t - Kyﬁi - Keéi - KT%Z’r:| ,

where xi, ut, and p! denote the vectors of state variables, control variables, and costates, respectively.
Reducing the system of the first-order conditions associated with this control problem as before,
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we can summarize the optimal allocation using the dynamical system

X! = AXi + B, (252)
where X! = {7}, , 71, %", My} and
p —ky —xkr 0 — kb 7t o
, i , i
A= ]7( 0 0 ]‘Uy , B; — —ti , X(z) — Ayior ,
H: 0 0 H, A 2
0 K, K p Ki AA,
and where Ji = J,§i, H! = H 3!, and Ki = Kb + KA.

The solution to thls dynamical system is, as before, given by

Xi = | X§ — 160" ATVEy + (Kgb' + KyA) A~ Ey + (A + 9I) " (WoEy + W3Es) (253)

+ KgéiA_lEl — (K@éi + KAA)A_1E4 — (A + wl)_le_wt (WzEz + WgEg)

D.7.2 Stability

/\

To guarantee the stability of this system, we want to solve for the vector Z = (a1, a2, A, A, 7'(H 0 Vo, T 2l r)’ €
C” using a set of stability conditions. We use the same first six stability conditions as for optimal

transfers. The seventh stability condition, however, is now given by

0=logiy &
o M—p

K 9
5 i

(F E2+F*E3) Vi + R

Kb + Ky A

p(r E; +TXE3)'V, (254)
(TyE2 + T E3) A'E,

1
- m(r Er +T%E3) (A + ¢I) " [WoE, + W3E3).

Putting everything together, we can write MZ = N, where

EiV E/V, K\E{A'E, 0 1 0 0

E3Vy E\ V> K\E,AT'E, 0 0 1 0

E3Vy E;V, K\E4AT'E, 0 0 0 1

M= ExVi E\V» K\E,A7'E, Ay 0 0 0

0 0 0 0 0 Ay —Ar
e IE)E) o IE)E) I+ Dr; 0 0 —(2ayD+ayr) —(2arr + Dayr)

yE2+T3Es)' JE2tT1Es) K -

Y SR, KN E 4+ TEY AT, 0 0 0 0

and
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A
—E,W
“EW
N = —E\W
— A58+ Agh’
(arp+ Dﬂéyg)éi
1—‘*

o L K"Téi(F;Ez +T*E3)A~1E_1+ %@(r;Ez +T*E3) A 1Ey +

(TyE2+T%E3)’

g (A+¢I) 7 [WaEs + W3Es]

where W = —xpf' A~ Ey + Kgf' A" E4 + (A + 1)~ [W1E; + W5E3]. Given these matrices, we can

compute the vector Z numerically by setting
Z=MIN (255)

over the parameter subspace on which M is invertible.

D.8 Optimal Deficits

We now study a particular form of deficits in this economy. In particular, we allow the government
to accrue debt over time and rebate these funds to households. With the presence of HtM agents,
Ricardian equivalence breaks down and such a policy can be effective.

Instead of the per-period government budget constraint, we now impose an isoperimetric con-

straint of the form
0= / e Pt ()(f’ti’r + (1= x)t° +vgi - avsﬁ) dt. (256)
0

Implicitly, this constraint states that the government can now accumulate debt from one period to
the next. In this section, we assume that §i = 0 for all t because we want to narrow in on the question
of budget deficits, independent from the question of optimal government spending. We furthermore
assume that 5; — 6!, since the government cannot use capital controls, and NFA = 0, since we do
not want to consider cross-border transfers here.

The second key assumption we make is that the government does not discriminate between
agents when rebating its deficit funds, which implies that " = . Therefore, the inter-temporal

government budget constraint becomes

0= / e Pt (%}’r - avsﬁ) dt. (257)
0

We now consider the problem where the social planner only has access to ex-post transfers, as in

body of the paper. In particular, we have 92 — ¢’ for all t and gi=0.

IS, NKPC and initial condition. The problem laid out above is almost identical to that of Section
4 with optimal fiscal union transfers. In fact, the only difference in the two planning problems
comes from the budget constraint and the now new isoperimetric government budget constraint. In

particular, it is easy to verify that we can adopt the same (IS) equation, (NKPC) and initial condition
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as we specified in Section 4. In particular, the (IS) equation is given by

The (NKPC) is given by

and the initial condition is
Gl = —As8h + Nob' + A2
NFA. Finally, we rederive country i’s budget constraint. Recall that in the general derivation of

the NFA condition in Section 3, we assumed that the government budget constraint held period-by-
period. Under deficit spending, we have

WIN}® — PIC/° + Pi; ,Yi — WIN} + Pit}” = WiN}° — PIC}° + P}y Y} — WiN! + PIT;” — PiZ};,
= W{N}° — P{C}° + P{C;" — W{N}"
= Fi(C ")~ WHNT = Ni9),

Therefore, we have

. 00 1 . o )
NFAp = —/0 e pr [Pt(C” Cr?) — Wi (Ny" — Ny°) | dt
F

— —/0 e Pt {(Si)_(l—a)(cy _ C?O) o %Ci,r(Nti,r)(p(Si)—(l—a)(Nti,r _ NZ’O) gt

since

Wi Wi pi 1 . pi
o e T N

P, 1 ' (1
Pi Pi’ = 1_UC;,7(N;,T)¢(S;) (1 a)'
Ht *F

PL  PipP. 1-v

Linearizing, we find

NFAL = — /Ooo e Pt {(1 —v) (! =) = (n — nio)} dt. (258)
Adopting gap notation and noting that N ﬁAé =0,
0= [Teet - o)@ -8 - i - i)
= [Ter :(1 )@ —F - (-8 — (A — i+ X

| N i R L.
= [ e @0 (i + (o = DF et + )

N ~. N 1 " A ~d
— (1= a)(1—v) (vy¥f; +vp0 +v2T") — q(ﬂy]ﬁ +1790" + ’77@”)] dt.
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To simplify notation, we write
0= / e Pt [r;*ﬁi F T+ rﬂ;*%;”} dt. (259)
0

Partial collinearity of NFA and GBC. Comparing the NFA condition with the isoperimetric gov-

ernment budget constraint, which we can write as
(o] i ~t A
0= /0 e Pt {(1 — avve) T — avvyify — ocvv(;@l} dt, (260)

we note that we have
T** |
Y _ T

V. (261)

—avv, 1—avvr

We can multiply (259) by 1/v and subtract it from (260). This yields
® —pt 5 Lo 3
0:/ e P —avryd — 20" |dt,
0 1%

which immediately implies that we must have 9 = 0.
Planning problem. Country i’s planning problem can therefore be written as

subject to

o aq ) 21,1
Tyt = Pl — KyYr — K1

Ayh = —AsSh + Aty
0= /0 e Pt {F;*ﬁi +r;t*%;>f] dt
r_ As — A
where D' = A, and D Ay’ and

i
Ui

INAVA él‘,f’ 2 A'ﬂi,r
fi—ogi—0 = Gy (T)? + aee (T + aye i
Control problem. To transform this planning problem into an optimal control problem that we can

work with we replace the time derivative %t” in the (IS) equation by a placeholder, 7, and introduce

a new dynamic state equation. The Hamiltonian associated with this control problem can then be
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written as

A .

H(xi, uh, 1) =an(fehy ) = Ull_g 1o (263)
+A [Ayﬁg + AgSh — AT%(;"?}
I
e | DT = D (g + )]
+ p U}
+ s {Pﬁil,t — Kyl — Kr%ti'r] /
where xi = {#L, 7,2} denotes the vector of state variables, u! = {#i} the vector of control
t Ht Yi Ty den t t
variables, and pj = {}f;, py, i3, } the vector of costates.
D.8.1 Optimality Conditions
The Hamiltonian yields the nine first-order conditions
Optimality:
Dy + pey = 0. (264)
Multiplier:
s = D'y — 200y (265)
My — ey = TEA = seeptly y — 20008 — e (267)
State:

Initial conditions:

115



y;,O = —AA-,.

We can now solve out for Vér,t and ]lf[,t to reduce the dimensionality of this dynamical system. Using
equations (264), (266) and (267), we can write

(e + DKy)],ll;T/t = (I";*D + TN — (20 + Dayr)%ti’r — (2Dayy + ocyr)]?i. (268)
Taking the derivative with respect to time and using (265), we have
(k¢ + Drcy) (D'l s — 20ty ) + (2cr + Dayr) )" + (2Datyy + e )i = 0,

from which we can solve for the rate of change of transfers using the (IS) equation:

s, (k04 Diy)(D'pyy — 2unfty ;) — D' (2Datyy + aye) (R + 1)
o (269)
2077 + Dayr + D(2Dayy + atyr)

Using the (IS) equation again, we have

(7 + DKy)(D’y;,t — Zanﬁht) — D'(2Dwyy, + ayr) (ﬁ}{t +§1)

ji = —D'(#ty,; +351) — D 270
Finally, using (266) and our solution for y%/t above, we find
. , Ky U5 — x5 - 2Ky — KX XKy — 2K K
Voo o AT y  aipKylor — Kellyr o QyrKy Ty 271
Myt = PHy + K¢ + Dx, ' K¢+ Dry " K¢+ Dxy @71)
Therefore, we can write the reduced system of optimality conditions as
%,t = Pui),t + Kot + K, + K)A (272)
I = Ty + Tt + I8 (273)
T = Hy, b, + Haftly, + Heslh (274)
ﬁJHt = 07ty — Kyl — Koty (275)

D.8.2 Solving the Dynamical System

We can thus express the dynamical system of first-order conditions as a system of linear ODEs,

X! = AX! + B! (276)
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i (Al 2i ALy g
for X; = {7ty 1, ¥i, &', 1y, - We have

o —k, —k¢ O 0 o
N AR P )
H: 0 0 H, A £l

0 K, K. o Ki AA,

Following the same steps as in Section 4, we can write the solution as
. , t t t
Xi = oAt {Xé I / e ASE,ds + W, / e ASUSE,ds 1 Wy / e‘AS_V’SEgdS} ,
0 0 0

where W, = —¢alJ; and W3 = —palH;. Assuming that the economy is in the parameter subspace
where A is nonsingular, we can solve out the integrals to arrive at
X! =eAt lxg + K\AA T Eg+ (A + 1) Y (WaEp + ngg)} (277)

— KAAA_1E4 — (A + IPI)_le_wt(WzEz + W3E3).

D.8.3 Stability

Our main departure from the solution in Section 4 is the following stability analysis. To guarantee
uniqueness, we still require

Xb+ K\AAT Eg + (A + ¢I) Y (WaEy + W3 E3)

to be in the stable manifold. Let Vi, ] € {1,2}, denote the eigenvector of A associated with the

negative eigenvalue A;. We can express this stability condition as
0=a Vi +aVa+ X) + KyAA T Eg + (A + ¢I) " (WaEy + W3E3), (278)

for some a; € C,j € {1,2}.

Under deficit spending, however, we now have an extra parameter that we need to solve for.
That is, we now need to solve the vector Z = (a1, a3, A, A, 7%%,0' 7, %é’r)’ € C7 to satisfy the stability
requirement and initial conditions. Equation (278) yields four of the desired eight conditions. As

before, we left-multiply (278) by E! for each i € {1,2,3,4}.

The first initial condition we can use is Ay% = —As§6 + Ar%é’r. Another one we obtain by writing

The remaining two conditions we obtain from the two constraints associated with A; and A,,
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respectively. Note that we can write

X; :eAt( - V7 — 0(2V2) — KA/\A_1E4 — (A -+ IPI)_le_lpt(W2E2 + W3E3)
= — a1eMV] — apeM'Vy — K\AAT Ey — (A + ¢I) e ¥ (WaEy + W3E3).

The budget constraint then becomes

0=/ e* {r** +F§*%§’r]dt
0

=/, e P! (T} Ex + T'y*E3)' Xidt,

where we can plug in the solution for X! and solve out the integrals to obtain

el

0= p(r E,+T% Eg,)vlJr)L p( 2+ T E) Vs (280)
EESY A (T} E2 + T3 Es) A7 'Ey
1
Tox IP(F**E 2+ 7 Es) (A + ¢I) "' [WaEy + WEs).

Putting everything together, we can write MZ = N. Letting £ = (I'y"Ex + I'7"Es) for ease of

notation, we have

ElVi  E\Va KyE{A7T'Ey 0 1 0 0
EbVvi  EjVa  K\ELAT'Ey 0 0 1 0
EiVi  EiVa  KyELA7'Ey 0 0 0 1
M=| EVi E\V» KEATE, Ay O 0 0
0 0 0 0 0 Ay —Ar
0 0 I 4+ DI 0 0 —(2ayyD +ayr) —(2acr + Dayr)
Aj{pvl AZELPVZ —%E'A—1E4 0 0 0 0
and
—ElW
—E\W
—EJW
N = —E\W
—As8h
0
L5 (A+ 9I) T [WoEy + WiEs]
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where W = (A + ¢I)"![W,E; + W3E;). Given these matrices, we can compute the vector Z
numerically by setting
Z=MIN (281)

over the parameter subspace on which M is invertible.

D.9 Jointly Optimal Fiscal Policy

Finally, we consider optimal fiscal policy, allowing for both government spending and redistribution.
The allocation derived under jointly optimal government and deficit spending would be identical.
In the absence of international transfers, we have NFA) = N I%Af) = 0. We do not allow for capital
controls, 8 = §, and impose the per-period government budget constraint, " + (1 — x)" +
vg} — avs; = 0.
Since the government’s budget is balanced in every period, the original external budget con-

straint for country i holds,
0= / et [ﬁi —a(1-v)§ — (1-0v)é — vgﬁi} dt = / e PINXidt (282)
0 0

where as before 8 = vy + ot 4 10 + vogl and & = it + {8 + (ot + 40'. We can simplify
to write the NFA condition as

0= e PHIT*fi + WA + [ gir N dt, (283)
0 yyt 0 Tt ggt
where

Iy=1-a(l-v)vy—(1-v)gy
I'p=—a(l—v)ve—(1—-v)lr
7= —a(l—0v)vy — (1 -0v)G
Iy =—-v—a(l-v)vg—(1-0)g.

Planning problem. We can again adopt the (IS), (NKPC) and initial condition as they were spec-
ified in Section 4. Therefore, we can write country i’s disaggregated planning problem as

o . A .
min L/ e—m[an(ﬁhty-Lg
0 4

. 5 Al dt, (284)
6 (27 8 im0 %=9

subject to

i = —D'(#tly, +§) + Dgi + Dt/

A i i i si,r 5i
T = O7h — Kyl — ko0 — KT — K&y
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Ayl = —As8h + Ngb' + Artl" + Ay

0= /O et [r;ﬁ; + T30 + T + g8y | dt
where D' = /[t—;, D= j\\—; and D = 2—;, and

s =ayy ()% 4 wgp(0)? + arr (8% + agg (81)2

Control problem. As before, we incorporate the initial condition and the country budget constraint

into the objective function using Lagrange multipliers A and A, respectively. Furthermore, we re-
place the time derivatives §§ and 'f't” in the (IS) equation with ! and 7!, respectively, to recover the
standard optimal control problem structure. We add these equations as dynamic state equations.
We can now write down the Hamiltonian associated with this control problem. We have

A -

H(xi, ”ir?‘i) :‘Xﬂ(ﬁﬁ,t)z — Uil

b (285)

+A {Ay% A8l — Ag8h — Nob' — Af%ﬂ

2

+ A [r;ﬁi I8+ T + r;el}

i | si B air i
+ Ut {P”H,t — KyYp — kg — KT, — Kggt} ,

i _ [AQ ai 2Ly 2 . 1 f&81 Al
where x} = {nH,t, Vi, T, g} denotes the vector of state variables, uj = {1}, w}} the vector of control

variables, and pi = {p! ,, ]/t;/t, yé{t, ut } the vector of costates.

D.9.1 Optimality Conditions

The first-order optimality conditions associated with this problem are given by

Optimality:

Dy 4 pey =0 (286)
Dl 4yl =0 (287)

Multiplier:
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S B 2
Pt = D l/ty,t - 20‘7T7TH,t
i AN i ai yi 5i a1,
Pty — Hyp = TyA — Ky pi p — 2001y — typt' — vy — tyr T,
i A i ai,r ji ai 5i
PUzt — Hep = FT/\ — Kt — 2‘XTTTt - “TQG — &ytlp — Xgr 8t

i Wi T i ai ai hi ALy
p.ug,t - lug,t - Iﬂg/\ — KgMmp — 2"‘gggt — &yg8 — D‘gGH — &gt

State:

Ay _ af
Aly _ Aj
8 = Wi

A Y af af A7 air
Tt = P7 — Kyl — Ke&t — Kot — K1 Ty

Initial conditions:

Mo =0

P‘;,o = ANy
Vir,o = —AA;
Vé,o = —AAg.

(288)
(289)
(290)
(291)

We can conveniently reduce the dimensionality of this system of differential equations. Following

steps analogous to those in earlier sections, we can write

. 1 .
ol = — _ k¢ + Dx,)D'u!

(szﬂ(KT + Dxy) 4+ D' (20, D + ocyr)> fthr; — D' (2ayyD + ayr )8}

—ll’

Elyy“l/l;/t + lﬂftht + 180+ 1T

We then find that

Af 1
Ay _ _ _ _ _ _ .
200y, DD + aygD + agr + Dayr + 11 (200yy D? + &g D + 206 + Duavyo)
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— (D’(szwD + atyg) + Is(20yy D? + gD + 2 + Docyg)) sﬁ}

=H,, 1ty + Hafthy; + HeS}

and

8&-; :l]/ly]’l]i/,t—{_l”ﬁ}{,t + 18} +ZT(Hny3i/,t +H7r7%§1,t+Hs§§)~

Using the (IS) equation, we have

y”t (DHW + DLﬂy)yyt + (DH;+ DL, —D )79( + (DHs + DLs + D' )

Finally, we can write

il —out o+ Kyl __Kgr; o 20yyKg — Yygky gl Ayghe — %"‘gg"y
i 4 kg + Dx, ! kg + Dx, t kg + Dxy
aiy Mythg = Qgtly | 5ifyols T dgbky
T, = 0
ke + Dxy Kg + DKy
Summarizing, we obtain the system
7THt = Py — Kyt — et — ko0 — Kot (292)
i = ]yyﬂyt+]n7THt+]sst (293)
‘Z ’ Hyyyyt + HnT(Ht + Hsst (294)
g = Lyyﬂy,t + Lty + LS} (295)
iy = ppl s+ KyA + Kyl + Koi + Ko £ + Ko (296)
D.9.2 A Targeting Rule for Government Spending
If we let Xi = {ﬁ%’t, yt,TtI " gl ],t'y,t}, then the dynamical system of optimality conditions can be
written as
Xi = AX! + Bi, (297)
where . ‘
p —ky —kr —kg O —xg0" T o
oo oo 4| | R
A=|H, o0 0 0 Hy,|, B=| H |, Xp= g |,
Lr 0 0 0 L L g
0 K, Ki Ky p Ki AN,
and
]_; = ]sgé
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A = H
L;. - LSSt
Ri = Kob' + KyA.

The coefficient matrix A has one 0-eigenvalue. This implies that one of the differential equations
can be expressed as a function of the other variables in Xi. We will exploit this to derive an explicit
targeting rule for government spending using tools from linear algebra. We could also prove this
result directly starting from the system (292) - (296).

If A has a 0-eigenvalue, then so does its transpose A’. Hence, there exists a vector E such that
A'E = 0, which gives us E'A = 0. That is, E is the eigenvector associated with the 0-eigenvalue of
the transpose matrix A’. We have

E'X; = E'AX; + E'B; = E'B}.
Integrating, we find
. . t .
E'Xi = E'X) + / E'Bids
0

It is easy to verify that E(1) = E(5) = 0. Therefore, we can write
Eo§l = —E,fj, — E-&/" + E'X} + / E'Blds, (298)
where E, = E(2), E = E(3) and E; = E(4). Let
= — YE,Jsah — E-Hsal) — YELoa)).

It then follows from (298) that government spending follows the policy targeting rule

af A7 a7 a7 Y A W

=g W—00) - g (@ =%+ &+ gp (-, (299)
So far, we have only shown that the targeting rule holds for some family of eigenvectors E. How-

ever, we can even solve for Ey, E; and Eg in closed form. Differentiating the targeting rule with

respect to time, we have

i E E; x W
g =- yyt T e (300)
g Eg Eg

Using the original system of equations (292) - (296) to substitute in for ji and T yields, after some
& & y q Yi t Y

algebra, the two equations

EgL, = —EyJu, — EcHy, (301)
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in the three unknowns E,, Er and Eg. By construction, an uncountably large class of linearly depen-
dent eigenvectors E can give rise to the targeting rule (note that the coefficients in the policy rule are

ratios). Therefore, we can normalize Eq = 1, and solve for E, and E:

HypLy, + Hy, L
- HrJu, + HyyJn
_Jx HrLy, + Hy, Ln
 Hg H”]ﬂy + HVy o ILf_Z

E, = (303)

(304)

T

D.9.3 Solving the Dynamic System

We can use the targeting rule to simplify the dynamical system of optimality conditions. We have

v s o Y A: A. K N i " W
My = Py — Kyl — KT — Kg0' — E—g(Ey% + E-T)") — K¢8h — KgT(l —e ¥ (305)
g YE,

Ut = Tugbyp + Tn Tt + Tt (306)
)" = Hy, 1!, + Hethy, + Hi (307)
.1 i S af S af 1 K af af a7 W _
iy = Oty + Kyfy + Ket" + K + E—i(Eyyo + E<T)") + Ke8h + ng—Eg(l —e ¥, (308)

where
E
= y
Ky = Ky — KgE_g
i Kr — K Er
T T gE_
8
E}/
K, =K, KgE—g
E
KT _— KT - KgE_T.
&g

Next, we need to solve for 7 and /" using the initial conditions

Ayl = — NsBh + Ngb + At + Ag8lh (309)
0 =A(I; + DT}) — (2gg + Datyg)§h — (20D + atye)
— (gt + Dayr)Ty" — (agp + Dlxyg)éi. (310)

Rearranging and solving the two equations in the two unknowns, we can write

= QA + Qg8 + Qof + Qi) (311)
7 = PAA + Poh + Pyd' + P}, (312)
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Hence, we have solved for jj, and %é’r as functions of the Lagrange multiplier A, §) and §'. Recall that
in previous sections, we have solved for the optimal allocation as a function of #'. Now, even though
the path of government spending is tied down by the targeting rule, §) is a free parameter that the

social planner can choose optimally. Therefore, we will now go on to solve the optimal allocation as

a function of (g, él) and then numerically pin down these two free constants.

. . . i LY Al ALY ]
The transformed dynamical system can now be written in terms of Xj = {7t} ,, %}, T, P‘y,t} as

where

and

where

with

and

Xi = AXi+ B,
p —k, —kz O K}
A— Jn 0 0 ]]/ly , B; — _;. ,

Hy E) 9 Hyy H;

0 K, K op K}
ﬁ%,o

QA+ Qggo + Q99 + sto

ANy

, A w _ K
K= — kg0 — ng—Eg(l —e ¥ — AE—gg(EyPA + E:Q))

af Kg hi
8 8

Rn

1%
—g(EP + ErQs) + Kg——

ylLs TS g ’
°E, YEg

: W _ Kq
Ki =Kg——(1—¢ ’“)—l—/\E (E,Py + E<Q,)
PEg g

Ky 2 Ko
+80E (EyPg + ErQq) + o E_g(EyPG + EzQp)
~1 K hi
&g
B = L = & ~ W —lpt
:K/\)L‘|‘Kgg0+K96 +K—Kg—€
PEg
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3 (E,Py + ErQp)
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with

=~

- ‘ W
K=238-3(E,P,+E Ko—o.
SOEg( y s“r‘ TQS)“‘F gl[JEg

Therefore, we can write the forcing term vector as

—Rgb' — AN — Ko8h — K+ KglpﬂEge bt
, i
B! = Htf . (314)
t
oA+ Ko + Ko’ + K — Kgpe™ ¥

The solution is then given by
oi _ At|wi , |1 —Aspi
Xt = et [X@ + /0 e~ SB;ds} . (315)
Using the same steps as in previous sections, we can manipulate this solution to obtain

Xi =eM| Xi — (R + RAA + o 8h + R)AEy + (R + KoA + Ko + R) A Ey + (A+9I)'E
+ (Rl + RaA + Ro8h + R)ATE] — (Rpb + KpA + RS+ K)A'Ey — (A + yI) e ¥'E, (316)

where
W

E = WyE, + W3E; — 1<glpT
g

and W, and Wj are defined as in previous sections.

D.9.4 Stability

As before, we require the term in square brackets to be spanned in the stable manifold to guarantee
the stability of the system. A again has two negative eigenvalues. Let Vi,j € {1,2} denote the
eigenvectors of A associated with these negative eigenvalues, which we denote Ay and A,. The
spanning condition can then be written as

0=m Vi + agVaXh — (Reb' + RaA + Ro8h + R) A Ey + (Rob' + KoM + R+ R)A By + (A +9I)'E
(317)
forsomea; € C,j € {1,2}.

The solution, including the above stability condition, is now given as a function of the free pa-
rameters (g, §’) and Z = (a1,a2, A, A, ﬁho). We can pin down the latter set of free parameters by im-
posing the stability condition as well as the country budget constraint. The stability condition yields
a system of four equations if we premultiply both sides by the projection matrices E;, i € {1,2,3,4}.

Unlike in previous sections, we have already solved for and substituted in }, and f’é’r using the two
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initial conditions.

We now substitute the target rule for government spending into the country budget constraint

0:/0 e Pt {r*yt+r991+r*”r+r§gt dt

| F* I; , , W
0 z af g 27 air *
—_0 — (E E+Ty r
p9 pgo pE(yF/0+ ") + S oyE,
o E E 4%
—pt * * x =T ’\lr * Pt dt
+/0 e [(ry TE)y+(T ST T )1
1"*_ r* I* . a )
0 g 2 g Aj ; y
=-"rp E, (PyA Py0" + P.
0 +p8+pEg y(PAA + Pe&p + Pof)' + Ps3p)
Iy , A ~ W 4%
g si i &l * * t i
+ S E(QuA + Qo) + Qoff + Qush) +T T +/ e PE Xidt
oEg w 880 i SppE;  E(o+ )y
where
i *E}/ * *ET
E= (I} ~Tiz B+ (I~ Ti=")Es.
g g
We have
o =9 o1 1 -3 ~ ~ . _ =, o~
e PLE'Xidt = E'Vy + E'Vo + = (R0 + Ry A + %o 0h + R)E'ATE
/o t M —p 1 7\2 0 2 p( 0 A 380 T ¥) 1

1 =~ A ~ ~ L. ~ =, o~ =~ ~ a
— Z(Kgb' + KyA + K8, + K)E'A™'E, — E'(A+yI)~'E.
¢80 ¥

P Pty
Therefore, putting everything together and grouping terms, the country budget constraint becomes

I"*

r; T% W
0 =6 +—gEP+EQ)+F* + A2
(p pEg (EyPo - Ex Qo) $p(o+¢)Eq PEg(

*

+ét F—§'+ FE(EP—FEQ) +§1F (EyPs + E-Qs)
80 P pE ytg Y OPEg yLs TS

E,Py +E:Qy) (318)

0‘2 =1 1 =~ Ai =~ =~ 2 ~\ &/ 7 —1
E'Vi+ E'Vo + —(Kg0' + K A + Ko¢h +K)E'A™E
/\1 [y 1 /\2_,0 2 ,0(9 A 880 ) 1
1 ~ 2 [~ ~ L =~ =, ~ 1 = ~ 2
— Z(Kgb' + KA + K 85 + KYE'A™'Ey — ——E/'(A+wI)'E.
0 ¢80 oty %

Together, the stability condition and the country budget constraint imply a system of equations
MZ = N, with

ElVi  EV, —RAEJATVE; + KyEjATE, 0 1
Ey Vi ELV, Py — KA\E5AT'E; + KAESATIE, 0 0
M=| E\Vi EV, Qa — RAE4ATE; + K\ELA'E,y 0 0
E’V1 E\V; —RAELATVE] + KyE,ATE, Ay 0
£ T Ry S 7 Ky &7
= of- (EyPA + EcQu) + P EATE — P EATE, 0 0
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and

—E’I/:V
_EIW Qggo Q99 - sto

N — _EIW
a. T* N - - ,
_ g (76 (Eype + E:Qp)) — (p+—1/))1-:g So(F+ 5t (EyPg + EQy))
SOpE (Eyps + E:Qs) — —(ngl + koGl +R)EATIE, ..
s (K991+Kgg0+K)EA 1E4—|—L¢E ( ~+lpl)flé

where W = — (Rob' + &,8) + ) A 1Ey + (Rpb' + K8 + K) A Ey + (A + ¢I)'E.

Inverting M, which is non-singular in all of our calibrations, we can solve for Z numerically. Given Z,
we have the full solution of the optimal allocation as a function of the two remaining free parameters

(&, 9%, over which we optimize numerically.

D.10 The Special Case xy =0

We now provide a general formulation the allocation and planning problem without hand-to-mouth
agents as an important special case.

We start by recordlng several important parameters. For y = 0, we have A, = = L 5 A =0,
As =1, Ay = 1% and Ay = 1 — a. Furthermore, we have v = 0, v, = 111;, vg = —(1—ua),
Vg = 1_U.AndCy— 20, =—(1-a);%, - =0,and p=1—(1—a)%

D.10.1 General Allocation for y =0
Give these parameters, we can write the (IS) equation for y = 0 as
1 Af aq 2 1% Aj ;_\i
1=t = — (7t +35;) + 1= o5 + (1 — a)0;. (319)
For the Phillips Curve, we record the following parameters: x, = A(¢ + ﬁ), Kg = —Aysy,
kr = 0, and kg9 = aA. Therefore, we can write the (NKPC) as
Aq af 1 a7 27 v a1
T = 7 — AP+ Tv)]/lt — aAb; + /\1 — vgé (320)
The initial condition is the given by
1 gi— g (1—a)bl. (321)
1= 70 0
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Finally, for country i’s budget constraint, we note that for y = 0, Iy = 1 v, I'r=1,Ty =
l-a—(1-v)—v(l—a)? andTy =v+ zx%. We can then use the government budget constraint
to substitute in for %ti’o, which yields that in the absence of transfers we have the following NFA
condition

0= —a(l—v) / ePtGidt. (322)
0

D.10.2 Loss Function and Planning Problem for xy = 0

For x = 0, the loss function coefficients are as follows: arr = agr = ayr = a9 = ayp = tgg = 0. This
leaves us with

po = &
TT2A
1+(1—-v)¢
Y 2(1—v)
U
88 2(1—v)
1—v
oo = —— (1-(1-a)?)
v
lxyg = m
Hence, the loss function can be written as
© 1 A 1+ —0v)p, . 1—v A
— ot i 27 \2 21\ 2 . _N\2 i\2
L= [7 [ e | @+ o+ - )@ e
v 2i\2 U ajaj .
+ 21—0) (81— 1= Y8t didt.

where of course a; = ¢~ ¥4} is the initial productivity shock.

D.10.3 Planning Problem for Transfers when x =0

When the social planner can only use transfers, we have ¢! = 0 and é; — §'. Therefore, we can write
the planning problem as

mm/ / e pt[Z)\ (7l s )Z—I—142_((11__00))4)(%)2—%150(1—(1—01) ) (6")? | didt,

subject to

129



1 . y A,
T be = -5+ (1 —w)b".

D.10.4 Planning Problem for Capital Controls when xy = 0

When the social planner can only use transfers, we have § = 0 and % = vagi. Therefore, we can
write the planning problem as
© b " 1+(1—-v)p, . 1-v A .
: pti—z 2 272 1—(1— 2 leddt
min [ [t |+ Ty P 0 () @i

subject to

D.10.5 Planning Problem for Government Spending when x =0

When the social planner can only use government spending, we have 6! = 0 and 7, = va$.. There-

fore, we can write the planning problem as

min /0 /0 e Pt [ﬁ(nH,t)z + ( )(P(yt)z + 2(1—_ U) (gt)Z — mytgt dldt,

{6} 2(1-v)
subject to
1 A 2 2, v A
R
Rigs = oty — M@+ )i + AT
H,t H,t 1 t 1—0 t
1 I 3
1-07° 0710
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