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Auxiliary Results: Value Function and Stopping Set Monotonicity

Consider a stopping time 7 that is measurable with respect to the filtration F; = o(n < t, F), where F is
a sufficiently rich independent filtration. In this context, consider the continuation value from optimally
stopping a deterministic, measurable, and bounded cumulative cash flow process Y at a time weakly less

than n:

TAN T
vi(p) & supE U e "D gy, ‘ n>t,po = p] =supE [/ e riet) (p +(1- p)e_A(H)) dYs] (A1)
t t

>t T>t

Lemma A4.1 in Davis (2018) shows that any stopping time 7 measurable with respect to 7 takes the form
7 = T A n for some deterministic T > 0, and, given that the right-hand side of (A.1]) is a deterministic
problem, it follows that the supremum in (A.1]) is well-defined. Define #(pg) as the supremum at all times

when it is optimal to stop given the prior belief pg and the cumulative dividend process Y':

n—oo

tn/An
t(p) = sup {t : 3tn)nen:  lim t, =t and  wvo(p) = lim Eﬁozp[/ e " dYS] } . (A2)
Lemma A.1 (Weak monotonicity). Function vi(p) increases weakly in p and, consequently, t(p) is weakly
mcreasing in po-

Proof. Tt is without loss to consider ¢ = 0. Consider p’ < p” and consider a random time £, independent

of pp and 7, distributed according to

Py(n>s) _p/+(1—p)-e?
prn=s) P+ (1=p)-e

By construction, P(£ > s) is strictly decreasing in s for p” > p’. Then

TAN T
vo(p") = sup Epr [/ e_rde;} =supE,» {/ {t <n} e_’"des}
T 0 T 0

=supE /T (p” + (1-p") e—M) e_”dYs] >supE [/T 1{s <&} (p” + (1-p") e_)‘s) e—’"SdYS]
T 0 T 0

=supE / P(s <€) (P” + (1 —p") 67)‘5) e”dYs] =supE {/ <p/ + (1 — p') e*/\s) e”dYs]
T 0 T 0

T TAN T
=supE / Py(s<n) erde;} =supEy {/ e“dY};] =supEy [/ e’"des} = vo(p').
= Lo T 0 T 0

We can repeat this argument for any ¢ > 0 and, consequently, v;(p) is weakly increasing in p. By the
standard continuation value argument, if it is weakly optimal to wait until time ¢ for type p/, then it is

weakly more profitable to wait until time ¢ for type p” > p’. Hence, t(p) is weakly increasing in p. O

Lemma A.2 (Strong monotonicity). Suppose 30 < t' <t <t(p) s.t. Y} is weakly increasing over (t',t")
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and Yyr— > Y. Then vi(p) < ve(p) for allp >p and t <.

Proof. Tt is without loss to consider ¢t = 0. Since Yy»_ > Yy there exists € > 0 s.t. Yy > Y. Given

p > p, consider a random variable £, independent of py and 7, distributed according to

n=>t 1— —Xt .
”((77 =z t)) P” + El )) e if tel0,t'+e)u(t’ —e,+o0),
P((>1t) = Py(n > t+ 6) (1 ) e~ At'+e) (A3)
O if te( +e,t"—e).
Pp//(/r] 2 t’ —+ 5) p// + (1 ) e )\(t/Jrs) ,

The probability P(£ > t) defined via (A.3) is constant for ¢t € (¢ 4+ &, — ¢) and strictly decreasing for
te (t'+e,t”" —e). It is continuous at t = t' + ¢, and has a downward jump at t =¢" — ¢

Consider a sequence of times (t,)nen s.b. t2 —e < t, = t(p') and lim,, Eﬁozp[fO"A" e TS dY;] = vp(p).
Then

TAN TAN
v(p") —v(p") = supE,» [/ e_’”des} —supE, {/ e_”dYs]
T 0 T 0

TAEAT TAN
> sup Ep [/ e_TSdYs} —supE, [/ e_TSdYS]
T 0 T 0

> fim B [ /0 e PE=s) (0 +(1=p") ™) = (0 + (1 =p)-e7)] dYs]

n—oo

[t —e / ol L oAt +e)
— -rs p+(1 p)e _(// _//'—As>_</ _/.—/\s)
- /m =y e P e p=p) e ds
i Ve (p// _ p/) . <e—)\(t’+a) _ e—)\s)
—_ —Ts .
=) -y ewra |20 (49
where the strict inequality (A.4)) follows from Y. — Yy > 0. O

Lemma A.3 (Generalized strong monotonicity). Suppose process Y is differentiable and given by dY; =
y¢ dt, where y; is deterministic. Suppose there exist p and t' < t(p) s.t. vi(p) > 0. Then v (p) > 0 for all
t €[0,¢] and p > p.

Proof. Since Y, is differentiable, it follows from Ito’s lemma that v.(p) is continuously differentiable in ¢ for
every p. It follows from Lemma [A.1] that v(p) > vi(p). Suppose vy (p) > vy (p) > 0. By continuity there
exists € > 0 s.t. v(p) > v(p) for every t € (t' —e,t'). Suppose, alternatively, vy (p) = vy (p) > 0. It follows
from the standard martingale argument that for every p and ¢t < t(p)

- vt(p) = yr — M1 = e (p)) - ve(p) + 0 (p)- (A.5)
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Then

0:(p) = 0e(p) = r(ve(p) — ve(p)) + AL = me(P)) - ve(P) — A1 — me(p)) - ve(p)
= [r+ A1 =m(p))] - (ve(p) — ve(p)) = A(me(p) — me(P)) - v (p)-

By continuity, 3 €, h > 0 s.t. v;(p) > h for every ¢t € (t' — ¢,t’). Since vy (p) = vy (p), by continuity of vi(p)
and 0;(p) there exists € € (0, €) s.t.

[r+ AL = m(p))] - (ve(P) — ve(p)) = A(me(p) — me(P)) - h <O.

Consequently, 0;(p) < 0(p) for every t € (t' — e,t’) and, hence, for every t € (t' —e,t)

v(p) = vy () — / 8u(p) ds = vy (p) — / 8a(5) ds < vy (p) — / 0u(p) ds = vr(p).

The above argument shows that there exists € > 0 s.t. v(p) > v¢(p) > 0 for every t € (t' —e,t'). In what
follows, we show that this implies that v¢(p) > 0 for every t < t’. Consider, without loss, ¢ = 0 and vy (p).

Define a random variable &, independent of py and 7, distributed according to

P,(n > 1—p)-e

pln29) _p+{l-p) e i oselod -,

Pe > 5) = Psn>s) p+(1—p)-e s (A6)
B Pp(n >t — €) p+(1—p)- e M=) . ’ / ‘
== . - if se(t'—et].
Pin >t —¢)  p+(1—p)-e A=)
Then
AR A TAEAD
vo(p) = sup Eﬁ[/ e "y, ds} > sup Ep[/ e "y, ds] > sup Eﬁ[/ e "y, ds] (A.7)
720 t T>t'—¢ t >t —¢ t
(t'—e)NEAD TAEAD
= Eﬁ / e—””S *Ys dS + sup Eﬁ |:/ 6_7"8 -~ Ys d$:|
0 T>t'—¢ t'—e

t'—¢ T
— /0 e " Ppo=p(§ > 5,m>5) ysds+ sup Eﬁ[/t e " Ppo=p(§ > 5, >5)ys ds]

>t —¢ /—g
t'—e
= [T Pagl€ 2 9 Pagln 2 ) s
0

+ sup Eﬁ[/t e " Ppo=p(§ >5) - Ppo=p(n > 5) - ys ds]

7>t —e '—g

t'—e T
= / e " Py(n>s)-ysds+ sup Eﬁ[/ e " Ppo=p(E >t —€) - Ppo—p(n =) - s ds}
0 t

7>t —¢ '—e
t'—e
= Ep,=p / e " ysds
0
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t—
=E; [/ ) e " y.ds
= Lpo=p . Ys

t'—e
> Epy=p [/ R R e e ) R A () (A-8)
0
TAN
= sup Eﬁop{/ e "y ds] = wvg(p) > 0. (A.9)
T>t'—¢ 0

The first weak inequality in follows from the imposition of a constraint that 7 be greater than ¢’ — «.
The second weak inequality in introduces probabilistic termination that takes place if s > £, where
¢ is distributed according to . Strict inequality follows from vy _(p) > vy_.(p) derived earlier.
The second equality in follows from the fact that ¢/ — e < ¢’ < #(p), i.e., imposing a restriction on
7 > t' — ¢ does not reduce expected value. Weak inequality follows the definition of vy(p) in (A.1) —
7 = 0 is feasible and generates value 0. Derivations - imply that vo(p) > vo(p). We can repeat
this argument for any ¢t € [0,¢ — ¢) and e. This implies v¢(p) > v¢(p) > 0 for any ¢ € [0,¢') implying that
it is strictly suboptimal for type p to stop prior to t'. ]

Lemma A.4. Suppose there exists t' < t(p) s.t. y+ # 0 on a set of positive Lebesque measure in [t', t(p)].
Then there ezists t € [t',1(p)) s.t. vz(p) > 0.

Proof. Since t < t(p) it implies that vs(p) > 0. Given p denote # = sup{t € [t',t(p)) : wv(p) > O}. If
t =t', it implies that v;(p) = 0 for all ¢ € [75, f(p)]. Differentiating v;(p) with respect to ¢ obtain that y, = 0

almost everywhere on [f, f(p)] which contradicts the assumption of the Lemma. O

Proof of Proposition

The only distinction between Propositions [1| and |2|is that the intermediary’s optimal retention rule solves
a real option problem. We first characterize the intermediary’s churning decision assuming clients keep
their beliefs constant and then show how the implied stopping sets T (po, ) can then be used to construct

the equilibrium churning rule.

Stopping set T (Po,1). The intermediary’s expected value at time ¢ from employing the agent of ex-ante
ability pg while the clients believe that the average employed agent is ¢; = Q¢(!) and the agent who leaves

the intermediary has ex-ante type [, i.e., ky = m(1) is

Vi(po, 1) < supEﬁo,Kn[ / e " [A(Qs(1) - &) — wr (ms(Bo) - sy ms(1) - &) ds + e 7TV V| (A.10)
T t

A6



where & = 1{n >t} and V is the outside option of the intermediary. Since we take [ as constant, it
follows from that dC(po) = wr(m(po) - &, (1) - &) dt, i.e., the lowest retention compensation is the
agent’s reservation wage. The intermediary optimally chooses a stopping time 7 when to let the agent go.
Since Q¢(ly) - & = m(ly) - & = 0 for t > n, the intermediary finds it unprofitable to retain the agent for
t > n, implying that 7 < n without loss.

Function V;(po,l) is weakly increasing in py since (i) the reservation wage wgr(p, k) is weakly decreasing
in p and () the intermediary can attain the payoff corresponding to a lower ex-ante type p, < po by
choosing a mixed-strategy stopping rule 7 that would mimic the arrival of a Poisson shock — the argument

we formalized in Lemma [A_T] above. Define
- def -
T (po,l) = {t <n: Vi(po,l) =V} (A.11)

as the set of times ¢ when conditional on having reached time ¢, it is weakly optimal for the intermediary
to let the agent go along the path of good performance. Weak monotonicity of V;(po,!) in pp implies that
T (pg, 1) € T (po, 1) for all p, > po.

Lemma A.5. Consider a weakly increasing continuous process | = (lt)¢>0 s.t. dly = 0 for every t ¢

T (po,l¢). Then for any stopping time T € |t, n]ﬂ
Vi(fos i) = Egos U; e A(Qu(l)) — wilmo(Bo), (1) = V| - Us ¢ T (o, )b ds| + V. (A12)

where (A.12) holds with equality if V:(po,l:) =V or T =n.

Proof. 1t is without loss to prove (A.12)) for ¢ = 0. Applying the standard martingale argument and Ito’s
lemma to (A.10) at s ¢ T (po,!), obtain that for s < n the continuation value Vy(py,[) satisfies

rVi(o, 1) = A(Qs(1)) = wr (ms(Bo), ms(1) + Vi(Bo, 1) + A(L = ms(0)) - (V = Vi (o, 1)) - (A.13)

Define process Z = (Zs)s>0 as

2. [T AQuM) — wnlm ) my (1) = V] o £ T (o)} dy

e [V, (Bos ly) — V] - 1{y < n} .

(A.14)

Applying Ito’s lemma to (A.14) for s € T (po,ls) N [0,7), substituting Vi (fo,!) from (A.13) and using the

!Note that in the definition of [A.10]), process [ is taken as constant, whereas the integrand in the right-hand side of (A.12)
depends on the dynamics of process .
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fact that dl; = 0 for s ¢ T (po,ls), obtain

e - dZs = [A(Qs(ls)) — wr (ms(Po), ws(1))] ds — rVi(Po, ls) ds + [V — Vi(po, 1s)] dN?
+ [rVs(Po, Is) — A1 — 7s(Po)) - (V = Vi(Po, ls)) + wr(ms(Po), ms(ls)) — A(Qs(ls))] ds
= [V = Va(po. Ls)] - [N — X (1 — m(po)) ds]. (A.15)

It follows from (A.15) that Es_[dZs] = 0 for s ¢ T (po, ls). For t € T (po,ls) or s > n we have Vs(po,ls) =V
which implies from (A.14]) that dZ; = 0. Consequently, E;_[dZs] = 0 Vt. As long as e ?*A(ms(p) is
bounded in s for some p < 7, (A.14) implies that Z is an L! martingale. Optional stopping theorem

Zy = Ep, [Z:] can be written for 7 <7 as
Vo(po,l) =V =E [/{;T e " [A(Qs(ls)) — wr(ms(Po), ms(ls)) — V] 1{s ¢ T (po,ls)}ds + e~ "™ [Vi(po, 1) — V]
<E [/OT e " [A(Qs(1s)) — wr(ms(Po), ms(ls)) — rV] - 1{s & T (Po, 1s)} ds| - (A.16)

Inequality (A.16) follows from V- (po,l,) > V and it is satisfied with equality if V;(po,l;) =V or 7 >n. O

Lemma[A.6] shows that if it is optimal to let the agent go at ¢ > 0 along the path of good performance and

this agent leaves the industry, then it was optimal to let this agent go before time t.
Lemma A.6. Suppose t € T (po,1) such that U(mi(po), (1)) < L. Then [0,t] € T (po,1).

Proof. Suppose 3t € T (po,!) s.t. U(me(po), (1)) < L. Since U(p, k) is increasing in p and k, it follows
that U(ms(po), ms(1)) < L and wr(mws(po), 7s(l)) =rL Vs < t. Hence Vs <t

A(Qu1) — wr (w0, ma(D) — 1V L AQi1) — L -1V L0, (A17)

Inequality (i) in (A.17) follows from @Q(!) increasing in ¢t. Inequality (i) in (A.17)) is necessary for ¢t €
T (po,l) — otherwise the intermediary would strictly profitable to retain the agent at ¢.

Suppose, by contradiction, It < to <t s.t. (t1,t2) N T (po,l) = (. Tt follows from (A.13]) that

Vi, (Po.1) = V = Egy,<n { / ") [4(Qu (1)) — wrms(fio) (1)) — V] 1{s & T (o, 1)} ds}

t1

=B [T AQuD) L= VI Y £ T (D} ds|

t1

<0 due to and (t1,t2)NT(po,l)=0
+ e Py (> 1) - [Vilo, 1) — V] < 0. (A.18)
—_——

=0 since t€T(po,l)
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Inequality (A.18)) contradicts the existence of (¢1,t2) such that (t1,t2) N'T (po,!) = 0. Vi(po,l) defined in
(A.13) is continuous and set T (po,!) is, hence, closed. Consequently, [0,t] € T (po, ). O

Hiring threshold. As on page 28 of the Print Appendix, denote

def .
pa “ int{p > p: Ulp,p) > L} (A.19)

to be the lowest skilled agent willing to open his own firm if clients perceive him accurately. Additionally,

define by [r the lowest agent who the intermediary is willing to retain for a positive amount of time:

R (1>p: 0eT@)}. (A.20)

Threshold [p is defined using stopping set notation T (/,1) to account for the intermediary’s optimal re-
tention rule, which may be complex given a general shape of A(m(p)). If A(m(p)) is concave in t, then

definition (A.20|) coincides with the definition of [ in of the Pring Appendix.

Consider an initial cutoff p4, which is the minimum between p4 and [r defined above:
Iy =min{pa, lr}. (A.21)

Definition (A.21)) is equivalent if A(m(p)) is weakly concave in ¢, in which case the optimal stopping
set T(1,1) ={t >t*(1)}.

Churning dynamics. Given initial [ in (A.21)) and ~;(l) defined in (26]), construct process I* = (I} );>0

forward via the differential equation
dif = [ (I7) /()] - 1t € T (7, 1)} dt. (A.22)

Denote by ¢ =l inf{t : [} = p} the time when [* reaches the top of the support of distribution F'(-).
Definition (A.22)) is a first-order differential equation pinning down a candidate process (I )¢>0.

Lemma A.7. Process I* defined via (A.21) and (A.22)) is differentiable and weakly increasing.

Proof. Process [* is differentiable by construction. The necessary first-order optimality condition for
t € T(,1) in is A(Q¢(1)) — wr(m(l),m(l)) — rV < 0 — otherwise it is strictly optimal for the
intermediary to retain the agent at time ¢. If [ = pa then it follows from the monotonicity of m(p) in ¢
that wr(m (1), m (1)) = A(m (1)) for each t > 0, implying that v;(I) > 0. If, alternatively, [ < pa, then it fol-
lows from Lemma[A.6| that U (m (1), m(1)) > L for t € T (,1) which implies that wr(m (1), m(1)) = A(m(1))
for t € T (I,1). Consequently, v;(I) > 0 for ¢t € T (,1). These arguments imply that the right-hand side of

(A.22)) is non-negative. O
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Given process [*, define a (churning) set T* = {t: t e T(l},l})}. By construction, T* can replace T (I}, [})

in (522)

Lemma A.8. Consider process I* defined by (A.21) and (A.22). Client beliefs ky = m¢ (1) and ¢ = Q(1})

and intermediary’s turnover strategy T and retention wages wy(po) defined as

7 =min{inf{t : po < and t € T}, n},

wt(po) = wr (me(Po), me(ly)) — 1 (ly) - 02U (me(po), me(17)) - L{t € T},

(A.23)

constitute a Perfect Bayesian Equilibrium.

Proof. 1t follows from and Lemma [l| that wage satisfies the agent’s retention constraint
with equality at every ¢. By construction, the intermediary retains all agents with ability p; > [j, implying
that ¢ = Ep¢|pe > If, Xi] = Qu(I}) - 1{t < n}. Continuity and monotonicity of process I* implies that
E [po|T =t] = I} or, equivalently, E [pi|r =¢] = k. Consequently, turnover time 7 in is Bayes-
consistent with client beliefs k; = m(If) and ¢; = Q.(l}). Applying Ito’s Lemma to the identity k; = m¢ (1))

and using (A.22)) obtain

dky = dmy(IF) = 70, (IF)dt + w(1F) - dIF = Ney(1 — ky)dt — kydN? + 3 (1) - 1{t € T*}. (A.24)

learning from performance  learning from churning

Suppose po < If and t ¢ T* < t ¢ T (If,l}). For t <, the intermediary’s flow profit is

[A(Q:(ly)) — wi(po) —rV]-1{t ¢ T, 1)}
=[A(Q:(l)) — wr(me(po), m:(I)) — V] - 1{t & T (po, 1)} (A.25)
+[A(Q:(l)) — wr(mi(Po), me (7)) — V] - 1{t € T (Po, 1) \ T (17, 1)}
<[AQ:(l;)) — wr(mi(po), me(ly)) —rV]- 1{t & T (Po, l;) } - (A.26)

Equality follows from T (I},1;) C T (po,lf) for po < I} which follows from the monotonicity of
Vi(po, 1) in po established earlier. Inequality follows from the necessary optimality condition that
for t € T (po, ;) it must be that A (Q:(l})) — wr (me(Po), m(lf)) < rV since, otherwise, the intermediary
would strictly benefit from retaining the agent at time t.

Suppose py < lf and t € T* < t € T (I},1}). By definition of [ in (A.21)), either U(l§, 1) > L, in which case
wr(ly, ) = A(lg), or 0 ¢ T (15,15). If 0 ¢ T (I5,15), then U(m(I5), (1)) > L for t € T (I§,1;) — if this was
not the case then Lemma proves that [0,¢] € T ({5, ;) which contradicts 0 ¢ T ({5, ;). Consequently,
wr(me(1§), (1)) = A(m(15)) for all t € T*. Since [} is weakly increasing, as we’ve shown in Lemma
it follows from the definition of the agent’s reservation wage that wg(m(po), m(l})) = A(m(lf)) vVt € T.

A.10



The intermediary’s flow profit for ¢ € T* N [0,7) is

(A(Q:(l7)) —wi(po) —rV) - It € T(I7,11)} =

* * 82U (ﬂt(ﬁ0)7ﬂt(lz{)) * 7%
(4@ — A~ rv) (1= PPN ety 0. (am
<0, turnover optimality teT(I},l}) ~ d

>0 due to po<ly and single-crossing

Inequality (|A.27)) follows from the necessary optimality condition for ¢t € T (If,[}) discussed above and the
fact that dLU(p, k) is increasing in p, as established in of the main text.

The intermediary’s maximum expected continuation value from employing the agent of ability pg < [ from

time ¢ < n onward is bounded by

Vi) ™ sup {5 | [0 14(Qu) — ) — V] as| +v | < (A.28)

T<n

fﬂ‘; Ez, [ /t " emrls=0) [A(Qs(13)) — wr(ms(Po), ms(IX) — V] - 1{s & T (po, 1)} ds] +V < Vilpo, 1), (A.29)

where wg(pg) is given by . Inequality follows from and . Inequality
follows from Lemma for po < If since di¥ = 0 for every s € [t,+o00) \ T (I%,1%) C [t, +00) \ T (po, I¥). It
follows that V;*(po) < Vi(po,lf) =V for t € T (po,l}) and po < I}, implying that it is weakly optimal for
the intermediary to let go of the agent py < If and ¢t € T (po, If).

For pg > I} we reverse the above argument to obtain that the intermediary’s expected continuation value
Vi*(po) = Vi(po, ), implying that it is weakly optimal for the intermediary to retain the agent of ability py >
I} whenever t ¢ T (po, 1) C T (Iy,lf). This argument implies that at po = I} we have V*(I}) > Vi(I},1}),
whereas and imply that V;* < Vi(I7,1). Consequently, it follows that V;*(If) = Vi(l},1}).
The latter equality is useful in generalizing the proof of equilibrium uniqueness (Observation [2)) below.
Since for py < I it follows that Vi*(po) < Vi(I},1;) it is weakly optimal to let go of type py agent if
Vi(lf, 1) = V, whereas if py > Iy, then V;*(po) > Vi(po,l;) and it is weakly optimal to retain this agent.
Consequently, turnover time 7, specified by , is incentive compatible for the intermediary given the
necessary and sufficient retention wage w;(pp) in . In particular, the above implies that it is optimal
to let go of agents pg < [ at ¢ = 0, i.e., not hire them to begin with. O

Promotion discontinuity. By continuity of the value function Vi(I},[f), it follows that T is closed.
Without loss, we focus on the first churning period and the subsequent quiet period. Denote t* to be the

start of the first churning period:

% int{t: Je> 0.t (tt+e)eT)
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Denote ¢ to be the start of the quiet period that follows the first churning period:

P it > ¢ Je >0 st (Ht+e) ¢ T).

The optimality of churning for ¢ € (t*, f) implies that v; (I;) > 0 defined in , as we’ve shown in Lemma
A7 If 45 (I;) > 0, it follows from and that there is a discrete reduction in turnover at the
transition from the churning to a quiet period occurring at time £. We have shown as part of the proof of
Lemma [A.6] that U(m (1), m(l§)) > L for t € T N (0, +00), implying that wg(m (o), m¢(lp+)) = A(me (=)
for pg > l;» and t > t*. For t € (f — ¢, f) the agent’s wage is given by . The increase in the agent’s
compensation at £ is, thus, equal to 7; (I;) - U (7; (Po) , 7 (17))-

Lemma below shows that v;(I;) > 0 for all, but a finite number of parameters A if the revenue function
A(+) is analytic. The intuition is that v;(I;) = 0 requires the pair (#,1;) to satisfy an over-determined system
comprised of the intermediary’s indifference over retaining the agent of type [; both locally at time t and
for the duration of the subsequent quiet period. Satisfying such an overdetermined system is infeasible for

generic parameters. This is true even before we were to impose an additional independent condition that

the state (Z,1;) needs to be reached from initial conditions via the dynamics specified by (A-21)) and (A-22).

Lemma A.9 (Promotion discontinuity). For any analytical revenue function A(-) such that et A(m(p))
is bounded for some p < r there exists at most a finite set of values X for which there exists (i, l;) such that

v:(l;) = 0 and (t —,t) C T and (£, +e)NT =0 for some £ > 0.

Proof. In what follows, we show that (f, ltf) must be a solution to an overdetermined system that is
degenerate for all but a finite number of learning intensities \. We refer to 7;(l;) = 0 as a continuous

promotion at time .

By definition of m(1) and @Q(l), the log-likelihood ratios of these beliefs is given by

In (%) ~In <6_Atl(1_l)> = M +1n <1l_l) , s
n(ram) = (e tam) = (o)

Given a belief p define function a(-) which maps belief p’s log-likelihood ratio In (1%;)) to revenue A(p):

a <ln <1fp>> —Ap) o  ay ™4 (1 iy) . (A.31)

If function A(-) is analytic, then function a(-) is a superposition of two analytic functions and is, hence,
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also analytic. It follows from (A.30)) and (A.31) that

A(m(l) =a (At +1In <1l_l>> . AQ() =a ()\t +1n <%>> . (A.32)

By definition of (1) in (26), the pair (f,1;) must satisfy A(Q;(l;)) — A(m;(l;)) = rV, which can be

a<Af+ln<%>>—a()\f+ln<1l_£l£>):rV. (A.33)

Next, we show that is must be the case that

d <)\~f+ln(%)>—a/ <A-f+ln<1l£l£)>:0. (A.34)

(i) Suppose, by contradiction,

a’ ()\.Hln(%))—a’ <A-£+ln<1l_flf)> <0,

which implies that Je; > 0 such that for every s € ( — e1,1)

(s (220 )Y (s (1)) 5 v

In this case (f— el,f) ¢ T (l;1;) implying that 3 e > 0 such that churning agents (I; —e2,1;) is

expressed as

strictly suboptimal prior to time ¢.

(ii) Suppose, by contradiction

o(rion ((20 ) o (reien () 2o

which implies that 3, > 0 such that for every s € (£, + 1)

(o (720 )Y (s (1)) = o

In this case, the intermediary’s profit from retaining the agent at time # is

min{t+e1,m} .
Eo=t; >t /t e AQs (1) — Alms () = rV]ds + V| >V,

which implies that 3e2 > 0 such that churning agents (I; — e2,(;) is strictly suboptimal before t.

The above two cases imply that t(A-34) must be satisfied at (Z,1;). Consider a supplementary (simplified)
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system of conditions:

als +2) —als) =1V, (A.35)
d(s+2)—d(s)=0.

Lemma A.10. If a(-) is analytic and bounded, then there exists at most a finite number of solutions (s, z)

to (533).

Proof. Suppose there is an infinite number of solutions to . Suppose, by contradiction, there exists a
sequence of solutions {(sy, zn)} to that admit a limit (sco, 200). Since a(-) is analytic, then (oo, 2o0)
satisfies the first two conditions of , but may fail the second order condition in the limit, even if all
solutions (s, z,) satisfy it. In what follows, we show that it must be the case that a9 (5o +200) = a9 (550)
for every 57 € N.

Consider (s, z,) and (Sp+1, 2n+1) satisfying . Suppose, without loss, that n is large enough so that
Sn + 2n > Spt1 and Spy1 + Zng1 > Sp. Since d/(sp) = d/(sp, + 2n) and d'(sp41) = @’ (Sp+1 + 2n+1), by the

intermediary function theorem, there exist continuous mappings, e.g., time changes
y1(-) 2 [0,1] = [sn), sl w2() ¢ [0,1] = [sn + 20, Sn1 + 2] (A.36)
such that y1(0) = sp, y1(1) = Snt1, ¥2(0) = Sp + 2n, Y2(1) = Spt1 + 2n+1, and for every z € [0, 1]
o (2() — (s () = 0. (A.37)

Since the above holds for all x € [0, 1], differentiating it with respect to s obtain

a"(y2(x)) - ya(x) — a"(y1(x)) - y1(x) = 0. (A.38)

Additionally, by construction, a(y2(x)) —a(y1(x)) = rV at £ = 0 and = = 1. Since the difference a(y2(z)) —
a(y1(x)) is equal to the same value at © = 0 and = = 1 it must contain a local maximum or minimum
over [0,1], implying that there exists & € [0,1] such that a/(y2(2) - v4(2) — o’ (11(Z) - ¥} (&) = 0. Note
that by construction a'(y2(x)) = a/(y1(z)) for z € [0, 1], implying that the former condition implies that
Y1 (&) = y5(&). Substituting it into obtain that a”(y2(2)) = a”(y1(&)). This argument, whilst
winded, implies that for a given (s,, z,) and (Sp+1, 2n+1) there exists §, def y1(Z) € [sn, Snt1] and Z such

that §+ 2 % y2(Z) € [Sn + 2n, Sn+1 + 2n+1] such that
a'(8p) = a' (3, + 2n) and a’(8,) = ad" (3, + 2n). (A.39)

Moreover, since (Sp, 2n) — (Soos 200) then (8p, 21) — (Soos 200). Repeating the above construction for higher

order derivatives, obtain that a(/)(sy) = a9 (55 + 200) for all j € N. Since function a(-) is analytic, it
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implies that a(s + zo0) — a(s) is constant and, from the first condition of (A.35)), is equal to rV. This,
however, contradicts the fact that A(-) and, consequently, a(-), is bounded since a(N - z) = N - a(z) = o©
as N — oo. Consequently, if there exists an infinite set of solutions to (A.35]), it cannot have a converging

subsequence.

By the above argument, if there exists an infinite sequence of solutions to , then there must be a
sequence of solutions {s}, 2"} such that either s}, — +o0o0 and/or z;; — +oo. If A(-) is bounded, which
corresponds to a(+00) being bounded, then the first equation in requires that a(s) < a(l) —rV,
requiring that any solution is uniformly bounded by a='(a(1) — rV). Consequently, it must be the case
that 2} — +oo while s}, — s’ . The second and third conditions would then require that a/(s%,) =0
and a”(s%,) < 0, implying a contradiction with monotonicity of a(-). Consequently, there can be, at most,

a finite number of solutions (8, 2) to (A.35]). O

Any solution (£,1;) to a system of equations (A-33)) and (A-34) corresponds to one of the finite number of

solutions (8§, 2) to (A.35)) via
- l;
n(——) =3
At + n(l_l£> 8,
Af+ln( o(lp) ) =5+
1= Qo(ly)

(20 Y () = )

Denote the interval [l},l}} as a convex set of solutions to (A.41)) given . Fix any [ e [l},l}}. The

(A.40)

E\U

Conditions (A.40|) imply

corresponding solution to (A.41)) is t = % . [é —1In (1l—l>] and [; = l.

By definition of £, it is the start of a quiet period. It follows from Lemma that, if a(-) is bounded,
then this quiet period is finite — denote by T the start of the next churning period. The local optimality
condition must then be satisfied at 7', which pins down one of the possible values of T. Consider

the set of solutions to

s(3) {s > S alS+2) —a(S) :rV}, (A.42)

where Z was defined earlier. By continuity of a(-), set S(§) is closed. Moreover, since (8, 2) is a locally
unique solution to (A.35)), it follows that infS(§) > 8. Consider a solution S € S(8) such that e > 0 such
that <§ — g, S) € S( ) Under such selection criterion, S is a locally unique solution to (A.42) I If Sis a

solution to (A.42)), then T' = 5 [S —1In (1 L l)] is a solution to (A.33) where [ € {ll, l2:| was chosen earlier.

For (f, T ) to be a quiet period, there must be a solution S satisfying the above restrictions.

The quiet period (f, T) is incentive compatible for the intermediary if she finds it weakly optimal to retain

2Such selection is without loss since, in what follows, the intermediary would be indifferent across such solutions and,
consequently, they generate identical expected continuation value.
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the agent of ability I; for every t € [5, T}, which can be written as

ZTeMLP+<1—Oe‘W] aXy+hn C%(0> —a(Mp+m<1ii>>—wW’dyZO(AA&

1—Q0(l

which must be satisfied with equality at ¢ = . Rewrite (A.43)) by substituting

tzl- s—In lA & s=A+1In lA
A 1—1 1—1

to obtain, using the definition of Z,
S T
/ e (1+e?)-(aly+2)—aly)—rV)dy=>0 (A.44)

with equality at s = §. The solution <§, Z, 5’) is locally unique and, importantly, independent of A. In
what follows, we prove that there can be, at most, a finite number of solutions in A to

G/ Y /S e 3 (1+e ) (aly+2) —aly) —rV) dy = 0. (A.45)
Function G(1/)) is a Laplace transform of a bounded continuous function (1 + e~ ¥)-(a(y + 2) — a(y) — rV)-
l{y € [§, S‘] } Consequently, G(1/A) is analytic for A > 0. Suppose there exists a converging sequence
{An}n>1 such that lim, oo A\, = Ao and G(1/Ay,) = 0. By continuity, it implies that G(1/A) = 0. Since
G(1/]) is differentiable for A > 0, the intermediate value theorem it follows that there exists AL € (A, Any1)
such that G'(1/\L) = 0. By construction, lim, . AL = A, implying that G’(1/As) = 0. We continue
this argument by induction, implying that G*)(\y) = 0 for every k € N. Since G(-) is analytic, it implies
that G(A\) = 0, which would imply that a(y + 2) — a(y) = rV for all y € [§, S’} This argument implies
that 3¢ > 0 such that any two solutions G(A) = G()\') = 0 satisfy |\ — A| > ¢, which implies at most a

countable number of solutions.
The maximum arrival intensity A that satisfies (A.44)) for all s € [3, 5’] is bounded from above. Consider a

value § € [5, ] such that a (§ + 2) — a(j) — rV < 0. This value must exist for (A.44) to be satisfied with
equality at s = §. Then

>

A—00

S
lim [/ l.e*w.(1+e*y)-(a(y+z‘)—a(y)—rV) dy =a(j+2)—alf) —rV <0.

Consequently, there exists a A such that there does not exist a A > A for which (§, Z, 5’) is consistent with

a continuous promotion. Combined with the earlier derivation that any two solutions to G(1/A) = 0 must
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be at least an € away from each other implies that there is at most a finite number of values of A for which
(8,2, S ) is consistent with a continuous promotion at t. Combined with the fact that there is, at most, a
finite number of possible solutions (8, 2), then there is, at most, a finite set of values A which a continuous

promotion may take place. O

In addition to the general parameters for which a promotion requires a discontinuity, there is an additional,
independent requirement that we have not utilized due to its complexity. Specifically, if there is a continuous
promotion at ¢ then the pair (%, l;) must be reached via from the initial condition ¢ = 0 and Iy = k.
Consequently, even if we were to take one of the finite learning intensity parameters A for which (f, I,T )
is consistent with a continuous promotion, it would require a simultaneous condition that such a history
is reached along the equilibrium path. Consequently, for general revenue functions A(-) and distribution

functions F'(-), a transition from a churning to a quiet period features a promotion discontinuity.

Proof of Observation (1| (hiring threshold comparative statics)

We have shown the ranking of the intermediary’s hiring threshold [; and the agent’s autarky entry threshold

la. In what follows we complete the proof of Observation |I| by establishing the comparative statics of ;).
Consider the equilibrium characterized by Proposition 2} with Proposition[l|being a special case for A(m(p))
being concave in ¢t. The ex-ante type [; = min{pa, [r} defined by is the lowest skilled agent hired
by the intermediary, where p4 was defined in and lp in .

Lemma A.11 (pa properties). Threshold pa is weakly increasing in the agent’s outside option L, weakly

decreasing in the informativeness X\, and is independent of the intermediary’s outside option V.

Proof. It follows directly from the definition of p4 = inf{p > p: U(p,p) > L} that pa is weakly increasing
in L and is independent of V. Suppose ps > p, implying that U(pa,pa) = L.

Consider a higher arrival rate A> Bayes rule implies that the Bayesian posterior from observing good

performance given the higher informativeness A is

o def . ; P P
) L P(0=11po=pn>tA) = _ — — o (p).  (A.46
) ( o= b ) p+—p)-e ™M pt(1-p) e VA pap@) - (A40)

Denote by U (p, k) to be the agent’s expected payoff from opening his firm and operating it until the arrival
7 ~ Exp (5\(1 - 0)):

7l

U@, k) < Eﬁ[/oﬁ e A (7u(K)) — L] dt} +L= E,,UO et [A <7rt_5\/)\(k)) - TL} dt} 4L
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The expected value to opening own firm given the higher arrival rate A under the original belief p4 defined

in (A19) is

U(pa,pa) — L =E 0067”' pat+(1—pa)e™)-[A Tsa(k) ) —rL| dt
0

A
E[/ e "
0

{/000 oS . (pA +(1—pa)- 6—AS) [A(ms(k)) — rL] ds} (A.47)

po%

T (pat (1=pa) ) (Al (k) - ) ds]

-[U(pa,pa) — L] = 0. (A.48)

v
301 > 30 > > >
=

Inequality (A.47) follows from the fact that the integrand in (A.47)) is increasing, and a reduction in
discounting increases this expected value. Inequality (A.48)) follows from the definition of p4. The ranking

of U(pA,pA) > L whenever U(pa,pa) > L implies that py L int {p >p: U(p,p) > L} < pa. d

Comparative statics with respect to L and V. If [ = [g < pa then it follows from the proof
of Lemma (as part of the proof of equilibrium uniqueness in Observation [2[ below) that V(lo,lo)
is increasing in lgp at lp = Igp < p4. As can be seen from , V(lp,lp) — V is weakly decreasing in
the intermediary’s outside option V' and the agent’s outside option L. Consequently, differentiating the
indifference condition V' (lp,lp) — V = 0 obtain that [y is weakly increasing in V' and L whenever I < pa.
It Ij = pa < g, then it follows from Lemma that [ is weakly increasing in L and independent of V.
Combining the two cases obtain that [fj = min{lr,pa} is weakly increasing in the intermediary’s outside

option V' and the agent’s outside option L.

Comparative static with respect to A\. If I > pa then [j = p4 and Lemma [A. 11| shows that py it is

decreasing in A. Consider the remaining case when lp < pa. Bayes rule implies that

Q) Z E [Bo 150 = 1 An > ] = 7(Qo(0) = 7,55 (Qo(1) = @541 (A.49)

The expected payoff of hiring the lowest skilled agent of ability Iy = [r under the arrival rate \is

supE /0 Tt [4(Qult0)) — o (72(10). i) — V] dt}
e /OTAn e [4(Quajp0)) = dom (732 10) 750 10)) = V] dt}
>supE /O e P(r s ) - [A (QM /A(zo)) —wp (m ROER /A(zo)) - rv} dt] (A.50)

:SEPE :/OT et (lo + (1 —1o) - 6_5‘t> . [A (Qt~5\/)\(lo)) — WR (ﬂt.j\/A(lo),Wt‘j\/)\(lﬂ)) - TV} dt}

DY
s=t-5

> >

T

.supE [/OT TR (zo (11 6_)‘S> A Qs (o)) — wr (ms(lo), ms(lo)) — V] ds}
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== .supE [/TM TR [A(Qs(lo)) — wr (ms(lo), ms(lg)) — rV] ds] (A.51)
0

T

>

>l > 3| >

-supE [/Mn e+ [A(Qs(lo)) —wr (ms(lo), 7s(lo)) — V] db‘] : (A.52)
0

T

Inequality follows from Lemma which implies that the agent’s reservation wage wg(p, k) under
arrival rate \ is weakly lower than his reservation wage wg(p, k) under arrival rate . Inequality
follows from the argument, very similar to Lemma that the intermediary can use mixed-strategy
stopping rules to replicate discount rate r when faced with the discount rate r - % < r. The above argument
highlights that if it is strictly optimal for the intermediary to hire agent [y under arrival intensity A, then
it is strictly optimal to hire this agent under arrival intensity . It follows that the lowest skilled agent Ir

the intermediary is willing to retain for a positive amount of time under informativeness ) is lower than

lR.

Proof of Observation [2| (generalization to non-concave A(m:(p)))

The following generalizes the proof of Observation [2] from the print appendix to general revenue functions
A(-). This generalization relies on the proof and notation of Proposition [2l Lemmas [3| and [4] established
in the Print Appendix, do not rely on concavity of A(m(p)) in ¢ and, consequently, hold in the context of
Proposition 2l We thus, only need to establish uniqueness for separating equilibria satisfying .

Lemma generalizes Lemma [5[ for when A(m(p)) is not concave in ¢.
Lemma A.12 (Threshold p*). The hiring threshold p* is necessarily equal to l§ defined by (A.21)).

Proof. Denote by Vy(po;lp) to be the intermediary’s expected value from hiring the agent of ex-ante type
Po given the lowest hired agent is of type l:

V(po; lo) = sup Ep, [/OT e " Ag) —rV)dt + e U (w7 (Po), w1 (1)) — U*(Bo, lo) + V' |. (A.53)
T<n

If V(Io; lp) > V and ly > p then, by continuity, 3¢ > 0s.t. Vo(lo—e;lo) > V, implying that the intermediary
would find it strictly optimal to hire the agent of ability Iy — ¢, which would contradict an interior hiring
threshold ly. Consequently, V (lp;lo) =V if Iy > p.

Suppose, by contradiction, Iy > pa, where ps was defined in (A.19)). Bayes consistency requires that
clients assign belief E [po|po < lo] < lp to agents not hired by the intermediary. There exists € > 0 s.t.
U(lp—e,lo) > U*(lp — e,E [po|po < lp]). It follows from that 3¢, > 0 s.t. the intermediary would
find it strictly beneficial to hire and employ the agent of ex-ante ability lyp — ¢ until time ¢. along the path
of good performance. This contradicts the fact that U*(ly,lp) > L, implying that Iy < p4.
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Suppose lp < pa. Lemma combined with the minimal retention compensation dCy(po) decreasing in po,
implies that V' (po; lo) is weakly increasing in pg due to the possibility of using mixed termination strategies
in (A.53)). Since U(lo,lo) < L, it follows from Lemma [3|in the print Appendix that £(ly) > 0, defined in
the Print Appendix in the paragraph that follows equation . Given the separating belief condition
derived in Lemma [4] of the Print Appendix, the local optimality condition requires A(Q;(lo)) — A(m:(lo)) =
rV at t = t(lp). Differentiating with respect to Iy at pg = lp obtain

t(lo)An S
DoV (lo; lo) = By [ / e A (Qu(l0)) Q) (o) dt + /( | e~ A (m, (1)) (lo) dt | > 0.
0 t(lo)An

The above arguments imply that if U(ly,ly) < L then V(po;lp) is locally increasing in py and Iy, implying
that dillOV(lo; lo) > 0 whenever U(ly,ly) < L. Consequently, there exists at most one solution to V' (lp;lp) =
V for U(lp,lo) < L. If such a solution does not exist, it implies that V(p,p) > V, which coincides with
(A-21) whenever 0 ¢ T (p,p). If a solution V(lp;lp) = V does exist, then it follows from V (fo;po) > V
for po > lp that lp = inf{po > p: 0 & T (Po,po)}. Consequently, threshold ly satisfies and is, thus,

uniquely determined. O

Lemma proves that the equilibrium process (I¢)¢>0 must be absolutely continuous and almost every-

where continuously differentiable — a fact we use in the final step of the proof of Observation

Lemma A.13. An equilibrium belief process (I)i>0 must be absolutely continuous and almost everywhere

differentiable.

Proof. 1t follows from the proof of Lemmathat the equilibrium process (I;)>0 is continuous. The minimal
compensation process C(pg) satisfies . The intermediary’s expected value at time ¢, conditional on

t < n, from optimally choosing when to let go of the agent is given by

Vi(po) < Sup Eo < { /t el (A(Qs(ls)) = rV)ds + V4 e U (e (Bo), w7 (1)) — U (me(Bo) me(le)|,
TN

It follows from Lemma and 3| and that U(m(l5), m(l5)) > L for any ¢ > t(l5). Consequently,
U (m(po), mi(le)) = U(me(po), me(le)) for ¢ = £(15).

It follows from the separating belief condition that belief I; satisfies ¢ € [£(ly),T(l;)] so long as ¢t > t(lo).
If t <t(ly) then Je > 0 s.t. t(ly) + € < £(l;). Belief condition then requires Iy = I3, i.e., dlgy = 0, for all
s € [t,t 4+ €). Consider the remaining case t = t(l;). For V;(l;) = V it must be the case that it is weakly

suboptimal to retain the agent until time ¢’ > ¢:

t'An ,
02> Epo=iy t<y [/ e TN AQs (L)) — 7V)ds + e NI U (s (o), s () — U (e (Bo), me (1)
t
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= By, i< [/t " mrio- [A(Qs (1)) = 7V = Alms (W) ds + ™" U (e (1), o (1) = U (s (1), W(lt))]]

Given the inequality above, the upper derivative as t' | t of the right-hand side expression is bounded

above by
0> A(Qi(ly) — 1V — A(m(le)) + (1) - OoU (me(ly), (L)) - Timyryy [H]
[l =l _ vV + Alm(ly) — A(Qe(lr))  vely)
= e [ vt } = ) 0U (mll) mll) i) (859

where the last inequality in (A.54)) follows from the definition of ;(l) in . Suppose the upper bound
inequality in (|A.54)) is strict. A similar argument applied to the optimality of retaining the agent of ability

Po = I from time ' until time ¢ € T!(I;) is

I — lt’:| o TV A+ Ami(l) = A(Qi(le) _ ve(le)

t—¢ (L) - RU (m(l), me(l)) 7 (L)’ (A.55)

Inequality (A.54) at ¢t = ¢(l;) and the fact that dl; = 0 for ¢t < £(l;), coupled with the assumption that I
is weakly increasing, imply that process [ is absolutely continuous at ¢. Since [ is weakly increasing, it is
differentiable almost everywhere, and since it is absolutely continuous, it can be expressed as the integral

of its derivative [y = fot I; dt. Tt then follows from (A.54) and (A.55) that [, = z’i% at t = t(ly). O

Lemma A.14. The equilibrium constructed in Proposition is unique: belief | = (I;)i>0 satisfies (A.21])

and (A.22).

Proof. Lemma proves that [y is uniquely pinned down by (A.21)), ie., lp = [§. Lemma shows

that the equilibrium process | = (l¢)¢>0 is absolutely continuous and differentiable almost everywhere. If [

is differentiable then, for t < 7, can be written as
dCt(ﬁo) = wR(Tl't(ﬁo), Ft(lt)) dt — ﬂé(lt) . 82U*(7Tt(ﬁ0), Wt(lt)) dlt. (A.56)

Substitute in using and take the first-order condition with respect to ¢ to obtain that
vt € T!(po), where T! (o) was defined in of the Print Appendix,

A(Qt(lt)) —rV — A(ﬂt(lt)) + it : ﬂé(lt) . 82U*(7rt(150), Wt(lt)) =0. (A57)

Denote Vi(po) to be the intermediary’s continuation value at time ¢ given client beliefs (I;)¢>0:

de T —r(s— ~ —rT
=) sngﬁO,Kn{ /t e (A(Q, (1)) ds — dCs(po)) ds + e~ - V| .
TN

Vi(Po)
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We argue in the paragraph following of the Print Appendix and the proof of Lemma i.e., inequalities
- , continuation value V;(pg) is weakly increasing in pyg. Global optimality of letting go of the
agent of type pg at time ¢ requires that, in addition to the first-order condition , the intermediary’s
continuation value at time t is simply equal to V, i.e., T! (o) C {t : Vi(Po) = V} C {t : Vi(po,ls) = V'},
where the latter set inclusion follows from V;(pg) > Vi(po, l¢), where the latter was defined in , since
l; is weakly increasing.

Suppose Iy > Iy and V;(l;) > V. Tt follows from the separating belief condition that Vi(po) > Vs(ly) >V
for all s € [0,t] C [0,t(l;+)) for pg > l;. Moreover, the separating belief condition implies that t(l;) < t.
Consequently, 3¢ > 0 s.t. t(l;+) >t+e >t —e > t(l;). Condition then implies that [, = 0 for all
t € (t—e,t+¢) for e sufficiently low.

Suppose l; > ly and Vi(l;) = V. The separating property of [; in implies that ¢(l;) <t < t(l;). This
implies that, from an ex-ante perspective, the intermediary is indifferent between letting the agent of type
Po = l; go at time ¢ and #(l;), implying that ¢ € T!(l;). Consequently, the local optimality condition (44))
must then be satisfied at t.

The two cases above imply that

=2 vy = vy < 29 e = vy, (A.58)

i (It) = m(le)

2

where the inequality follows from 1{V;(l;) =V} < 1{Vi(l;,l;) =V} and the fact that v(l;) > 0 is a

necessary condition for Vi(l;,1;) = V.

For a given ¢ and [, consider process [y s.t. [y = I, for every s < t and for every s > t it is given by (A.24)),

= e i) 12 0)) 400 () =),

It follows from (A.58) that l; > [, whenever [, = ls, it follows that [s > 1 for s > t. Note by Vt(ﬁo) as

rewritten here as

the continuation value of the intermediary given process [ — it is defined identically to Vi(po) defined for
process [. Since Iy = l; and I5 > I, it follows that Vt(ﬁo) > Vi(po). At the same time, since [ satisfies ,
it follows from the proof of Lemma i.e., equations , and two subsequent paragraphs, that
Vi(ly) = Vi(Is, 1y). Consequently, Vi(ls,1;) < Vi(ly) < Vi(ly) = Vi(ls, 1y), implying that V;(l;) = Vi(ls,1;). This
implies that the inequality in is satisfied with equality and, consequently, process [ satisfies
subject to the initial condition and must, thus, coincide with [*. O

Proof of Corollary [2| (quiet period comparative statics)

Consider an arrival intensity A\ > \. The posterior belief about ex-ante type po = p given good performance

up to time ¢ under the higher informativeness \ is given by #;(p) defined in (A.46). Similarly, the posterior
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average about types o > p given higher informativeness \ is given by Qt(p) defined in (A.49). If the
agent’s outside option L = 0 then, since A(-) > 0, it follows that p4 = p and, consequently, [§ = p, for

both arrival rates \ and \.

Define by ¢* the first time such that the intermediary breaks even when employing the agent py = Iy = p,

given arrival intensity A

# % inf {t >0: A (Qt(z@) — AR (1)) < rv}
—inf {t>0: A(Q5,1) — A(m3,0) <7V}

dnf{s>0:  A(QsIL) — A(ms(I5)) < V=2 5 <t

>

> >
>

Consequently, the length of the quiet period * under arrival intensity A > ), is equal to % <t

Consider distribution F(-) dominates distribution F(-) in the Blackwell informativeness sense, i.e., that
private prior ﬁg under distribution £ () is a mean-preserving spread of the private prior pg under distribution
F(-). Mean preservation implies that E [ﬁo} = E [po], while the mean-preserving spread implies that the
values of ﬁo are more spread out compared to the values of pg. In particular, the lower bound of the support

of distribution F(-) must be lower than that of distribution F(-), formally captured as

@d;finf{pZO: F(p)>0}§inf{p20: F(p)>0}d;fg.

The following inequality then shows that the quiet period length #* is longer under distribution F ()
compared to the quiet period length t* under the original distribution F'(-):

tr={t>0: AmEPR))-A(m @) <rV}>{t>0: A(m(E]p))—A(m(p) <rV}=t"

Proof of Corollary [3| (profitable exits)

At the time when the agent of posterior ability p; = k; is let go, the agent’s wage, while working for the
intermediary, is given by . The compensation increase for the departing agent p, = k; is equal to

Yt - OoU (i, ki) = vV — A(Qu(ly)) + A(me(1f))- (A.59)

Differentiating (A.59)) with respect to t obtain

O 00U (kb)) = A1) - [mi09) -+ 1 01)] — A(@Qu)) - [@40) - I + Q)

= [ ) - ) = Q) - QU] - B + A () - i) — A/Qul)) - QulEp)

A.23



> [A'(Wt(lf))'ﬂi(l?) — A(Qu(I)) - m(Qo(I))) - Qo (1) | - 17 (A.60)
Inequality (A.60) follows from weak concavity of A(m(p)) in ¢ for p > p, which manifests as
Al(me(1F)) - (1) = A'(Qe(1f)) - Qllf). (A.61)

Differentiating m¢(p) with respect to p obtain

1—e M 1—e M _ _ 1—p)-e X |
- T ey A ) = B )

!/

Note that Q;(1) = m:(Qo(1)) and, consequently, Q;(I) = 7+(Qo(1)). Substituting 7;(p) from (A.62) into the
concavity condition ([A.61]) obtain the bound on mj(-):

®(1 _J*) . e—At * B A e—)\t
A (i) TEZI T gy > a(Quip)) - QU= QollD))

- (Qo(17))

1—e M 1 — e Xt
F(1=10) i (1F)
ANQuI)) < A'(m (1)) - ! ¢ P 1\ 7S A.62
(@) = AU Ui T Qo) @) 462
If Qo(lf) < 1 then the right hand side (A.62]) is bounded. Substituting (A.62]) into (A.60) obtain
L0 (k)] > A1) - 1) -~y [1= O] (aes)
qt 't ORT NI L = AT ) ) e Qo(ly)(1 — Qo(1})) v '
The necessary condition for the right hand side of (A.63) to be positive is
D1 —Qo(l
QL) < Qo 321 _gO( ) wie p, - (A.64)

A sufficient condition for (A.64) to be satisfied is for In [1?%(;21)} —1In [ﬁ} to be decreasing in [.

Suppose that pg ~ U [}3, ]7], ie., F(p) = P72 Then Qo(l) = % -(I4+7p) and (A.64) is always satisfied, as can
be seen fromf’]
1_(+p)-2-1-D)

3 < ) Vi€ [p,p]. (A.65)

As the inequality (A.65)) is strict, it implies that it is satisfied for a density function f(p) that is sufficiently

close to %, which can be captured by a sufficiently low Lipschitz constant of f(-).

3The right-hand side of the inequality is a downward facing parabola in p. The inequality is satisfied at 5 =1 and p = 1,
implying that it is satisfied for intermediate values as well.
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Intermediary’s Endogenous Outside Option V: Uniqueness and Proper-

ties

The intermediary’s equilibrium expected value satisfies
V = max {E [/ e [Algy) — we(py) — V] dt + V} -1, 0} =max{G(V)—-1+V, 0}, (A.66)
0

where G(V) is defined by (14). If V' > 0, this necessarily requires that G(V) = I. However, if the

replacement cost [ is so large that hiring a new agent is unprofitable, then V = 0, which is captured by

the max operator in ([A.66]).
Lemma A.15 (Unique fixed point). Suppose I > 0. The solution to (A.66|) is unique if X is sufficiently

low.

Proof. Suppose A = 0. If A(qo) — max{A(ko), rL} — rV > 0, then the intermediary employs this agent in
perpetuity, generating the expected value G(V') in equal to

rG(V) = A(qo) — max{rL, A(ko)} —rV if  A(qo) — max{rL, A(ky)} —rV > 0. (A.67)

The expected value of the agent is given by U(p, k) = A(k)/r and is independent of his private type p. The
marginal value of reputation is, consequently, constant in private type p and equal to 92U (p, k) = A’(k)/r.
If A(qo) — max{rL, A(ko)} —rV < 0, then, once churning begins, the intermediary is indifferent between
retaining all agents and letting them go. Consequently, the intermediary’s net profit from employing every
agent is 0. Consequently, if A = 0, then the expected gain G(V') from employing an agent is given in closed
form as

Cro(V) = i max{A(qo) — max{rL, A(ko)} —rV, 0]. (A.68)

Function Gy—¢(V) in is strictly decreasing for rV < A(qo) — max{rL, A(ko)} and equal to 0 for
rV > A(qo) — max{rL, A(ko)}. Consequently, if I > 0, then if a solution to G)\_O(V) = [ exists, then
it must be unique. The equilibrium we construct in Proposition I 2| satisfies and and is
continuous in A. Consequently, there exists a A(I) such that there exists a unique solution G(V) =1 for

any A < \(I). O

Figure illustrates that the intermediary’s equilibrium expected value V' (solid line) is increasing in
both ex-ante informational asymmetry E [p] — p and its persistence 1/A. Define Vp(ff’ to be the fraction of

the intermediary’s expected profits arising from the agents paying to build a reputation

y % &t [ /0 " e LAk — wn()] dt] /E [ /O " et [Alqr) — wo()] dt (A.69)

intermediary profit from pay for reputation intermediary total profit
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(b) Equilibrium value V" and percentage of revenues ob-
tained from pay-for-reputation.

(a) Equilibrium value V' and percentage of revenues ob-
tained from pay-for-reputation. F'(-) ~ U[p, 1 — p]

Figure A.1: Comparative statics with respect to information asymmetry E[p] — p. For the
parameters considered, the intermediary hires all initial types, i.e., p = kg, and the churning

set is given by T = [t*,]. Parameters: A(p) = p, F(-) ~ U[0.25,0.75], r = 0.25, A\ = 0.5,
L=0,1=04

We see in Figure that V;Z’ (dashed line) exhibits a hump-shape pattern. There is very little churning
for extreme levels of asymmetry, and thus, VPZO is close to 0. Consequently, the fraction of the intermedi-
ary’s profits from the agents paying for reputation is maximized for intermediate levels of informational
asymmetry and persistence. Considering the equilibrium value of V', obtained in , is critical for these
insights. If one were to take V' as exogenous, then the fraction of profits obtained from paying for reputa-
tion would be decreasing in information asymmetry and persistence, as can be seen from the behavior of
ng in Figure which takes V' as exogenous in calculating .

If L =0, then, for numerical calculations it is convenient to express Vp% as

V% _ E[[y e - 0U(py, ke) dt]
R U()T e "t [A(q) — A(ke) + v - 02U (P, k)] dt]
B Jooem - (=F(l) - (g + (1 —qe) - e™™) -y - 02U (qr, ke) dt
et (L= F()) - (g4 (T—q0) - e) - [Algr) — Ake) + e - 02U (s, ke)] dt”

(A.70)

Proof of Observation 3| (independent signaling)

To simplify the derivations below, we assume, without loss, that L = 0. If L > 0, then agents of ability
Do < pa, defined in , will prefer leaving the industry rather than attempting to participate in the
signaling game. If p4 = p, we can include all agents in the argument below. Alternatively, if pa > p, then
we can effectively relabel the lowest initial type to be equal to pa in the signaling subgame below and

consider an alternative revenue function A(p) = A(p) —rL, which factors out the agent’s opportunity cost.
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For this reasons, it is without loss to conduct the proof of Observation [3] under the assumption that L = 0.

Definition 1 (Perfect Bayesian Equilibrium of the Signaling Game). The equilibrium is a collection of

contracts o = {oy }y>0 € [0,1]° and client beliefs 11: [0,1]> — [p, 1] such that

(i) Contract optimality: the agent of type p chooses among contracts o* € A(p) that maximize his
expected payoff given beliefs I1(-):

A(p) Y argmax {/ e "t (15+ (1-p)- e‘”) coy - A (m(IH(w))) dt} .
« 0
(ii) Belief consistency: for each contract o chosen with positive probability by any agent, the client belief

II(«) is Bayes consistent and given by II(a) “l g (D] a(p) = al.

We allow the agent to commit to long-term contracts with each client in order to set up possible subgame
signaling as a static game. This allows us to discipline beliefs for contracts not offered in equilibrium using

the D1 refinement, e.g., Cho and Sobel (1990).

Definition 2 (Subgame Signaling D1 Belief Refinement). Consider the expected value H(p) obtained by
agent type p in equilibrium. For a contract o not offered in equilibrium compute 11! (o, p) such that the agent
of skill p is exactly indifferent between offering contract o and be perceived as I(«, p) and his equilibrium
payoff H(p) .

/0 e . (ﬁ—i— (I1-p)- e_/\t> s A (7rt (Hl(a,ﬁ))) dt = H(p).

The equilibrium beliefs I1(-) then satisfy the D1 belief refinement if belief II(«) for a contract « that is not
offered in equilibrium places 0 probability 0 on types p for which the indifference belief is not minimal, i.e.,

types for which I (o, p) > miny {HI(a,ﬁ)}.

The payoff of the agent is strictly increasing in the client’s belief for any fee structure « offered by the agent.
For this reason, it is sufficient to compare the indifference belief threshold Il (a, ) across types, rather
than ranking sets of beliefs. Following Cho and Sobel (1990) this implies that the D1 belief refinement
is equivalent to Independence of Never Weak Best Responses and Universal Divinity. In what follows,
we show that there is a unique Perfect Bayesian Equilibrium for the agent-client signaling game. This

equilibrium is separating in types and is the most efficient separating equilibrium.

We begin by establishing an auxiliary single-crossing result that is standard in security design.

Lemma A.16 (Single crossing). Consider two differentiable cumulative dividend processes Y and Y such
that dY; = yy dt and dY; = ;. Moreover, 3T > 0 s.t. yp > G for t <T and ys < ¢ for t > T. Suppose the
agent of ex-ante type pg = p is indifferent between cash flows y and y. Then

(i) every type p < p (p > p) weakly prefers dividend process Y to Y (Y toY);

A27



(ii) such preference is strict whenever y. # y; on a set of positive Lebesgue measure.

p+(1—p)e M

Proof. For p' < py function & —7 is decreasing in t as can be seen from the following simplification

Po+(1—p)-e
A-p)e™ 1oy AR e 1oy (X ok
po+ (L—po)-e M 1—po po+ (1 —po)-e M 1—po \po+(L—po)-e M

1—p po — 7' 1

- — | 1= I s > =Xt )
1—po 1—p po+ (1 —po)-e

The difference in expected values from cash flows y and 3 for type p’ < po is

P A=) ) pdi [ (g ) e
0

/ -t

P+ -p) e
p0+(1—]90) e

(
Z/OOO et (p’ +(1-9p)- G*M) (ye — 9¢) dt
(

(yr — 9¢) dt

—At

T / /
- o) P HA-p) e .
= . + (1 — . ). — — . — dt
/o ‘ (po (1=Po)-e po+ (1 —po) - e %/—/(yt 0)

oe] / /
—rt (= - pP+(I-p)-e

+ e’"”( +(1- ‘e”>-~ =
/ o+ (1= o) Po+ (1 —po) - e~

/ _e—AT .
L =gy di

@ P+ (1-p
< e T (Po 4+ (1 —p LeTAt) . — —
_/0 (po (1 —po) ) bot (1—f0) ¢

00 / / —\T
_ _ _ _ P+(1=p)-e .
+/‘em(m+“_myeﬂ‘m+u—%yew'@_%mt

: / e (250 + (1 —po) - €_At) (yt — ge) dt = 0.
0

p'+(1—p)e
po+(1—po)-e At

the negative (positive) cash flow outcomes by a smaller (larger) number by evaluating it at time 7. We

Inequality () follows from the fact that function is decreasing in time t and we are multiplying

can also see that as long as y; # 7 on a set of positive Lebesgue measure, then inequality () is strict. The

p +(17p ) —At . . . ]

argument is reversed for p’ > p since function ot (1=pg)e—x¢ 1S increasing in this case.

Lemma A.17 (Indifference Belief). Suppose types p € [p1,p2] offer the same contract o = {at}i>0 €
Npelprpa]A(p) and are perceived as Il(a) in equilibrium. Consider an alternative contract & =l {at -
1{t > T}}s>0. Then the indifference belief 1! (&,p) < T (&,ps) for all p < pa with the inequality be-

ing strict whenever & # « on a set of positive Lebesgue measure.

Proof. Consider contract &. Since & < a, the indifference belief II7 (&, p2) required by type ps to be
indifferent is weakly higher that II(«). Consider the baseline consumption process C; = ay - A(m(II(v)))
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and the alternative consumption process C’t =da4- A (7’['75 (HI (&, pg))). The compensation process C; > C’t
for t <T and C; < C, for t > T. This implies that compensation processes C' and C satisfy Lemma
and types p < p weakly prefer contract o and belief II(a) over contract & and belief I/ (&, p2). This implies
that the indifference belief TI(&, p) > IIZ (&, p2) for all § < po.

Whenever ¢; < a; on a set of positive Lebesgue measure, it follows that IT7 (&, p2) > TI(«) as type po will
require a strictly higher belief following time 7" to forgo compensation during time [0, 7]. This implies that
C # C on a set of positive measure, and, following Lemma it implies that types p < pg strictly prefer
contract o and belief II(a) to contract & and belief II7(&, p2). This, in turn, implies that type § < po

requires a strictly higher belief TI/ (&, p) > TI/ (&, p2) to be indifferent between offering contracts & and
Q. [

Lemma A.18 (Unique Separating Equilibrium). Every Perfect Bayesian Equilibrium of the subgame that

satisfies the D1 belief refinement must be separating in types.

Proof. Suppose there exists a pooling equilibrium in which types p; and ps choose the same contract a.
The weak convexity of H(p) implies that contract of is weakly optimal for all types p € [p1,p2]. Pooling
on contract a implies that II(a) € (p1, p2). Define # “f inf {t: oy > 0}. Right continuity of o; implies that
a; = 0 for all t < ¢ and there exists an € > 0 such that a; > 0 for ¢ € (f,f—i— 5).

Consider a deviation contract a” = {a; - 1{t > T} };>¢ for T € (£, +¢). We aim to show that there exists

an interval (f,f + 6*) - (f, t+ 5) such that contracts a’ for T' € (t1,t2) are not offered in equilibrium.

(i) Ruling out types [p,p1]. Contract a® is strictly suboptimal for types p < p; along the equilibrium
path since by choosing contract o they get more revenue from clients and are perceived as at least

type p1. Hence contract o is not used in equilibrium by types p < pi.

(ii) Ruling out types [p2,p]. There also exists a & > 0 such that contracts o for T € [f, + £] are not
offered in equilibrium by types p > py. If this was not the case, then then types [p1, p2] would deviate
to a contract o’ for T sufficiently close to , and thus sacrifice very little fees, but be perceived as
type II(a”) > py. These arguments imply that there exists a an interval of times (¢, + ¢) such that
contracts o for T € (f, + é) are not used in equilibrium by types [p, p1] U [p2, D).

(iii) Ruling out types [p1,p2]. Suppose the set of times T for which contracts o are offered by types
[p1, p2] is dense in (£, + ). Optimality implies that all types [p1, p2] must be indifferent in offering
contracts a” for T € T. This leads to a contradiction since oy > 0 for t € (£,14¢) meaning that there
does not exist a belief mapping II(«) that preserves indifference for all types [p1,p2]. This implies

that there exists an interval (£, +*) C (f,1 +£) such that contract a” is not offered in equilibrium.

Contracts o for t € (,f + &*) are not offered in equilibrium. Lemma implies that the indifference

belief II(a”,p) is strictly decreasing in § over p € [p1,p2]. Moreover, since contract a’ is suboptimal
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for types p < p1, it follows that II(a®,p) > II(a®,p1) for p € [p,p1]. Consequently, the D1 equilibrium
refinement implies that the belief TI(a”) must put 0 weight on types below po, implying that IT(a®) > p.
This implies that type po can generate a strict improvement upon his equilibrium payoff by switching to
contract a’ for T sufficiently close to ¢ and being perceived as II(a”) > py > II(a). this contradicts

pooling by types [p1, p2] on contract a. O

Definition 3 (Deferred Compensation Equilibrium). Consider a family of contracts {a' }r>¢, defined as
d . A . ‘ ‘
af </ 1{t > T}. A deferred compensation equilibrium is one in which the agents only offer contracts from

the set {a® }r>q along the equilibrium path.

Lemma A.19. There exists a unique deferred compensation equilibrium that satisfies the D1 belief refine-

ment.

Proof. First, we characterize the unique deferred compensation equilibrium that has to satisfy the D1
belief refinement. Then we show that the constructed equilibrium indeed satisfies it, i.e., immune from

deviations to alternative contracts.

The candidate equilibrium is one in which the agent of initial skill  chooses contract a”® in which he
commits to forgo all of the wages for a period T'(p) and then collects the full value A(m(p)) of his services
for t > T'(p). The expected value to the agent of ability p from offering contract oT® and being perceived
as type p is

i) = | Z) e (5 + (L= 5) e ) - Almi(5) dt.

It follows from Lemma that every Perfect Bayesian Equilibrium must be separating in types. It must
be the case that T'(p) is continuous and increasing in p since either non-monotonicity, or discontinuities

would contradict the incentive compatibility of the separating equilibrium. The equilibrium is separating

as long as %—?H (p, D) , =0 The strict optimality of T'(p) then requires that

p=

p=p

~ /T K (5+ (0 =p)e™) AmE)mB) dt — (p+ (1= p)e ™D ) A (rr(p)) - T'(p) = 0.
iz

Combined with the boundary condition 7'(p) = 0, the above differential equation for T'(p) uniquely pins

down times T'(p) for p > p. This implies that there is at most one deferred compensation equilibrium that

satisfies the D1 refinement.

Now, we show that the deferred compensation equilibrium constructed above indeed satisfies the D1 belief
refinement. Consider an off-path contract a@ = (ay)¢>0 and refer to I17(a, p) as the indifference belief of

type p that makes them indifferent between contract a and the equilibrium contract a?®) in definition
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The indifference belief T (v, p) satisfies

o0 oo
/ et (]5 +(1-p)- e*M) oy Alm (I (o, p))] dt = / et (p +(1—p)- e*M) - A(mi(p)) dt.
0 T(p)
Given the strict convexity of the agent’s value function H(p) in the unique deferred compensation equilib-
rium satisfying the D1 refinement, it follows that arg min,, I’ (a, p) = p* is a singleton. Contract o leads to
the violation of the D1 belief refinement of the deferred compensation equilibrium if there exists a type p
that would benefit from offering contract oo and be perceived as type p*, rather than obtain his equilibrium

payoft, i.e.,

/0 e (p+=p)-e™) - A(mp) dt > / T et (p+(1=5)- ™) - Almi(p)) dt.

T(p)

Given the monotonicity of the agent’s payoff in client beliefs, the above inequality can be restated as

argminI1! (a, p) = p* > I (e, p*) = min 1! (o, ).
p p
Consider a deferred compensation contract &, defined by &; = Il{t > T} such that type p* is exactly
indifferent between & and « if he is perceived as I/ (a,p*). By construction, contract @& single crosses
contract a from below. Following Lemma it follows that II'(&,p) > II'(a,p) for p < p* and
(&, p) < I (a,p) for p > p*. This implies

argmin I (&, p) > arg min Il (o, p) = p* > T (a, p*) = min T (o, p) = T (&, p*) > min T (&, p).
p p p p
Consequently, if contract « violates the D1 equilibrium refinement, then the deferred compensation contract
& must also violate it. This, however, cannot be the case as the deferred compensation contract & is a
feasible deferred compensation contract that is either offered and chosen in equilibrium or is off-path,
meaning that it is dominated by the longest-deferred compensation contract, offered by the highest type

p. Consequently, there is a unique equilibrium. ]

Lemma A.20. The deferred compensation equilibrium Pareto dominates any other separating equilibrium

for the agents.

Proof. Consider an arbitrary separating equilibrium value function H (p,p). The first order condition is

For each p have



In a separating equilibrium it must be the case that a;(p) = 1, implying that H(p,p) = (]3 p). Suppose
there exists p > p such that H(p, p) = H(p,p). Then we will show that 2 wHO+ p+)| = fI( +,p+) with
the inequality being strict whenever dy(p) # 1{t > T(p)} for every ¢t > 0. BEquality H(p,p) = H(p,p) can

be written as i.e.,

HG.0) = [ e (o (- pe ) Al

o0 (A.71)
= [ (o (=) - 0ulp) - Alml) dt = i 5.5)

Following Lemma it follows that whenever a;(p) # 1{t > T'(p)} for all t > 0 then for all p < p

/°°e Y(p+ (1= )e™) - Alm(p)) dt < /Oooe Y(b+ (1= pe™) @) Alm(p)) dr. (AT2)

T(p)
The right derivative of the deferred equilibrium value function H(p,p) at p = p is

o0

SHGE Y = Hp )+ - HGp) = 2 Hotp) = [ e (12 ) Almp) dr

T(p)
=0

The right derivative at p of the candidate equilibrium is

d - 9. d 3 o " i i
dpr(p,p)zapr( )+8AH(p,p+) o (pp)=/0 e '(1_6A)'Oét(p)'A(ﬂt(p))dt-

<0

Then, the comparison becomes

GHED < [T (1) o) A a L [ e (1) A = GG )

T(p
where inequality (i) follows from combining (A.71)) and (A.72). O

Lemma A.21 (Unique D1 Equilibrium). The deferred compensation contract is the unique Perfect Bayesian

Equilibrium satisfying the D1 refinement.

Proof. Consider a candidate equilibrium value function H (p,p). For the family of contracts A(p) offered
in equilibrium by type p define times T(ﬁ) such that type p is exactly indifferent between offering contract

a(p) € A(p) and the deferred compensation contract aT®). Formally, T'(p) solves

[ e (e 0=me) ) A i = [ e (5 0= - Alml) e

T(p)

From Lemma |A.16|it follows that IT’ <off(15),p) > TI (a(p),p) = p for every p < p. This, in turn, implies
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that II (aT(p)> > p for every p € [p,1]. If it was ever the case that II <aT(p)) > p, it would contradict
the optimality of choosing «(p) over oT®) for type p. Hence it must be the case that II (aT(ﬁ)) = p for
every p € [p, 1]. Consequently, if contracts {A(p)},e[p,1) constitute an equilibrium with beliefs TI(-), then it
must be the case that o ® A(p) for each p € [p, 1]. Following Lemma the deferred compensation
equilibrium is unique, implying that the value function H (p, p) of our starting equilibrium has to coincide
with the value function of H(p, p) of the deferred compensation equilibrium. Consequently, A(p) = {a”®)}
for each p € [p,1]. O

Proof of Observation (4| (intermediary equilibrium with independent sig-

naling)

To simplify the derivations below, we assume, without loss, that L = 0. Similar to our argument in the
first paragraph of the proof of Observation |3 we assume, without loss, that L. = 0. To account for L > 0
we need only consider an initial truncation of types. Moreover, it follows from Lemma [3| that churned
agents prefer to stay in the industry and, consequently, in the subgame equilibria that take place after
the start of the churning period, the positive outside option L > 0 of the agent stops being binding. To
avoid the incremental notation associated with L > 0, we assume it is equal to 0 in the proof below, but
it can be directly extended, similar to how we do so in Section when generalizing the monotonicity

requirement for equilibrium uniqueness.

Denote the expected value to the agent of ability  from choosing deferred compensation contract o ®),
The expected on-path value to the agent of type p at the start of the deferred compensation equilibrium

is denoted by

H) Y HG.p = [ et (54 (1 -p)e™) - Alm(p) at.
T(p)
It is convenient to denote ug(k) def U(0,k). By Law of Iterated Expectation, we can write U(p, k) =

p- ul(k) + (1 —13) . UO(/{)

Lemma A.22. Suppose the set of initial types is distributed continuously over support [l,1]. The deferred

compensation equilibrium satisfies

H'(p) = e TPy (7 (5)) = IO g (5 (5)) > 0 (A.73)

and )
0) = 1 (e ) = (7)) s (a7
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Proof. Define belief process k = {k¢},c(0,7(1) via the differential equation

A(kt)

ey = Ny (1 — ke _—
ke = Mo ( ¢) + 00 (e, Fr)’

ko = L. (A.75)

It follows that kp@z) = 7 (p) for each p € [p,1]. The expected value to the agent of ability p in the

deferred compensation equilibrium can then be written as
Hp)=p-¢ Py (kye) + (1—5) - e TITO g (kp ). (A.76)
Use Envelope theorem to differentiate to obtain
H'(p) = e TT®) gy (k‘T(ﬁ)) — e~ HNT®) gy (kT(ﬁ)) , (A.T7)

which implies (A.73) since kpz) = T (B)-

Second derivative. By construction of process k in (A.75) it follows that 7p(s) (P) = kr(p) for every p.
Differentiating this expression with respect to p obtain an identity
T (D) + T () - T'(P) = krg) - T' (D)

5 5 )T (5 A (kr () _
m2(5)(P) + AT () (P) (1 — )P )>T/(p )= [)\kT(ﬁ) (1= hre) + 57 (k). k() e

_AT() Ak
- i T2 kg -T'(p)
(p+(1— p)- e MEN2 U (krg), kre)
() (1 —kT ) _ Qi A(kT(ﬁ) T’(ﬁ)
p-(1-p) 02U (kr (), kr(p)
kresy - (1 —kpesy) DU (krey, kres
1) (L= k1) 02 ( T6) k@) _ ) (A.78)
p-(1—p) a - A (k)

Differentiate (A.77) to obtain the second derivative of H(p) as

H'(p) = =1 uy (krp) - T'() + e TP - uf (k‘ﬂp)) kT(ﬁ) - T'(p)
t=T(P) _r¢ / A(kt) !~
p— . _ . 1 _— —_— . T
e [ rul(kt) + ul(kt) <)\kt( kt) + 62U(k:t, kt) (p)

_ e rENE [—(r + Nuo(ke) + up (k) - (Akt(l — ki) + ﬁ%)] -T'(p)
A(ky)

ot [_A(kt) + u (ke) - 05U (ky, ky)

| 7 (A.79)

A.34



A(ky)

- Ak + )

|70

o [_1 + “ll(kt)} - A(ky) - T'(p) — e~ T+ [—1 - %(kt)} - A(ke) - T'(P)

U (kt, kt) U (ky, kt)
e () (- )] B
= |77 (1= k) - (o (k) = (k) + €= - (i (k) = (ko)) - ’M
—(uh (ke) = (k) - [ €77+ (1= k) + =TI gy ]‘M.

Equality (A.79) above follows from evaluated for ug(k) at p = 0 and p = 1. Note that k; = m(p) at
t = T(p) implies that

o / i / ) e—(r+NT(H) ()
(p) = [ul (WT(ﬁ) (P)) — Uy <7TT(f)) (p)ﬂ 5T (1—p) e M® : r+( —p)e_’\T(ﬁ))Q
o—(r+20)T(p)

= [u’l <7rT(;5) (ﬁ)) —up (WT@) (ﬁ))} .

(h+ (1 —p)-e D)
At p =1 we have T(l) = 0 and kp) = ko = | implying that H"(l) = v (l) — ug(l). O

Lemma A.23 (Convexity upper bound). The second derivative H"(p) is bounded above by

H"(p) < ur(p) — up(P). (A.80)
Proof. We can express
oo o—As
) (m () — up(me(p)) = /0 TS (1—eﬂs> A’(m(m(?))) 2(7&@” L m(p) ) ds
(1Y () B (L= )T
:/0 e (1 e A) A <7TT+s(p))' (ﬁ+((1p_+]5)1 e_zi(TJrS)))z
B e R A U R R e e

Substituting the above expression in ({A.74]) obtain

o~ (2T (P)

(p+ (1 =p) e XT@)’

10~ o)~ o))
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ef)\T(ﬁ) /oo _ oS
—_ _ i e (1= e MO ) L A (7y(p) ) - ds
P4+ (1 —=p)- e T ( ) ( ) (p+ (1—p)-e>s)?

e—AT(ﬁ) 0 e Y , ~ e~ s
Sﬁ'f‘(l—ﬁ)'e)‘T(ﬁ)/T(ﬁ)e -(1—6 )\>.A<7Ts<p))-(]5+(1_ﬁ)'6_)\s)2d8
9] 6—)\5 - o

<o () ) G g )

Deferred Compensation Equilibrium with a Finitely Lived Client

Suppose each client lives for an exponential time with parameter y > 0. Time y translates into an increased
discount rate 7+ y and we can express the expected value to the agent of true ability § € {0,1} from being

perceived as type p by the current client as

de < r (1= ~
wo(p) % /0 R0 A (7)) dt. (A.81)

The results from Observation [4] continue to hold. Suppose the set of ex-ante types is restricted to a support
[1,1]. Define by a’x (7)) the deferred compensation contract chosen by the agent of type p in equilibrium.
We can define H, (p,l) as the on-path expected value to the agent of type p from choosing contract aTx(®1)

and signaling to a single client. It is given by

~ def . _(p . ~ ~ —(r T (H ~
H(5,1) f 5. e (rE) Tpd) Uy (ﬂ-Tx(ﬁ:l)O?)) F (1= p) e UPAENTGED Ly (”Tx(ﬁ,l) (p))_

It follows from Lemma [A.22] that

0 _ o? _ . _
G| = wa ) D). S ) <l () o). (A8

First and Second Derivative Limits as y — oo

Denote by & the survival time of clients 1 through k, implying that & is equal to the sum of exponential
random variables, each with parameter y. This implies that & follows Erlang distribution with parameters
x and k. For k = 0 set &g = 0. The expected value to the agent at ¢ = 0 from contracting directly with
a sequence of clients, writing a new deferred compensation contract when clients turnover, is given by the

sum of expected values from contracting with the infinite sequence of clients

5D = S B [er8 - (5 (=) ) - B (g, ()7, ()] (A.83)
k=0
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Lemma A.24 (Signaling to Finite Clients Value Function Properties). For any x it follows that

aaﬁH;(ﬁ, l) o = u1(l) —uo(l). (A.84)

Moreover, lim, %H;(ﬁ, 1) = 0 uniformly in p and l.
Proof. The first derivative of (|A.83)) with respect to p is
8 o0
7[{* ZE [ —ré ( 6—A£k> ‘H (Wfk( 5), Wfk(l))]

o0

+ZE {e ( (1—;5)-6—@) -(31{ (%( ), Qk(z))].

(A.85)

At p =1 we have H, ({,1) =1-uy1(l) + (1 =) - uy0(l). Combining this with (A.82) we can express ({A.85))
at p=1as

;H* 5.0) ‘ ZE [e—rék . <1 _ e-m) : [ﬂsk(l) 'Ux,1<7ffk(l)> + (1 =g, (1)) - ux0 (Wék(l))]ﬂ
+ iE e (14 (1= - e) - g (6, ) = 0 (76, )] 4, (0]
k=0

=S B [e7 uga(me () — TV - ugy (e, (1)

=yl [ i )
=0

Ekt+1—Ek
|:€r§k . / TS A(W5k+8(l)) d8:|
0

Err1—Ek
|:€_(T+>‘)£k . / e—(T+)\)S . A<7r§k+8(l)> ds:|
0
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which proves ({A.84). The second derivative of (A.83]) with respect to p is

5(?2 t(p0) =2 iE [e—rfk (1— e ;H (e, (), W&(Z))]

0

W

1 ZE |:€—r§k ) (ﬁ +(1-p)- €—>\€k> . ;};HX (Wék(ﬁ)v ng(l))}
=0

=2. iE [e—rfk : (1 — e—Aé‘k) O\ H, (m( ), ﬂ-fk(l)> .7 (]5)}

SR [ (5 (L= 5) e ) 0FH, (e () 7 (1) - o ]

F Y B[S (5 (1= p) ) 0y (e () e, ) - )

- iE [e—rskale (m (), wgk(l)) (2 (1 - e—Afk) g (B) + (p +(1- p)e—xsk) ol (ﬁ))}

+ 3 B[S (54 (L= p) e ) - R (e, (). e, (1)) - 4, ()7

(0 iE [efrgk <p+ (1-p)e fm) . O?H, (m( b), m(l)) 'Trék(ﬁ)ﬂ

k=0
e _r 6_)‘£k 5
k=0
where equality (i) follows from
)\t -t —At
Py € nesy o © (1—e)
™ (p) = Gra_peE T (p) = -2 G (A.87)

and

t 1y~ . )t ) 2(1 — e At) . e A (] _ ot
2(1= ) mi() + (5 (1= Pe A>'7Tt(p)_(p(+(1— ge X2 _2<p+<1<— e Q) -0

Substituting the upper bound on (%;Hx(ﬁ, l) in (A.80)) into (A.86]) obtain

2 e e~k
A0 < Y B[ (e ()~ ol ) () (ASS)
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We can express u) o(m(p)) in its integral form as

—As

dom@) = [ e g () s
X,@( t(p)> 0 < s( t(p)>> (Wt(P) + (1 _ﬂ_t(p)e_)\s)g
T i 1—0))s g _ e
=, e A <7Tt+s(p)> . - o R ds
Ha—pe > T pra—pe ¢ )

s [~ ) 2
= /OO e~ (rHXx+A1-0))s | A’<7Tt+s(]5)> C - (p—i— (1 —pe )\t)
0 (5+ (1 — pleAe+)?

Then

—At

67)\8 (ﬁ 4 (1 _ ﬁ)ef)\t)Q e

6_%“;,9(77:5(25))”2(25) =e " [/ e~ (rxFA1=0)s 4/ <7Tt+s(25))

0 (p+(1- ;tﬁ)e—A(tJrs))2 5+ (1 — ple—)?
> —A(t+s)
- / e~ ORAI=0)s =1t . A/ (m, (5)) : _ds
° (7 + (1= p)et+)
= e~ TUNRSTE TS L A (s (D)) - ds.
t B+ (1~ pe )’
The upper bound on 552 H(p,1) in (A.88) can then be simplified to
oo e—)\gk /OO e_/\s
E |- — . G*X(ngk) (1= e*)\(sfﬁk) Lo A/(ﬂ-s(ﬁ)) . ds
kZO p+ (1 —ple € ( > G+ (1— ﬁ)e—AS)Q
Consider term k& = 0. In this case £y = 0 and we obtain
> (r+x) A A NS A
TR (1) - Al(ms(p)) - = _ ds. 89
/0 c ( € ) (7s(p)) B+ (L—p) e )2 § ( )
Consider terms k£ = 1,2,.... In this case
eikgk o0 ef)\s
E . —x(s—¢&k) . 1— —A(s—&k)) . ,—Ts . A J(P)) - d
P+ (1 —ple /sk ’ ( ’ ) ’ () G+ (1—pe)y
—At s

(&

= > . € . OO —x(s—t) . = A(s—t) Y —rs . A S\
/0 o(t, k) P a—peN /t e (1 e ) e (ms(p)) (ﬁ+(1—]§)e*”)2d8dt

e~ At

- / T e A () - e : / Tt k) - e X (1 —e*MH)) dt ds
0 B+ A —pe>)’ Jo 7 pH(A—ple N

A.39



Density function ¢(t, k) follows Erlang distribution given by

k tk—l . e—xt

def X
t, k
Substituting ¢(¢, k) for k € N obtain

/ s - Al (7 (p)) e / o(t, k) e e~X(s=) (1—6—“8—“) dt ds
0 T - pe)? et (1=p)e™

oo —As s k. tk 1. e~ Xt e—)\t
TS A () - ¢ . / X L XG0 (1 MDY grds
/o +(2)) B+ 1 =pe>) Jo (k=1 p+(1—ple ( )
00 —As s k. 4k—1 —At _ —As
= [T et ey € [ e dras
0 B+ (1 —pe2)* Jo (k=1! p+(1-pe
00 —As s Y ! —At _ ,—As
=[xt amy e [ e
0 B+ @ —pe) Jo (B=1! p+(1—pe
The sum of terms for k =1,..., is
0 o r ) ~ e—)\s s -t k—1 e—)\t _ e—)\s
Z/ X-€ (r+x) 'A/(Trs(p))' - N 2s)\2 / O;, )1 5 1 S p— At dt ds
= 0 (p+1—pe)? Jo (k=1 p+(1-pe
00 —As s o k—1 -\t —As
= e~ XS LA (B)) - € / (x 1) e = dtd
X € Ts\D p pe— S
/0 (s (2) B+ (1 —ple2)* Jo (,; (k=1 ] p+ (1 -pleM
00 —As s —At —As
= e s LA (e (B)) - © : / xt, ¢ ¢ dtd
e Ts eXt . — — S
/0 X (ms()) P+ (1—p)e2)* Jo p+(1—ple M
00 —As s —At —As
T 05 A (5)) - ¢ / Xt _C T T g A.90
e Ts\P € - —~ S. .
/ o) e [ X e (4.90)
Summing up and (| obtain
82 ] e—)\s
~ < —(r+x)s . 1— —As\ | A (P)) -
5.0 < / 0 (12 ) A ) e
[eS) (i) , e—)\s s “ e—/\t _ e—)\s
+/ e "5 Al(ws(p)) - -/X'e - = ———dtds
0 (ms(0)) B+ (1 —pe)? Jo Pt (1 —ple ™
0 (P + (1 —ple)? 0 p+(1—ple
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Note that

Mo s —At —As
/ y - eX(t=9) l—e dt < 1 / y - eX(t=s) . C T
0 ptd—pe ™ T p J 1—e s
:i . ;—)\s cexs . /S yeX— Vgt — o= (x+A)s /S yeXt ds]
p l—e I 0 0
_1 1 il X e(X*/\)t‘t:S — e~ (X N)s ext‘t:s]
p l—e s | X — A t=0 t=0
:; 1 —16—/\5 XS ﬁ . <e(xf>\)s — 1) — e (XN (x5 1)]
:; = 1€_AS |5 X < (e—As _ e—xs) _ (e—As _ e—(x-i-/\)S)}
1 1 A _ X . _
:5 . 1_ e*)\S . Y — )\ - e As _ ﬁ - € X8 +e (X+)\)S:| . (Agl)

Substitute (A.91) into the upper bound for %H;(ﬁ, [) to obtain

/Oo e " fy(ﬁs(ﬁ)); e : [exs . (1 - ef)“g) + i . [/\ S, S L e(XH‘)S” ds.
0 (B + (1 —p)e?)? poLx—A X—A
This upper bound converges to 0 as Yy — oo. It is independent of [ and uniformly bounded in p for
p > p > 0. Consequently %H;(ﬁ, 1) converges uniformly to 0 in p and [ as x — oo.

O

Intermediary Equilibrium Value Function Properties

Denote by T'(p¢) the optimal time when the agent of posterior ability p; leaves the intermediary along the
path of good performance. Consider the joint surplus value between the agent and the intermediary given

by

.\ de
Wi(pr) < SUP{

T

/ 0 (Bt (L= ) - e 00) - (Agy) = V) ds + e UGy ) + V}
t

TAn
= Sl%p {/ e r(s=t) (ﬁt +(1—p)- e_)‘(s_t)> < (A(gs) —1V) ds + e~ r(TAn=t) U(BPran, kTan) + V} .
t

It follows from the optimality of separation times it follows that
Wi(Pe, k) > U (P, ke) = P - U1, k) + (1 —pr) - U(0, Ky).

As we have shown in constructing the equilibrium in Proposition [2 the intermediary finds higher-skilled
agents more valuable. This implies that the intermediary’s equilibrium share of the welfare is the difference

between total welfare and the agent’s outside option: Wy(p;) — U(py, ki). Since it is increasing in py, it
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follows that 3= Wi () > w1 (ks) — uo (k).

Lemma A.25 (Strict Value Function Convexity). The second derivative of Wi(py, k) with respect to py

can be expressed as

92 W (~ k) , (k ) , (k ) (T () —t) e~ MT(Pr)—t) (A 92)

— k)= lu —u e : , .

8p2 t\ Dt [ 1\~ o\t (ﬁt N (1 —ﬁt) ] e*A(T(ﬁt)*t))g
where T(py) is the equilibrium time when time t posterior type py separates from the intermediary.
Proof. The first derivative of W, with respect to p is given by the Envelope theorem as

. T'(pe)
Wi, ke) < / T (1= 00 L (A(g,) — V) ds
t (A.93)

L@@t |:U1 (k) — e MTEI Ly (k:r(,at))} ,
Without loss set ¢ = 0 and drop the subscript ¢, thus referring to ex-ante types. Note that w5 (p) = kr(p)
for all p. Differentiating this identity with respect to p obtain

) P) + Ty (B) - T'(B) = ko) - T'(5)
A(k:T(p') +rV - A (qT(ﬁ)) )
U (kre), k()
T6) = (). Mm@ TV~ A lerg)
2 U (krgy kr)

1) (P) =

(A.94)

Differentiating (A.93|) obtain

2 o o ~
87]32{/1/'(1)7 k) —e T(p) . <1 —e )\T(p)) . (A (QT(ﬁ)) _ T’V) i T/(p)
+e7 TP T () - [—7““1 (k1) +ui (kre) - kT(ﬁ)}

_ e~ (rNT () | T’(ﬁ) . [—(r + ANuo (k:T(ﬁ)) + u6 (kT(ﬁ)) : kT(ﬁ)}

=0 T (p) [A (ar@) — 7V —rut (k) +ui (kre)) - kT@)}
— e NTG) () [A (arp) — TV — (r + Nuo (kr)) +ub (ko) - kr <ﬁ>}

= T T'(3) - [A(arg) =1V = A (bry) + W (k1) - 7]

— e~ (rNT () T'(p) - [A (qT(ﬁ)) —rV —-—A (kT@)) + g (kT(f))) : ’YT(ﬁ)}

uy (k) B 1]
02U (kr (), kr(p)

— 7T (P) “T'(p) - [A (kT(ﬁ)) +rV - A (qT(ﬁ))} '
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— e ENTO T (G) - [ A (hrp) + 1V = A (ar) | -

ug (k) _ 1]
LU (kT(ﬁ)> kT(ﬁ))
= Tl (B) - [h (b)) — U (kry b)) |

— e NT@) ) (B) [Uf) (k) — 02U (kr (), /fT(ﬁ))}

= TP o (B) - (1= rp) - [0 (k) = (ki) |

+ e THNTO) 1 (D) - k) - {“'1 (k) —uo (kT(m)}

2P [t () — wp )| el (B) - [1 = ) + () - e

e—)\t

5+ (1—p)-e )

= |uh (ko) = (k)] - e (A.95)

Since separation occurs in finite time, which follows from Lemma below, the expression in ({A.95) is
bounded from below. O

Sufficiency of Intermediary Signaling

Corollary A.1. There exists a X > 0 such that for all x > X the intermediary’s value added Wy(py, ki) —V
exceeds the expected value H;(ﬁt, ki) that the agent can obtain via independent signaling, implying that the

intermediary’s retention strategy coincides with that constructed in Proposition 3.

Proof. The optimality of the churning time 7'(p) implies that
Wt(kt, kt) -V Z k - Ul(kt) + (1 - kt) . Uo(kt) = H;(k?t, kt)

For any ¢, p;, and k; it follows from Lemma and Lemma that

0 -
> ua(ke) —uo(kt) = - Hy(pt, kt)

0
— Dt k
Wt(pta t) P 8p

dp

Pr=k

It follows from Lemma [A.24] that %H; (P, ki) converges to 0 uniformly in p; and k;. At the same time, it

follows from ([A.92)) that %Wt (Pt, k) is strictly bounded from below whenever T'(p;) is finite. Thus, there

exists a finite y such that %Wt(ﬁt, ki) > (%H;(ﬁt, k) for py > ky. d
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A.1 Extension: Equilibrium Uniqueness under Only Off-Path Mono-
tonicity

In this section, we relax the global belief monotonicity condition (i) of Observation [2| to off-path belief
monotonicity. While such refinement can be further weakened, we adopt it here for clarity. For ease of

notation below, belief p denotes the ex-ante type po.

Observation A.1 (Monotone equilibrium uniqueness relaxed). Suppose the clients’ belief process (It)1>0

18 upper semi-continuous and is

(i) weakly increasing in initial types over time during quiet periods, i.e., ly </ m_¢(kt) is weakly increasing

int € [t1,ta] for every (t1,t2) ¢ support(r)

(i) never dissuaded once convinced: l; assigns zero probability to private types py who separate with

certainty before time t in equilibrium.
Then, the equilibrium constructed in Proposition[d is unique.

We add a rather weak technical requirement that the belief process (I¢):>0 is upper semi-continuous — this

rules out negative belief jumps at the end of a given churning period, which can be self—fulﬁllingE]

Similar to l;, denote by my =l m—t(qt) = E[po |t < 7,t <n]. We can rewrite and express the set of

ex-ante times when it is optimal to let the agent of ex-ante ability p go even if he performs well T (p) as

t

. tAn
Tl(p) o arg maX{EﬁOZP |:/ e " [A(ms(ms)) — V] ds + / e " rL d8:| +V
t 0 t

An

+Epo—p [ - U (me(p), me(ly)) - 1{t <} + e - L+ 1{t > n}] }

— arg inaX{Ep‘o—p [ /0 e [A(ma(ms)) =7V —rL] ds+ V} (A.96)

+Epo=p [e—” . max{U(ﬂ't(p),ﬂ't(lt)) —L, O} C1{t < n}} + L}.

Since the optimal turnover times T (p) are efficient in the presence of flexible wages, the set of times T (p)
maximize both the joint welfare of the intermediary-agent pair, as well as the intermediary’s residual payoff
given the outside option U*(p, ko) of the agent. effectively maximizes the joint welfare of the intermediary-

agent pair.

Lemma A.26 (Upper bound on separation times). Suppose r -V > 0. Define

7% ing {t 1= A(m (p) < 7‘;’} 20 (A.97)

4The assumption of upper semi-continuity can be weakened, we adopt it to shorten the proof.
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Then, in any equilibrium, all agents find it strictly optimal to separate from the intermediary by time T in

e . . e —d —
any equilibrium, i.e., in any equilibrium t lef support (1) < sup, T!(p) < T.

Proof. Define T} = inf{t: 1—A(m(p)) < rV/2}. Suppose there exists a ¢ € T such that ¢ > T' > Tj. The

expected payoff to the intermediary and the agent pair from stopping at time ¢ is equal to

Wo(p:t) < /0 e (p+ (L =p) M) - [Alm(my) = 1V] ds +V .

- e (pr (L= p) ) - Al (1) ds,

Compare this value with the value of waiting until time 7} and separating at the lowest possible belief p:

Ty
Wo(p; 1) < /0 e (4 (L=p) ) - [Alm(my) — 1V ds +V

+ /m e s (p+ (1-p)- 6’“) - A(ms(p)) ds.

Ty -
The difference in expected values between separating at time 77 while being perceived as the worst possible

type and separating at time ¢ > T > T} along the path of good performance is

t e " (p +(1—-p)- ef)‘s) -[A(ms(ms)) — V] ds

Wo(o:t) ~ Wo(piTi) = |
- e (pr (L= p) ) Alm (i) ds

_/+OO e (p+ (1-p)- 67”) - A(ms(p)) ds

:/t 7S (er (1—p)- e—As) - [A(ms(ms)) — 7V — A(ms(p))] ds

+/t e TS (p—|— (1—p)- e_>‘5) . [A(Ws(lt)) _ A(ﬂ-s(p)” ds

- efrs-(pﬁ—(l—p)‘e*)‘s)'—ds

+/t+ e " (p—|—(1—p)-e_’\s> -%ds

g =

14 —rt —rT rV —(r+A)t —(r+M\)T;
=p. — - — 1 — P _ 1
pry e A 5y (¢ ‘ )
Vo . rV _
e 1—p) — (M
MR Gt O T v
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. —rt _ _—rT B L —(r+XN)t _ _—(r+N)T}
(=M 0=y e

vl <

(@ Vv
<. . —r(Ti+In(2)/r) _ —rT
p 5 (26 e )

rV
NV N @@ /) VT
+(1=p) 2(r + \) (26 € )

<p-

vl <

(o—rTh _ T B L —(r+NTh _ —(r+NTY
(e —e ™) + (1-p) STCESY, (e l—e 1)—0,

where the strict inequality (i) follows from the definition of T} and inequality (i7) holds because t > T =

11 + @ Hence, waiting past T' to separate from the intermediary is strictly suboptimal. O

Lemma A.27 (Monotonicity of separating types). Suppose belief process | = (I;)¢>0 is upper semi contin-
uous. For every t € support (1) N (0,+00) it must be the case that Iy < my with the inequality being strict

_d ‘ ‘ . ‘ .
unless t = 1°< sup{support(T)}, implying that process m = (my)e>0 is weakly increasing.

Proof. Suppose by contradiction there exists a to € support(r) such that top > 0 and l;;, > mp. If
U (7t (lty), ey (ley)) < L for t € support(r). It follows from Lemma [3| in the Print Appendix, which

does not require monotonicity of Iy, that it must be the case that ¢ty = 0.

Consider the remaining case of U(my, (I4,), e, (lt,)) > L: the agent of ex-ante ability I, is willing to open
his own firm when churned at time ty3. Denote by t; > tg as the next instance when it is weakly optimal

for one of the types to separate at beliefs I < my:

def .
it {teT(p):  t>ty and I <m).
This time is well-defined since ¢ = sup support (1) is finite, as seen in Lemma Moreover, t1 > tg since,
otherwise, l;,+ < my, < ly, and type p would find it strictly optimal to separate at time ¢3. Denote by
p the ex-ante type willing to separate from the intermediary at time ¢; conditional on good performance.

Consider two cases depending on whether type p opens his firm at time ¢; conditional on good performance.

(i) Suppose that U(m, (p), 7, (I¢,)) > L. Then the optimality of type p to separate at time t; versus tg
is given by

/ttl e r(s—to) . (p +(1—-p)- e_A(s_t°)> [A(ms(mg)) —rV —rL] ds

0

N / % —r(s—to) . <p L (1-p)- e_’\(s_t‘))> A (ms(ly,)) — L] ds + L (A.99)

t1

> / e (o (1= p) - e T) - [A(m (1)) — L] i+ L.
t

0
Note that the agent’s outside option L factors out of the incentive compatibility condition ({A.99)).

Since for every t € [to,t1] N support () we have l; > my, it implies that I;, < my < my < myy < ly,
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for every t € [to,t1]. The expected value of waiting to separate at time ¢; can then be bounded by

/t1 . (p +(1-p)- e—A(s—to)> [A(ms(my)) — rV] ds

to
+/ —r(s—to) | <p+ (1-p)- e*A(HO)) CA(ms(I)) ds
t1
t1
</ e "5~ o) . (p+ (1-p)- e‘A(S_tO)) [Alms(myy)) — V] ds
to
[ A () A
t1
t1
S/ o—T(s—t0) | (p +(1—p)- e_A(s_t0)> [A(ms(my,)) — V] ds
to
[ (e ) A
t1
t1
_ / e*T(S*tO) . (p 4 (1 _ p) . e*)\(sfto)) -rVds
to
[ 08 i
to
t1
o / e (pt (1= p) - e M)V ds
O(fo
+/ e—r(s—to) . <p + (1 _p) . e_)‘(s_tO)) - A (ﬂ's(lto)) ds
to
o [ A ) A
to

which contradicts the optimality of stopping (A.99) at t; > to.

(ii) Suppose that U(m, (I¢,), 7, (It;)) < L. The incentive compatibility of the agent of ability p to separate

from the intermediary at time t; versus time ¢y can be written as

t1
/ e—r(s—tg) . (p 4 (1 7p) . e—)\(S—tO)) . [A(*]Ts(ms)) — ’r‘V — ’I“L] dS + L

o (A.100)
2/ e (p+ (1—p)- e—A(s—tw) [A(mo(lyy)) — rL] dt + L,

to
which cannot be satisfied since I, > my, > m; for all t € [to,¢1] and 7V > 0.

The two cases above argument implies that it cannot be the case that l;, > my,. ]

Lemma [3]in the Print Appendix implies that for agents that are initially hired, i.e., retained for a positive
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amount of time, the separation times in (A.96)) can be simplified as

tAn

’]I‘I(p) = arg max{EﬁO:p [/
t 0

By [ - (Ulm(p), mill)) — L) - 1t < )] + L}.

e " [A(ms(mg)) —rV —rL] ds + V]
(A.101)

. . . . . . . . - d
Note that subtracting L in (A.101)) is equivalent to considering an alternative revenue function A(p) 2]
A(p) — rL. Consequently, we can, without loss, set L = 0 in the analysis below, which was one of the

reasons for proving Lemma and Lemma

Lemma A.28 (Pooling belief properties). Suppose T!(p1) N'T!(ps) # O for p1 < pa. Then
(i) T'(p') = T (p") for every p',p" € (p1,p2);
(i3) 1y >l for any t' <" € T!(p) and p € (p1,p2).

Proof. Part (i). The expected payoff to the intermediary and the agent pair from stopping at time ¢ is
Wo(p;t) defined in (A.98]). The maximum expected welfare from choosing the optimal separating time ¢ is
Wo(p) = sup; Wo(p; t). Since Wy(p;t) is linear in p for each ¢, it follows that Wy(p) is the lower Envelope

of linear functions, implying that it is weakly convex.

By definition T!(p) = argmax, Wy(p,t). If t € T!(p1) N T!(p2), then Wy(p) = Wo(p;t) for p € {p1,p2}.
Due to weak convexity of Wy(p), it follows that Wy(p) = W (p;t) for all p € [p1,p2]. Since separation at
time ¢ achieves the maximum joint welfare for all p € [py,po], it follows that ¢ € T!(p). Consequently,
T (p1) N T (p2) C T (p) for every p € [p1, pal-

Suppose, by contradiction, 3t € T!(p') \ TZ(p") for p',p” € (p1,p2) and p’ # p”. The optimality of
t € TI(p') requires that Wo(p') = Wo(p/,t). Since Wy(p) is linear over p € [p1, p2], the slopes must also
match, meaning that W{(p) = 01 Wy(p,t) — otherwise type p # p’ could achieve a strict improvement over
Wo(p) by choosing to stop at ¢, which would contradict the definition of Wy(p). Consequently, ¢ € T (p")
for any p” € [p1, p2] which, in turn, implies that T!(p') = T!(p") for every p’,p" € (p1, p2).

Part (ii). Suppose by contradiction Iy < lyr. For a given belief process | we can extend the definition of
the compensation process C(p) = (C¢(p))t>0 in to an arbitrary deterministic, bounded, and measurable
process [. The martingale argument of Lemma [I] continues to hold for such process [ and, consequently,
C(p) achieves the lower bound in the retention condition . Importantly, the expected compensation
costs between times t’ and ¢” in depend solely on belief levels Iy and l;» as well as the agent’s private
type and not on the specific path of I; between ¢’ and t”. Consequently, if I < L, - of Lemma,
of the Print Appendix show that type p” > p’ would find it strictly profitable to separate at time ¢’
than at time ¢/, which contradicts the fact that ¢’ € TZ(p”). It must then be the case that I > I, O
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Lemma A.29 (Separating equilibrium). The equilibrium must be separating in types.

Proof. Suppose by contradiction ¢ € T!(p’) N T!(p"). It follows from the proof of Lemma that Wy(p)
is linear over p € (p',p”). Since Wy(p) is convex in p, define by p; and ps the lowest and highest types who

find it optimal to separate at time ¢:
def . d
p1 “f inf {p tte Tl(p)} , D2 ) sup {p (te Tl(p)} . (A.102)

It follows from Lemma that T/ (p) is the same for all p € (p1, p2). Denote this set of times by T*.

By construction of the lower belief p1, for all T! (p) N'T* = () for all p < p;. Additionally, T!(p")NT!(p") =
for any p’ < p; and p” > po since, otherwise, there would exist ¢t € T!(p') N T!(p") and function Wo(p)

would be linear over the wider interval [p’, p”], contradicting the definition of p; and ps.

Consider ¢ = sup {t : Up<p2']T[ (p)} to be the last time when types p < po separate from the intermediary.
It follows from part (7i) of Lemma and upper semi-continuity of /; that [; < pa. At the same time,
the Never Dissuaded Once Convinced refinement implies that I; > po for t > £ as all of these types have
separated before ¢ with certainty. Consequently, there is a jump in beliefs at time ¢, which contradicts the
definition of £. This implies that T!(p’) N T!(p") = @ for any p’ # p” and, consequently, the equilibrium

must be separating in types. O

def . . . .
Define oy </ inf{support(p|t < n,t < 1)} to be the lowest ex-ante type still in the support of the distri-

bution at time ¢. In the equilibria constructed in Proposition [I] and [2], the client belief equals the lowest
remaining type, i.e., I} = a4, but this may, generally, not be the case. The Never Dissuaded Once Con-
vinced refinement requires only that l; > a;. By definition, oy is weakly increasing. Since the equilibrium
is separating, as derived in Lemma [A.29] it follows that oy is continuous. Since separations occur in finite

time, as shown in Lemma [A.26] oy converges to p in finite time.

Lemma, shows that the equilibrium process [ must be weakly increasing for all t < . We do so by

showing that there cannot be an interval of types (p1,p2) willing to separate over two disjoint intervals.
Lemma A.30 (Weakly increasing ). The equilibrium process | must be globally weakly increasing.

Proof. Suppose by contradiction Iy > I for some t' > t”. Suppose support () is nowhere dense over
(t',t"). Then, since [ is upper semi-continuous and weakly increasing for ¢ ¢ support(7), it follows that
Iy < lyr. Consequently, there exists (¢/,¢”) such that support(7) is dense in (¢',¢") and ;s > l;». The local
optimality condition for support(7) to be dense in (¢',t") requires that for every t € (¢/,¢").

A(T(‘t(mt) —rV + A(?T(lt)) + l.t . Wé(lt) . 82U(7rt(lt), ﬂt(lt)) = 0, (A103)

In particular, (A.103]) and, as we have shown in Lemma above, require process [ to be differentiable
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for t € (¢',t"). Consequently, since ly > I, we can choose (¢',t") such that belief process [ is weakly
decreasing over (t',t") and support(r) is dense in (¢',¢"). Denote py = ly > Iy = p;.

It must be the case that ay = ayr. Otherwise, since the equilibrium is separating and [; is decreasing over
(t',¢"), then p; = lyr > ayr. Consequently, (p1,p2) N (0,ap7) = 0, implying that types (o, ayr) do not
separate during (¢',¢”). Since ay = ayr, it implies that types (p1,p2) who are willing to separate during
(t',¢") are also willing to separate after time ¢”. For each type p € (p1,p2) denote by t1(p) € (¥',¢") to be
the time when type p is willing to separate during (¢,t").

def . . : .
Denote ta(p) lef inf{t : a4 = p} as the final time when type p separates from the intermediary. The

separating belief condition requires that ay,,) = l,) = p. By the argument above, t1(p) < t2(p) for

P
all p € (p1,p2). It follows from Lemma that process I, has to be differentiable at to(p). The local

optimality condition at ¢t = t2(p) is equivalent to (A.103)) evaluated at l; = ay.

The local optimality condition (A.103|) requires that separating times ¢1(p) and t3(p) are continuous in
p € (p1,p2)- By differentiating the separating equilibrium identity I,y = p with respect to p obtain
1 7Tlg(p) (p) - U (Wt(p) (P), Te(p) (P))

1) lt(p) A (Wt(p) (p)) +rV—-A (Wt(l?)(mt(p)))

which holds for both #(p) = t;(p) and t(p) = t2(p). Since t1(p),t2(p) € TL(p), it follows that for every
p € (p1,p2):

t2(p)
0= /tl(p) et (p+ (1—p)-e? ) [A(me(my)) — rV — A(me(p))] dt. (A.105)

Differentiate identity (A.105)) with respect to p to obtain

ozlﬁ@erﬂ<1—eM)wAme»—rv—Awﬂmﬂw

1(p)
t2(p)
_/ 6_ Tt . <p_|_ 1 _ )\If) A/ t(p) dt
t1(p)
+ e~ rt2(p) <p + (1 — —At2(p ) 7Tt2 mt2(p))) —-rV-A (Wtz(p) (p))] ) té(p)
_ e—rtl(p) <p + (1 _)‘tl p)) 7Tt1(p) mtl(p))) -rV—-A (7rt1(p) (p))] ’ tll(p)
B t2(p) - a
- et (1-e ) [A(mi(mi)) = 7V = A(m(p))] dt
t1(p)
t2(p)
_ 1 N —At A/ /
/tl(p) e <p+ > -m(p) dt (A.106)
—fm@(pﬂh- M2 )wz %Ummﬂ)%@@n
_|_€—rt1(p) <p_|_ (1-— e~ AP ) 7r 1 - 0oU (th(p)< )s th(p)(p)),
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where the equality in (A.106]) follows from (A.104)) applied to ¢1(p) and t2(p). Note that

et (p +(1-p)- ef”) () - U (mi(p), mi(p))

—rt —)t e M
=€ '(P+(1*P)'€ >‘(p+(1_p),64t)2
[ e (mo) + = m) o) A -
X e (m(p) + (1 —m(p)) - e ™) - Al(mps(p)) - ds
0 T (mp) + (1= mi(p)) e )
e / % i(ssy P —p) e e Al(mis(p)) - e J
= Y . e . i . — 5 s
p+(1—-pe 0 p+(—p)-e ( P, (-ppe .e—xs>
p+(1—p)e M T pt(1—p)e A
o B Al(ﬂ_ (p)) . e—)\(s—l-t)
_ r(s+t) ). oA ) t+s
/0 2 (p +(1—-p)-e ) P+ (1—p)- e oH))2 ds
>~ Al (i s(p)) - e Mot / X s Alms(p)) e
_ r(s+t) | A Mt ds — rs, L2\ ds. A.107
/0 ‘ pr(L—p) e et T L T A pe (4.107)

Substituting (A.107) in ({A.106)) obtain

t2(p) t2(p) Al(my(p)) - e M
O:/ et (1—e M) [A(m(my)) =V — A(m(p dt—/ et ! dt
R ) [Alme(me)) m@Ndt= | e G e
+00 / Y ~+00 / L p— AL
[ Ay [ )
t2(p) p+(1-pe t1(p) p+(1—pe
t2(p)
_ / et (1= e - [Almilme) — rV — Almi(n))] dt. (A.108)
t1(p)
Combining (A.105) and (A.108) obtain
t2(p) .
/( ) e [A(m(me)) — rV — A(m(p))] dt =0,
t
Y (A.109)

t2(p)
/t ) e~ (A (my)) — 7V — A(mi(p))] dt = 0.

Both equalities (A.109) must hold for all p € (p1, p2). Differentiate the top equality in (A.109)) with respect
to p to obtain

0= e "2 [A (my () (i) = 7V = A (Wi (1)) ] - ta(p)
t2(p)

— e P A (4, () (14, () = TV = A (70, ) (9)] - 11(0) — /tl(,,) e Al(mi(p)) - mi(p) dt
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— _e—TtQ(p) . 7r£2(p) (p) ' aQU (7Tt2(p) <p)7 ’/th(p) (p)) (Al]‘o)

t2(p) e~ At
+ e m0®) . ! - U (m , —/ et Al : dt
1) () - 02U (1, ) (D) 71, () (P) o) (M) T = e
9 1 oAt
=— ! / et Almip)) - —dt (A.111)
p+ (1 —ple @ [0 pt+(l—p)-eH
1 () / oAt t2(p) 1 oAt
N — / ot Alm(p)) -e ~ - / ot Am(p) R
p+ (1 —ple ) Ji ) p+(1-p)-e t(p) (p+ (L =p)-e™)
_ / t2(p) e Am(p)) ( 1 B 1 ) "
t1(p) p+d=p)-e? \p+(1-ple ) pt(1-ple)
20
1 1 < A'(my(p))
- : (r+)t . L dt < 0. A112
" <p+ (1—p)-e?®  py(1 —p)e‘”Z(p)> /tz(P) ’ p+ (1 —pe ( )

<0

Equality (A.110) follows from (A.104). Equality (A.111)) follows from (A.107). Strict inequality (A.112))
implies that if (A.109) holds at p, then it cannot hold at p’ # p, thus contradicting the optimality of

stopping at times ¢1(p), t2(p) for ex-ante types p € (p1,p2). This leads to a contradiction with Iy > Iy for
some t' < t”. O

Lemma establishes that the equilibrium process [ must be weakly increasing globally. We can now

rely on the proof of Observation [2] to show that the equilibrium constructed in Proposition [2]is unique.

A.2 Extension: Dynamic Contracts between Intermediary and Agent

In what follows, we show that the equilibrium constructed in Proposition [2] remains unchanged if the
intermediary and the agent can sign long-term contracts. The intuition is that, so long as the agent is
weakly less patient than the intermediary, the latter wishes to keep the agent at his reservation utility
U(p, k). This is exactly the same promised utility dynamics that arise in the absence of commitment, and
consequently, the equilibrium is unaffected by the incremental ability of the intermediary to commit. This,
in a way, can be expected as termination in our model is efficient given client beliefs.

To simplify the derivations below, we assume, without loss, that L = 0. We do, however, allow for the
possibility of the agent’s discount rate to be different from the intermediary, highlighting that the equal

discount rate assumption in the main text of the paper is, to a large extent, without loss.

Observation A.2 (Equilibrium with Dynamic Contracts). Denote by p and r the discount rate of the
agent and the intermediary, respectively. The equilibrium belief process (gt kt)t>0 is the same whether or

not the intermediary can offer long-term contracts. In equilibrium, if p > r, then the agent’s continuation
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value under the optimal contract is equal to U(py, ki) after every history under the unique optimal contract;
if p =1, then the contract in which the agent’s continuation value is equal to U(py, ki) after every history

constitutes an optimal contract.

Proof. For a given ex-ante type Py consider a candidate dynamic contract ¢ = (C’ ,7) in which the inter-
mediary commits to a long-term cumulative compensation process (ét)tzo and termination date 7. The

agent’s continuation value W, from staying with the intermediary until time 7 under contract Cis given by
- def FAn A - ~
W, = Eg, [/ e Pt qO, 4 e~ PFAI=1) [y (]5%7]4;%)] 7
t

where 7 def inf{t : X; = t— 1}. The agent is retained by the intermediary as long as W, > U (ﬁt,fct)

for all ¢ < 7 with the equality being strict at ¢t = 7 < 1. Note that due to the agent’s risk neutrality,
the intermediary can offer retention incentives conditional on the path of good performance X; = t.
Consequently, it is without loss that the agent is let go after generating poor performance and gets paid

nothing in that event. It is convenient to define conditional continuation values
. t9 def N [/?/\77 e P 40, 4 e PNt L (ﬁ%, 1%7') ‘0] .
t
It follows that W, = Dy - th +(1—py)- Wto. Ito’s lemma then implies that
dCy — pWP dt + (L - Wf) dAN? + dW? = 0.

For a given type pp and termination time 7 define a cumulative compensation process C' = (Cy)¢>0 such
that the agent’s continuation value from working until time 7 is exactly equal to his outside option U (py, l;‘t)

Formally, process C' solves
. TAN R R
U (pt, kt> —Ej, [ / e P 4O, 4 PNt L (pf, k}ﬂ . (A.113)
t

Given compensation process C' defined in (A.113)), it is convenient to define the resulting agent’s continu-

ation value conditional on 0 as
R TAN R R
Ul (ﬁt, k:t> = B, { / e P50 4O, + e~ P [y (;5%, k%) |9] .
t
By definition U (py, ki) = py - UM By, k) + (1 — pr) - U%(fy, ke ). Tt follows from Tto’s lemma that

dC, — pU° (ﬁt, /%t) dt + (L —U (ﬁt, kt>> AN? + dU® (ﬁt, l%t) —0.
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Suppose under the optimal contract C there exists a time ¢ such that the agent’s continuation value strictly
exceeds his outside option, i.e., Wf >U (ﬁf, l%t) Consider an alternative contract C = (C’ ,7) in which the
intermediary lets the agent go at the same time 7 along the path of good performance but switches to a

cumulative compensation profile

Cs for s <t,
Cs = (A.114)

WS—U<]3t,l;’t> +Cs—Cy for s>t.

By construction, contract C satisfies the agent’s retention constraint up until time 7. The net continuation

benefit at time t to the intermediary of the new contract relative to the original contract is

costs of contract ¢ costs of contract ¢
N

TAN R ~ R TAN
E { / e (st dCs] — [Wt -U (ﬁt, kt) +E { / e T(s—t) dC’S”
t t
TAN . (Y] . 7An FAn
/ e T(s=1) dCs} - E [ / e Ps—t) dCs} +E [ / e P(s—1) dCs] - E [ / e T(s1) dC’S]
t t t t
TAN
e Pt _ om0 L (dC, — dC, }
/A ) (. - acs)
A (s—1) A
:ﬁ -E |:/ e Pls=t) _ o—r(s— . dC’S _ dCS 0 = 1:|
v ) ( )|

H1—5) [ / " (om0 — o0 - (ac, - dC,) - o}

— s - /f (efp(sft) _ efr(sft)) . (dC’S _ dég)
t

+(1—pt) - /t ' e~ M=) (e—p<s—t> - e—r<s—t>) . (dC’s - dC‘s)

[ ) o (0 ) )~ ) ]
t
1= [ e (o ) () (U° (i) = ) = dU° (o) + 9]
5, - / ’ (1= elo6=0) @e=ee) (2~ 0 (5, k)
t
- /t 7 (1= o) ge o) (190 00 (5, 1))

— s - (1 _ e(p—r)(s—t)) e—Pls=t) (WJ _u! (]557 k))

=0
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5, - /t jp— (Wsl ot (258, k)) d (1 _ e(p—r)(s—t))

A=) - (1 _ e(p—r)(s—t)) e~ (PN (=) (WQ -y (ﬁs, k))

s=T

s=t

=0
_(1_@).[ N (000 (k) ) d (1 - er60)

= — By - /: e~ P(s—t) ( _yt (ps, S)) (1 _ plp=r)(s— t))
(- [ —(p+ N (s— ( ( )) (1 _ o) t))
=(p—1)- /t T s P - (W; Ut (1387 k)) delP=7)(s=1)

Hp—1)- /t ’ e=P(5=D (1 — f,) - e D (Wf _yo (]55, k)) delP—r)(s—t)

=(p—1)- /t e 0 (B (L= ) - e - (W= U (BB ) ) delem0=0)
Hp—1)- /; o—pls—t) (ﬁt (1= ) e Mom t>) (1— o) - (WB _ o <pk)) Jelp=) (5=

=(p—1)- /t 7 o—P(s—1) . (ﬁt (1= p)- e—A(s—t)) . (W U (]587 k)) delP—r)(s—t) (;') 0.

where inequality () is strict for p > r unless W = U (s, ks) for every s € [t,7]. This implies that under
the optimal contract C it must be the case that W; = U (py, l%t) If p = r, then the transition from contract
C to contract C is costless and hence contract C is optimal whenever contract C was optimal. This proves

the first part of the observation.

Equilibrium equivalence. We have just established that for a given belief process (g, ift)tzo the optimal
long-term contract keeps the agent at his reservation wage U (py, kt) after every history. This implies that
when the intermediary chooses time 7 when to let the agent go, she faces the same retention costs with
or without commitment. For this reason, the optimal termination time 7 has to be subgame perfect —
if it was not, then the intermediary could extend the agent’s employment ex-post without violating the
promise-keeping constraint but making a positive profit. Consequently, the equilibrium with commitment
has to result in the same churning policy. Under the assumptions of Observation [2| the equilibrium belief

process has to be equal to (g, k) derived in Propositions 1| and O
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A.3 Extension: Imperfect Competition for Agents

The intermediary can underpay the agent since his outside option is to either open a firm but be perceived
as a lower type or leave the industry altogether. Suppose, if the agent leaves the current intermediary, he
can find one new intermediary to work for with probability (;, and finds two or more intermediaries to
work for with probability C2E| For tractability, we assume the intermediary at the new firm has the same
information p about the agent’s ability. The possibility of finding multiple intermediaries is beneficial to
the agent as they compete for his services by offering a signing bonusﬁ With probability 1 — ¢; — (o, the
agent does not find a new intermediary and either starts his own firm or leaves the industry. The possibility
of not finding a new intermediary and having to start his firm prematurely poses a risk for the agent if he

chooses to leave the incumbent intermediary.

Observation A.3. The equilibrium quiet periods, churning periods, and client belief processes (kt, qt)t>0
are unchanged. The agent’s compensation depends on his endogenous bargaining power ( = Ca/(C1 + C2)

and is given by

w (pr) = (1= C) - wr(r, k) + ¢+ (Alge) = V) — (1= C) -3 - OoU (1 ) (A.115)

reservation wage with bargaining power ¢ pay for reputation

The intermediary’s expected value from employing the agent decreases in (.
Proof. Agent’s outside option. Consider the equilibrium wage uvf received by the agent of ability p; at
time t along the path of good performance. Denote the intermediary’s expected value of employing type p

while the belief is k£ as
TAN
V< (o) def Ej, [/ o—T(s—1) . (A(QS) _ u~)§> ds+ e "N LY ‘ X, = t} ) (A.116)
t

Denote by Uf (p) the expected value of the agent of ex-ante ability py at time ¢ given his bargaining power

¢ defined as ¢ = 15241. If the agent leaves the intermediary, then with probability (y he does not find an
alternative intermediary, in which case he opens his own firm and collects U (po, ;) = U*(m(po), me(l)) =
max{U (m¢(po), 7¢(lt)), L}, where U(p, k) is defined in (5)). With probability ¢; the agent finds only one
intermediary, in which case his continuation value remains Uf(ﬁo) as the new intermediary replaces the
previous one. With probability (o the agent finds multiple intermediaries who compete for his services

a-la Bertrand via a sign-on bonus and, consequently, the agent collects both his outside option Uf (o) as

well as the intermediary’s value-added VtC (po) — V. This implies that, in equilibrium, the agent’s expected

5If the agent approached only one intermediary at a time, the intermediary would retain all of the bargaining power, as
shown in Diamond (1971). The main model corresponds to the case of {2 = 0.

5In the absence of commitment to long-term contracts, multiple intermediaries compete a-la Bertrand by offering an
up-front payment to the agent but, subsequently, keeping the agent at his outside option.
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value in each period must satisfy

Uy (fo) = Go - Un(o, 1) + 1 - U (o) + Ga - (UF (Bo) + Vi (o) = V)
(1= 1) - Uf (Bo) = Go - Ur(o o) = Go - (Uf (o) + Vi (o) = V)
(1= G =) (UF (o) = Unto 1)) = Ga - (Vi (o) = V).
US o) = Uit ) = 12 - (Vi) = V). (A117)

Agent’s equilibrium wage. Given belief processes (k, ¢¢)¢>0 the value of the intermediary from em-

ploying the agent of skill p; is
PVE o) = Ala) = @ + M1 = m(50)) - (V = V(o)) + Vilio). (A118)
Given wage process w; the equilibrium payoff of the agent is given by Uf (Po)
rUf (po) = 5§ + A1 = (o)) - (L = UF (o)) + U (o). (A.119)

Denote by %C is the endogenous churning rate expressed in the posterior type k; given the agent’s bargaining

power {. Churning rate %C in the posterior type space k = (k:)¢>0 maps to a churning rate 'ytc/ﬂ'l’f(lt) in the

ex-ante type space [ = (I;)¢>0. It follows from that agent’s outside option U;(po,l;) satisfies

¢ .
rUt(Po, lt) = wr(me(Po), me(lt)) — % - 02Uy (Po, 1) + Ui(Po, It)- (A.120)
t
Subtracting (A.120]) from (A.119) to obtain
¢ ¢ e
r+ (UF (o) = Vsl ) ) = @ — wilma(o), malle)) + 7 - 0aUs o, 1)
(1) (A.121)

+ ML= m(50)) - (Vo ) = Uf (50)) + UF (Bo) = Uil L)-

Substitute (A.117)) into (A.121]) to obtain

e
"o E - (Vf(ﬁo) _ V) = @y — wr(m(Bo), (L)) + % < 02Ui(po, 1) (A.122)

A= ml0) - o (V= Vi) + g - VG,

¢
Multiply (AT8) by ¢ and subtract from (A.122) to obtain

¢ " . 7 . ¢ .
§ = wn(m (o), mll) + s - 0o, ) = 7 (Ala) — )
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wf D l C —t— 0V, l ¢ A
1-¢ — wr(m(po), me(lt)) + (lt) LU (Po, lt) — iC (gt)-
Solving the above equality for u?f obtain
¢ g0
’LZ)t = ( : (A(qt) — ’I"V) + (1 - C) . ZUR(ﬂ't(]ao), ﬂt(lt)) — tht)aQUt(ﬁo, lt) . (A123)
t

Equality (A.115) follows from (|A.123]) once we substitute the ex-ante types (pg,{;) and time ¢ with corre-
sponding ex-post types (p¢, k).

Intermediary equilibrium. The intermediary’s expected value from the cutoff agent at the time of
turnover is equal to her outside option V, i.e., VTC(ZT) = V. The intermediary’s profit wedge is equal to her

opportunity cost when she lets go of the cutoff agent at time 7, which we can express as

Algr) - §: rV, (A.124)
Algr) = ¢ (Algr) = 1V) = (1= Q) - (wrlkr kr) = 7f - U (ks r) ) =7
Algr) =1V = wplkr kr) +7f - 02U (ke kr)) =

rV + wr(ke, ki) — Alg )2%47 (A.125)

02U (Pt kt)

for every t € support (7). For a given equilibrium value of V, the churning rate ¢ obtained in (A.125))
coincides with the churning rate v obtained in . Belief process k = (k¢)¢>0 thus does not depend on

the agent’s bargaining power ( given the intermediary’s expected value V.

By combining the intermediary’s objective @ with the agent’s retention constraint we see that similar
to the efficient turnover literature, the equilibrium turnover time 7 maximizes the joint payoff of the
intermediary-agent pair given client belief process (g, k) and is, thus, unaffected by the agent’s bargaining
power ¢ which determines how they share the surplus. If the agent’s bargaining power ( is higher, he

receives a greater share of the total surplus, thus reducing the intermediary’s expected value. O

A.4 Extension: Paying for Reputation versus Paying for Training

Agents are willing to accept below reservation wages to establish a reputation with clients. While such
pay-for-reputation intuition is reminiscent of the pay-for-training logic of Becker (1962), improvements to
the agent’s reputation lead him to generate greater revenues without affecting his underlying ability. We
show that building a reputation via the intermediary’s selective retention differs from the intermediary’s
training, as churning occurs later in the agent’s career while training occurs earlier and is accompanied by

distinct reputational benefits.
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Suppose that in each period, the intermediary can spend a private cost ¢(a) to transform an unskilled
(0 = 0) agent to a skilled (f = 1) agent with intensity a > 0. Denote by a;(p:) to be the training offered
by the intermediary to an agent with skill p; at time . The agent’s posterior type p; then evolves based

on both his performance and training

dps = A\py(1 — pg) dt + py - (d Xy — dt) + a(pe) (1 — py) dt. (A.126)

Vv
learning from performance training

The agent’s private belief p; increases if he performs well due to learning from performance and further
increases if he is trained due to fundamental improvements to his ability. Clients, however, do not directly
observe the amount of training provided to the agent, similar to Acemoglu and Pischke (1998), and must
form beliefs about it. This affects the agent’s reputation as the clients’ belief about the worst remaining
agent k; now increases not only due to learning from performance signals and the intermediary’s churning
as can be seen in @D, but also due to the intermediary’s training as captured by the a;(p;) - (1 — py) dt
term in evaluated at the cutoff type p; = k. Surprisingly, training not only improves the ability of
lower-skilled agents but also the reputation of every retained agent by increasing the ability of the cutoff

agent k; and compressing the residual information asymmetry about retained types p; > k.

Lemma A.31 (Wages with training). The agent’s equilibrium wage reflects his incentives to pay for his

training as well as the reputational gains stemming both from the intermediary’s training and churning:

wt(ﬁt) = A(k?t) - at(ﬁt)(l - ﬁt) : 81U(ﬁt; kt) - at(kt)(l - kt) : a2U(15t7 kt)) -Vt 32U(I5t, ktl- (A-127)

pay-for-training pay-for-reputation pay-for-reputation
from training from churning

Proof. The agent’s outside option U*(p, k) satisfies (18). The agent’s private belief process p = (pt)i>0
follows (A.126]). The belief process k = (k¢)+>0 about the cutoff type follows

ii‘t = )\k‘t(l — k‘t) + at(k:t) . (1 — ]{Zt) + Yt s (A].QS)

where 7 = (v¢)i>0 is the weakly positive churning rate and a;(k;) is the amount of training provided to
the cutoff type k; at time t. Note that given the possibility of training, the intermediary’s payoffs differ
from that of Section Given belief processes p and k given by (A.126]) and (A.128]), in order to keep

the agent at his reservation value U (py, k) after every history, his wage w{ () must satisfy

PU (Bt k) = wf (B1) + [ Ape(L = ) + alfes ki) - (1= o) | - 010 G ko)

(A.129)
+ [Akt(l — k) +a(ke) - (1 —ke) + %} - QU (e, k) + A1 = pr) - (L — U(pr, k).

Subtracting from (A.129)) we obtain (A.127]). O
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A higher-skilled agent pays less for improvements to his ability as a result of training since for high p,
his ability responds less to training as can be seen from the second term in (A.126)). At the same time, a
higher-skilled agent puts a higher value on reputational growth, as shown in , and is thus willing to

pay more for the reputational benefits associated with both churning and training of lower-skilled agentsm

The intermediary’s incentive to invest in general training, as pointed out by Acemoglu and Pischke (1999),
is determined by the extent to which the intermediary can capture the value added to this training which,
in turn, depends on the frictions in the agent’s labor market. Denote by V;(p;) the continuation value of
the intermediary from employing an agent p;. The amount of training is, then, pinned down by equating
the marginal cost of training to the marginal value of the underlying ability of both the agent and the
intermediary

ae(pr) = (L =p) - U (B, ki) + (1= pr) - 0 Va(). (A.130)

agent’s gain from training intermediary’s gain from training

The agent is willing to pay for his training in to the extent that he can capture some of the
surplus, which is limited by the asymmetric information difference between p; and k;. The intermediary
values higher-skilled agents more since they are more likely to generate good performance, be retained
for longer, and pay for reputation. This implies that for the same degree of asymmetric information, she
has a greater incentive in training a higher-skilled agent, captured by 0, V;(p;) increasing in p;, however as
higher-skilled agents are also less likely to benefit from training, this term is further multiplied in
by the probability 1 — p; that training will be beneficial. The intermediary’s incentive to train the agent,

however, declines as her information advantage diminishes.

Observation A.4 (Training incentives). Suppose the public performance signal is not very informative,
as captured by r > X. Then, a higher-skilled agent has a longer career with the intermediary: he pays more
for building a reputation but less for training. The intermediary’s incentive to train the agent declines as

he is about to be let go.

Proof. The expected value to the intermediary from employing the agent of ability p; is to choose a
combination of training a;(p;) and termination time 7 specific to this agent. Holding client beliefs (g, k):>0
fixed, the choice of effort provision and termination time 7 is a decision problem of the intermediary.
Consider the intermediary’s value function V;(p) that corresponds to offering the same training a; (k)
to all retained agents and then choosing turnover time 7 optimally, while keeping client belief processes

(gi, k¢)i>0 unchanged. Value function V;(fo) is a lower bound to the intermediary’s more flexible effort

"Acemoglu and Pischke (1998) consider a model in which higher-skilled agents value training more than lower-skilled
agents. Such complementarity can be easily embedded in and makes our results even stronger by giving the higher-
skilled agents an additional reason to work for the intermediary. While Acemoglu and Pischke (1998) consider a static model,
they emphasize in Section III.D the importance of dynamics in future work. Due to dynamic considerations, wage compression
is present in our model, even if skill and training are substitutes.

A.60



choice problem. We show below that Vt(ﬁo) is strictly increasing in the agent’s private type p;. This, in
turn, implies that if the intermediary finds it optimal to let go of the cutoff agent p; = k¢, retaining all

agents of ability p; > k; is strictly profitable.

It is convenient to denote wug(k) =l U(0,k). Then, since U(p, k) is linear in p, it follows that U(p, k) =
p-ui(k) + (1 —p) - uo(k). If the intermediary offers the agent training a(k;), then her flow payoff is equal

to

ag(ke) - (1 —pr) - 0U P, ke) + [ve + ar(ke) (1 — k)] - 02U (Pr, ki) — c(ar (k)
=ay(ke) - (1 —pr) - [ua(ke) — uo(ky)]
+ [yt + ar(ke) - (1= k)] - [Be - wy (ke) + (1= pr) - ug(ke)] — ela(ky)).

(A.131)

It follows from the definition of wuy(k) “y (0,k) in and Ito’s lemma that
rug(k) = A(k) + \k(1 — k) -/ (k) + XA - (1 = 0) - (L — ug(k)). (A.132)
The intermediary’s flow payoff in (A.131]) is linear in the private belief p; with the slope equal to

— ap(ke) - [ur(ke) — wo(ke)] + [ye + ae(ke) - (1= ke)] - [u) (ke) — ug(ke)]
> ar(ke) - [ (un(ke) — wo(ke)) + (1 — k) - (uy(hke) — up(ke))] - (A.133)

It follows from (A.132)) that

Ne(1— ) - (uh (k) — up(k)) = 7 - (un (k) — (k) + M1 — k) - (L — ug(F))

(1— k) - (W (k) — (k) = = (ul(k;k_ uo(k)) , 1 ; k. (L — ug(k)). (A.134)

Substitute (A.134) into (A.133]) to obtain

ap(ky) - [= (ur(ke) —uo(ke)) + (1= ke) - (uy (ke) — ug(ke))]

~ — (u1(ke) —up(ke)) + . (UI(kt)\)kjt_ olls) * 1 ;tkt (L —uo(ky))

1—-k 1-k
r t]+ t

,
—uy (k) - | =14 —— F) - [1— — —
ui t)[ +)\kt}+u0( t){ oo ks

L (A.135)

We have

uo(k) = /OOO e~V Ay (k) ~ L] + L < - :; -

/0 e [A(m(k)) - TL} )
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r T A

=y k) =L+ L= ———u (k) + (A.136)
Suppose A < r. Then substituting (A.136|) into (A.135)) obtain
uy (ki) - :—1 + ;kt] + ug(ky) - [1 — /\th ! ;tkt] + 1 ;tkt L
>y (k) - :—14—)\7;%] + |:7“—7|:)\‘U1(k)+7“—|)i.L:| . [1—)\2&_ 1;;“} _{_1;;% L
R ]
i) |:_74+)\)\+7"‘|')\)\')\Tkt_ri)\‘1;tkt:| b [rixﬂn?m';kfwix ilﬂ

B A r A r T—Fke| _ o 1— Kk
= (k) L]-[r+>\.)\lﬁ e }_[ul(kt) L] [A A—r ]

:[m(kt)—L] . [r—)\—r- 1_kt] :ul(kt)_L'[T—)\kt—r'(l—kt)]

kit ky ky
_ (5] (kt) — L

C= ke (= V)] 0. (A.137)

Inequality shows that higher skilled agents generate a greater flow profit for the intermediary in
the upper bound V(ﬁt, ki). This implies that if an agent of skill p; = k; should be retained, then higher-
skilled agents p; > k; should also be retained. Similarly, if type p; = k; is being let go, then strictly higher
profitability of higher skilled agents implies that the intermediary prefers to retain them for p; > k;. O

The sufficient condition that » > A ensures that higher-skilled agents value the reputation-building aspects
of working for the intermediary more than lower-skilled agents value the training provided to themﬁ The
intermediary has no interest in training the agent when he is close to being let go, while this is precisely the
time when the agent builds reputation via the intermediary’s churning, as can be seen from the churning
rate v illustrated in Figure [IB for the case without training. Churning occurs when the information
asymmetry is low, while training, in contrast, is focused on quiet periods when information asymmetry is
high and the churning rate -y is absent or low. This distinction is most pronounced for higher-skilled agents
towards the end of their careers with the intermediary, when the training benefits are smallest, while the

churning rate is greatest.

8Condition r > X is sufficient for all revenue functions A(-) and distributions F(-) and, thus, can be relaxed for specific
functional forms. This condition can be relaxed if we were to introduce skill depreciation into the model, making training
more valuable for higher-skilled agents similar to Acemoglu and Pischke (1998).
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A.5 Extension: Possibility for Market Breakdown in the Absence of

the Intermediary

In this section, we show if the expected value of the agent’s services can be negative, i.e., if A(0) < 0,
then the market for his services can break down — clients are unwilling to procure services as they have
a negative value for them. Such under-provision of services may be inefficient as clients are short-lived
and do not internalize the experimentation benefits associated with the agent providing services to future
clients. Consequently, the agent cannot generate performance signals when working independently and,
thus, escape the breakdown region. We show that the intermediary’s ex-ante selection, as described by

Observation [I] can restore these services even if the intermediary does not subsidize early clients.

In what follows, we refer to the agent as being credit-constrained if he cannot accept a negative payment
from clients, i.e., services must be sold for a weakly positive amount. For simplicity of the analysis, we set

the agent’s outside option L = 0.

Observation A.5 (Market breakdown under autarky). A credit-constrained agent can start his own firm
under autarky, i.e., in the absence of the intermediary, if and only if the ez-ante belief distribution py ~ F(-)

satisfies E [po] < A71(0).

Proof. Suppose the agent’s reputation & > A~!(0). Then all agents prefer to start their own firm, rather
than taking their outside option L = 0. Given the benefits of staying in the industry, all agents stay in the
industry as long as they perform well, resulting in a value function U(py, k) defined in . As this applies
to agents of every skill, this implies that all agents enter, and the clients’ rational expectations require that
ko = E [po]. Consequently, if E[pg] > A~1(0) all agents open a firm in equilibrium.

Suppose the agent’s reputation E [py] < A71(0) then no agent can open a firm in equilibrium as, if only
a fraction of agents were to enter and ko > A~!(0), then all agents would then prefer to enter due to the
positive option value of generating good performance in the future. Consequently, positive entry cannot

be an equilibrium, and the agent is unable to contract directly with clients if E [pg] < A~1(0). O

Observation implies that in the presence of credit constraints, the agent’s expected value from having

private belief p and reputation k is equal to
U5, k) < U@, k) - 1{k = A7H(0)} (A.138)

where U(p, k) is defined in (5]). The credit constraint shows up as a discontinuity of the agent’s expected
value of the agent at k = A~1(0) given by U*(p, A=1(0)—) =0 < U(p, A~1(0)) = U*(p, A~(0)).
We now show that as long as the intermediary’s reservation value V' is sufficiently large — the exact value

depending on the shape of the revenue function A(p) — then the presence of the intermediary restores a
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market for the agent’s services. This holds even if the intermediary is also credit constrained and is not in

a position to subsidize the agent’s services, i.e., pay clients to use themﬂ

Observation A.6 (Intermediary equilibrium with a lemons problem). Suppose A(m¢(p)) is weakly concave
int > 0. Then there exists a V. such that for every V. > V there exists an intermediary equilibrium in
which the hiring threshold kg is such that qo = E [po|po > ko] > A~1(0) implying that the market for agent’s

services 1s restored.

Proof. Define k¥ = Qal(Afl(O)) as the lowest type that is able to open his own firm if he pools with all
types above it. Define kS = A~Y(0) as the lowest type that is able to open his own firm if he is identified
correctly. Due to the subsidy associated with pooling, it follows that B> kP

Consider a candidate hiring threshold kq. Define £(ko) as the first time when the agent of type kg can open

his own firm if the outside clients correctly perceive him

f(ko) “inf {t>0: (ko) > kS).
If the agent is initially hired at ¢ = 0, then his reservation wage is equal to 0 during [0, #(ko)]. Since his
revenues A(m (o)) are increasing in ¢ along the path of good performance, then all initially hired agents,
i.e., those that are not let go at t = 0, are retained at least until (ko) along the path of good performance
— otherwise it would be unprofitable to retain them beyond ¢ = 0. Define time t*(ko) as the first time
when the agent becomes unprofitable for the intermediary, i.e., the length of the initial quiet period as a

function of kg,

(ko) " inf{t > i(ko) :  A(Qu(ko)) — A(me(ko)) < rVY.

If A (Qf(ko)(k0)> - A (Wf(ko)(ko)) < rV, then t*(ko) = (ko) and the churning period starts immediately
once the agent is able to open his own firm if he leaves. If, however, A (Qi(ko)(kO)) —A (ﬂ'i(ko)(k/‘o)) >rV,
then t*(kg) > t(ko) and the quiet period extends beyond the time when the agent can contract directly
with clients.

The intermediary’s profitability of employing the agent of skill kg is positive only as long as clients are willing
to purchase the agent’s services, i.e., kg > k. If the intermediary employs agents [ko, 1] in equilibrium,

then the expected value from employing the worst agent kg is

increasing in t

i(ko)
GlrosV) ™ [ e (ko (1= o) o) - TA(@iCR0) — V]

t* (ko)
e (ko (1= ko)) -4 (Quko) — Almlko) — rV] e+
t(k‘o)

decreasing in t due to concavity of A(mi(p)) in t

9If the intermediary can subsidize the agent’s services, then, as to be expected, she can easily alleviate the agent’s credit
constraints.
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t* (ko)
= /0 et (k:() + (1 — ko) - eiAt> - [A(Q¢(ko)) — max {0, A(m(ko))} —rV] dt + V.

By definition of k&7 it follows that A(m(ko)) > 0 for all kg > k® and ¢ > 0. This implies that G(ko; V) >V
for every ko > ES. At V =0 we have

G(ko;0) = /g(tk ()kO) et (k:o + (1 — ko) - e_At) - [A(Q¢(ko)) — max {0, A(m¢(ko))}] dt. (A.139)
0

If ko > k¥, then the integrand in is positive, implying that G(ko;0) > 0. This implies that if

V =0, then the intermediary finds it optimal to hire all agents who are less skilled than k. Consequently,

if V' = 0 the intermediary does not contribute to positive selection and the equilibrium would feature

the same market breakdown as in Observation as the quality of entering agents would fall below

Q(k") = A71(0) and the intermediary would be unable to sell the agent’s services.

The intermediary’s incentive to hire the less skilled agent decreases in V', as can be seen from

i[G(/{: V) —=V] ——/t*(kO)e_Tt- (k +(1-k )-e_)‘t> crdt <0
oV 0, 0 0 0 .

Define V as the minimal reservation value at which the intermediary prefers not to hire any agents below
kP, formally defined as

VY mfv>0: st GloV)<V Yk <kP). (A.140)

For a given V' > V denote by kg the lowest skilled agent the intermediary is willing to hire, i.e., G(ko; V') =
V. Since the intermediary is always willing to hire the interval of agents po > ko > k°, such a type always

exists. Moreover, by definition of V it must be the case that ky > k¥, implying that ko € [EP kS |. Define

i(ko)
G(po, ks V) < /0 e (o + (1= po) - ™) - [A(Qulko)) — 7V

t* (ko)
+/ et (ﬁo + (1 —po)- 67)"5) [A(Qu(ko)) — A(m(ko)) —rV] dt + V.
t(ko)

It is unprofitable to hire agent py < ko and retain them until ¢*(kg) if

0<

i(ko)
g, Porkor V) = [ (1) (A @itk -]

t* (ko)
+ /f(ko) e (1 —e ) [A(Qu(ko)) — A(mi(ko)) — V] dt

t* (ko)
_ /O ot <1 _ 67/\7&) - [A(Qi(ko)) — max {0, A(my (ko)) } — rV] dt.
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By definition of kg, we have G(ko; V') = G(ko, ko; V') = V. This implies that the agent of type kg is exactly
indifferent between cash flow stream C; = 0 and cash flow stream C; = A (Q(ko))—max {0, A(m: (ko)) }—rV.
Cash flow C = (Cy)i>0 and C" = (CY);>p satisfy the single crossing property with C; > C} for t < ' an d
Cy < C} for t > t/, where t' is defined as A(my(Q(ko))) = rV. It follows from the single-crossing property
established in Lemma earlier that type po > ko strictly prefers cash flow C’ to C, while type p < ko
strictly prefers C' to C’. Consequently

t* (ko)
gg)(ﬁo, ko; V) = /0 et (1 - e_>\t> - [A(Qt(ko)) — max {0, A(m¢(ko))} — rV] dt

t* (ko)
= /0 e " [A(Qt(ko)) — max {0, A(m(ko))} — rV] dt

>0

t* (ko)
_ /0 =N[4 (Qy (o)) — max {0, A(my(ko))} — V] dt > 0.

<0

Consequently, if G(ko; V) = 0, then the intermediary does not find it profitable to hire agents of ability
Po < ko. Consequently, the hiring threshold kg € [@P kS | constitutes an equilibrium. Since ky > k¥, the

clients are willing to pay for the agent’s services, but only if he starts his career with the intermediary. [

A.6 A More Detailed Literature Overview

Our paper provides a new framework to think about compensation and turnover that builds on dynamic
asymmetric information and public learning and, importantly, without relying on any form of dynamic
commitment. We accomplish it by combining two influential but previously disconnected literatures on
public learning, such as Jovanovic (1979) and Farber and Gibbons (1996), with the literature on asymmetric
information, such as Greenwald (1986) and Waldman (1984), in the labor market. We show how quiet
and churning periods can manifest as endogenous promotions — distinct times in the agent’s career when
his compensation discretely increases, and subsequent turnover rate discretely decreases. This is a novel
perspective on promotions that does not involve public job assignment and shows how the quiet periods
and pay-for-reputation mechanics manifest in the worker’s career. In this section,n we provide a more
detailed discussion of our contribution to the literature on labor markets under asymmetric information,

promotions, and the up-or-out contract literature.

Asymmetric Information and Public Learning

The churning period in our model features some similarities to the gradual turnover in Greenwald (1986),

however as we explained above, our paper derives novel equilibrium features on top of what is conveyed in
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Greenwald (1986). To further highlight the distinction from Greenwald (1986), we show in Section of
this Online Appendix that introducing public news in the model of Greenwald (1986) leads to a qualitatively
different prediction relative to our model. Specifically, when public signals are introduced, they shrink the
residual information asymmetry and, interacted with the exogenous separation rate assumed in Greenwald
(1986), result in less turnover in Greenwald (1986), not more as we show in our model. It has also become
clear to us that the exogenous separations approach in Greenwald (1986) substantially limits the theoretical
tractability of incorporating public news in Greenwald (1986), making it much more difficult to characterize

the pay-for-reputation dynamics, making our approach, if anything, simpler.

While pay-for-reputation does arise in equilibrium in Greenwald (1986) and Waldman (1984), it is not
the focus of these papers. There is a separate literature exploring the role of public learning on worker
allocation and turnover as pioneered by Jovanovic (1979) and further explored in papers such as Farber and
Gibbons (1996). To our surprise, there has been almost no interactions between these two literatures. Part
of our contribution is to bridge this gap by considering an asymmetric information model in the presence
of public performance signals. Modeling such interaction is important for professional services firms such
as finance, investment banking, accounting, law, and management consulting. This approach allows us to
identify new qualitative features of the agent’s career, such as quiet periods, but also derive endogenous

up-or-out promotions.

(i) Quiet and churning periods. Our model generates a quiet period during which all initially
hired types are retained as long as they perform well. This quiet period corresponds to a static
adverse selection friction on the worker, yet as the asymmetric information declines thanks to public
performance signals, we show that the agent’s career endogenously transitions to a churning phase
in which his ability is gradually revealed via the retention decision. The distinction between the
quiet and churning periods offers a testable prediction on both the turnover-tenure relationship as
well as the decomposition of tenure into performance- and non-performance-related components,
which has been done, for instance, in the context of CEO labor outcomes. The length of the quiet
period is driven by the magnitude of the asymmetric information and the speed at which it dissipates
through public news. The quiet period and its endogenous transition to the churning period during
the agent’s career is conceptually novel. Importantly, this cannot arise in Greenwald (1986) as all
turnover originates from an inefficient exogenous separation rate which, if set to 0, eliminates all

turnover in that model.

(ii) Endogenous up-or-out promotions. Section considers endogenous promotions characterized
by discrete increases in compensation and reductions in subsequent turnover. Such promotions occur
in our model when there are multiple quiet periods — a consequence of the dynamic real option

problem solved by the intermediary when choosing when to retain or let go of a worker. These
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results highlight the dynamic interaction between asymmetric information and performance signals
and provide a novel perspective on promotions relative to how they have been viewed by the prior
literature via either public task assignment, e.g., Waldman (1984), or moral hazard, e.g., Kahn and
Huberman (1988). We also relate our findings to the up-or-out contracts resulting from moral hazard

considerations. We review our contribution to the promotions and up-or-out contract literatures.

(iii) Signaling with contracts. Our framework also contributes to the broader literature on dynamic
signaling and asymmetric information. Our model effectively extends education signaling of Spence
(1973) to signaling with a career path. The quiet period in our paper is fundamentally different
from the no-trade periods in Kremer and Skrzypacz (2007) and Daley and Green (2012) in which
the lack of contractability of future signals leads higher types to delay the irreversible trade until
the public news reveal their type. In our model, the agent’s future wage depends on subsequent
performance realizations. Moreover, we explicitly consider in Section [5| the possibility of the agent
signing long-term contracts with clients. We provide conditions under which, even if the agent can
sign efficient signaling contracts with clients, in equilibrium,m he still prefers to signal his ability via
the intermediary. The intuition is that clients are either dispersed and feature turnover, while the
agent-client contracts remain private — this is true in most professional settings, including finance,
investment banking, accounting, law, and consulting. We show, in a completely revised Section [5| that
the agent prefers to signal his ability via the intermediary whenever clients feature a sufficient degree
of turnover. The intuition is that the tenure with the intermediary is a simple and credible signal
that transcends across clients which private contracts do not. This highlights the value of signaling
with a career history, such as a CV, rather than signaling with a contract. They also bridge the
gap between signaling models with private offers, e.g., Swinkels (1999) and Noldeke and Van Damme
(1990).

Promotions

A promotion in our setting is characterized by a discrete increase in pay and a discrete reduction in
turnover probability. The continuous-time dynamics of our model highlight these career discontinuities
that we identify with promotions. Unlike the classic work of Waldman (1984), promotions by themselves
do not convey additional information — it is the gradual churning that precedes them that does. In
addition, unlike the vast majority of the literature on promotions which we survey below, we do not rely
on worker allocation to obtain endogenous promotions in the model. In this sense, our model could be seen
as combining the classic papers of Greenwald (1986), Waldman (1984), and Farber and Gibbons (1996)
to obtain endogenous promotions driven purely by asymmetric information and public learning about
performance.

A promotion in our model arises at the transition between a churning and a quiet period — all agents
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that are not churned by the start of the quiet period receive a promotion. We show that such promotions
can arise for arbitrary revenue functions A(-) if the agent is accumulating intermediary-specific human
capital while being employed. This is consistent with Gilson and Mnookin (1989) who describes how
associates in Law firms are let go gradually prior to their final evaluation to partnership and, hence, the
gradual churning period preceding the promotion is when the information about the agent’s ability is
being revealed. The intermediary’s promotion decision, thus, does not rely on active task reallocation of
the agent, as in Waldman (1984) — as long as the agent has survived the churning period, he obtains the
promotion. Moreover, the promotion is not associated with any discrete change of tasks as the revenue
stream of the agent is a continuous function of his tenure. Moreover, since the promotion is characterized by
the churning period followed by the quiet period, there must be sufficient residual asymmetric information
about promoted agents — this means that promotions take place on a cohort-level timeline rather than

when the agent’s individual actual skill reaches the ”promotion level.”

A significant part of the promotion literature has focused on the efficiency of allocation of workers to tasks
within a firm. The seminal contribution to this literature is Waldman (1984) who studies the tension
between preserving asymmetric information about a worker and the signaling role of a promotion. The
intuition is that similar to the quiet period in our paper, the firm can underpay the worker in the presence
of asymmetric information. In the presence of multiple, e.g., low-talent and high-talent tasks, then the firm
may publicly promote workers to the high-talent task that are sufficiently skilled. The benefit of such a
public promotion is improved worker allocation, while the cost stems from the signaling effect such action
entails — the outside markets infer that the promoted workers are higher skilled and the incumbent firm
cannot underpay them as much in the labor market. While the paper is set in two periods, the intuition
of Waldman (1984) is effectively static. Bernhardt (1995) extends Waldman (1984) to a dynamic setting
highlighting the role of firm-specific capital accumulation — a worker is promoted once his accumulated
capital is sufficient for the high-talent task. An important assumption is that the public promotion is
tightly linked to the tasks associated with the specific job title — a firm would benefit from privately
reallocating the worker to the more efficient task without promoting him. Our perspective on promotions
is very much distinct from this approach — a promotion is purely market driven since it happens when
the revenues, driven by the outside markets, reach a level that is high enough to warrant a quiet period
that follows a churning period. In this sense, the intermediary in our model does not publicly allocate
tasks, i.e., we do not impose firm hierarchy exogenously, and so the model is robust to the intermediary
privately reassigning the worker to a different task without publicly promoting him. Put differently, while
the promotion in Waldman (1984) and Bernhardt (1995) is defined as the allocation of a worker to the
high-talent task, we define a promotion endogenously as a discrete increase in the worker’s pay and a
decrease reduction in the likelihood that he will be let go. The combination of private and public learning

are critical to our results and our findings thus combine the asymmetric information aspects of Waldman
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(1984) and Greenwald (1986) with the literature on public learning in the labor market such as Farber and
Gibbons (1996), Gibbons and Waldman (1999), and Barlevy and Neal (2019).

An additional insight of our paper is that promotions are up-or-out and should preserve residual asymmetric
information about the worker’s general ability — this is necessary to generate a quiet period and occurs even
if promotion occurs in response to firm-specific capital acquisition. This implies that up-or-out promotions
in our model take place on a cohort level, rather than an agent level, even though the model is set in
continuous time, which captures what we see in services firms such as law, finance, accounting, consulting,
and even academia. This is quite distinct from Bernhardt (1995) who shows that promotions happen on a
worker level and that they perfectly reveal the general skill of the worker. Moreover, in Bernhardt (1995)
promotions follow a standard practice — not promoted workers are not let go — rather than the up-or-out
practice that we obtain in our paper, consistent with careers in professional services firms, which is the

focus of our paper.

Up-or-out Contracts

Our approach to obtaining up-or-out promotions in the presence of dynamic asymmetric information and
public news is different from existing theories of up-or-out promotions focused on moral hazard frictions.
The classic argument follows Kahn and Huberman (1988) in which it is efficient for the worker to invest in
non-contractable firm-specific human capital to improve production. The worker faces a hold-up problem,
however, as the firm cannot commit to increase the worker’s wage in response to his human capital acqui-
sition by claiming that the worker’s human capital is still low. This hold-up problem precludes the worker
from acquiring firm-specific capital and leads to substantial production inefficiencies. The commitment
to an up-or-out contract restores incentives — if the firm commits to pay the worker a higher wage upon
retention, then the firm only retains the worker at this high wage if he has acquired firm-specific capital
since paying that high wage to a relatively unproductive worker is unprofitable. The up-or-out contract
results in the firm paying the agent a high wage if he acquired human capital, and letting him go if he
does not. This generates incentives for the worker to acquire human capital in the first place, leading to
increases in production efficiencies. Waldman (1990) extends the argument of Kahn and Huberman (1988)
by showing that under asymmetric information, an up-or-out contract also induces the worker to invest
in general human capital and hence up-or-out contracts can arise in professions in which general skill is
relatively more important. In both of these classic papers, it is necessary that the employer commits to

the long-term up-or-out contract to manage the hold-up problem.

Ghosh and Waldman (2010) point out that promotion practices do not always go hand-in-hand with up-
or-out practices — in many jobs, such as construction work, the worker can stay employed at a particular

level of an organization without being promoted. In others, most notably the professional services industry
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such as finance, law, and accounting, the worker is either promoted or let go. Such differing practices pose
a puzzle since it seems inefficient to let go of capable workers, such as legal associates, who are very close to
the promotion threshold but still fall below it. The paper shows that when firm-specific capital acquisition
is relatively low, then the argument of Waldman (1990) leads up-or-out practices to be optimal to generate
incentives for the workers to invest in capital. If, however, firm-specific capital is relatively high, then
the firm is better off not letting go of unpromoted workers since they have gained substantial firm-specific
capital the value of which can be extracted. Promotions are not too costly to the firm since their signaling
effect, as studied in Waldman (1984), is relatively weak as this firm-specific capital cannot be easily ported
to a different firm. Ghosh and Waldman (2010) effectively combine the insights of Waldman (1984) and
Waldman (1990), explaining why some firms use standard promotion practices, while other firms rely on
up-or-out promotion practices, with the latter being optimal when general human capital is relatively more

important than firm-specific human capital.

A number of papers have pointed out that up-or-out contracts are especially prevalent in the professional
services industry while also highlighting the importance of general human capital in these professions.
Axelson and Bond (2015) consider a repeated moral hazard setting and show that the high degree of
moral hazard in finance and other professional service professions can result in up-or-out career structures
and temporal segmentation of the labor market. Barlevy and Neal (2019) show how up-or-out contracts
can help with the allocative efficiency of workers in the professional services industryF—_U] The model thus
focuses on the role of public learning about the worker’s ability. Bar-Isaac and Leaver (2022) study a
model of training and information disclosure, helping explain why professional services firms also establish
outplacement career services as part of their up-or-out career structures. In the model, they do so by
committing to publicly disclose bad matches that will not hurt the agents as much in the secondary job
market if they do not receive a promotion. Bar-Isaac and Lévy (2022) study how labor market conditions
lead the firm to assign the employee to informative tasks and the implications it carries for outplacement

services.

A.7 TImplications of Public News in Greenwald (1986)

In this section we formally consider the model of Greenwald (1986). We show that, unlike in our model, it

leads to a reduction in agent turnover and does not result in quiet periods.

Model setup. The model of Greenwald (1986) can be embedded in the notation of our model as follows.
Assume time is discrete and indexed by t = 0, 1, 2. First, we first prove our results analytically in Section

in the context of a two-period model and then show these results numerically in Section for the

10Barlevy and Neal (2019) also contains an excellent literature overview of up-or-out contracts, and being relatively recent
ensures that we do not miss important papers in our overview.
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three period model. We denote the common discount factor between period as 8 € (0,1).

It is convenient embed the model of Greenwald (1986) in the notation of Section [2[ of our paper. The
agent’s latent ability is equal to # € {0,1}. As in Greenwald (1986), we assume the agent’s productivity
is equal to his type, i.e., A(f) = 0. We assume that parties do not directly observe 6 and are, instead,
endowed with an imperfect private signal po about it, distributed via a F(-) over [p,1]. As in Greenwald
(1986), we assume this private information is observed at t = 0, and thus there are no strategic interactions

in this first period as no party is informed.

An important assumption in Greenwald (1986) is that agents separate at an exogenous, i.e., independent of
ability rate 6 > 0 in every period. Importantly, other firms do not observe whether the agent has separated

for exogenous reasons, leading to an adverse selection problemr;f]

Three Period Model without a Public Signal

First, we characterize the solution to the model outlined above in the absence of a private signal, i.e., mirror
the analysis of Greenwald (1986). Our aim is to illustrate the implications of the exogenous separation
rate & on the equilibrium strategies and reservation values. Just as in the analysis of our model, the
equilibrium features cutoff strategies. Consider (I;);=0,1,2 to be the highest ex-ante type still employed by

the intermediary at time ¢. The initial condition is Iy = p.

Due to the exogenous separation rate J, the average separating type is a conditional average across agents
that separate exogenously and agents who are strategically let go by the intermediary. Denote by (2¢)i=12

the average ex-ante separating type. In period t = 2 obtain

,, def §-Elpo|po € [l1,1]] + (1 —6) - Epo - H{po € [l1,12]} | po € [I1,1]]
? 5+ (1—0)-P(po € [l1, 2] | po € [l1,1])

flll z dF () fll12 zdF(x)

0 Nrmy + (-9 My 6 fyedF(@) + (1-6) - [ wdF(2)
5+ (1 0) - FF0) 5 (1= F() + (1—0) - (F(l2) — F(ir))
_ fllf zdF(z)+6- fli xdF(z) | (A.141)
d+(1—=96) - F(l2) — F(ly)
Similarly, the average separating type at ¢ = 1 is given by
def Jig 2 dF (@) + 8- [y wdF (@) pag-o fyy ©dF(z) +6- [, wdF() (A162)

5+ (1—0)-F() — F(lp) 5+ (1—0) F(ih)

Lemma A.32. The agent’s outside option is equal to zs if he separates in period t = 2 and equal to

(14 B) - z1 if he separates in period t = 1.

' Such exogenous separation rate results in a trembling-hand-perfection like refinement and, in a setting like Spence (1973)
or Noldeke and Van Damme (1990), would force a pooling equilibrium at ¢ = 0.
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Proof. Equation 9 on page 334 of Greenwald (1986). O

Retention at ¢ = 2. The intermediary chooses which agent to let go at ¢ = 2 based on their net
profitability — the necessary wage zo needs to be greater than the intermediary’s profit lo from employing
the cutoff agent. As the intermediary has let go of all agents with ex-ante ability po € [p,[1], the support
of agents retained at the start of period ¢t = 2 is [l1, 1]. The intermediary’s indifference condition can then

be written as

fllf:ch(x)ﬂ—(;-flixdF(az)
§+ (1 —=9)- F(ls) — F(ly)
1

l2
l2-(5+(1—5)~F(l2)—F(l1)):/l rdF(@)+5- [ adr(a)

l1222:

/l e ) dF(z) + 6 ll(x 1) dF(z) = 0. (A.143)

The left hand side of (|A.143]) is decreasing in ly. Moreover, it is positive if ls = [; and negative if lo = 1.
Consequently, there exists a unique solution la = Lo (1) which, importantly, depends on the cutoff type in
period ¢ = 1. Importantly, if the model has only two periods, then we can take [; = p in which case (A.143)

characterizes the equilibrium cutoff type of the intermediary, which considerably simplifies the analysis.

Retention at £ = 1. The intermediary must be similarly indifferent to retaining the cutoff agent ¢ = 1 in
period ¢t = 1. The wage necessary to compensate the agent in period ¢ = 1 must be such that collecting it
and his reservation wage z3 in period ¢ = 2 makes him indifferent to collecting his outside option (1+f)-z1,

as characterized by Lemma This pins down wage w1 as
w4+ B-z2=(1+p) 2z = wy =21 — B+ (22 — 21).
The intermediary’s indifference condition can then be written as
h=zn-B(2—21)=(1+8) 2182

Write this expression out

flzlxdF(:U)—i—(S-flixdF(x)
S+ (1=0)-F(l)

Lh=(01+p)- — B La(ly), (A.144)

where we have used the intermediary’s period 2 indifference condition written as zo = lo = Lo(l1). Indif-
ference condition (|A.144)) is not as simple as (A.143)) due to the ambiguous shape of the second period
response function Ly(l1). For this reason, we first consider a two-period version of Greenwald (1986) with

news analytically, and then illustrate the three-period extension numerically.
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Two Period Model with a Public Signal

Consider a public signal § about the agent’s ability py that arrives in period ¢ = 1. For comparability with
the main text in which the performance process X defined in reveals the low type agent with intensity
A+ (1 —6), suppose that § € {L, H} is a perfect bad news signal, i.e., it reveals the low type agent with
probability A € [0,1], i.e.,

P(s=L|0)=X-(1-0), Ps=H|0)=1—-X-(1-16) (A.145)
The ex-ante probability that the signal realization will be high, i.e., s = H, is equal to

1 1
Ps=H)= [ Ps=H|p=y) dF@)= [ (1-X-(1-1)dF(). (A.146)

The posterior belief about an agent with ex-ante ability py and signal s = H is given by

P(s=H|0=1) Ps(0=1)
P(s=H|0=1) Pp(0=1)+P(s=H|60=0) Pp(6 = 0)

Po Do
= = . A-147
po+(1=A)-(1=po) Po-A+1-2A ( )

One can invert (A.147) to obtain the private ex-ante type po from the posterior P; (6 =1|s = H) as

P =1|s=H) (1-))

. A4
1— A Po(0=1]s=H) (A.148)

In the two-period version of the model the intermediary only chooses whether or not to let the agent go
at t = 1. We denote by I5 € {I{=F, I{=H} the intermediary’s indifference threshold, which is indexed by

the signal realization s which affects the posterior type distribution.

Observation A.7 (Decreasing turnover threshold). The churning threshold conditional on signal realiza-
tion s = L is given by lf:L = p, meaning that there is no strategic turnover. The churning threshold lf:H
conditional on signal realization s = H is decreasing in A, meaning that more precise public news reduce

strategic turnover even conditional on the positive signal realization.

Proof. Conditional on signal s = L the agent is revealed to have type 8§ = 0 and, consequently, there is no
more asymmetric information in the labor market. In this case, the agent’s outside option is equal to 0
and the incumbent firm is indifferent between employing the agent and not. In this case we can interpret

the agent as remaining employed by this firm unless he separates for exogenous reasons with probability
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0 H Consequently, the expected turnover conditional on s = L is equal to 4, and the incumbent firm does
not churn lower skilled agents, implying that 5= = p-
Conditional on signal s = H the agent is not revealed to be unskilled, which serves as a positive signal.
The posterior belief about the agent of ex-ante ability pg is given by . Denote by I = 1571 as the
lowest ex-ante type that is retained by the intermediary at ¢ = 1 conditional on the public realization of
signal s = H.

The agent of ex-ante ability jo receives signal s = H with probability 1 — A(1 — pg). If po < I{=H, then
the agent leaves the firm with certainty in period ¢t = 1. If §p > [§=%, then the agent leaves the firm only

for exogenous reasons, which occur with probability §. The expected ex-ante quality of agents leaving the

firm at t = 1 as a function of the cutoff threshold (5= is then given by

ls:H

'

z-(1=M1=2))dF (@) + 8- fymn - (1= (1 —2))dF(z)

=H (js=H\ def
Zf (lf ) = lis:H

S5 (L= A1 = @) dF (@) + 8- fiou(1 = M1 = 2)) dF ()

= _ Jjs=H
= ll

The firm’s retention indifference condition z7=(I5=H) implies that the equilibrium retention

threshold 15~ is given by

fgl?:H 2 (1=A1=2))dF(2) + 8- fumn @+ (1= (1 —x))dF ()

A1) = =i

s=H
ll

Sy (L =A1 —2)dF(2) + 8- fron(l = A(1 - @) dF ()

I5=H 1

(x—1571) - (1— A1 —2)) dF(z) + 5 - /PH (x—1771) - (1-A(1—2))dF(z) =0.  (A.149)

def

l 1
G\ “ / (z—1)- (1= M1 —2))dF(z)+- /l (z—1)-(1—\1—2))dF(z). (A.150)
p

The fixed point (A.149) can then be expressed as G(I5=7,\) = 0. Differentiating G(I5=,\) defined in
(A-150) with respect to 15~ obtain

0

l 1
260N = —/p (1= \(1—2))dF(z) — 5 - /l (1—\(1—2))dF(z) < 0. (A.151)

Differentiating G(I,\) defined in defined in (A.149) with respect to A obtain

0

def ! 1
EG(Z,)\) = /p(azl)-(1$)dF(x)6-/l (x—1)-(1—x)dF(z) <0.

12Such resolution of the incumbent firm’s indifference would follow if there are infinitesimal switching costs for the agent.
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Differentiating G(I5=H (\), A) = 0 obtain

sxG(LA)
d . 5} 0 d .. R }I:ZSZH()\)
— =) - =G A +—G(I, A =0 = 5T =- ! <0
dx! () ol (52) I=15=H()) O\ (5,2) I=15=H()) axt 2 9G(1,N) 7
OU= A zps=H ()
1
which proves that [§=()) is decreasing in \. O
0.5 1 0.54 -
0.4 0.52 -
0.3 1 0.50 -
0.2 0.48
0.1 46
l?fjf’;’z(A> 00 - CTstuLic(/\)
ls’fa,ti(: CTs‘f,llti{:
007 . . . . : 0444 . . . . :
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 10
Signal informativeness A Signal informativeness A
(a) Churning cutoff 1= ()\) conditional on signal re-  (b) Expected turnover CT()) as a function of signal

alization s = H is a solution to (A.149)). Churning  informativeness A. Expected turnover CTgqsc cOT-
cutoff lstatic = Lo(p) in the absence of public news is responds to the static model without a public signal.

the solution to (A.143)) setting I; = p.

Figure A.2: Comparative statics of churning thresholds and expected churning in the two-
period model of Greenwald (1986) with respect to the informativeness parameter A of the
public signal. Parameters: 5= 0.8, 6 = 0.3, p ~ U[0.3,1].

Figure illustrates the result of Observation f the churning threshold 5= ()) is strictly decreasing
in A and equal to the churning threshold in the absence of a public signal if A = 0, i.e., the public signal is

not at all informative. Figure [A.2B| shows that the expected cumulative turnover defined as
CT(\) =P(po < I*=H(\)|S=H) -P(S=H),

i.e., the probability that the agent leaves the incumbent firm in period ¢t = 1, is decreasing in the informa-
tiveness A of the public signal. This is due to both the decrease in the churning threshold (= (\) and the
reduced likelihood of generating a false positive signal S = H for a higher A. Figure [A:2] and Observation
[A77 show that public information, both positive and negative, reduces turnover in the two-period model

of Greenwald (1986).
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Three Period Model with a Public Signal

The three-period version of the model is essentially the same as described above, but there is an additional
period, denoted by t = 2, for production and turnover. Figure illustrates the decrease in churning
thresholds and expected turnover in the three-period version of the model of Greenwald (1986). For
simplicity, we assume that the public signal only arrives in period t = 1@ Figure shows that
churning cutoffs in both periods t = 1 and ¢t = 2 decrease in the precision of asymmetric information A.
Similarly, the expected cumulative turnover CTy(A) = P(fo < (= ())) - P(S = H) also decreases with the

precision of asymmetric information.

— 7= 0.75 4 — CTi(N)
061 s=H CTy(\
157N 0.70 4 2(A)
0.5
0.65 1
0.4 1
0.60 1
0.3 1
0.55
0.2 1 0.50 4
0.14 0.45 - \
0.0 1 0.40
0.0 02 04 06 08 10 00 02 04 06 08 10
Signal informativeness A Signal informativeness \
(a) Churning cutoffs 1557 (\) and [75H (M) condi-  (b) Cumulative expected turnover CT25()\) and
tional on signal realization S = H. CTS5H()) in periods t = 1 and t = 2 respectively.

Figure A.3: Comparative statics of churning thresholds and expected churning in a three-period
model of Greenwald (1986) with respect to the informativeness parameter \ of the public signal.
Parameters: 8 = 0.8, 5 = 0.3, p ~ U[0.3,1].

The above analysis shows that a reduction in asymmetric information results in less turnover in Greenwald
(1986) in both the two- and three-period versions of Greenwald (1986). The economics behind this result
is that turnover is fundamentally inefficient in Greenwald (1986), as it does not result in productive gains
but, instead, mitigates the adverse selection frictions, resulting in agents separating for exogenous and

unobservable reasons at rate 4.

13The analysis of the two-period model above shows that adding an additional signal in the final period ¢ = 2 would further
reduce the churning threshold and turnover.
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B Equilibrium Selection via the Lowest Continuation Surplus Refine-

ment

B.1 Refinement Idea and Intuition

In the main text, we establish equilibrium uniqueness when the clients’ beliefs are weakly increasing in
initial types either globally, as shown in Observation [2] or only during quiet periods as shown in Observa-
tion This restriction on the off-path belief process (k¢);>o is intuitive and clear, so we adopt it in the
paper’s main text. In this Online Appendix B, we show that this same equilibrium is uniquely selected
from a limiting perturbation approach to off-equilibrium beliefs. This approach is related to equilibrium
selection in Quantal Response Equilibria (QRE) of McKelvey and Palfrey (1995) and is equivalent to the
divinity refinement of Cho and Kreps (1987) whenever the continuation value of the players after separation
is independent of the private information. In what follows, we describe our perturbation approach, charac-
terize the resulting equilibrium refinement, and then go on to prove uniqueness under this refinement. We
then consider a two-type model and construct the equilibria of the perturbed model explicitly, highlighting

the existence of the limiting sequence in the simplified setting.

Challenges of known refinements. The key challenge in pinning down equilibrium beliefs is in under-
standing the clients’ beliefs during quiet periods when there is no separation on-path. Existing signaling
models feature a single informed player, which allows the application of known equilibrium refinements
such as divinity. Such refinements consider which types of agents are most likely to deviate and assign
the most off-path likelihood to those agents. Our model is distinct in that there are two informed players
— an agent and an intermediary — with distinct preferences. Application of known refinements requires
attribution of which of the players initiates the split. Even then, we show in Section that if a divine
equilibrium exists, either under a reasonable extension to a three-player model or the standard definition of
D1 to a two-player version of our model, then it coincides with the quiet-churning equilibrium we construct
in Section (3| of the main text. We prove that a divine equilibrium exists if the quiet period is not too
long, as proxied by a not too small intermediary outside option V. Surprisingly, however, we show that
if the intermediary’s outside option V' is too low, then a divine equilibrium may not exist at all. This is
a surprising finding and we present a detailed analysis, discussion, and illustrations in Section of this

Online Appendix.

These challenges make known refinements inapplicable directly, and for this reason, we approach the
model from first principles by introducing disutility shocks akin to Acemoglu and Pischke (1998) into the
employment relationship between the intermediary and the agent and studying the belief refinement that

arises as the variance of these shocks converges to zero.
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Perturbation approach. We assume, similar to Acemoglu and Pischke (1998), that in every instance an
agent can receive a discrete disutility shock for working with the intermediaryE This disutility shock has
an exponential distribution with parameter A > 0 and rate of arrival 5@ Upon the arrival of this shock,
the intermediary and the agent choose whether the value of the continued relationship is sufficient for the
intermediary to compensate for the agent’s disutility shockm Consequently, the agent is retained only if
the continued value of the relationship exceeds the value of the shock. Such stochastic shocks imply that
there do not exist quiet periods in the perturbed model as in every instance, there is a positive probability
of every agent receiving a high enough shock to trigger a split. Tracking the evolving distribution of
separating types becomes highly complex and it is generally infeasible to solve this perturbed model in
closed form. We show, however, that as the variance of the shocks in the perturbed model converges to 0, as
captured by A increasing to infinity, the beliefs during any quiet period converge to the intermediary-agent
pair that has the lowest equilibrium continuation surplus relative to the value of separating immediately.
The resulting refinement is consistent with a stability intuition in that the players that have the most
to lose from deviating would be least likely to do so. The resulting refinement echoes the relationships
between divinity and stability, as shown by Cho and Sobel (1990), and coincides with those refinements
in signaling games whether the ex-post value of signaling is independent of the agent’s private beliefs,
such as Spence (1973), Noldeke and Van Damme (1990), Swinkels (1999), Kremer and Skrzypacz (2007)
among others. This refinement also presents an illustration how Quantal Response Equilibria of McKelvey
and Palfrey (1995) can be used in equilibrium selection in signaling models. This equilibrium selection

approach is formulated in Section and the limiting argument is presented in Section [B.4]

Equilibrium uniqueness. We show in Section [B.3| that the equilibrium constructed in Proposition [I] of
the main text, featuring a quiet period followed by a churning period, is the unique equilibrium satisfying
our refinement subject to an additional regularity condition that belief process (k¢)i>0 is continuous. First,
we show that there must exist a final date ¢ by which agents of all types leave the intermediary. If there
is pooling prior to ¢, then there must be a quiet period prior to t. Our belief refinement then pins down
that belief during this quiet period should equal to the belief of the lowest type separating at time ¢. This
results in a jump in beliefs at ¢, which contradicts belief continuity. We then extend this argument to show
that the equilibrium must be separating prior to ¢, allowing us to pin down the dynamics of the churning
period. Finally, and just like in the equilibrium constructed in Section 3 of the paper, the lowest skilled
agents have the least surplus when working for the intermediary, resulting in the clients’ beliefs tracking

this worst agent during the quiet period. For tractability, we conduct this analysis under the assumption

MDue to flexible wages, it is not important as to which party, the intermediary or the agent, are subject to the disutility
shock.

5The argument extends to any distribution with a decreasing likelihood ratio property.

15This ex-post negotiation between the intermediary and the agent alleviates the need for clients to attribute deviations to
a particular party since, if a deviation is observed, the clients simply infer that no mutual agreement has been reached.
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of Section [3| of the main text that A(m:(p)) is concave in ¢, but this analysis can be extended beyond it with
additional work. This first principles approach provides a rigorous micro-foundation for the equilibrium

we construct in Section [3.1]

Online Appendix B structure. In Section we introduce the necessary notation, propose the
candidate off-path refinement, discuss its relationship with existing refinements, formulate the main result
and provide the intuition for the proofs. We show formally in Section that the equilibrium we construct
in Section [3of the main text is unique under our proposed refinement and the additional regularity condition
that client beliefs are continuous along the path of good performance. In Section we construct the
perturbed version of the model and show that the limiting beliefs of the perturbed model as the variance of
the shocks converges to zero has to satisfy the belief refinement outlined in Section and, consequently,
must converge to the unique equilibrium derived in Section We extend our results to the binary version
of the model in Section i.e., one in which the initial type pg features only two types {Q, T)} = {pL, pH }
and explicitly construct an equilibrium of the perturbed version of the model in Section Finally, in
Section we consider the divinity refinement in the context of the two-type model and show that a

divine equilibrium may not exist when the initial quiet period is long.

B.2 Lowest Continuation Surplus Belief Refinement

The model setting mimics the description in Section [3] of the main text. Additionally, we assume that the
agent’s outside option L = 0, which, as we have shown in the proof of Observation is without loss.
Finally, as in Section [3 of the main text, we assume that A(7;(p)) is weakly concave in ¢. This is done for

simplicity due to the extensive nature of the proofs in this Online Appendix B.

To streamline the notation throughout Online Appendix B, we denote by p = pp the ex-ante type of the
agent as indexed by the value of his private signal at the start of the game. The baseline equilibrium notion

follows the Perfect Bayesian Equilibrium definition [T in Section [2}

. . d . .
As in the main text proofs, define by I; </ m_¢(kt) to be the ex-ante type that clients assign to an agent
. . . . .. d
leaving the intermediary at time ¢ along the path of good performance. Similarly, define by my 2] T—¢(qt)
to be the ex-ante average type along the path of good performance. We have shown in Lemma [A-27] of the

Online Appendix A that it must be the case that l[; < my; in every equilibrium.

On-path separations. Denote by 7(p) C [0,4+0o0] to be the, possibly random, on-path stopping time
when type p leaves the intermediary along the path of good performance in a candidate equilibrium. Denote
T(p) = support(7(p)) to be the support of 7(p) for each p. Denote the last date when type p separates in
equilibrium by #(p) = SUp,cfpp T(p). Denote by T = support (1) = UpT(p) to be the set of times when
an agent separates from the intermediary along the equilibrium path. Denote by ¢ = supT = supt(p)

to be the last time when a type separates in equilibrium. We have shown in Lemma of the Online
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Appendix A that ¢ is finite and bounded by (A.97)). Denote by R(t) the support of ex-ante types that stay
with the intermediary beyond time ¢ with a positive probability along the equilibrium path

R(t) =l closure{p: Py(r(p) >t) > 0}. (B.1)
Continuation values. Denote by W;(p) to be the joint continuation welfare at time ¢ of the intermediary

and the agent with ex-ante skill p who has performed well up to time ¢ is given by:

wi(p) < max{ / T )+ (1 mp)) - e 0] (Al (ma) — V] ds

>t

(B.2)
+e T [Wf(p) cuy (e (l:) + (1= mz(p)) - e M0 Uo(ﬁf(l%))] + V}-

If ¢ < ¢(p), then Wy(p) is the on-path continuation value, while if ¢ > #(p), then W;(p) is the off-path
continuation value for the agent of ex-ante type p. The outside option at time ¢ of the agent of ex-ante

type p who has performed well up to time ¢, given client belief [;, is given by

de
Ur(p) E U (mi(p), mo(le) = me(p) - wr (mele)) + (1 — me(p)) - wo(me(le)). (B.3)
Denote by V;(p) to be the continuation value at time ¢ of the intermediary employing the agent of ex-ante

type p who has performed well up until time ¢:

def
Vi(p) = Wilp) — Ui(p). (B.4)
The value added by the agent working for the intermediary is equal to the gain V;(p) — V that the
intermediary gains relative to her outside option. This value also captures the joint equilibrium surplus of

the intermediary-agent pair relative to the joint value of their outside options.

B.1.1 Lowest Continuation Surplus Belief Refinement Definition

We can now formally introduce the off-path belief refinement in which the clients attribute off-path sep-
arations to intermediary-agent types p that have the lowest continuation surplus Wy(p) relative to their
joint outside option Uy(p) + V. Following definition (B.4)), this joint surplus is equal to V;(p) — V, i.e., the
intermediary’s expected surplus from employing the agent of ex-ante type p from time ¢ onwards. This is
motivated by the idea that if the intermediary and the agent were to receive relationship-specific shocks,
then it is precisely the pairs with the lowest continuation surplus who would be most likely to terminate

their relationship.

Definition 4 (Lowest continuation surplus belief refinement). An equilibrium satisfies the lowest continua-

tion surplus” refinement if for every t € [0,t|\T the off-equilibrium path belief l; lies in the convex hull of the
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support of the residual types R(t), i.e., l; € [min R(t), max R(t)] and corresponds to the intermediary-agent

pair with the lowest continuation surplus

Vi(le) = xér[l}izr(lt)} Vi(). (B.5)
Definition requires, first, that clients assign off-path deviations to types that remain with the inter-
mediary with positive probability at time ¢ along the path of good performance. This first condition is
equivalent to condition (ii) of Observation (ii) and can be equivalently restated that clients place zero
weight on agents who have separated from the intermediary with certainty. The intuition for it is that only
agents who are still employed by the intermediary would be subjected to separation shocks — a result we
derive formally in Section when considering the perturbed version of the model. Second, among the
ex-ante types that remain with the intermediary, clients assign off-path deviations to those who have the
lowest continuation value surplus. Requirement is also motivated by the perturbed version of the
model and we derive its necessity in Section when considering the effect of relationship-specific shocks.
While we require that definition [4] applies only to off-path beliefs, it is clear that on-path separations
must also satisfy both of the outlined requirements following Bayesian consistency of client beliefs and

separation optimality in (@

The definition of V;(p) in (B.4]) captures the surplus obtained by the informed parties and, consequently,
definition [4] can be extended beyond two informed players. Definition [d]is also less restrictive than requiring
that l; € argmingcp Vi(x) as it allows for beliefs /; to lie in the convex hull of R(t), thus allowing for

mixed strategies, and such that V;(l;) minimizes (B.5)). It is also possible to embed right continuity of the

belief process (I¢)i>0 in definition (4| by replacing (B.5)) with Vii (l;) = min,cp() Vit (7).

B.1.2 Relationship to Divinity and the Intuitive Criterion

Definition 4}, as we mentioned above, can be extended to a single informed player, in which V;(p) denotes
the equilibrium gain of the informed player. In this section we describe how the resulting refinement
compares to established approaches in signaling games, such as the intuitive criterion of Cho and Kreps
(1987) and divinity in Cho and Sobel (1990), which is equivalent to universal divinity and independence
of never-weak-best responses of Kohlberg and Mertens (1986) in our monotonic signaling game. We also

relate Definition [4] to trembling hand perfection of Selten and Bielefeld (1988).

Comparison to trembling hand perfection. We start by highlighting that definition[dis distinct from
the trembling hand perfection of Selten and Bielefeld (1988). The lowest continuation surplus refinement
assumes that an off-path deviation is much more likely to arise from a type with the lowest continuation
surplus, whereas trembling hand perfection assumes that the probability of a deviation is uniform across

private types. The latter assumption implies that off-path beliefs must reflect the average player type that
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has not separated with positive probability, which is economically restrictive as it immediately rules out
separating equilibria in numerous signaling models such as Spence (1973) and Noldeke and Van Damme

(1990) among others.

We show in Section [B.6]that the lowest continuation surplus refinement follows from a limiting perturbation
argument in which the informed party receives a stochastic shock. Such perturbations result in a Quantal
Response Equilibrium (QRE) as pioneered by McKelvey and Palfrey (1995) and McKelvey and Palfrey
(1998) who also show that the selected equilibria differ from the trembling hand perfection of Selten and
Bielefeld (1988) as the probabilities of off-path deviations are not uniformly distributed across informed

player types and, instead, decrease in their continuation payoff, just like in definition [4

Comparison to divinity. The expected value Wy(p) of the intermediary-agent pair, defined in (B.2]), is
increasing in the clients’ belief process [. Cho and Sobel (1990) show that such monotonicity results in an
equivalence between universal divinity and independence of never-weak-best-responses. Consequently, the

comparison of our refinement to divinity also speaks to these two established refinements.

The divinity refinement attributes off-path separations to a private type p that is willing to separate off-
path for the widest range of hypothetical beliefs by investors. In the context of the monotone signaling
game like hours, for a given type p we can define a time ¢ indifference belief d;(p) such that the equilibrium
payoff Wi (p) to the informed player, is equal to immediate separation at the client belief d;(p). Formally,

d¢(p) is a solution to

Wi(p) =V + Ul(me(p), me(de(p)))- (B.6)

Due to the monotonicity of the signaling game, player p is then willing to separate off-path for any belief
(di(p), 1] assigned to him by clients. The divinity refinement then attributes an off-path separation to a
player type p with the broadest range of client beliefs (d;(p), 1] for which he is willing to separate, which
can be rewritten as the clients’ belief I; to belong to arg min,, d; (p). The divinity refinement, thus, considers
informed player indifference in the client belief space. The lowest continuation surplus refinement defined
via Definition [4] focuses on expected equilibrium values and explores which types are more likely to deviate
in response to match preference shocks. This is conceptually similar, but can and should be thought of
as stability-like perturbations to the informed agent’s expected payoff space, rather than perturbations to

client beliefs.

Definition [4] is equivalent to divinity whenever the expected post-separation value of the informed player
is independent from his private belief, e.g., if the right hand side of is independent of the private
belief p. This is satisfied in signaling games such as Spence (1973) and Kremer and Skrzypacz (2007)
where the agent’s expected value post separation is independent of future information flow. In this case,

the indifference belief d;(p) is strictly increasing in the agent’s expected value Wy(p) and, consequently,

B.6



arg min, Wi(p) = argmin, di(p). Consequently, the distinction between divinity and the lowest continua-
tion surplus refinement depends on the dependence of the agent’s post-signaling value on his type. We show
in Section [B.1.3] that this is a meaningful distinction by illustrating the existence of a lowest continuation

surplus equilibrium and non-existence of the corresponding divine equilibrium.

Comparison to the intuitive criterion. In a monotone signaling game such as ours, the intuitive
criterion of Cho and Kreps (1987) rules out a time ¢ deviation by player of ex-ante private type p if the
equilibrium expected payoff Wy(p) by this player is greater than the expected payoff this player would
have received if he was perceived as the highest skilled type p at the time of his deviation. The intuitive
criterion leads to a unique equilibrium in the two-type model of Spence (1973), but results in multiple
equilibria when there are more than two types. A similar limitation arises in our setting — the equilibrium
we construct in Section (3| of the main text survives the intuitive criterion, however the intuitive criterion
does not discipline beliefs during any and every quiet period as every agent would prefer to be separate
while being perceived as the highest type. The more formal distinction is that definition [4] considers the
types that are most likely to deviate, which we micro-found in Section [B.4] via a stochastic perturbation of
the model, while the intuitive criterion rules out a rather narrow set of types that would be highly unlikely
to deviate which is insufficient to refine the set of equilibria when there are either more than two types, or
when there is a quiet period. We can show that when there are just two types, then the intuitive criterion

results in the same equilibrium as the lowest continuation surplus refinement in [}

B.1.3 Unique Equilibrium Satisfying Lowest Continuation Surplus Refinement

We now state the main result of this Online Appendix B — the equilibrium we construct in Section [3] is

unique under the lowest continuation surplus refinement [4

Proposition B.1 (Unique Equilibrium). Suppose A(m(p)) is concave in time t and L = 0. The Perfect
Bayesian Equilibrium constructed in Proposition[1] is the unique equilibrium in which client belief process

1 continuous along the path of good performance and satisfies the lowest continuation surplus refinement
4

Given the extensive nature of the proofs, we provide these results under the simplifying assumption of
Section |3| that A(m(p)) is concave in t. As we have shown in the proof of Observation it is without
loss to assume that L = 0, and we do not repeat the argument here out of concision. We also assume that
the client belief process [ is continuous — as we show in the formal proofs of Section this eliminates
pooling in the final period without relying on any additional refinement assumptions. We overview the

intuition and steps for the proof of Proposition written out formally in Section

First, as shown by Lemma the equilibrium separations must happen in finite time. We then work

backwards. If there is pooling in the final period ¢ = support (1), we show that there must be a quiet period

B.7



preceding it. As higher-skilled agents have more to gain from reputation building, the lowest continuation
surplus refinement [4] implies that client beliefs during the quiet period track the lowest skilled agent who
separates at time ¢. This, however, results in a jump in client beliefs at time ¢, implying that there cannot
be pooling at time ¢ — this is the only moment where belief continuity matters and we show that by relaxing
this condition, the equilibrium is very similar, but may feature pooling in the final periodm Next, we show
that separation prior to ¢ must be gradual with no pools of agents separating from the intermediary — we
show that such jumps would result in positive belief jumps, which would violate incentive compatibility.
We then apply the equivalent of Lemma from Section of Online Appendix A which shows that
gradual separation periods must be increasing in types and unique in the sense that there cannot be two
distinct periods during which an agent would be willing to separate. These steps prove that there must be
a unique churning period characterized by Proposition [I| Finally, as higher-skilled agents have the most to
gain from reputation building, the lowest continuation surplus refinement picks the lowest-skilled agent as
the most likely to deviate during the quiet period, thus completing the equilibrium characterization. We

now proceed to the formal proofs.
B.3 Proof of Proposition (unique equilibrium)

Denote the set of times when it is weakly optimal for ex-ante type p to separate

T (p) < arg max{ /D [t (= p) e - [Alm(mi) - V] db

T

(B.7)
4T [p cuy(mr (L)) + (1 —p)-e M. UO(T"T(ZT))} + V}’

. . . 4. di .
where superscript I in T stands for indifference. Denote by T lef Up']T[ (p) to be the set of times when

there is an ex-ante type that finds it weakly optimal to separate.

Denote by S(t) to be the set of ex-ante types which separate at time ¢ with a positive probability, i.e.,
St) ={p: teT()} (on-path separation) (B.8)
Denote by S’(t) the set of ex-ante types for whom it is weakly optimal to separate at time ¢, i.e.,

ST(t) =l {p: te ']Tl(p)} (weak optimality) (B.9)

17Such final period separations can also be taken care of by expanding definition [4] to off-path separations that occur after
time %.
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Define function Wy(p;t) as the joint value obtained by type p for stopping at time ¢, given by

Wo(p:t) < /O e o (L= p) ] - [Almy(ma)) — V] ds

+e [p cup(m(ly)) + (1 —p)e - uo(ﬂt(lt))} Vv

(B.10)

As can be seen in (B.10), function Wy(p;t) is linear in p.

Lemma B.1 (Separating set properties). Set ST(t) is convex for every t. If |S'(t1) NS (t2)] > 1 then
SI(t1) = S1(t2) and TL(p') = TE(p") for every p',p" € S(t1) = Si(ts).

Proof. Suppose p1,p2 € ST(t). This implies that t € T (p1)NT! (ps). It follows that Wo(p1) = Wo(p1;t) and
Wo(p2) = Wo(p2;t). Due to weak convexity of Wy(p), it implies that Wy (p) = Wy(p;t) for all p € [p1, pa].

Consequently, S?(t) is a convex set.

Following the above argument, Wy(p) is linear over any (p1,p2) C S?(t) for each t. This implies that for
any p1 € ST(t1) and py € ST(t2), and p € ST(t1) N ST (t2) it follows that W{(p1;t) = Wi(p;t) = W (p2;t).
Since Wy(p1;t) = Wo(p1) and Wy(pa;t) = Wy(pz2), then it follows that Wy(p) is linear over [p1,ps] and
equal to Wy(p;t). O

Lemma B.2 (Stopping time properties). Suppose p1,pa € ST(t). Then T!(py) = T!(ps) = T (p) for any
ﬁ S [p17p2]'

Proof. From Lemma it follows that [p1,p2] € S?(t), meaning that Wy(p) is linear over [pi,ps] and
Wo(p) = Wo(p;t) for every p € [p1,pe]. Consider a type p' € (p1,p2) and suppose that ¢ # t and
t' € T!(p'). This implies that Wy(p') = Wo(p';¢'). Then it must be the case that

9
Wo(p') = =—Wo(p;t')

o (B.11)

p=p"
If (B.11)) did not hold, then Wy(p' —¢) < Wo(p' —e;t’) or Wo(p'+¢) < W{(p'+¢;t"), which would contradict
with the definition of Wy(p). O

Lemma B.3 (Strict convexity of Wy(p)). Value function Wo(p) is strictly convex if and only if |S*(t)| €
{0,1} for each t.

Proof. Suppose Wy(p) is strictly convex. Then it implies that there exists at most a single type such that
Wo(p) = Wo(p; t(p)) given the tangency condition. Conversely, if |S?(¢)| > 1 then Lemma implies that
Wo(p) = Wo(p;t) is linear over SZ(t), contradicting strict convexity of Wy(p). O

Lemma B.4 (Best type separates last). In any equilibrium, it must be the case that t € T!(p), i.e., the
highest ex-ante type p finds it weakly optimal to separate at the final date t.
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Proof. Suppose t(p) < t. Denote 1% ing {S(T(p))} to be the lowest type that is willing to separate at

the same time as p. Following Lemma [ is well defined and S*(T(p)) = [i , ;5}. For t > t(p) it follows

that the only types that separate are types below i, implying that l7; > mg(), which contradicts Lemma
used in the proof of Observation Hence, it must be the case that ¢ € T(p). O

Suppose process (I¢)¢>0 is differentiable at ¢. It follows from (A.118) that the intermediary’s continuation

value Vi(p) is also differentiable at ¢ and satisfies

rVi(p) = Vilp) = Alm(my)) — Alm(l)) — 1V

‘ (B.12)
+ [Wt(p) ~uy (me(l)) 4 (1 = me(p)) 'UE)(Wt(lt))] AR

Equilibria Satisfying the Lowest Surplus Belief Refinement

Npw we identify the set of equilibria that satisfy the lowest continuation surplus refinement Define
d - . . . .
175 2] sup{t < t: t € T} to be the last moment in which an agent leaves the intermediary along the

equilibrium path prior to the final date .

Lemma B.5 (Final pooling properties). Suppose |S(t)| > 1. Then, if the equilibrium satisfies the lowest
continuation surplus refinement |4, then tg < t. If, additionally, belief process (I;)i>0 s right-continuous,

then l; = min R(t) = min S(¢t) for every t € [tg,t).

Proof. Quiet period. Suppose tg = ¢, meaning that there exists a sequence of times (¢, ),>0 € T and such

that ¢, — t. Since lf = mg, incentive compatibility of the separating types requires that lim, o lt, = my.

Suppose S(t,,) # S'(f) for some sub-sequence (tn,)jen C (tn)nen. Following Lemmas and
set ST(f) is convex and includes p, it implies that I, € [p, min S(£)]. Since |[S(f)| > 2 it follows that
mz > min S(¢), implying a contradiction with lim,, o l¢, = mz. Hence it must be the case that there exists

N > 0 such that S’(t,) = S!(f) for n > N.

Suppose S’ (t,) = S!(t) for every n > N implying that the intermediary letting go of agent of skill p € S(t,)
at time t,, is weakly indifferent to waiting until time 7 to let that agent go. For each py € S!(%) define by
L.(p) to be a hypothetical indifference belief such that the joint value to the intermediary and the agent at
time ¢ is equal to the expected value of waiting until time ¢ and be perceived as the posterior type Iz = mj.
Formally, L;(p) solves

V + Ui(Li(p) € Wi(p). (B.13)

Belief process L(p) is specific to the ex-ante type p. However, by continuity, it follows that Lz(p) = Iz = mz

t
for every p € S!(%). Moreover, by the previous observation that S’ (t,) = S’(f), it follows that Ly, (p) = I

n
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for every p € ST(f) and n > N. Differentiating (B.13)) with respect to ¢ obtain that

A(me(Le(p))) + 1V — A(me(ma))
T (Li(p)) - QU (me(p), me(Ls(p)))

Li(p) = (B.14)

Since mz = Iy = Lg(p) for every p € S!(#), it follows that %Lg(p) < 0. This implies that there exists ¢ > 0
such that L;(p) is strictly decreasing in p for every ¢ € (£ —e,t). This, in turn, implies that L;(p) is strictly
increasing in pg for every t € (t — ¢,1), leading to a contradiction with the fact that L;, (p) = l; for every

p € SI(t,) and n > N. This proves that if |[S(£)| > 1, then there exists a tg < f such that (tg,#) N T = (.

Off-path beliefs. Suppose there exists a B(ty) € (tg,t) such that l; # inf S(¢). Following Lemma
it follows that I; € (inf S(¢), sup S(¢)). To satisfy the lowest continuation surplus refinement [4} the off-path
belief I; solves

Vi(ly) = min Vi(z) = min Vj(z). B.15
2(1e) o t(z) i t(2) (B.15)

All types p € S!() find it weakly optimal to wait until time # to separate from the intermediary. This
implies that function V;(p) is linear in m;(p) for p € ST(#). As m(p) is increasing in p, it implies that the
solution to is interior if and only if V/(p) = 0 for each p € S’(%) and t € Bc(tg). Differentiating the
definition of V;(p) in obtain that V/(p) = 0 for p € S'(f) if and only if I; solves

wr (mi(le)) — wo(me(ls)) = / (67760 = =D - (A (mp)) — 7V) ds e

t

The solution I; to (B.16) is differentiable for ¢ € B((tp). Note that V/(p) = 0 for all ¢ € Bc(to) requires
that V/(p) = 0. Differentiating (B.12)) with respect to p, obtain

0 = mf(p) - [y (me(le)) — uh(me(ly))] - wp () - Iy < Iy =0
for every t € Bc(to), implying that l; = l;, for every t € Bc(tp). Using this, rewrite (B.16) as

rV - /: (e_'r's _ e—rs—/\(s—t)) ds — /too <e—rs _ e—rs—A(s—t)) (A(ms(mg)) — A(ms(ly,))) ds (B.17)

Equality (B.17)) holds for every t € B(tp) implying that the derivatives with respect to t of the left and
right-hand sides must be equal:

t 00
”V'/ 6_("“)(8_”‘“:A/ e A L (A (my)) — Al (L)) ds
t t
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rv - /tt' o~ (Vs gg — /Oo e~ TN (A(mg(myp)) — A(mg(lyy))) ds. (B.18)

t

Conditions (B.17) and (B.18) are equivalent to

rv . /tte_rS ds = /too e " (A(ms(mg)) — A(ms(ly,))) ds,

. N (B.19)
rv-/ e~ (r+Ns s :/ eV (A(my(my)) — A(ms () ds
t t
Conditions (B.19) must be satisfied for all ¢ € B.(to), which requires that
A(?Tt(mg)) — A(TFt(lto)) —rV =0 Vt € Be(to). (BQO)

If (B.20)) is satisfied, then the indifference condition (B.16|) requires that

7 (e = DY - (o) — Alml1)) = 0,

which contradicts I, < mj obtained in Lemma This leads to a contradiction with the existence of
a Be(tg) C (ts,t) such that the indifference condition (B.16]) is satisfied. By right continuity of the belief
process I, it implies that Iy = min S(t) for all ¢ € [tg, ). O

Lemma B.6 (Beliefs at tg). Suppose belief process (l¢)i>0 is right continuous and satisfies the lowest
continuation surplus refinement[f} Then S(ts) = min S(t) and A(mi(my))—A(m(ly)) < 7V for allt € [tg, 1],
with the inequality being strict for some t € [tg,t).

Proof. Following Lemma the off-path belief during the quiet period (tg,t) is I; = minS(t). The
restriction on beliefs to be right continuous then requires that l;; = min{S(¢)}. The optimality of stopping
at time tg requires that

Alqrg) — A(meg(leg)) < 1V

Since (tg,t) N'T = () and A(m(p)) is weakly concave in t, it follows that
A(ﬂ't(mt)) — A(ﬂ't(lts)) <rv Vit € [tg,ﬂ. (821)

Suppose that (B.21) holds with equality for all ¢ € [tg,?). This, however, implies a contradiction with
the optimality of separation at time tg as by waiting until ¢ the agents can be perceived as I = mg > Iy

following Lemma Consequently, (B.21)) must be strict for some t € [tg,1).

Suppose that |S(tg)| > 1. It follows from Bayesian consistency that E[p| 7T =tg, X = puts] = Iy =
min S(£). This implies that there exists a p' > I, € S¥(ts), implying that |ST(ts) N SI(F)| > 1. It
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then follows from Lemma that ST(ts) = ST(f). This implies that the indifference belief, defined in
(B13) satisfies Lig(p) = Ity and Lg(p) = I for all p € S¥(ts) = S!(#). The dynamics of the indifference
belief process L;(p) in combined with the necessary condition implies that L (p) is strictly
increasing in p for all s € [tg,t). This leads to a contradiction with S¥(ts) = S (). O

Lemma B.7 (Kink at tg). The joint welfare function Wi(p) has a positive kink at p = lyg, i.e., W{(l;s—) <
Wt/(lts +>-

Proof. The joint welfare function Wi(p) is linear for p € [lts,p]. If it were the case that W/(l;s—) =
W{(lts+), then it would imply that types t € (Ii,p| are indifferent between separating at time tg and
waiting until . This, however, contradicts the second part of Lemma that waiting between tg and ¢ is
costly. ]

Denote by tg the last instance prior to tg such that there does not exist any separations prior to tg, i.e.,

to = sup {t <ts: Je>0 st. (t—et)gT'}. (B.22)
Lemma B.8 (Separation during (tg,ts)). Suppose (I¢)¢>0 is right continuous and the equilibrium satisfies

the lowest continuation surplus refinement . Then there is no pooling for any t € [tg,ts], i.e., |S(t)] = 1.

Proof. 1f tg = tg, then the statement of Lemma follows from Lemma Suppose tg < tg. By
definition of ¢g, the set of separating times T! is dense in (tg,ts). The optimality of separations over the
dense period (tg,ts) requires that l; is continuous for ¢ € (tg,ts). The first order optimality condition for
type p € S(t) is

Almy(my)) = rV — A(m(ly) + Iy - w(ly) - 02U (my(p), me (1)) = 0. (B.23)

Optimality condition (B.23) then also requires for I, to be differentiable for all ¢ € (tg,ts). Solving (B.23)

for it obtain
A(me(le)) + 1V — A(me(my))

Iy = B.24
! mi (1) - 02U (1 (p), me (1t)) (B.24)
Moreover, the linearity of U(my(p), m¢(1)) in m¢(p) implies that process [; satisfies
o A(m(ly)) +rV — A (me))
L, = B.25
" ) - B (i), () (:29)
The local indifference condition for the separating type p = I; requires that
. A l V—-—A
j, = Almll) +r (m(me)) [tQ, ts]- (B.26)

mi(le) - OoU (e (le), me(l1))

(i) Suppose A(my(l)) + 1V — A(m(my)) # 0 for a given ¢. In this case, local optimality condition (B.23))
cannot be satisfied by multiple types p € S’(¢) due to strict monotonicity of 92U (m;(p), m(l¢)) in
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p. The strict optimality of separation times during [tg,ts] implies that the joint welfare Wy(p) is
strictly convex at p = I, implying that I; ¢ S’(f) for t < tg. From here, it follows that lts > 0 since,
otherwise, it would contradict the linearity of Wy(p) for p € S*(%).

(ii) Consider now the set of times

T (telto,ts]:  Alm(l)) + 1V — A(m(my)) = 0}.

Given the continuity of I; for t € [tg, ts] it follows set T is closed. It follows from (B.25) that I; = 0

for every t € T. Consider two cases.

(i) Suppose set T is nowhere dense. Then for every ¢ € T there exist a #. ¢ T such that |f —i.]| < e
for every e > 0. This implies that Wy(p) is strictly convex at every p = l;_, implying that there
cannot be pooling at f..

(ii) Suppose segment [t1,ta] C [tg,ts] is dense in T. By continuity of I; over [tg,ts] it follows that
[t1,t2] € T. Tt follows from that [; = 0 for all ¢t € [t1,ts], implying that I; = I;, for
every t € [t1,t2]. This implies that S’(t) = SI(t1) = S!(ts) for any t € (t1,t2). Suppose that
|S7(t3)| > 1 meaning that pooling is incentive compatible during the period [t1,t2]. Since Lemma
proves that |S?(tg)| = 1, it follows that 5 < tg. This implies that the joint welfare function
Wo(p) is strictly convex over [ly,,lis]. This implies that ST(t1) = S!(t2) < li,. Consequently,
if there is any pooling during [t1,¢2], it would lead to a positive jump in beliefs at to, which
contradicts continuity of [; during [tg,ts]. Consequently, there cannot be pooling during the

period [tl, tg] .
O

Lemma B.9 (Uniqueness of smooth separation times). There does not exist a B.(py) C [th,lts] and

times Be, (t1) and Be,(t2), such that Be, (t1) N Be,(t2) = 0, for which
(i) the set of separation times Upep,_(p\ T (p) is dense in Be,(t;) for i € {1,2};
(i3) each B.,(t;) contains a weakly optimal separation time, i.e., T!(p) N B, (t;) # 0 for each p € B:(po);

(iii) the first order condition holds at each t € {Upep_ (py)T'(p)} N{Be, (t1) U B, (t2)}, i-e.,

A(m(mt)) —rV — A(Wt(lt)) + l't . W;(lt) . 82U(7Tt(lt), Wt(lt)) =0. (B27)

Proof. The optimal separation time solves 7(p) for an (ex-ante) type p solves

Walp) =sund [" (4 (1 p) ) (Almm)) - V)

T
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e peun(m (1) + (1= e - ua(me(1)] + v}
z {/OTe” : (p +(1- p)e*M) -(A(m(my)) =1V — A(mi(p))) dt} +Upp)+V, (B29)

where equality (7) holds because, following Lemma lipy = p for all t(p) € [tq,ts].

Suppose from the contrary that there exist B:(po) and B, (t1) and B, (t2) satisfying the conditions (), (i),
and (iii) of Lemma[B.9] If p € B-(po), condition (ii) implies that there exist two solutions t;(p) < t2(p) to
(B.28) such that t1(p) € Be,(p) and ta(p) € B, (p). As both stopping times are optimal, and lead to the

same expected joint welfare, it implies that

t2(p)
0= /tl(p) et (p +(1-p)- e—At) [A(mi(my)) — rV — A(my(p))] dt. (B.29)

Following the argument of Lemma[B.8| conditions (i) and (i) require that ¢;(p) and ¢5(p) are continuous
in p for p € B:(pp). Differentiate identity (B.29) with respect to p to obtain

_ 2(p) —rt . ALY _ _
o_/tl(p) e (1 e )[A(wt(mt)) "V — A(my(p))] dt

- /tf::,) e (p +1-p)- 6%) - Al(mi(p)) - mi(p) dt

+e ) (p +(1- p)e_/\m(p)> A (T ) (Mg ) = 7V = Al ) (0))] - t5(p)
— e (p (1= p)e10) - [A (my, ) (1m0, 1)) = 7V = Al ) ()] - ()

(i) t2(p) —rt M) ) — 1V — Al
0 /tl(p) e (1= ) - [Amme) =V — Alm(p)] dt

_ /(() e (o (=) e A ) )

— e Tt2(p) (p +(1- p)e_/\tQ(p)> : 7T£2(p) (p) - U (T4, () (P)s Wiy () (D))

+ et . (p +(1 - p)e’m(”)> T () () - 02U (704, () (P)s 01, () (D))

where equality (i) holds by condition (éi7) of Lemma Note that

" <p (1 p)e*”) <74 (p) - U (me(p), me (p))

e—)\t

(p+ (1 —p)e=At)2

< [T (m) + (= mp)e™) - Amrao)

Tt <p+ (1 _p)e—)\t) )

e—)\s

ds
(me(p) + (1 — me(p))e=e)?

B.15



e M /OO oor(etty P (1= ple M-e Al(mys(p) - e ds
0

p+ (1 —ple . p+ (1 —ple (1-p)e=> )2
(e + i ™)
* ot AlTis(p)) e
— r(s+t) _ A(s+t) Y\ . t+s
/0 e (p+(1 ple ) 0+ (1 — p)e FD)2 ds

) / L p—A(sH1) oo / L p—As
:/ e—r(s—i—t) . A (7Tt+s(p)) € ds — / TS . A (Ws(p)) € ds.
0 p+ (1 —ple et i p+(1—ple?

The above equality implies that

0= /t R (1) - [A(m(me) — vV — Alm(p))] dt

1(p)

_ﬂgwlf”-@+%1—p%€”§-A%m@D-ﬂuﬂﬁ

— e Tt2(p) . (p + (1 - p)e’m(”)> T ) (P) - 02U (T4, () (D) Ty ) ()

4 i) (p +(1- p)e_’\tl(p)) 71 () (D) - 02U (4, () (D), 71, () ()

/t (2 ) 1 — ef)‘t> . [A(Trt(mt)) —rV — A(Wt(p))] dt
2(p) e—At
/t1 (») A (p >)'p+(1—p)e—M dt
> —rt / e_/\t oo —rt / e_/\t
Z; A et [ A e
0= /t G (L e LA (m) — Y — Alm(0))] dt (B.30)

Combine and ) to obtain

t2(p)
/ e [Almy(me)) — vV — A(m(p))] dt =0,
n) (B.31)

t2(p)
/t " e~ TN A(my (my)) — rV — A(mi(p))] dt = 0.

which holds for all p € B.(po). Differentiate the top equality in (B.31]) with respect to p to obtain

0= e "0 [A (w5 (Myy))) = TV = Al ) (9))] - (1)
— e " A (14, ) (may ) — 7V = A, () (0))] - 11 ()

t2(p) —rt / /
[ e A ) o)
t1(p)

0=—e"20 7 (D) U (o) (D) Ty () (P))
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/

+ e P w0 (0) - 02U (i, (1) (P)s 71, ) (P))

/tz(p) ooy ( ) e—)\t
— e . T . dt
o) () T ey
00 / oAt
oo 1 [ e Ao,
p+ (1 —ple @ [0 p+ (1 —ple M
! [T Al
p+ (1 —pe @ J o p+ (1 —ple M
ta(p) ; A’ e—)\t
— e . T . dt
/tl(p) ) e
0 /tz(P) (N A/(Trt<p)) . < 1 _ 1 ) gt
t1(p) p+ (1 —ple ™ \p+(1—pe @) p+(1—ple
<0
+< 1 _ 1 >/ (Nt A'(m(p)) it
p+ (1 —ple @) p4(1—-ple @) [ 0 p+(1—ple

<0

The above inequality cannot be satisfied since both terms on the right hand side are negative. This leads
to a contradiction with the existence of ¢1(p) and ta2(p) which are solutions (B.28)), all the while the first
order optimal stopping conditions (i77) in the Lemma hold.

O]

Lemma B.10 (Increasing separations between tg and tg). Gradual separations during [tg,ts| are increas-

ing in types, as captured by ;>0 for allt € (tg,ts).

Proof. Following Lemma process [; is differentiable for ¢ € [tg,ts]. Suppose that [/, is non-monotone,
meaning that there exists a local minimum or maximum. Without loss, suppose l; has a strict local

minimum at tg € (tg,ts). This implies that there exists a pair t; < ¢y < t2 such that
ltl > ltg > lt2.

Consider the type
lto + min{ltl , lt2}
5 .

p=

Then there exists a | < tg < t2 such that l;, = l;, = p. This, however, implies a contradiction with Lemma
as there exists a neighborhood B.(p) that find it optimal to separate both during B, (f1) and B, ({2)
with B, (f1) N B, (t2) = 0 and the first order optimality condition (B.27) holding due to Lemma This

is a contradiction with ty being a local maximum of I; during [tg, ts].

Suppose belief process [; is decreasing during [tg,ts], implying that l;, > ;5. Due to the first order
separating condition (B.23) is stricly increasing in type p, it implies that the joint welfare function Wpy(p)
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is strictly convex for p € [l;,,l5]. Following Lemma however, this welfare function Wy(p) is linear
for p € [ls5,p], due to the indifference of type l;5 in waiting until time ¢ to separate. If l;, > ly4, then

(lig,lts]  [lts,P], which leads to a contradiction with [; being decreasing over [tg,ts]. O
Define t* to be the last time before tg when a type is willing to separate

t* def sup {t <tg: te ']I']} € [0,t9). (B.32)

By definition of tq, it follows that t* < tq if such a t* exists.

Lemma B.11 (Quiet period beliefs). Suppose the equilibrium satisfies the lowest continuation surplus
reﬁnement and belief process | = (I¢)¢>0 is right continuous. If there exists t* > 0 then I« € (th, lis] and

process | = (lt)¢>0 satisfies
t(lt)
/ (e*’”(H) - e*““)(*t)) (A(my(mg)) — 1V — A(ms(l))) ds = 0 (B.33)
t
and o
. t(lt
sign (zt) — sign { / e L (A(my(my)) — 7V — A(ms(ly))) ds} : (B.34)
t

for all t € (t*,t* 4+ €) for some e > 0.

Proof. The joint continuation welfare (B.2|) is given by

Wi(p) = sup{ /t PR (m(p) + (1 —m(p)) - e_’\(s_t)) - (A(mg(mg)) — V) ds

T

e 0 () - (e (1) + (1= m(p) - € X0 (e (1) | } s

Following Lemma this joint welfare Wy(p) is strictly convex in m(p) for p € (li,, li5) as each type has

a uniquely optimal date over when to separate. The off-path belief [; solves

Vi(le) = Wi(ly) — Up(ly) = xrenli%%) Vi(z) = xreﬂ}i%%)(Wt(f) = Ui(x)) = xef[lllin ,](Wt(f) — Ui()). (B.35)
tQP.

Suppose that [;+ = [;,. Following Lemmas B.5|, K.27|7 and [B.10] it implies that the set of remaining

types R(t*) C [li,p]. From the lowest continuation surplus refinement, it implies that l; > Iy, for ¢ > ¢*.
In order for type p = lt, to find it incentive compatible to separate at time ¢* rather than at time t* + € it

must be the case that

A(?Tt* (mt*) —rV — A(?Tt* (lt*)) < 0. (B36)

For this same type p = l;, to be willing to wait until time tg, it then is necessary that (B.36)) is binding
for all ¢t € [t*,tq] due to concavity of A(m(p)) in ¢. This, however, contradicts the definition of (B.32)
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as it means that type p = Iy, finds it weakly optimal to separate anytime during [t*,%q]. This implies a

contradiction with {;x = th.

Suppose that [;+ > l;,. By right continuity there exists an ¢ > 0 such that l; > l;, for every ¢ € [t*,t"+¢).
This implies that V/(p) = 0 for all p € (I;4,p] and t € [t*,t* + ). This, however, contradicts the argument
of Lemma which showed that there does not existn l; € (I, p] such that V/(l;) = 0 for ¢ in a positive

interval.
Suppose [+ = l;4. Suppose that there exists a sequence {t,}>°; such that ¢, > t*, l;, — [+, and
lt,, > lig. In order for t* =t5 € T' it is then necessary that

A(mps(my)) — 1V — A(me= (l=)) <0 (B.37)

since, otherwise, at type tg would find is strictly preferable to separate at time ¢, for n high enough. If,
however, (B.37)) is satisfied, then type l;, is strictly better of separating at time t* and be perceived as

lyg > th, rather than wait until £g as can be seen from

tQ " *
Wi (leg) = / (m*(th) e (1= T (L)) - e TN >) - (A(mi(my)) — rV7) dt

t*

+ / (Wt*(th) LTt (1— m*(th)) . e—(r+>\)(t—t*)) . A(?Tt(th)) dt+V
tQ

@ [* : -

[ (e lag)e ™ 4 (1 = g9 (Almomie)) =V = Amae) de
t*

<0

. /oo (m*(th) ettt (1 — i (Isg,)) - e*(T+)\)(t7t*)> (A(Trt(th)) _ A(ﬂ't(lt*))) dt

tq

<0

+/ (m*(th) e (1 = e () e*(r+>\)(t7t*)> A () dt + V
t

*

(i) [° " .
é / (Wt*(th) eI (1 = e (lyy)) - e VO )) - A(m(ly)) dt + V.
t

*

Equality (¢) follows from the fact that (¢*,tg) ¢ T and hence m; = my+ during that period. Strict inequality
(i7) follows from weak inequality (B.37), combined with weak concavity A(m(p)) in ¢ and strict inequality
lig > li, which follows from Lemma @

Remaining cases. The above arguments imply that l;« < lys and Il € (lyy,lis) for all t € [t*,t* +¢) for
some € > 0. This implies that for each t € (t*,t* + ¢) the off-equilibrium path belief /; must be an interior
solution to (B.35)) due to strict convexity of Wy(p) for p € (li,,l15) as derived in Lemma Such an

interior condition must satisfy
Wi(l) =Uls) & W/(le) = [ur(me(le)) — uo(me(le))] - my (1)
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Use the Envelope theorem to compute the derivative of Wy (p)

”t/(p) /t( ) —r(s—t) = (rN)(s—1) —r
= e " 1—e V" s - (A(mg(myg V) ds

Lot —1) ur () () — e~ (TN (t(p)—1) ~uo(my(p) (L)) -

This implies that I, satisfies W/ (p) = U/(p) if
t(le)
et _ = NG L (A(my(my)) — 7V — A(ms(l))) ds = 0 B.38
( (A(s(m,)) (7s(1))) ds =0, (B.38)
t

which yields (B.33). The right continuity of the belief process I; implies that (B.33)) must hold in some
neighborhood B.(tg) ¢ T. The derivative of (B.33) with respect to ¢ is

<0

0= (G_T(t(lt)_t) - 6_(7"“)“(“)_“) (A (megy)) — 1V = Al 1)) -t/ (1) -l

t(lt) .
_/ <efr(sft) _ ef(rﬂ)(sft)) A (ms(ly)) - wh(ly) ds -l (B.39)
t .

>0

t(lt)
+ /t (=reT O+ 4 e OO ) (A () = 1V = Almo(1) ds

Use the first order condition #'(l;) and (B.33)), to simplify (B.39) to
0 = — (77D =P NOD) 0,0 (m (1), iy (1)) - Ty (0 -
t(le) .
[ (e = e 1)) ) ds (B.40)
t

t(lt)
+ / )\ef(TJF/\)(S*t) . (A(ﬂ's(ms)) —rV — A(T{'S(lt))) ds.
t
The terms multiplying I, in (B.40) have the same sign (negative), implying that
. t(lt)
sign (lt) = sign / e MNE= L (A(mg(my)) — rV — A(ms(ly))) ds
t
0 o
= sign / e (A(mg(my)) — 1V = A(ms(1r))) ds ¢
t

where (i) holds due to (B.33). This yields (B.34]). O

Lemma B.12 (Single separating period). Suppose belief process (It)i>o is right continuous and satisfies

the lowest continuation surplus refinement . Then there does not exist a t* satisfying definition (B.32]).
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Proof. Following Lemma it follows that l; € (li,,lt5]. Moreover, the requirement of the lowest
continuation surplus refinement {4| that I; € R(t) implies that l; > I, for all t € (t*,7g) due to Lemma
@ For type l;, to find it incentive compatible to wait until time ¢g to separate, it must be the case
that A(m(my)) — A(mi(li,)) — 7V > 0 in the vicinity of tg. Moreover, weak concavity of A(m(p)) in ¢ and
the fact that there are no separations during [t*,tg] by definition of ¢t* implies that

A(me(my)) — A(me(lig)) > 7V for all  tet* tgl. (B.41)

(i) Suppose A (m-(my=)) — A (m+(ly,)) = rV. From weak concavity of A(m(p)) in ¢, it implies that
A(mi(my)) — A(me(ley)) — 7V = 0 for all ¢ € [t*,tq]. This implies that l;+ = l;, and, moreover, that

this type is indifferent in separating any time between ¢* and ¢g, contradicting the definition of ¢q.

(i) Suppose A (mp(my-)) — A (mp(ly,)) > V. Following Lemma it must be the case that l;+ €
(lig,ts]- By right continuity, following Lemma it implies that

t(lex) . .
/ (e—r<s—t ) (TN (st >) (A(ms(mg)) — 1V — A(ms(lp+))) ds = 0. (B.42)
t*

(a) First, consider the case

. /tt(lt*) o=t (A(Ws(ms)) v — A(%(hg))) ds

*

s t(lpx) N
(:) / ‘ e*(TJr)\)(S*t ). (A(ﬂ-s(ms)) —rV — A(ﬂ's(lt*))) ds,
t

*

where equality (7) follows from (B.42)). This implies that
t(le) . .
/ (zt* Lo ) (1 = ) e (TN >) (A(ms(my)) — 7V — A(ms(li+))) ds > 0,
t*

which implies that type {;+ finds it strictly optimal to wait until time ¢(l;+) € (tQ,ts) to separate,

rather than separate at time ¢*. This is a contradiction.

(b) Second, consider the case

*

t(y)
0> /t e L (A(my(my)) — 7V — A(ms(l))) ds

@ [ e
1S / e \r TV (A(mg(ms)) —rV — A(ms(li#))) ds,
t/

S

where equality (i) follows from (B.42)). Similar to the previous case, type l;+ then finds it strictly

optimal to separate at time ¢*, rather than wait until ¢(l;+) € [tg, ts]|, which is a contradiction.
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(¢) Third, and final, consider the case

(L)
0= /t e L (A(mg(my)) — 1V — A(ms(lp+))) ds. (B.43)

*

Following (B.34)) of Lemma it implies that I~ = 0. This implies that for separation to be
optimal for type I+ at time t*, it requires that A(gpx) — A(m(li+)) < rV. Rewrite (B.43) as

©)
<0

0= /t oD (Alry(ma)) — 1V — A(ms(ipe))) ds

*

(B.44)

t(lex)
+ / e—r(s—t) . (A(ﬂ-s(ms)) —rV — A(Tf’s(lt*))) ds < O,
tQ

(#4)

<o
Inequality (7) in (B.44) for the first term follows from A(q~) — A(m(lt=)) < rV and weak
concavity of A(m(p)) in t. Inequality (44) in (B.44) for the second term follows from Lemma

and the fact that [+ > [; for ¢ < ¢(l;=). Inequality (B.44)) is then a contradiction with
(B.43), implying that such a case is also inconsistent with equilibrium.

O]

Lemma [B13] now concludes the proof of Proposition [B:I] by showing that client beliefs track the lowest
ex-ante type during the quiet period.

Lemma B.13 (Unique continuous equilibrium). Suppose belief process (I¢)¢>0 is continuous and satisfies

the lowest continuation surplus refinement . Thents =t and l; = p fort <tq.

Proof. Suppose tg < t. It is necessarily the case that |S(f)| > 1 since, otherwise, waiting between tg and
t would not be incentive compatible for type l¢;. Following Lemma it implies that {; = min S(¢) for
every t € [tg,t). Consequently, it implies that belief process I; would have to have a jump at ¢ which is a

contradiction with continuity. This implies that it must be the case that tg = t.

Now, consider the off-equilibrium path beliefs for ¢t < tg. The claim is that if /; is continuous, then it must
be the case that [; = p. Consider ¢ < tg and suppose that [; is an interior solution to (B.15]), rewritten
here as

Vi(l) = min Vi(p). (B.45)
P€E[p,pl

Since Vi(p) = Wi(p) — Us(p) due to strict convexity of Wi(p) for p € [p,p] and the linearity of U;(p) in p
it follows that (B.45|) is satisfied if and only if W/ (l;) = U/(l;). Following the proof of Lemma and

B.22



equation (B.38) specifically, obtain that W} (l;) = U/(l;) if and only if
t(lt)
/ (w(sft) - e*<r“><8*t>) (Almy(my)) — 1V — A(ms(l))) ds = 0. (B.46)
t

Note, that Iy — p as t — tg. This implies that there exists a to < fgp such that ito < 0 as, otherwise, it
would have to be that I; = p for all t € [0,g]. From (B.34), it implies that l;, < 0 if and only if

/ 1) o) (A(ms(my)) — 'V — A(ms(ly,))) ds < 0. (B.47)

0

Inequality (B.47)) combined with (B.46[) then implies that

t(ltg)
/ g e+ (1) VD) (A () — 1V = Al(lg) ds >0,
t,

0

implying that type l;, would find it strictly optimal to separate at time t(, rather than wait until time
t(ls,). Consequently, there cannot be a tg such that I, > p is an interior solution to (B.15) and Iy, < 0.
This implies that I; = p for all ¢ € [0,%¢]. O

B.4 Perturbation Approach and Limiting Beliefs

Now, we consider a perturbation of the model in which each intermediary-agent pair receive a private
relationship-specific disutility shock § distributed according s ~ Exp(A). We show that as A — oo the
equilibrium beliefs must converge to the lowest continuation surplus beliefs in definition [4. We assume each
intermediary-agent pair receives a shock in period ¢ with intensity € > 0. Similar to Acemoglu and Pischke
(1998), we assume these shocks are discrete — once a shock § arrives at time ¢, the intermediary and the
agent can separate and avoid it, or continue employment, but suffer a joint disutility equal to —5@ Shocks
§ imply that there is always a positive probability that an agent will separate from the intermediary,
implying that all beliefs can be determined by Bayes rule. Intermediary-agent pairs that have a high
continuation value relative to their outside options will be more resilient to relationship-specific shocks and
will, thus, be less likely to separate. The exponential distribution of the shocks corresponds to the Logit
specification of a Quantal Response Equilibrium introduced in McKelvey and Palfrey (1995) and McKelvey
and Palfrey (1998) and can be substantially relaxed.

The magnitude of A is inversely related to the magnitude and dispersion of the shock and it converges to
0 as A — +o0o. In what follows, we index the equilibrium parameters and values by the magnitude of the
shock A. In addition, we refer to e;(p; A) as the probability of letting go of the agent of ability p at time ¢
following the history of good performance. In addition, we denote by fi(p; A) the conditional distribution

8Due to the wages acting as a transferable utility, it does not matter whether it is the intermediary, the agent, or a
combination of the two that receives the disutility shock.
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of ex-ante types p that continue to be employed by the intermediary at time ¢ following the path of good

performance.

Definition 5 (Perturbed limiting equilibrium). A limiting equilibrium is a sequence of value functions

Vi(p; Ay), probability density processes fi(p; An), and beliefs l;(Ay) and my(Ay,) such that

(i) Equilibrium limit: there exists a uniform limit in time t and belief p:

(i) Belief consistency: the limiting beliefs (I, m¢,V¢)e>0, the implied churning strategies (er(p))e>o,
and value functions (Vi(p))e>o for each ex-ante private type p are an equilibrium of a game in which

e=0 and A = +o0.

(i1i) Belief regularity: for every t < t the support of remaining types support(p|r >t, Xy =1t) =

support (fi) is equal to its derived set, i.e., equal to its limit points.

Consider the limiting equilibrium (I;, my, V4(+), €(+))¢>0. For this limiting equilibrium, define by R(t) the set

of types that remain with the intermediary with positive probability by time ¢ in the limiting equilibrium:

R(t) =l support (fe) =cl{p: fi(p) > 0}. (B.49)

Lemma B.14 (Limiting equilibrium beliefs). The limiting equilibrium belief process satisfies the lowest

continuation surplus reﬁnement i.e., Iy € R(t) and Vi(ly) = min,ec gy Vi(p)-

Proof. Consider a time ¢t ¢ T!, implying that Vi(p) > V for all p € R(t). Since R(t) is a closed set, it
implies that inf,cpyy Vi(p) > V. The value functions V;(p; A,) and Vi (p) are weakly convex in p as they are
solutions to their respective optimal stopping problems. Point-wise convergence of convex functions on the
interval [0, 1] is uniform. Consequently, there exists an N sufficiently large such that inf e g Vi(p; An) >V
for all n > N. For t ¢ T it follows that Belief /,(A,,) is given by

L(A,) = v filp; An) - e~ A Vim:An)=V] g
B T Rp Ay e A A Vg

By definition of R(¢) it follows that

nlLIEO li(Ay) = [T ) - o BBV g € [min R(t), max R(t)].
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Consider now the limit V;(l;):

Vi) =V (1im 4(An)) = lim Vi(lo(A)) = Tim Vi

n—oo n—oo

(fp - fi(p; Ay) - e A [Vi@iAn) =V dp)

[ Fip; Ay - =AW=V gp

0) [ o~ A [Ve(2:80) V]
< lim /Vt( fil@; & ) dx]
Y

Jm, T o B e S TGAT VTG
1
= lim / dx (B.50)
n—00 f Jt y,A ) . eQn - (Vi(z;4n)=Vi(y;An)) dy
ft l’, 77«

where inequality (i) holds by Jensen’s inequality due to the convexity of V;(p) in p.

Choose a z; € argmin,cpy) Vi(p). There exist z., < 2 < Z.; with at least one of the inequalities being

strict such that

(1) (2c4)Zet) € R(t), which follows from the regularity assumption that the support of fi(p) is equal to

its derived set;

(ii) Vi(z;An) — Vi(zi; Ap) < € for all z € (z.4,%e¢) and n > N, which follows from continuity and
convexity of Vi(p) over its domain, and uniform convergence of V;(p; A,,) in p.

Define
def

Q:(t) = {z € R(t) :  Vi(x) > Vilz) +3-¢}. (B.51)

By uniform convergence of Vi(z; A,) to Vi(z) there exists N such that for all n > N:

Vi(z; Ap) > Vi(ze; Ay) +2 - € forall x € Q(t). (B.52)
Suppose x € Q(t). Then
. St 8n) A (V@A) -Viga ]
hm LT L el t\T;An t\Y; n))d
nvoo ] filws Ay) /
. LW AR) A (Vi An)—Viy;
> hm ? - e "( t(iE, ") ‘/t(yvA’ﬂ))d
T n—oo Zey ft(:L',An> Y
i / LW AR) A (V@A) Ve )+ Vi (80 Vi () dy
n—oo |z, ft(l', An>
> lim /Zs’t ft(y; An) . eAn-(|Vt(a:;An)—Vt(Zt;AnN—\Vt(ZﬁAn)—Vt(y%An)‘) dy
n—oo i és,t ft($7 An)
O IV (NS BN . = fily; An)
> lim 12 A (2e=8) gyl = lim |ePn 2R dy| = oo,
“nooe | Sy filw A) YT et o, Ji(@An) Y
T f 5 AR) AL (Vi@ V(A ]
= lim D) An (Vi@ An) =Vi(yiAn)) gy | = 400 Ve t). B.53
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where inequality (i) follows from y € (z.;,%c+) and z € Qc(t), which implies (B.52). Use (B.53) to simplify

B s

1
V() < lim / Vi(x o
n—o0 f % - An(Vi(@dn)—Vi(midn)) dy
: 1
= lim / Vi(x da
e JR(\Q: (1) f - eAn (Ve(@sAn) Ve (5:n) dy
: 1
+ lim = de
n—00 f f: ?An . e (Vi(z;80) = Vi(y;4An)) dy
(2 lim / 1 da
oo R(t)\Qe( ) f ﬁ(? (Vt( n)_%(y§An)) dy
: 1
= V(l;) < lim / i dr | (B.54)
00 | JR(E\Qe (¢ ) f TR g: x4 - eAn (V@A) —Vi(y:An) dy

where equality (i) in - follows from equality (B.53] -

Now, consider the denominator in (B.54)). It needs to be evaluated only for € R(t) \ Q-(t). Consider an
arbitrary € > ¢. By definition of Q.(¢) in (B.51)) it follows that

Vi(y) > Vi(zt) +3-2  Vy € Qe().

Then
lim / Jilyi Bn) | s (@ an)-Vilan) g,
n=oo | Jq.(t) fi(@; An)
= / S Bn) | o (Vi 380) Vi) HVi (@)~ Vi) + Vi) Vi) dy
n=oo | Jq.(t) fi(@; An)
< lim / JuYi Bn) | Ao (Ve 80) Vi) Vi)~ Vew)) dy g (.55
“nmoe | S fe(ws An)
< lim / fulyi Bn) eAn (2maxs {Vi(2iAn) = Vi (@) }+{Vi(2) = Ve (2) = Vi (W)= Va () dy gy,
“nmoe | Sy Je(ws An)
— lim / JeW3 Bn) | A @maxe (Vitman) Vi) re-eay g, | D ¢
n=oo | Jo. () fi(z; An)

where equality (i) follows the fact that 3 Ne_. such that Vn > Nz_. such that

2 max{Vi(z: Ay) — Vi(a)} + Vile) ~ Vilw)) < 2- max{Vi(: Ay) — Vi(@)} +2 — £ <0
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due to uniform convergence of Vi(z;A,,) — Vi(z) in x. Moreover, ﬁggi:% is bounded due to the fact that

x € R(t) and, consequently fi(z;A,) > fi(z)/2 > 0 for n sufficiently large. Since (B.55) holds for every

€ > g, it implies that

. St Bn) A (V@A) -VilmA
1 JUINIH =N/ n t(T;8n t\Y; n))
o [ fi(x; Ay) ¢ i
i / JeW3Bn) A (Viesan)~Vi(y:dn) dy| (B.56)
n—00 (O\Q< (1) t($§ An)

Substitute (B.56]) into (B.54]) to obtain

. ft(x-A )
Vi) = e, [/ R(£)\Q=(t) vt f fe(y; Ay) - eAn (Vi(mdn)=Vi(y:dn)) gy dz
O i (x.A )
< lim / Vi(z) - - dx| . B.57
”%0[ R(H)\Q=(t) ) Jrnquw fr(ys An) - efn V@A) =Vilw:dn) dy ] (B.57)

Inequality (B.57) holds for any £, implying that

. ft(x; An)
Vi(ly) < lim [/ Vi(x) - AN o dr| . (B.58)

Inequality (B.58)) holds for any £ > 0, implying that

im i Vi) - fi(; An)
Vi(ly) < lim lim / - - dx
t( t) e—=>0n—oo [ R(t)\QE(t) fR(t)\QE(t) ft(y7 An) . eAn(%(Z'yAn)_‘/t(yyAn)) dy
@ / Vi(@) - fo(w; An) (B.59)
= lim dx
n—00 R(t)Narg min V; (z fR t)Narg min V4 (z) ft( Y, An) A {(Vi(z;8n) = Vi(y;4n)) dy
@) min V;(x).

where change of limits in (7) is possible since Q.(t) does not depend on n and equality (i) holds because
Vi(z) is convex, and so is the set argmin Vi(x). Inequality (B.59)) proves that Vi(l;) < ming,cr Villr),
which, combined with the requirement that I, € R(t) implies that V;(l;) = ming,cp(y) Vi(lt)- O

B.5 Lowest Continuation Surplus Equilibrium with Binary Types

In this section we consider a simplified version of the model in which there are only two types, pg €
{p,p} = {pL ,pH } and show that there is a unique equilibrium satisfying the lowest continuation surplus
refinement {4l As there are only two types, denote by pi = m;(p®) the posterior belief and V; = Vi(p') — V
the intermediary’s continuation value net of her opportunity cost V for an agent of ex-ante type ¢ € {L, H}.

As in Section define tg to be the last moment before time ¢ = sup{support(7)} when a type separates:
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tg def sup{t <t: t € T}. The following Lemma is the analogue of Lemma [B.5| for a binary ex-ante type

distribution.

Lemma B.15 (Final period separation characterization). Suppose belief process | = (lt)i>0 is right-

continuous and satisfies the lowest continuation surplus refinement[f Then it must be the case that

(i) both types find it weakly optimal to separate at t, i.e., t(p") = t(pf) = t;
(i1) there exists a quiet period prior to t, i.e., tg < t;

(i4i) clients attribute separations during [ts,t] to low skilled agents, i.c., l; = p~ for every t € (tg,t).

Proof. Suppose t(p") < t(p*?). This implies that R(t) = {pf} for t € (£(p%),#(p™)]. Following the lowest
continuation surplus refinement 4 it follows that I; = pf for t € (£(p”), #(p™)], implying a contradiction
with the optimality of separating at time #(p”). A symmetric argument is in effect if #(p”) > #(p™) implying
that it has to be the case that £(p*) = £(p™).

Results (77) and (zi¢) follow from the already proven Lemma of Section O

We now show that there exists a unique equilibrium satisfying the lowest continuation surplus refinement
As the model features only two types, we weaken the clients’ belief continuity assumption with the right

continuity.

Lemma B.16 (Unique equilibrium). Suppose belief process | = (I¢)¢>0 is right continuous and satisfies the

lowest continuation surplus refinement |Z| Then l; = p* for every t < t.

Proof. Following Lemma it follows that I; = p” for ¢t € (tg,f). Right continuity of beliefs then implies
that l;, = pY, meaning that it is the L type separating at time tg. There exists an ¢ > 0 such that

A(mi(meg)) —rV — A(pF) < 0 Vite(ts,ts+¢)

as, otherwise, type p” would find it strictly preferable to wait past tg to separate, which would contradict

the definition of tg. Define

lQ = sup{t < tg: >0 st (t—et) ¢ T}

Following the same argument and derivations of Lemma for the continuum of types, it follows that
there is no pooling during [tg, ts], implying that I; = p” for all ¢ € [tg,ts]. Since it’s the same type p”
that is separating during the period [tg,ts], it implies that

A(my(my)) —rV — A(pF) =0 VYt € [to,ts].
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and that there exists an € > 0 such that
A(me(my)) — 1V — A(ptL) >0 Vte (tg —e,tg). (B.60)

The next step is to show that type p’ finds it strictly preferable to wait until time £ to separate than to
separate at time tg and belief pL. Denote by L, (p) the belief at which type p is willing to separate at time
t. It satisfies (B.13]) which we rewrite here as

V + Ui(Lt(p)) = Wi(p).
for p € {pL ,pH }. At t = ¢ both types are willing to separate at the pooling belief, implying that Lt-(pL) =
Li(pf) = I;. Tt follows that

A(me(Le(p))) + 1V — A(me(ma))

) = Gm(Li)) - 9 (i), me L))

Types p~ and pf are willing to pool only if there indifference beliefs are equal, i.e., types p” and p?
find pooling at time ¢ incentive compatible if and only if Ly(pl) = L;(p*) = I;. For t € [tg,t] we have
Li(p™) < Ly(p"), while for t € [tg,ts] we have Li(p") < Ly(p") = 0. Consequently, Lio,(p™) > Ly, (p"),
implying that Vio (p™) > Vig (p").

Suppose there exists a time ¢, € [0,t*) which corresponds to the last time when any type is willing to
separate preceding time tq, i.e.,

te=sup{t <tg: teT}.

By definition of tg, it must be the case that ¢, < tg. Due to the linearity of the value function V;(p) in
p, the local arguments in Lemma inherited from Lemma extend to the quiet period (t*,tq),
implying that I, = p” for ¢ € (¢*, tg). Right continuity of beliefs then requires that i~ = pY. Since period
(t*,tq) is a quiet period, it follows from that

A(mpe(my)) — 1V — A(me= (p1)) > 0.

This contradicts the existence of t* as the L type manager would strictly benefit from waiting past t* to

separate. Consequently, there are no separations in equilibrium during [0, ¢g).

Finally, we show that that I; = p” for all ¢ < . The comparison V;* > V, follows from

tQ
y :/ o—r(s—1) <p£{ +a _pﬁ)e—x(s—t)) (A(ms(ms)) — 7V — A(ph)) ds
t

>0
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ts
n / e (pff + (1= pf)e070) (A(m,(my)) = 1V — A)) ds
tq
=0

[t (Bl (1= ) (Al - AGE) ds

/ttQ or(s—1) (pf[ (- pﬁ)e—k(s—t)) (A(ms(ms)) — 7V — A(pL)) ds

J/

g

>0

tQ
> / e (pf 4 (1= pP)e 070 (A(my(my) = 1V = ApR) ds = V-,
t
where the strict inequality (i) follows from Vi, (p") > Vi, (p%). O

B.6 Perturbed Model Limiting Equilibrium with a Binary Type

We now consider the perturbation of the model, as described in Section of this Online Appendix B, in
which the intermediary-agent pair receives a relationship-specific disutility shock distributed exponentially
with parameter A. We show in Section[B.I.1|that a limiting equilibrium must satisfy the lowest continuation
surplus refinement [4] and, consequently, converge to the equilibrium characterized in Section As the

shocks follow an exponential distribution, the probability that a shock exceeds a value x equals G(z) =

e BT,

B.7 Basic Properties of the Model with Shocks and Binary Types

Denote by e and e to be the rate at which the intermediary lets go of the agent of ex-ante ability p* and
pf respectively at time t. If Vi > 0, then the intermediary prefers to retain the agent absent any shocks,
consequently el = ¢ - G(V}!). If, however, V! = 0, then the intermediary lets the agent go with intensity ¢ if
any shock arrives, but then may further churn the agent for strategic considerations. Consequently, e! > &

if Vi = 0.

Lemma B.17. The probability oy = Pt(p =p | Xy =t,7 > t) that the remaining type is a high type

conditional on good performance and continued employment by the intermediary satisfies
dr = (1 —ay) - (ef —efl + X (pf' —pf)). (B.61)

Proof. Denote by o4 the fraction of low types that survive. Then

P(ﬁt =pl, remain)

= P Dy = H ] -
Qtt-dt (Pt = pi" | remain) P(py = pf!, remain) + P(p, = pf, remain)

ac- (L—effdb)- (1= (1= pf)rdt)
ac- (L—elldt)- (L= (L—pf)rdt) + (1—aq) - (L—eFdt) - (L— (L— pP)Adt)’
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Then

ac- (L—eff dt) - (1= (1 - pfH)rdt)

ot = O = T — e dt) - (1— (1—pAdD) + (L —an) - (1—eldt)- (1— (1—pEyrd)
B ozt(l—ozt)'(etL—)\'ptL—efI—i—)\-p{{)-dt
(ar- (1 —efl dt — (1= pH)Xdt) + (1 — ay) - (1 — el dt — (1 — pE)Xdt))*
Dividing both sides by dt and taking dt = 0 obtain (B.61)). ]
g y g

In what follows, we construct an equilibrium in which prior to the final date ¢ both types separate con-
tinuously for ¢ < ¢ and may feature an atom of separations in the last period ¢ = . In other words, we
construct an equilibrium in which separation rates e! are finite for all ¢ < . In this case, the average

separating type k; along the path of good performance is given by

pi-(L—an)-ef +pff o -eff

k, =
! (1—ay) el +ap-eff

(B.62)

Lemma B.18 (Monotone equilibrium). Suppose ¢ < &. Then, in equilibrium, it must be the case that

ki < q¢ with the inequality being strict for any t < t. Consequently, V1 > VX and TH C T(p").

Proof. Without loss of generality, suppose ¢ > 0 and ko > qo. Define T (() p) as the set of times when the

intermediary chooses to let go of the agent in the absence of a shock. Define

~def .

t éflnf{t>0: ki GT(pL) U'JI'(pH) and k; < qt}.

The time £ is well defined as k7 = ¢z. There exists an ¢ sufficiently low so that ¢ — % < (ko) for every
t € (0,%) since the types that are departing voluntarily prior to ¢ are better than g, thus lowering the
average, while the rate of exogenous departures € can be made sufficiently small relative to r - V. Define
&y as the fraction of high types if (i) there are no departures in the absence of a shock, (ii) all low types

leave following arrival of a shock, and (7i7) no high type leaves following a shock. Then, &; > «a; and from

Lemma it follows that

qp =6y (1— &) [e+ X (pff —pl)]

d CAKt H L
adl | — \- _
dt n(l—dt> €+ (pt pt)
g - et o 0 —pf) ds
= Gy = .
! 1—ag+ - et Jo o —pL)ds
This, then implies that
g =1—o) - pf +ar-pff <1 —d)-pf+a pfl. (B.63)
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The difference between ¢; and m¢(qo) is given by

gt — m(qo)) < (1 —éy) 'PtL + Gy 'pfl — m¢(qo)

_ g - et o 0 —pf) ds B ap - eMo WS —pk) ds o )
T\l —ag+ag- et @E-phds 1 _ 04 ag - e o —pE)ds ¢ !
t( H L
_ ao(]_ [— ao) . eAf()(ps ps)ds . (eat —_ ]_) ) (pH _pL)
<1 — ao + ao . 6g-t+)\f0t(p£{7p£’)d8) (]_ — ao + ao . 6Af0t(p£{7p£’)d8) t t
< (e =1)- (o —pf). (B.64)

For separation at date  to be incentive compatible it must be the case that
i
Lo (o t=p-e) (Ala) - rv) i
OOO
+/ e "t (p +(1—p)- e_)‘t) A (m_i(kp)) dt (B.65)
i

> /Ooo et (p +(1-p)- e_)‘t> - A(my (ko)) dt.

A necessary condition for (B.65|) to hold is if it holds at k; = ¢; and kg = qo. Substituting these values into
(B.65) obtain

/tAOO et (p +(1-p)- €—>\t> . (A (ﬂ—tff(qf)) — A(Wt(qo))) dt

ZAeﬂa@+ufmyawyvv+mm@m—A@»ﬁ

/

-~

>r-V/2

t
2/ et (p +(1—p)- e_At> Y dt. (B.66)
0 2

The upper bound obtained in (B.64]) ensures that inequality (B.66|) cannot be satisfied for ¢ < & uniformly

across A. O

Lemma B.19. Suppose separation rates (ef, el )i>o are differentiable almost everywhere. Then the churn-

ing rate v, as defined in s given by

ol =) (0l —2E)

def .
Y = ]Ct — )\k‘t(]. — k?t) = ((1 N ) eL "t eH)2 €y € — etL ’ 6?) . (B67)
— ) - € ¢ €

Proof. If e} and e/’ are kept constant, i.e., the fractions of types separating are constant, then it follows
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that k; = Aki(1 — k) and v = 0. Consequently,

%_pf-(l—at)-ét“rpfl-at-éf_ (1) 6tL+pr'0‘t'e'{{-((1—at)-éL+at-éH)
= t t
(l—at)-ef+at~ef[ ((1—0@) ef+at-ef{)2

L

étL-(l—at)~[ptL-(1—at) e + oy -ell —pl- (l—at)~etL—pr~at-e{{]

((1—at)-et —{—at-ef)Q
efl o [pff - (1—ou) el +ow-efl) —pf - (1—ay) el —pff oy - ef]

_l’_
((1—at)-ef+at-ei’{)2
:étL'(l_at)'[pt o eff —pf at-e,{{] éz{{'at'[Pz{{'(l—at)'ef—pf'(l—at)'etL]
((1—at)-et +at-efl)2 ((1—at)-ef—i—at~e£{)2

el a1 —ap) - (pff —pf)-ef — el a1 —ay) - (pff —pf) - el

(1= ay)-ef +at‘ef])2
or(1—oy) - (pff —pf) - [eff - ef — éf - ef]

((1 — Oét) . 61{/ +Oét . 6{1)2

If both V;F > 0 and V;# > 0 then (B.67) becomes

a1 = ar) - (pff = pF) - [~ g (V) - GOVE) - Vi + 22 (V) - GV - V|
(1—ay) e GVE) + ap - - GVH))?

Yt =

(1~ a0) - (off ~ pf . |
(a- agl c;(vt)%(fat .g()‘@H))Q oty ey VE = gV - aviE)

where g(-) = A - =27 is the pdf of the shock distribution. If V,/ > 0 while V;* = 0 then (B.67]) becomes

(1 —ay) - (pf — pk . ' .
" (e >(1<1 o >(i o paimf GO (0 V- ey =g - (e T

Under continuous separations, the value functions of type ¢ satisfies

TVti = A(Qt) - A(kt) —rV + - 62U(pi, k?t) —A- (1 —pi) : W + Vtz

S (B.68)
—e- G-V -Vite- E[5-1{5> {Q}]+max{_e%.wl}’
e;>0

B.1.1 Limiting Equilibrium Beliefs with Stochastic Preference Shocks

In this section, we show that any well-behaved equilibrium limit as A — oo of the perturbed model

converges to an equilibrium that satisfies the lowest continuation surplus refinement

Definition 6. A limiting equilibrium is a sequence of value functions Vi(A,) and beliefs ki(Ay) and q:(Ay)
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such that
(i) Limit: there exists a uniform limit in t oﬂ
lim {VE(A), VE(A) VI (A), V() | = {vE vE v VA

tim {g(An), k(An),7(A0) | = {a. k7).

n—oo

(B.69)

(ii) The limiting beliefs (qi, ke, Vi), value functions (VE, ViH)>0, and churning strategies (el,ef!) are an

equilibrium of a game in which e =0 and A = +00.
As before, define T = {t: VE=0}yu{t: VI =0}

Lemma B.20. Suppose the belief process (g, kt)te[o,ﬂ 18 Tight continuous. For any limiting equilibrium in

which aF < 1, 1.e., such that gz < pi—q, it must be the case that k; = ptL for every t € T.

Proof. Consider date t such that V;¥ > 0 and V;* > 0. This implies that V;(A,) > 0 and V,*(A,) > 0
for a sufficiently high n. This implies that

lim ki (A,) = lim [Pf'(lat(An))~G(‘4L(An))+pf’-at(An) G(VtH(An))]
nmoe T TS | (1= ael(Ba)) - GUGE(B0) + arl(Bn) - GV ()
i | PE (A 0n(An)) et (VI A)=VEAD) 4 pH oy (A)
n—00 (1—a(A)) - eAn (VH(AR)-ViE(AR)) +ar(Ay)

This limit is equal to pf if V,I’ < Vi and pf! if VI > VI, with the latter leading to a contradiction with

the equilibrium for A,, sufficiently high.

Suppose at time ¢ we have V,Z =V, > 0. Define times ¢; and 5 as

def .
nEsupls<t: vE<v,  nurfs>e: vE<VI)

This implies that V,.X = V2 for ¢ € [t1, 2] and, in addition, requires that v = 0 for ¢ € [t1, t2].
p t t

(i) Case t; > 0. In this case there exists an € > 0 such that V¥ > VI for every s € (t; —¢,t1). By the

above argument, it implies that ks = pSL and, since v, = 0 for s € [t1,t9], it implies that k; = ptL .

(ii) Case t3 < t. In this case there exists an € > 0 such that V. > V. for every s € (t2,t3 + ¢€). By the

above argument, it implies that ks = psL and, since v, = 0 for s € [t1,t9], it implies that k;, = ptL .

(iii) Case t1 = 0 and t2 = ¢. This implies that 7_,(k;) is constant for all ¢t € [0,¢]. We know that by

optimality of optimal stopping, it requires that k; < ¢;. However, it implies a jump in beliefs at ¢,

O The convergence of :(A,) — 7 is equivalent to k;(A,,) converging in C* to k.
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which would contradict ng = V;—I: as the types leaving in the final instance will be better. This leads

to a contradiction.

O]

B.8 Candidate D1 Definition, Construction, and Possibility for Equilibrium Nonex-

istence

So far, we have considered the lowest continuation surplus refinement [4] that we are micro-found in Sections
[B.4] and [B-6] with the perturbation approach to the model. A natural question, which we discussed already
in Section is why we do not pursue other refinements, such as Divinity. In this section, we offer an
extension of the definition of divinity to our dynamic two-player informed game by considering the joint
expected payoff of the intermediary-agent pair. This is the focus of Section We formally prove in
Section that the equilibrium we construct in the main text, as well as in Section of this Online
Appendix is the unique equilibrium that may survive the divinity refinement [7}— we do so in the context of
a binary model for tractability, but the logic also extends to a continuum of types. These results show that
if a divine equilibrium does exist, then it coincides with the one we construct in the main text of the paper
and this Online Appendix B. We show in Lemma of Section that such equilibrium survives
the divinity refinement if the quiet period is not too long, as proxied by a sufficiently large intermediary
outside option V, while there may be no divine equilibrium if the outside option V is very low and the
resulting quiet period is too long. We further illustrate this logic in Section graphically in a we
provide a semi-analytic example. The reason for such non-existence is that the initial quiet period offers
substantial rents to lower-skilled intermediary-agent pairs, which leads higher types to be more willing to
deviate at the start of the game. Given the uniqueness of the candidate equilibrium, this leads to the

potential nonexistence of an equilibrium satisfying the divinity definition [7| for some parameter values.

B.1.1 Definition of Divinity in our Setting

Signaling games have a special feature that the agent only acts once. Dynamic signaling is not that the
agent cannot act sooner, but it is that the buyers can make interim offers. As long as clients are dispersed,

an individual client cannot make such a deviation.

Lemma B.21. The set of Perfect Bayesian Equilibria of the dynamic game coincides with that of a static
game in which the intermediary and the agent jointly commit at t = 0 to contingent separation date T(p),

but this time is not observed by clients until it occursfY]

The only distinction between a standard signaling model and this signaling model is the belief process Q.

2%Every equilibrium of the dynamic game is an equilibrium of the strategic-form game.
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This is not present in the classic models in which the flow value prior to signaling is independent of beliefs.

However, the claim is that if it were present, then the result would be the same.

Remark 1. If a Perfect Bayesian Equilibrium can be supported in the initial dynamic game, then it can
be supported in a strategic form game. Divinity is not defined for dynamic games, but it is well defined for

the static game in which at t = 0 the intermediary and the agent commit to a separation time.

The ex-ante set of types is [p,p]. Define by (¢, kt)i>0 to be the equilibrium belief processes. Define Wy(p;)
to be the on-path expected continuation value to the intermediary-agent pair at time ¢ given ex-ante type

p along the path of good performance

Wi(p) def sup E, [/ e T(st) (A(gs) —rV) ds + et (mr(p), kr) | Xy =t| + V. (B.70)
T ¢

Define V(p,t) as the expected ex-ante value of stopping at time ¢, i.e.,
def v rtn
W t) Y E, / e (Algs) = 1) ds + €T (puns king) | +V (B.71)
0

- /0 Lo (p+ (L =p) ™) (Alg)) = rV) ds+ e (p+ (1= p)- ™) U (mp), k) + V.

Suppose the intermediary and the agent of ex-ante type p separate and the agent is perceived as having a

private ex-ante type [ by clients. The joint ex-ante surplus of the agent and intermediary is

Wt )™ [ (o (1) ) (A0 17 ds

LTt (p +(1-p)- e_>‘t> U (m(p), me (1)) + V.

(B.72)

It is valuable for the intermediary and the agent to separate at time ¢ only if the if the client assigns the

agent an ex-ante belief [ such that Wy(p) < W(p,t,1).

(i) Denote by D%(p|t) the set of ex-ante beliefs [ for which the agent is indifferent between staying on

path or choosing action ¢:
de
Dplt) < {1 Wolp) = Win.t.0)} = {du(p)}, (B.73)
where d;(p) is the unique solution to

Wo(p) = V(p,t,di(p)), (B.74)

which is well-defined as W (p,t,1) is strictly increasing in [.
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(ii) Denote by D(p|t) the set of ex-ante beliefs [ for which it is preferable for the intermediary-agent pair

to break their relationship at time ¢ given good performance:
def
D(plt) = {l: Wolp) <Wi(p,t,1)} = {l > di(p)}- (B.75)

Definition 7. Consider three types of refinements.

(i) Divinity (D1) criterion eliminates off-path action t by type p if there exists a type p' such that
D(p|t) U D°(p|t) € D(p'|t).

(it) Universal Divinity criterion eliminates off-path action t by type p if D(p|t)UD(p|t) C Uy, D(Y'|t).
(i7i) The Never Weak Best Response (NWBR) criterion eliminates off-path action t by type p if
DO(plt) C Uy D(p'It).
The following result applies Cho and Sobel (1990) to payoff structure specified by (B.3).

Lemma B.22. In the model considered in Section @ and summarized by the payoff structure (B.72), D1
1s equivalent to both Universal Divinity and NWBR.

Proof. Suppose action t by type p is eliminated by D1, i.e., there exists a type p’ such that
B (4) B ;@ .
D°(plt) € D(plt) U D°(p|t) € D(Y'|t) € | ] D(plt). (B.76)
PFD
Inclusion (ii) in (B.76]) implies that type p is eliminated by Universal Divinity. Inclusions (B.76]) (i) and
(7i) imply that it is also eliminated by NWBR. The monotonicity of the preferences in beliefs, it follows
that D(p|t) = (d¢(p),1] and D°(p|t) = {d;(p)}. The D1 criterion eliminates type p if there exists a p’

such that dy(p) > di(p’). Moreover, by choosing p’ = arg min d;(p), D1 is equivalent to Universal Divinity.
NWBR eliminates type p if d¢(p) > min, d¢(p'), which is equivalent to D1. O

Following Lemma we refer to the D1 refinement keeping in mind its equivalence to both Universal
Divinity and NWBR.

Corollary B.1 (D1 off-path beliefs). The equilibrium survives the D1 criterion if

ke € m <arg min dt(p)> = arg min 7 (d:(p)) for every t¢T. (B.77)
P P

Relationship to a Single Informed Agent Model as Motivation for D1

Our model features two informed players (the agent and the intermediary) who are interested in maximizing

overall surplus, but compete on wages. Our definition of the D1 belief refinement in [7] applies on the level
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of agent and intermediary, meaning that they agree on a deviation jointly, and then split the benefits/costs
via wages. Natural questions may arise in why this is a natural interpretation of the D1 refinement, which
is normally applied to a single-informed agent games, to our setting. In what follows we show that we can
formulate a single informed player model in which the payoff of this player coincides with the joint payoff
of the intermediary-agent pair. The definition of D1 in our setting [7] will then coincide with the classic
definition of D1 following Cho and Sobel (1990). Our subsequent analysis then shows the nonexistence of
the D1 equilibrium for some parameter values, highlighting the value to our novel approach of equilibrium

selection via perturbation methods in Sections

Consider a single-agent model in which a single player of ex-ante skill # € {0,1} operates a firm. The
firm’s revenue are a function A(-) of the expected ability of the player. The player of ability § = 1 always
generates good performance, while the player of ability § = 0 generates a loss with intensity A. The player
has a binary signal about his ability, which we can identify with his private prior § € {p”,p} about . The
player has a profitable investment project that he can undertake at no cost, while continuing to operate
his existing firm. The project yields expected value V' that is constant and independent of the player’s

ability.

The expected value to the player from undertaking the project at time ¢ depends on the beliefs of clients
about which types undertake the project at that time. Denote these beliefs by k;, while denote by ¢; the
belief about the agents who have not undertaken this new project at time ¢t. The expected value for the
player from undertaking the project at time ¢ and being perceived as ex-ante type [ is given by W(p,t,1)
defined in (B.72). This single player game is monotone in client beliefs, meaning that the three belief
refinements outlined in [7l coincide with the classic notion of D1 refinement outlined in Cho and Sobel
(1990). Everything we do from here onwards can be applied to this single informed-player game. The key
distinction from the games considered in Cho and Sobel (1990) is the dependence of the payoff of the agent
on client beliefs ¢; prior to undertaking the irreversible public action. This both generates a quiet period

for both players, but also limits the applicability of using the classic D1 belief refinement as we show below.

B.1.2 Divine Equilibrium Construction and Conditions for Existence

In this section, we construct the unique candidate equilibrium that survives the D1 refinement as defined
by Lemma shows that it must be separating and feature a quiet period [0,¢}] during which all
types are retained as long as they perform well, a churning period [¢], t5] during which low type pl agents
are gradually let go, and a final time ¢ when the high skilled p’ agents are let go. We show in Lemma
that this equilibrium survives the divinity refinement [7]if the quiet period is not too long, as proxied
by a sufficiently high intermediary outside option V. At the same time, surprisingly, if V' is very low, then

the initial quiet period is so long that no divine equilibrium may exist.
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As in Section suppose the types are binary and characterized by p € {p”,p”}. Denote by T!(p”) and
T!(pH) to be the set of times during which types L and H are willing to separate. Le., T!(p”) and T! (p¥)
are indifference sets for both the high and the low types.

Lemma B.23 (Final period separation). Suppose the equilibrium satisfies @ Then there exists a t =

sup T! (pf) > sup TZ(p”). Moreover, it must be the case that Iy = p™ and t € TI(p").

Proof. The fact that separation times are bounded from above follows from Lemma Moreover, it
can’t be the case that sup T! (p*) > sup TZ (p*?) since a low type agent would prefer to separate at sup T
together with the high type, rather than postpone separation and still be identified as a low type in

equilibrium.

Suppose there is pooling at . Then consider an ¢ deviation to separate at ¢ + . Consider the indifference
beliefs dp(p’) and di(p™) that clients assign to agent-intermediary pairs that do not separate during ¢ €

[t, + €]. These indifference beliefs must satisfy

3

U (m(p"), m2(l5)) :/0 e’ <7T£(pi) + (1 —m(p")) - f”) [A (me(dz (")) — V] dt

e o mg(p') - wn (me(d(ph))) + e TTVE (1= wr(p?)) - uo (me(di(p'))) -

It must be the case that dg(p’) > I since the agent and the intermediary sacrifices V' during the period

[0, ¢]. For ¢ sufficiently small it must be the case that dg(p’) is close to Iz such that
A (m(di(p'))) — 1V < A(me(ls))

for all t € [0,¢]. Consider the cash flow process C' = (Ct)s>¢ defined as Cy = A(m(l7)) and cash flow process
C = (C’t)tz() defined as
o [AEGET) - telTo).
t p—
A (my(di(p™))) if t>t+e.

By definition of di(p') the time ¢ continuation value from the cash flows C and C is identical for type
po = p. However C; > Cy if and only if ¢ € [t,t+¢] cash flows C and C satisfy the single-crossing condition
of Lemma This implies that the time # continuation value for type p” < p agent is strictly higher
for cash flow stream C' than cash flow stream C. This, in turn, implies that the indifference belief dg(pL )
must be strictly higher than dz(p). This implies that if clients see an agent stay beyond time Z, following
the D1 criterion, clients should assign the high type beliefs I[; = pf for t > #. This then implies that if
t € T!(p™), then it requires that I; = p™, implying that there is no pooling at time .

Define t7, = sup T! (p”) and suppose that 7, < £. This implies that to wait until £ the lowest type requires
di(p") > p™. By continuity, it follows that if the the agent-intermediary pair choose to separate at £ — ¢,
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then for a sufficiently low ¢ it follows that d_.(p") > dz_.(p"). Following the D1 refinement it then must
be the case that l;_. = pf, implying that type p agent would strictly prefer separating at £ — e at the

correct belief of p¥ | rather than wait until time . O

Lemma B.24 (Divine equilibrium must be separating). Suppose A(x) =z, L =0, and p > 1/2. Then

there cannot be pooling prior to t and the high type only separates in equilibrium at time t.

~d ~ - .. . . .
Proof. Define t </ sup {’IFI (") no, f)} Suppose t = t. This implies that there exists a sequence of times
{t,} c T!(p") such that ¢, — f. It must be the case that {t,} C T!(p’) as well since, otherwise, it
would not be incentive compatible for the p” type to wait until £. Consider the indifference belief d;(p”)

and d;(pf) at which types p” and p are willing to separate. From the previous Lemma it follows that

de(p") = di(p™) = p™. It further follows that

id ') = rV + A(m(di(pY))) — Alar)
dt " T (de(p)) - U (e (p7), (e (p7)))

For t close to £ it follows from above that d;(p") < dy(p™). Hence it must be the case that dy, (p*) < d,, (p™)
for n sufficiently large, which contradicts with the existence of {t,} € T!(p™) N T!(p").

The above shows that # < £. Tt must still be the case that ¢ € T!(p”) N T/(p). This implies that both

types p~ and pf are indifferent between separating at times ¢ and ¢. Then

ui(m(ly)) = / e "D (A(gs) — 1V — Amg(p™))) ds + wi (mp(p™)), -
L B.78

t .
o (i(15)) = / e TN (A(ge) = 1V = Alms(p™)) ds + uo(mi(p").
i
Suppose that [; > pY, meaning that there is pooling at time . Given this pooling outcome at #, there
exists an € > 0 such that there are no separations along the equilibrium path during (£ — ¢, +¢). It must
be the case that A (g, ) —rV — A (m;(l;)) > 0 since there would otherwise be a contradiction with D1 with
separations at £ 4 &. Due to the linearity of A(-), the expected value of the average agent that leaves the
intermediary at time £ is then given by
mi () _ Alag) —rV

r T

The equilibrium value of the expected intermediary-agent pair is given by

TAN . n . AR " )
E [ / e " (A(gy) — V) dt + / e_r(t_t)A(pt)dt} —E [— / PV dt + / e=rt=Dp, dt]
t TN t i

> — / rV dt + / e "D [py] dt
t t

n

B.40



_ 4=V
-8

This implies that the expected value of the average intermediary-agent pair always strictly exceeds w
since A(-) is linear. This implies that it is not incentive compatible for either type L or type H agent to
separate at time ¢, contradicting the possibility of pooling. Finally, it cannot be the case that the high
type separates before all low types separate as the low type’s payoff is dominated by the expected value of

being perceived as the high type. O

Lemmas and above state that the low types separate prior to ¢ and the high type separates at
t. Moreover, the low type agent also finds it weakly optimal to wait until time ¢ but separates before then

with certainty.

Define by ¢] the candidate first time when it is locally optimal for the low type to leave the intermediary:

t el inf {t o m(qo) — (pL) —rV = O} . (B.79)

Define by ¢35 the candidate last time when it is locally optimal for the low type to leave the intermediary:

t5 “ inf {t: 1-m (pL) —rV =0}. (B.80)
Lemma B.25 (Necessary equilibrium structure). Suppose A(x) = x is linear, L =0, and p > 1/2. Then
i any equilibrium satisfying the D1 refinement @ it must be the case that TF = {t5, 3} U {t} and all the

low type agents separate from the intermediary gradually during [t],3].

Proof. Following Lemma the Perfect Bayesian Equilibrium satisfying the D1 refinement must be
separating in types. Taken together with Lemma it follows that all low types must separate prior to

t, while still being indifferent to waiting until .

Consider the first time that the low type agent separates from the intermediary. Since in equilibrium it

must happen at the separating belief, the intermediary-agent pair solves a stopping problem

max {/OT et (ph 4 (1= pM)e™) (Almilqo)) — V) di + /oo

. et (pL +(1 —pL)e_’\t) A(mi(ph)) dt} .

Under the stated assumptions, the revenue function A(m(p)) is concave in ¢, implying that there exists a

unique ¢}, defined by (B.79) when it is optimal to let go of the low type agent.

Similarly, consider the last time when it is optimal for the low type to leave the intermediary. Since,
following Lemma all low type agents must leave prior to £, it must be the case that at this date ¢ the
remaining types are only the high types, meaning that ¢; = 1. Local optimality then implies that this date
¢ must coincide with ¢} defined in (B.80).
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Finally, since A(z) = =z, it follows that A(m(p)) is concave in t for p > 1/2 and ¢t > 0. This implies
that there cannot be a positive gap in separations during [t],¢5]. The reason is that if there ever was a
gap (f1,1s), then local optimality at #; implies that A(gy,) — Almg, (p*)) = rV. The concavity property of
A(me(p)) then would imply that A(m,_; (¢;,)) — A(m(ph)) < 7V for p € (t1,12], implying a contradiction
with the optimality of waiting to separate at t5 for the low type agent. O

The above lemmas show that in order for the Perfect Bayesian Equilibrium to satisfy the D1 refinement,
it must be the case that the high type separates at time ¢, the low types separate gradually during (¢}, ¢5],
and the low type finds it weakly optimal to wait until . In order for this to be an equilibrium, it must
be the case that the beliefs disciplined by D1 during the quiet period [0, ¢]) are consistent with the above

strategies.

For the equilibrium to satisfy the D1 refinement, it must be the case that for t € [0,¢}) U (t5,%) = [0,7] \ TZ
the low type is weakly more likely to deviate than the high type, meaning that d;(p") < dy(p™). If this
were not at satisfied at any point ¢, then the D1 refinement would specify a high type off-equilibrium belief
k; = pf , which would break the equilibrium conjectured above by making all types willing to separate at
t.

Lemma B.26 (Existence and nonexistence of a Divine Equilibrium). Suppose A(m(p)) is weakly concave
in t. Then there exist two thresholds V. < V. If the intermediary’s outside option V >V then there exists
a unique divine equilibrium characterized in Lemma and the clients’ belief k; = pF for all t < t. If

the intermediary’s outside option V' <V, however, then a divine equilibrium does not exist.

Proof. Lemma specifies the unique separation dynamics that may take place in a divine equilibrium.
We need only verify if such separation dynamics are consistent with off path beliefs specified by the D1
refinement in .

Case V > V. In the equilibrium constructed in Lemmathe low type is indifferent between separating
at time ¢t} and waiting until pooling with type ¢. At the same time, the high type finds it strictly optimal
to wait until separation at time #. Consider V' = A(qo) — A(p}). This implies that the game begins
immediately with the churning period. At the start of this churning period, by construction, dé = p%,
while dff = pl!. By continuity of the solution to , this implies that there exists V' < A(qo) — A(p§)

such that there is a positive length quiet period, i.e., ] > 0 and dtL < d{{ for t < 7.

Case V < V. Index the churning period [t](V'),t5(V)], the average belief process ¢:(V'), and the indiffer-
ence beliefs d;(p”; V) and dy(p™; V) solving (B.74) by the intermediary’s outside option V. At V = 0 the
intermediary equilibrium features no churning and, consequently, d;(p”;0) = d;s(p";0) = m(qo). In what

follows, we show that %dt(pH VvV < %dt(pl’ ; V)‘VZO, implying that the equilibrium constructed in

)|V=0
Lemma does not satisfy the divinity refinement at the start of the quiet period when V is sufficiently

low.
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During the quiet period t € [¢t](V), t5(V)] it follows that
Al@ (V) = Alpf) = V. (B.81)

The indifference condition to separate at time ¢(V') is given by

(V)
[ e (=) ) AV =V A ds+ UG
#v)
:/0 e (PP (1= pF) e ) - (Alq(V) = 1V = ApI)) ds + U (", p).

Given the indifference condition (B.81), the derivative with respect to V' of both the left and right-hand

side is given by
i) —rs L L —As ! !
[ e (o =t ) (V) V) 1) s
=7V (0" + (1= ") - M) - (Algrry (V) = 1V = Awfy) (B.82)
e —rs L L —As l !
[ (e =) ) (V) (V) 1) ds
Note that gz = pfl{v). Consequently (B.82) can be simplified to
1) —rs L L —As ! !
[ e (o 1 ) (V) V) - 1) ds
0
=—7(V)- (pL +(1-ph)- e%(")) oV (B.83)
e —rs L L —As / /
[ (e =) ) (V) - (V) 1) ds
Consider now V' = 0. In this case t5(V) = +o0, ¢s(V) = 7s(qo0), and ¢,(0) = 0. Then (B.83) becomes
| (=) (A -0 1) ds
= =7(0) - (p" 4+ (1= p") - O )
—I-/ e . (pL +(1 —pL) . e_)‘s) . (A,<7TS(QQ)) -0 — 7") ds
0
The above indifference condition implies that

lim 7(V) - (pL +(1—ph)- e—WV)) SV =0. (B.84)
V—=0

Consider now the indifference beliefs do(p”; V) and do(p”; V) for the low and high types, respectively. The
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indifference belief d (V') solves

o ¢(V) . . ,
UG = [ (5 (=) ) (AaV) = oV = AGE)) ds+ UG

Differentiating both sides with respect to V' obtain

o t(V) 4 .
(%U(pl, dB(V)) dc‘l/dl (V) A e TS . (pl + (1 - pl) . 6*)\5) . (A(qs(v)) . q;(V) _ T) ds

P (V) e V) (pi (1—p). 6—,\5(\/)) e
It follows from (B.84) that at V' = 0 obtain
U (0 0) - ez db(0) = —/oo e " (pi +(1-ph)- e*AS> -rds
’ av 0

where we used the fact that d}(0) = go. For the divine equilibrium to not exist we need %déf 0) < v d dk(0),

which can be expressed as

_foooefrs . (pH+(1 _pH) _ef)\s) -rds - _foooefrs . (pL_i_(l_pL)_ef/\s) -rds

82U(PHaCI0) 82U(pL7QO)
fooo e TS . (pH + (1 _pH) . 6—)\5) ds - OOO e~ TS . (pL + (1 _pL) . 6_>‘S) ds
U (p", qo) 92U (p*, qo)
U () [ e (o4 (1)) ds > UG ) [ e (4 (1= ph) ) ds
0 0
H H L L
Loy (Pl 1-p R e
U (", qo) (r + T+/\>>62U(p , 0) (T + T+A>
H H L L
p 1— P 1—p
8 uhtan) + (1= ) ailan)) - (2 + 2200 ) > 07wt + (=) () - (2 + )

H H L L L L H H

L(P 1—p (P 1-p / oy [P 1-p (P I—p
L _ 1— L —(1— L

(p (r r—l—)\> p <7“ T+)\)>u1(q0)<<( p )(r r+)\> ( p)<r r+ A

pT;};\ Ul(q0)>p —D ul(q())
r-ui(go) < (r+A) - up(qo)- (B.85)
Note that
, o et
r-u =7r. eiT . A T . dt
o =r- | ) g T
o 1 d
=r: et — . —Arm dt
/0 qo(1 - qo) ai ()

- / 4 Amulao)) e
I—QO
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S A s [ L Alrlan)
= —— SA(T - . et Y A(r
qo(1 —qo) dt o, aw(l—q0) Jo g2 \Telo
<0
1 d 1 00 2
ao(l —qo) dt (t(q()))‘t:o qo(1 —q0) Jo g2 A (me(20)) (r+A) - tp(g0)
<0

The above chain of inequalities relies on the fact that A(m(p)) is weakly concave in t and e~ > e~ ("+A)?,

Consequently, inequality (B.85) is satisfied whenever A(m(p)) is weakly concave in ¢, which then implies
that %dgl(O) < %dé(O). Since df(0) = dlf(0) = qo, it then implies, by continuity, that there exists an V.
such that for all V' < V. the equilibrium constructed in Lemma[B.25]does not satisfy the divinity refinement
(B.77) during the initial quiet period. O

Lemma shows analytically that when a divine equilibrium exists, it takes the quiet-churning struc-
ture as the equilibrium we construct in Section [3| of the main text. We show, however, that when the
intermediary’s outside option V is very low, then the resulting quiet period delivers sufficient rents to low
skilled agents that they become less likely to deviate. The greater propensity of higher types to separate,
as captured by dil < df for low V's occurs due to the fact that if the initial quiet period is very long, then
the unique candidate divine equilibrium constructed in Section looks very similar to pooling from
the perspective of the high type. Put differently, the churning dynamics occur sufficiently late in the game
that the equilibrium rents obtained by the low-type intermediary-agent pair exceed those of the high-type
intermediary-agent pair, leading the latter to be more likely to deviate. This, however, implies that a
divine equilibrium may not exist since if clients attribute an off-path deviation to a high type at the start
of the game, then all types would separate, resulting in immediate separation for all types. Such pooling,
however is again precluded by the divinity refinement as the high type intermediary-agent pair would be
more willing to delay separation. This implies that if the initial quiet period is very long, which holds if,
for example, the intermediary’s outside option V is very low, then there may not be a Perfect Bayesian
Equilibrium satisfying the divinity refinement [7} In the following Section, we provide a semi-analytic ex-
ample of the ranking of indifference beliefs do(p”; V') and do(p™; V) as a function of the intermediary’s

outside option.

B.1.3 Numerical Illustration of Divine Equilibrium Existence and Nonexistence

Figure provides an numerical illustration of this argument by plotting the indifference beliefs do(p”; V)
and do(pf; V) at the start of the game of the low and high type agents as a a function of the intermediary’s
outside option V. We obtain Figure in a semi-analytic parametrization of the model that we derive

below in order to maximize tractability and precision of the numerical exercise.

Figure plots the indifference beliefs do(p”) and do(p?), whereas Figure plots the difference
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do(p) — do(p*) as a function of V. We see in Figure that there exists an V. = V such that
do(p; V') < do(p*; V) for V. < V and do(p™; V') > do(p”; V') for V > V. For the equilibrium to survive the
divinity refinement [7] it must then be the case that clients attribute separations at ¢ = 0 to the high type
agent, meaning that lo = p. This, however, violates the incentive compatibility of the unique candidate
divine equilibrium constructed in Section since all intermediary-agent pairs would then prefer to
separate immediately at t = 0. Following the arguments of Section however, such pooling at t =0
also violates the divinity refinement [7] as it then creates an incentive for higher-skilled agents to delay

separation to signal their ability.

0.75 A
0.150 A
0.70 1
0.125 4
0.65 4 0.100 1
0.075 1
0.60
0.050 A
0-357 0.025
0.000 1
0.50 1
010 0?2 Ut4 Oi6 0?8 ltf) 010 0?2 Ot4 016 0?8 ltf)
Intermediary V Intermediary V
(a) Indifference beliefs do(p”) and do(pf) at t =0 as  (b) The difference in indifference beliefs. The equilib-
a function of the intermediary’s outside option V. rium does not survive the divinity criterion whenever

d()(pH) — d(](pL) < 0

Figure B.1: Indifference beliefs and equilibrium nonexistence for low intermediary values V.
Model parameters: » = A = 0.5, p” = 0.5, p’ =1, g9 = 0.75, A(z) = .

The intuition is that for a low V' < V., the quiet period is very long. Such a long pooling period is
beneficial for the low types and makes them less willing to deviate at ¢t = 0 relative to the high types. The
intuition for why D1 breaks down this initial long pooling period is identical to why D1 breaks pooling
in the final period — the high type is willing to sacrifice some short-term rates to avoid prolonged pooling
with the low type, regardless of whether it takes place early or later in the game. Consequently, even
though the divinity criterion disciplines the game starting from the churning period, as we have shown
by Lemma above, the backward induction implications result in an inconsistency at the very start
of the game. The contradiction illustrated by Figure for V' < V highlights the challenges in applying
the divinity refinement to our setting due to the endogenous rents obtained by the low type agent from

the necessary period of initial pooling. At the same time, Figure does show that for V' > V the
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quiet period is sufficiently short that the higher skilled agents become less likely to deviate, as proxied by
di(p™; V') > dy(p"; V) impying that the equilibrium constructed in Lemma survives the D1 refinement
@

Parameters and functional forms. In what follows, we provide additional details on the model
parametrization used to obtain Figure — we consider a rather intuitive semi-analytic parametriza-
tion of the model in order to maximize tractability and, ultimately, numerical precision. We consider a
special case of the discount rate r equal to the public news informativeness A, i.e., r = A, to obtain analyt-
ical expressions for the agent’s outside option U (p, k). Also, for simplicity, we assume that L = OF_TI None
of the previous results relied on the relative comparison of r and A, so constructing such an example is
without IOSSF_ZI Under such parametrization, the expected value to # = 1 agent from reputation k is equal

to

o k o k
1) — rt g — = dt
uy (k) /0 € k+(1—kz)‘e"\t /0 € k+(1_k).e—)\t

1 [ k 1/t k aer 1k
S d”:/ N M= In(k).
)\/0 bt (1—k) e Mo k+r(—k) -2 ST )

The value to # = 0 agent from reputation k is equal to

& k & k
k) = —(r+M)t | dt = / —2Xt | dt
uo(k) /0 ¢ k+(1—k)-e M 0 ‘ k+(1—k) e M

1 o0 oAt 1 1 . 1 1 1— e
:_/ k-e _ de_/\t:/ k-x d:z;:/ ko k+(1—-k)-x kd:n
Ao Fr(—k)-en No kr(1—k) -z Mo 1-k k+(1—FK) =

1k k 1/1 k k "
XN 1k 1—-k MNJyg 1—kk+(0—-k) -z
1k ko1 k aer 1k k
- _. it 1 =" (1 )
S i &y G py <+1—k n(k))

Due to the risk-neutrality of the agent and the linearity of the production function, it follows that as long
as the agent’s belief about his own ability coincides with clients’ belief about his ability, then his expected
value is equal to %:

ke (k) + (1 — k) - o (k) = §

Low type’s separation interval [¢],t5]. The next step is to solve for ¢7 and ¢5. For an arbitrary ¢ and

p solve for ¢t such that

mt(q) — m(p) = rV

2L All our previous results continue to hold in this case as the low type agent is exactly indifferent between staying in the
industry and leaving conditional on receiving a bad performance shock.
22We have constructed other, purely numerical, examples in which 7 # X and the results of this section are unchanged.
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q B D
g+ (1—gqe ™ p+(1—ple

¢ (p 4 (1=p)e™) =p (a4 Q=g ™) =rV- (p+ (1 =p)e™) - (a0 g ™).

=rV

Simplify terms to obtain

(@=p)- e =1V (p+1-pe ™) (g+1—ge™)

(q=p)-e =71V -(pa+(g+p—2gp) -+ (1-p)(1 - g ).

This equation simplifies to a quadratic equation in e, given by

- ~ q—p
e (1—p)(1—q)+e M- <q+p—2qp—W> +pg =0,

which admits an analytic solution, which we denote by ¢(p,q). Using such notation, we can express in

closed form # = t(p, qo) and t5 = t(p”, 1).

High type’s separation time {. Having characterized ¢ we can use it to characterize time ¢ when the
high type separates. Following Lemma the low type agent must be indifferent between separating at

t3 and separating at ¢:

¢ £

U (pf;,pfg) +V = —PtL; /t e ey dt — (1 —PtL;) . /t e rENE) Ly gt
2 2

1

LI 7
r+/\+ ’

1
+ptL;';+(1—ptL;)'

where pF = m(p"). By definition of #5 in (B.80) and the linearity of A(-) it follows that pék =1-rV.
Then

1- t . t . 1-
o —(1=rV)- / e ) Ly dt — V- / e~ TN Ly dt + v + v
t t; T r + )\

rV d * t *
=(1-rV) / e ) LV dt 41V - / e~ rHNE=) oy gy

2 2
LA A S ) NN A A R B (A7
—=(1-) (1-e )+T+A (1-e D).
rV P T T rV
0= Lo (TN (E-13) 1—rV)- —r(t—t5) —  —(1=7rV) =
A€ +(1=rV)-e g Sl Gk Ay
TV F_o4x T 4% )\ TV
0= —— - —(r+M)(t—t3) 1—7rV)- —r(t-t3) _ _ N VvV —
r—+ A ¢ +H(L=rV)-e r+ A tr r—+ A
0= i . e—(r-&-)\)(f—t;) + (1 - TV) . e—r(f—t;) + TV(T’ + A — 1) — )\
r+ A r+A
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The above is a decreasing function in ¢, implying that there is a unique solution. Suppose that r = .

Then the above is a quadratic equation for e~ "(=13)  which simplifies to

Ver-1)-1 _

v
2 2

cem ) (1 — V) e ) 4 0.

and admits an analytic solution.

Expected equilibrium payoffs. The expected payoff at ¢ = 0 to the intermediary-agent pair employing
the low type agent is given by Wy(p”) given by

Wolph) = [t (3" + (=9 ) - (Almtan) = V)

+e e ph (s (01) + e TV (1= ph) o (i (07) + V.

The payoff to the high type in this candidate equilibrium is

Wo(p™) = /0 e (Alg) —rV)dt + e ug (mp(p™)) + V

= / e (Alm(qo)) — rV) di + / et Alm(p") dt
0

t

+ /t e (A(m(p™)) — V) dt + e u (1) + V.

t3

Having derived the above expressions analytically, we compute the indifference beliefs do(p”) and do(p™)

numerically to obtain Figure
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