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A Proof of Lemma 1

First, I show that for every A € [0, 1], player 2 has at most two pure-strategy best replies to player 1’s mixed
action Aaj + (1 — A)a;. Suppose by way of contradiction that there exist ag, af, a3 with ag > af, > a4 and
A* € [0, 1] such that ag, afy, a are all best replies to A*aj + (1 —\*)a; Then Assumption 3 implies that there
exist A, N, X € [0, 1]\{\*} where A\, X', \" can be the same such that ag best replies to Aaj + (1 — N)ay,
a’y best replies to N'af + (1 — N)a;, and af best replies to \a} + (1 — \)a;.

Since A # \*, X # X, and \” # \*, we know that either at least two of A\, \' and \” are strictly
more than \*, or at least two of A\, \' and \” are strictly less than \*. In the first case, ao best replies to
A*ai + (1 — \*)a; and at least one of a/, and a; best replies to an action that FOSDs A\*a} + (1 — A*)a;.
This is because X'af + (1 — X )a; FOSDs M*af + (1 — A\*)a; when N > \* and \a} + (1 — X”)a; FOSDs
Aai + (1 — A*)a; when X > \*. Since @), and @/ are strictly lower than as, this contradicts Assumption
1 that us (a1, az) has strictly increasing differences. Using a symmetric argument, one can also derive a
contradiction in the second case where at least two of A\, \" and \” are strictly less than \*. This implies that
for every A € [0, 1], player 2 has at most two pure-strategy best replies to Aaj + (1 — \)a,.

Next, let A5 denote the set of player 2’s pure best replies against mixtures between o] and a4, that is,
A5 = {ag € Aslthere exists A € [0, 1] s.t. ag best replies to Aa] + (1 — N)a, }. (A.1)

Recall that ug (a1, az) has strictly increasing differences. Since a3 best replies to aj, a, best replies to a;,
and a] > a;, we know that aj is the highest action in A% and a is the lowest action in A35. Assumption 3
then implies that there exist 0 = \g < A\; < ... < A\, = 1 such that once we restrict attention to A € (0, 1),
for every ag € A3, there exists j € {1,2,...,n} such that as is a strict best reply to Aaj + (1 — \)a; if and
only if A € ()\j—la /\j).

To see why this is true as well as how the cutoffs for A are constructed, note that a, is a strict best



reply to a;. This implies that a, also best replies to Aaj + (1 — A)a,; for all A close to 0. Let \; denote
the largest A such that a, best replies to Aa] + (1 — A)a;. Since aj =1 a; and a5 =2 ay, we know that
A1 < 1. By definition, a, does not best reply to A\a] + (1 — A)a; for any A = A\; + ¢ with ¢ > 0. The
upper-hemi-continuity of best reply correspondences implies that there exists a}, >2 a5 that best replies to
A1a} 4 (1—A1)a;. Since player 2 has at most two pure best replies to every Aaj + (1 — A)a;, such afy, =2 a,
is unique. Assumption 3 then implies that a), must also best reply to some Aaj + (1 — A)ay with A # A;.
Since ug (a1, az) has strictly increasing differences, such A must be strictly greater than ;. Let A2 denote
the largest A such that a’2 best replies to Aaj + (1 — A)a,... Iterate this process, we can obtain the cutoffs,
denoted by A1, g, ..., until A reaches 1.

The above construction implies that for every j € {1,2,...,n — 1}, player 2 has two pure-strategy best
replies to A\jaj + (1 —A;)a,, which are her strict best replies when A € (A\;_1, A;) and when A € (A, Aj41),
respectively. Therefore, B consists of all actions in A3 and all mixtures between pairs of adjacent elements
in A%. Hence, every pair of elements in set 5 can be ranked according to FOSD. Since u; (a1, az) is strictly
increasing in ag, for every a1 € A; and v € [u1(a1, ay), ui(ar,al)], there exists a unique element 5 € B

that satisfies u1(ay, 5) = v.

B High Cost of Erasing Actions

I maintain all the assumptions in the baseline model except for Assumption 4. Instead, I assume that the

opportunistic type’s cost ¢ of erasing each action is large enough such that

¢>¢= max {ul(gl,ag) —ul(a*{,ag)}. (B.1)

az€A2

In the following product choice game, we have ¢ = g and condition (B.1)) translates into ¢ > g.

seller \ consumer | Large Quantity | Small Quantity

Good Products 1,1 —g,T with g > 0 and z € (0,1).

Bad Products 14+g,—x 0,0

I show that as long as player 1’s effective discount factor is greater than some cutoff, his payoff in every
equilibrium is bounded below by something that is close to his commitment payoff u; (a}, a3).
Similar to the payoff lower bound in Fudenberg and Levine (1989), this payoff lower bound applies to

all values of m € (0, 1) and furthermore, it depends on Sandd only through the product of the two 4.

Theorem. Suppose (u1,us) satisfies Assumptions 1, 2, and 3. For every ¢ > ¢, w € (0,1), and ¢ > 0,



there exists 6* € (0,1) such that in every equilibrium where 6 > §*, the opportunistic type’s discounted

average payoff is at least uy (a7, a3) — € and he never erases any action on the equilibrium path.

This result is not straightforward since even when playing a; and then erasing it leads to a strictly
lower stage-game payoff compared to playing a}, the opportunistic type may have an incentive to do so if it

increases his continuation value. My proof below rules out the above concern.

Proof. Fix any equilibrium. Player 1 will not take any action a; that is strictly greater than a; and then
erase it. This is because doing so is strictly dominated by taking action @, and then erasing it since the two
strategies lead to the same history for player 2’s in the next period (and hence, the same continuation value
for player 1) but the latter results in a strictly higher stage-game payoff. Let h* denote the history where
player 1 has k unerased actions, all of which are aj. Let 3, denote player 2’s action at hE. Let V, denote

the opportunistic type’s continuation value at history 2*. The rest of the proof proceeds in three steps.

Step 1: Let y, denote the probability that the history is h* conditional on player 1 being the opportunistic
type. Let ¢ denote the probability that the opportunistic type takes action a; at h* and then erase it. Let
pr, denote the probability that the opportunistic type takes action other than a] at h* and then not erase it.
By definition, the opportunistic type takes action a] at h% with probability 1 — p;, — gi. Since player 2’s

prior belief assigns probability (1 — )4 " to player 1’s age in the game being k, the state distribution lemma

presented in Appendix A of the main text implies that
po = (1 —6) + dqopo

and = 3{(1 — Ph—1 — Qk—1)Hk—1 + Qkuk} forevery k > 1,

which is equivalent to

1-6
_ 1= B.2
Ho 1—oq0 (B.2)
01— pr_1 — @
and HMF_ (1~ P 17 dk ) for every k > 1. (B.3)
k-1 1 — gy

Equations (B.2)) and together imply that for every k& > 1, we have:

k—1

ik 1 1—pi—aq
S . -0t (B.4)
(1-3)5" 1—dak g 1—0g;




I show that for every = € (0,1) and y > 0, there exist at most a finite number of & such that a e >y

—3)5

and pr + ¢ > 1 — x. This is because for every k € N, we have

1—Pk—%<1
1—6q, —

and for every k where py, + g > 1 — z, we have

1—pr—ar
1—6q, ~ 1—0+0x

<1 (B.5)

Moreover,

L < L (B.6)
1_6Qk 1-9

Suppose by way of contradiction that there are infinitely many % such that a ,Mgk)g’“ >yand pp+qr > 1—2x.

Combining (B.4), and (B.6), we know that there exists ¢ € N such that as long as there are ¢ such

periods before history hZ,

Hs € t 1
* < =) —— < B.7
(1-0) <1—5+5a:) 1-5 7 ®B7)

This contradiction implies that there exist at most a finite number of such k.

Step 2: At every history h* where with positive probability, the opportunistic type takes action a; and

then erases it, his incentive constraint at that history implies that

ui(ay, Be) — ¢ > (1 —d)ui(ay, Bx) + 6Vig1. (B.8)

Since ¢ > ¢, we know that uy (a;, Sx) — ¢ < ui(aj, Bx). Therefore, inequality (B.8) implies that

ui(ay, Br) — ¢ — (1 = d)uy(al, Br) - uy(ai, B) — (1 — 6)uy (a7, Bk)

<
Vg1 < 5 5

= U1(a>'f,5k)-

This implies that there exists s > k such that player 2 takes action a3 with probability strictly less than 1 at
history h3. This is because otherwise, the opportunistic type can secure payoff u; (aj, a3) at hk+1 by playing
aj in every subsequent period. This secured payoff is weakly greater than u;(a¥, 5x). This will contradict
our earlier conclusion that Vi1 < uq(aj, Bk).

Since player 2 has an incentive to take actions strictly lower than a3 at hE, there exists z € (0,1)
such that (i) player 1’s reputation at h*, measured by the probability that he is the honest type, is no more

than z, and (ii) the opportunistic type takes action aj at h* with probability less than z, or equivalently,



Pk + qr > 1 — . Since the honest type induces history 2* with probability (1 — & )5k, player 1’s reputation

at h¥, denoted by 7, satisfies:

1-— Tk 1l—m M
= : " (B.9)
Tk T (1-6)8

Combining Step 1 and Step 2, we know that in every equilibrium, there exist at most a finite number of k

such that the opportunistic type erases action a; with positive probability at h.

Step 3: If there exists no £ € N such that the opportunistic type erases action a; with positive probability
at h*, then the desired conclusion follows from the argument in Fudenberg and Levine (1989).

Suppose by way of contradiction that there exists at least one k € N such that the opportunistic type
erases action a; with strictly positive probability at h*. Let ¢ denote the largest of such integer k. First, we

show that 741 > 7. By definition, ¢;+1 = 0, and according to (B.4),

t t
Htt1 1 1—pi—q 1—pi—q
e Al = = LU
(1-8)3""  1-0g+ g 1—dg; g 1—6g;

Therefore, 7,11 > 7 follows from . The result in Fudenberg and Levine (1989) implies that for every
m € (0,1) and € > 0, there exists 6* € (0, 1) such that in every equilibrium where § > ¢, the opportunistic
type’s continuation value at hi ™! is at least u1 (a3, a3) — €. Let us consider the opportunistic type’s incentive
at h!. By definition, at history h%, he prefers to take action a; and then erases it, to taking action a}. This

leads to the following incentive constraint:
ui(ay, Br) — ¢ > (1= 8)ur(ay, Be) + 0Visr > (1 = d)ua(af, B) + 6 (ur(a, a3) —¢). (B.10)

However, since ¢ > ¢, inequality cannot be true for any ¢ that satisfies ui (a3, a3) —e > ui(a;, Bt) —
c. This contradiction implies that when ¢ is close enough to 1, there exists no equilibrium in which the
opportunistic type erases action with positive probability at any history where he has a strictly positive
reputation. It also implies that for every € > 0, there exists 6* € (0, 1), such that in every equilibrium, the

opportunistic type’s payoff is at least u1 (a], a’) — € as long as § > §*. O

C Type-Dependent Survival Probability

My baseline model assumes that both types survive with the same probability §. Suppose now that the honest

type’s survival probability, denoted by £ € (0,1), can be different from that of the opportunistic type’s,



denoted by § € (0,1). My main result, Theorem 1, extends to this general setting: Suppose (u1,us,c)
satisfies Assumptions 1, 2,, 3 and 4. For every 7 € (0,1), 0 € (0,1), and ¢ > 0, there exists §* € (0,1)

such that for every § € (6*,1) and £ € (0, 1), in every equilibrium under (u, us, ¢, 7, 8,9, £):
(1) The opportunistic type’s discounted average payoff is no more than (1 — d)c/d, with § = 5-3.

(2) Under an additional assumption that us(aq, ag) is weakly increasing in a1, player 2’s welfare, mea-

sured by Uy = S"720(1 — 5)6ku2 (a1,k, a2 ), belongs to an e-neighborhood of wuy(aj, aj).

To see why this is true, let us revisit the proof of Theorem 1 in Section 3.3 of the main text. The derivation

of the upper bound on ¢, which is inequality (3.2) in the main text:
L<T=( o)1 alena) (C.1)

only uses the opportunistic type’s incentive constraint. Therefore, this upper bound remains proportional to
(1 — &6)~! in this general setting. As for the derivation of the lower bound on ¢, equations (3.3) and (3.4) in

the main text remain unchanged:

po = (1—=20) +ousqy and  pj = (1P + pigi) forevery k € {1, ..., t}. (C2)
* 11— g ,U,Z gplt—l
po=——=-—— and = = — forevery k € {1,...,t}. (C.3)
1—6(1—pp) Mo 1—=0(1—pf)

This is because these equations only examine the probabilities conditional on player 1 being the opportunis-

tic type, which are independent of the honest type’s survival probability £. Equation (3.5) in the main text,

which is .
w7 (1—-10)0 N Ky 5 1—m Th_1
1l—m, 11— 1, ey Tk 1—mp_q
should be modified as:
Tk d (1 - f)gk * /% 1- Tk Tk—1
T - i Wi/ i1 =& il B § (C4)
Inequality (C.4) together with (C.3) implies that
* § < Kok 1 < Tk
Pt < 3((1-8)+dp;) < =((1-8) + 3pp). (C5)

Inequality 1i implies that p;_; — pj, < %3, so the lower bound on ¢ remains proportional to (1 — &)1,

The argument which shows that pj being uniformly bounded above 0 remains unchanged. The argument
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which shows that the short-run players’ welfare is close to that in the repeated complete information game
is based on the probabilities conditional on player 1 being the opportunistic type, which also extends to this

more general setting.

D Stochastic Arrivals and Stochastic Reviews

I discuss two extensions: one in which the consumers arrive with probability less than one in each period
and one in which the consumers post reviews with probability less than 1 after interacting with the seller. In
these extensions, the seller’s age in the game may not coincide with the length of his record, even when he
is honest and has not erased any action. I argue that my main result, Theorem 1, continues to hold in these

environments and the qualitative features of the equilibria are similar to those in the baseline model.

Stochastic Arrivals: I start from an extension in which the short-run players arrive stochastically over
time. Suppose in each period, a short-run player arrives with some exogenous probability p € (0,1). If
a short-run player arrives, then players play the stage game, and by the end of that period, the long-run
player decides whether to erase his action. If no short-run player arrives in a given period, then the long-run
player’s record remains the same regardless of his behavior and his stage-game payoff is normalized to 0.
In this setting, the opportunistic type maximizes p Zkf:of)(l —6)6F (ul(al’k, asy) — ck>. The short-run
players’ prior belief assigns probability (1 — S)Ek to the long-run player’s age in the game being k and

assigns probability (1 — §)d” to the honest type having interacted with & short-run players, where

~ 1-6
=1- 150 (D.1)

Using the same method as in the proof of Theorem 1, one can show that for every ¢ < ¢, p € (0,1),
€ (0,1), 5e (0,1), and € > 0, there exists 6* € (0, 1) such that when § > &*, the opportunistic type’s

payoff is no more than
1-6)(1—d+96
u(p) = L= . p), (D.2)

in every equilibrium. This payoff converges to his minmax value 0 as § — 1. Under an additional assump-
tion that ug (a1, ag) is weakly increasing in a;, the short-run players’ welfare, measured by the expected
sum of their payoffs, is e-close to prua(aj, a’) + p(1 — m)uz(a;, as) in every equilibrium.

I explain how to extend the proof of Theorem 1 to the case with stochastic arrivals. I omit the details

in order to avoid repetition. Suppose by way of contradiction that there exists an equilibrium in which the



opportunistic type of player 1 strictly prefers to erase action a; after taking it at the null history k. Since
his continuation value at h’j is strictly increasing in k for every k < t, he also has a strict incentive to erase

a; atevery h¥. On the one hand, player 1 has an incentive to take action a at history h¥ only if

(1 = d)ui(at, Be) + dp(ui(ay, Be+1) — ¢) = (1 — &)ua(ay, Br) + dp(ui(ay, Br) — ).

A necessary condition for the above inequality is that player 1’s continuation value increases by something
linear in 1 — ¢ when his record length increases from & to k£ + 1. This leads to an upper bound on the number
of periods with which the opportunistic type can take action a}, which is an affine function of (1 — §)~1.

On the other hand, the argument in the proof of Theorem 1 implies that the rate with which player 1’s
reputation increases is bounded above by something proportional to 1 — 5. This implies that the number of
periods with which the opportunistic type needs to take action aj is at least a linear function of (1 — g)_l.
As § — 1, expression implies that 5 also goes to 1, and the lower bound on ¢ will exceed the upper
bound. Therefore, in every equilibrium, the opportunistic type has an incentive not to erase a, at h{.

I bound player 1’s payoff in equilibria where he has an incentive not to erase a, at history h?. Suppose

a short-run player arrives at history % and that the opportunistic type took action a; at that history, the

opportunistic type prefers not to erase a; if

(1 =0d)u(ay, Bo) = (1 —6)(u1(ay, Bo) — ¢) + dp(ur(as, Bo) — ),

or equivalently,
1—30+0dp
——c

u(ay, Bo) < 5

= u(p). (D.3)

In order to bound the short-run players’ payoffs, I establish a generalized version of Lemma 3 in the
main text, which says that the probability of event & is no more than 1 — 5.

The short-run players’ equilibrium welfare is no less than their payoff when they take action a3 if and
only if the length of player 1’s good record exceeds ¢, and takes action a, otherwise. This lower bound
converges to prusg(aj,a’) + p(1 — m)ua(a;, ay) as § — 1, since the expected number of periods for the
honest type to obtain a record length ¢ is a linear function of (1 — §)~!, which is lower than the decay rate
of their belief 0. Their equilibrium welfare is no more than their payoff when they can observe the realized
pure action of player 1. This upper bound converges to prusa(aj, a3) + p(1 — m)ua(a;, ay) as 5 — 1, since
the average probability with which the opportunistic type takes action a] vanishes as § — 1. The lower and

the upper bounds coincide, which pins down the short-run players’ equilibrium welfare.



Stochastic Online Reviews: I discuss an extension in which the short-run players post reviews with prob-
ability less than 1. Suppose after interacting with the long-run player, the short-run player does not leave any
review with probability p € [0, 1), in which case the long-run player’s record does not change regardless of
his action. Conditional on the short-run player posts a review, the long-run player decides whether to erase
it at cost c¢. My baseline model assumes that p = 0.

I explain how to extend Theorem 1 to any arbitrary p € [0,1). The opportunistic type’s continuation
value equals his minmax value 0 after separating from the honest type. After taking action a; at history 5, he
prefers to erase it if and only if his continuation value at history h, denoted by V'(h), satisfies V' (h) > %.
Hence, in any equilibrium where the opportunistic type has an incentive not to erase a; after taking it in
period 0, player 1’s equilibrium payoff is no more than (1%;5)6.

Suppose by way of contradiction that for every 6* € (0, 1), there exist § > §* and an equilibrium under
which the opportunistic type strictly prefers to erase a; after taking it in period 0. Let £ € N be such that
the opportunistic type plays a] with positive probability at R if and only if k& < t — 1. Let V}, denote player

1’s continuation value at h* and let 3 denote player 2’s action at h¥. Since at every h¥ with k < ¢ — 1, the

opportunistic type is indifferent between playing a] and playing a; and then erasing it, we have:

(1= d)ur(ai, Bi) + {pVe+ (1 = p)Virs | = (1= 0) {ualay, B) = (1 = p)e} + Vi,

which implies that

1—-90

Vb1 — Vi = S =p)

{ul(gl,ﬁk) —uy(a*, ) —c(1 —p)}. (D.4)

Since ui(ay, Br) — ui(a*, Br) — c(1 — p) > 0, there exists a constant A > 0 such that ¢t < ﬁ.
Recall the definitions of . and pj; in the proof of Theorem 1. When the short-run players do not leave

reviews with probability p, we have
s = (1= 8) +3us{ (1 - p) + wiw |

and

i = 5 i pi 1 (1 - p) + i1 o} + pi) )

or equivalently,

o = — (D.5)



and B
We _ P (1—-p)
fp—1 1 —=0(1—p+pip)

(D.6)

Let x;, denote player 2’s belief about the probability of a] at history h*. Since the probability with which
player 2 does not leave reviews is the same regardless of player 1’s type and action, as in the baseline model,

we have the following two equations:

<k
1— :*{ 1—*—*}:* D.
1_7T( 0)0" = puy, 1_%( P) — P L — (D.7)
and
* _Xp_1 — Di 1— _x) — p¥
M _ GT 1 " P 1= Tk 50k TPkt (D.8)
M1 Tk — Py, 1 -z T — Py

Plugging £ = 0 into ll and applying equation ll we know that pf) is bounded above 0 as 0 — 1.
Equations (D.6)) and together imply that

Tk — Pi_y - Pi_1(1—p)

— = ; o (D.9)
Tk — Py, 1_5(1_pk +pkp)

As in the baseline model, the above inequality leads to an upper bound on ¢, which is still proportional to
(1-0)"L

When § — 1, the lower bound on ¢ exceeds the upper bound on ¢ driven by the opportunistic type’s
incentives to take action aj, which rules out equilibria in which the opportunistic type has a strict incentive
to erase a; in period O and implies that player 1’s payoff in every equilibrium is no more than (1%55)6.

The short-run players’ welfare is arbitrarily close to muz(aj, a)+(1—m)uz(a;, ay) in every equilibrium.

This is because conditional on player 1 being the opportunistic type, the probability of event £F, defined

before the statement of Lemma 3 in the main text, is y; p; and satisfies

1
Wit < (1—08)8 ——. (D.10)
1—9p

This can be shown using the same induction argument as in the proof of Lemma 3 of the main text. Since
t is bounded above by a linear function of (1 — §)~*, the average probability with which the opportunistic

type takes action a} is close to 0 when 4 is close to 1 in every equilibrium.
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E Multiple Honest and Opportunistic Types

This appendix extends my results to settings with multiple honest and opportunistic types. Formally, the
set of player 1’s types is denoted by 2 = © | J Ay, where each 6 € © stands for an opportunistic type who
is characterized by a stage-game payoff function u; (6, a;, as) and a cost of erasing actions ¢(#), and each
a1 € Ay C A; stands for an honest type who takes action a; in every period and never erases his action.

I assume that the type distribution 7 € A(Q) has full support, player 2’s payoff us(aq,az) does
not depend on player 1’s type, and that for every § € © and for every action a] taken by some hon-
est type, ui(6,a1,as) and ua(a, as) satisfy Assumptions 1, 2 and 3. I also adopt the normalization that
u1(0,a;,ay) = 0 for every € ©. As in the baseline model, I restrict attention to public equilibria which
are Nash equilibria where each type of player 1’s strategy depends only on player 2’s history.

I start from the benchmark without any honest type. Recall that @) is the lowest action in A; under

which a, is not a best reply. Let

e0) = min {w(0,0,,8) — w(0.1,9)}. E.D)

Similar to the case with only one opportunistic type, when the cost of erasing actions ¢(#) is lower than ¢(0)
for every 6 € ©, I show that player 1 plays a; and player 2 plays a, at every on-path history of every Nash
equilibrium, regardless of & and 8. For each strategy profile (o1, 02), let H (o1, 02]0) denote the set of player

2’s histories that occur with positive probability under (6, 01, 02).

Proposition. Suppose (uy,uz) satisfies Assumptions 1, 2, and 3 for every 6 € O, c¢(0) < ¢(0) for every
0 € O, and the probability of honest types is 0. If (01, 02) is a Nash equilibrium, then for every 6 € ©, type
0 of player 1 plays a, and player 2 plays a, at every history that belongs to H (o1, 02|0).

This proposition implies that the presence of incomplete information by itself cannot alleviate the inef-
ficiencies caused by the long-run player’s ability to erase actions at a low cost. Even when there are multiple
opportunistic types with potentially different stage-game payofts and different costs of erasing actions, each

opportunistic type will take action a; at every on-path history and there is no cooperation in any equilibrium.

Proof. T use h to denote a generic history of player 2’s. Let S(h) € A(Az) denote player 2’s action at
history h. Let Vy(h) denote type 6’s continuation value at h.

Suppose by way of contradiction that there exists an equilibrium (o7, 02) in which some opportunistic
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type 61 € © of player 1 plays a # a; with positive probability at some history h € H (o1, 02|61). Let

Vg, = sup Vo, (h), (E.2)
hGH(Ul ,092 |91)

which is type 6;1’s highest continuation value in this equilibrium. Suppose by way of contradiction that
Vg, = 0, then Vp, (h) = 0 for every h € H(o1,02|01) since type 0; can secure payoff 0 by playing a, in
every period. It is never optimal for player 1 to play ! and then erase the record since it is strictly dominated
by playing a; and erasing the record. This implies that at any history h where type #; has an incentive to

play af, type 0;’s continuation value Vp, (h) satisfies

Vo, (h) = (1 = 0)us(61, a, B(h)) + 6Vp, (h, af).

Therefore, uy (61, a’, 3(h)) = 0. Since u; is strictly increasing in as and is strictly decreasing in a1, af > a;
implies that 5(h) FOSDs a,. This implies that type 6; can secure payoff (1 — d)u1(61,a;, 5(h)) by playing
a, in every period, which is strictly positive. This contradicts the hypothesis that V, = 0.

Hence, it must be the case that V@l > (. For every ¢ that satisfies:

Vo, (1=0)(e(01) —c(61)) }

O<€<m1n{ 5 5 (E.3)

there exists a history h(1) € H(o1,02|01) such that Vi, (h(1)) > Vi, — €. I consider type 6, ’s incentive at

h(1). His continuation value for playing a, and then erasing it is at least
(1= 8) (wr(01,a1, B(1)) = (61)) + 6(V, — ).

His continuation value for playing any action a; = a is at most (1 — &§)uy (61, a1, B(h(1))) + Vg,. This
upper bound is strictly less than (1 — §){u1(61,ay, B(h(1))) — c(61)} + (Vy, — ). This implies that type
61 has no incentive to play any action weakly greater than a) at h(1). Player 2 cannot have a strict incentive

to play a, at A(1). This is because otherwise,
V91 —e<Vy (h(l)) < (1 - 5)U1(01,Q1,Q2) + 5V91

which implies that Vg, — 155 < u1(61,a,,a,) = 0 for every e that satisfies (E.3). Therefore, Vg, < 0,
which contradicts our earlier conclusion that Vg, > 0.

In order for player 2 to play actions other than a, at h(1), there must exist a type of player 1, denote it
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by 62, that occurs with positive probability at (1) and plays some action af - a} with positive probability
at h(1). As I shown before, type 02 has no incentive to erase a after playing it at history h(1).
Consider the continuation game at history (h(1), aY). Type 6 occurs with zero probability at that history

since he never plays any action that is weakly greater than a} at h(1). Let

Vo, = sup Vo, (h),
hEH(O’1,0’Q|92),ht(h(1),a/{
I show that Vg, > 0. This is because otherwise, Vi, = 0 = Vj, (h(1), a}), in which case type 65 has a strict
incentive to deviate to a; at h(1). Applying the same argument as before, one can obtain that there exists
h(2) = (h(1),a}) such that type 62 has no incentive to play any action weakly greater than @} and there
n

exists another type 65 that occurs with positive probability at £(2) and plays some action a{’ 7 a) with

positive probability. Since O is finite, one can obtain a contradiction after a finite number of iterations. [

Next, I consider games with honest types. The next theorem generalizes Theorem 1 in the main text
by showing that for any level of patience 5 and any full support distribution 7, every opportunistic type’s

equilibrium payoff cannot be significantly greater than his minmax value 0 as his expected lifespan diverges.

Theorem. For every m € A(RQ), ¢(A) < ¢(6) for every 6 € ©, and 6 € (0,1), there exists 6* € (0,1)

= s , . o (1-8)c(6)
such that for every § > 0* and 0 € ©, type 0’s payoff in every equilibrium is no more than fc.

The intuition is similar to that behind Theorem 1 in the main text. As long as there exists one opportunis-
tic type 6 € © whose payoff is strictly greater than %, then the probability of the event that player
1 is the opportunistic type and will erase a, at every history is bounded below by 7(6). As in the proof of
Theorem 1, one can obtain that the number of periods it takes for player 1 to have a perfect reputation must
be bounded from below by something proportional to (1 — §)~!. However, since each opportunistic type
can erase actions at a low cost, his incentive to take actions greater than a) implies that his continuation
value needs to increase by something proportional to 1 — § as the length of his good record increases. This
implies that the number of periods with which each opportunistic type may take actions other than a; must

be bounded above by something proportional to (1 — &§)~'. As § — 1, the lower bound will exceed the

upper bound and this contradiction rules out equilibria in which the opportunistic type obtains high payoffs.

Proof. At any history where player 1’s record length is no less than 1, player 2’s belief assigns strictly
positive probability to at most one honest type. 1 establish this theorem in a model with only one honest type

aj. This proof easily extends to models with multiple honest types playing stationary pure strategies.
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Let a3 be player 2’s strict best reply to aj. Player 1 plays only a] and a; with positive probability, and
according to the proposition earlier in this appendix, he plays a] with positive probability only at histories
that belong to H..

Recall the definitions of A%, 55, and pj, in the main text. Let x), denote the probability player 2’s belief
assigns to aj at history h¥. Let Vj(k) be type 6’s continuation value at history h¥. Recall the definition of
B C A(Ajy) in the main text. Since uy does not depend on € and satisfies Assumptions 1 and 3, every pair
of elements in B3 can be ranked according to FOSD. The case where u1 (0, aj,a3) < 0 for every § € © is
trivial. In what follows, I focus on the interesting case where w1 (6, a, a3) > 0 for some § € ©.

Type 6 of player 1 prefers not to erase a; at h* if and only if (1 —8)uy (0, ay, Br) > ui(0, ay, Bi) —c(6),
or equivalently,

c(6)

ul(eaglaﬁk) < T (E.4)

I only need to show that in every equilibrium, every opportunistic type § € © has an incentive to play a,;
and then not erase it at h?, since 1} will then imply that every type 6’s payoff is no more than %.
Suppose by way of contradiction that there exists an equilibrium such that there exists a type 6 who has

no incentive to play a, and then not erase it at h?. The rest of the proof consists of five steps.

Step 1: I show that in every equilibrium, there exists ¢ € N such that player 2 assigns probability 1 to the

honest type starting from history h%. Let V be type 6’s highest continuation value. Fix any ¢ that satisfies:

0<e < min{ 22, A=0E0) ~clO)y

there exists tg € N such that Vp(ty) > V — €. According to the proof of the proposition earlier in this ap-
pendix, type 6 has no incentive to play aj at Rl which implies that player 2’s belief assigns zero probability
to type 6 at history hlott, Suppose player 2’s belief assigns positive probability to some opportunistic type
at B, pick any type 6, that it assigns positive probability to. Let V, be type 6,’s highest continuation
value at histories that succeed hf ", Type 0. has no incentive to play a] when his continuation value is
sufficiently close to V,. Iterate this process finitely many times, we can find a history hl at which player
2’s belief assigns zero probability to all opportunistic types. In what follows, I use ¢ to denote the smallest

integer such that player 2’s belief assigns zero probability to all opportunistic types at hf.

Step 2: I derive an upper bound on t. At every history h* with k& < t — 1, there exists at least one

opportunistic type that occurs with positive probability at h* who plays aj with positive probability. If
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a type does not play a} with positive probability at A%, then it occurs with zero probability at h$ for every
s > k. Hence, there exists § € O such that type 6 plays a} with positive probability at h¥ for every k < t—1.

Type 6’s continuation value at h” satisfies:
Vo(k) = (1 = 8)ui(8, a1, B) + 6Vo(k + 1) = ui(0, a1, Br) — c(0), (E.5)

where the RHS is type 0’s payoff if he plays a; and erases it in every subsequent period. Therefore,

Vol 1) = Volk) =~ {Vi(h) — m (0,01, B } >

1-946
0

{01 81) = e(6) = (0.a7, 51 }

Since ¢(0) < ¢(#), there exists A(f) > 0 such that u;(6,a,,b) — c¢(0) — ui(0,a7,b) > A(f) for every
b € B. Therefore,
1-9¢

Vo(k+1) — Vy(k) > TA(H) > 0. (E.6)

Since type 0’s continuation value is at least 0 and is at most u; (/) = maxg, q, u1(6, a1, az), an upper bound

on t is given by
¢ -u1(0)
t < —_— E.7
<2 T 580 =7
USS)

Step 3: [ show that for every k < ¢ — 1 and every type § € © that occurs with positive probability at both
h¥ and hF*+1, if type 0 has no incentive to play a; and not erase it at h*, then he has no incentive to play
a; and not erase it at K1, Suppose by way of contradiction that there exist such & and 6, then it must be
the case that B, = Bj41. Since type # occurs with positive probability at %1, my hypothesis implies that
type 0 weakly prefers playing a} at h¥ and then playing a, and not erasing at h¥*1 to the following two
strategies (i) playing a, and erasing in every subsequent period after reaching h* as well as (ii) playing a,

and not erasing in every subsequent period after reaching h*. These two incentive constraints imply that

(1 - 6)@61 <07 CLT') Bk) + 5(1 - 5)“1 (97Q17 5k+1) Z ul(eaglv 6’6) - 0(9) (ES)
and
(1 =0)ui(0, a1, Br) +6(1 = d)ui(0,ay, Bry1) > (1 — 0)ui(0, ay, Br) (E.9)

Since ¢(#) < ¢(0), we have u1(6,a,, k) — c(0) > ui(0, a7, Bi). Therefore, (E.8) together with £ >~

Br+1 implies that (1 — 0)u1(0, ay, Be+1) > u1(8, a7, Br) > u1(0, a7, Br+1). Inequality (E.9) implies that
ui(0, a7, Br) > ui1(8,ay, Br) — oui(0,ay, Br+1) > (1 — 0)ui(6, ay, Bx). This leads to a contradiction.
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Step 4: For any equilibrium (o7, 092) in which players’ strategies depend only on player 2’s history, we
modify player 1°s strategy to o7 such that (07, 02) remains a Nash equilibrium and that player 2’s expectation
about player 1’s action at every on-path history is the same under (o1, 02) and under (o7, 02). That is to say,
the two equilibria are equivalent.

Since player 2’s action belongs to B at every on-path history and every pair of elements in 3 can be
ranked according to FOSD (see Lemma 1 in the main text), for every § € ©, there exists at most one
B*(0) € B such that inequality holds with equality. The conclusion in Step 3 implies that for every
0 € ©, there exists at most one period k(0) <t — 1 such that 35 = 5%(0).

I describe every opportunistic type’s strategy under o7. For every 6 € © such that k£(6) does not exist,
type 6’s strategies under o and under o7 are the same. For every # € © such that k() exists, type 6’s

Q)

actions under o and under o7 are the same at every history except for hf(e). At history hff , type 0 erases

a; with probability 1 if calendar time is strictly above k(6), and erases a; with probability p(6) € [0, 1] if
()

calendar time equals & (6). There exists p(€) such that player 2’s belief about type 6’s action at h5®) remains
the same. This is because (i) when p(#) = 1, player 2 believes that type 6 plays a; and then does not erase
it, (ii) when p(0) = 0, player 2 believes that type 6 either plays a] or plays a; and then erases it, and (iii)

player 2’s belief changes continuously with p(6).

Step 5: I derive a lower bound on ¢ based on the equilibrium (o}, 02) we constructed in Step 4. This
lower bound also applies to (o7, 02) since the two are equivalent. Let £* denote the event that player 1 is
opportunistic and erases a; whenever he plays it. Let & denote the event that player 1 is opportunistic and
does not erase a, after he plays it. The conclusions in Step 3 and Step 4 imply that when player 1 is one
of the opportunistic types, either event £* or event £ will happen under the probability measure induced by
(07, 02). Let 7* denote the probability of event £*. Let 7 denote the probability of event £. Let 7 denote
the probability that player 1 is the honest type. Let 6 denote the type such that playing a; and then erasing
it at 2 is strictly suboptimal. The conclusion in Step 3 implies that 7* > 7(6) > 0.

Let ;. denote the probability of history h¥ conditional on event £*. Let p;, denote the probability that
player 1 plays a} conditional on event £* and the history in the current period being h”. Let i), denote
the probability of history h¥ conditional on event E. Let Di denote the probability that player 1 plays a]
conditional on event &€ and the history in the current period being h¥. The state distribution lemma in

Appendix A of the main text implies that:

pg = (1—0) +dus (1 — pp), (E.10)
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{1, = O _1Dj—y + Opp (1 — py) forevery k € {1,2,....t — 1}, (E.11)

and

~ ke k—1~
fik = (1= 0)5 T2 . (E.12)
Equation (E.11) implies that

I, _ 5107271
Pe—r 1 —0(1—pp)

forevery k € {1,2,...,t — 1}. (E.13)

Let xj, denote the probability that player 2’s belief assigns to aj at h%. According to Bayes rule,

S\ 5k * %k ok oSS * )k ok <\ 5k
Tk _ m(1—=6)0 + 7 pipy + Thkpr _ TPt (1—=19)0 I (E.14)
Lo mup(U=pf) + Tkl = Pk) g (1 pp) + (1= 0)8" Ty,
where I, = 7 + 7?1'[?:0@ and J, =7(1 — ﬁk)H?;éﬁj. Equation |i implies that
k(- pl) = (1 — S)S’“{Ik — (I + Jk)} <(1-80)5 @ +7). (E.15)
I define two new sequences {p;, };._, and {f;, }%_, according to
_ _ kT +T
Fr(zr = P) = (1= 0)0" ——, (E.16)
1-6 0Dk _1F
fy= — = andm, = —PhoiMhol (E.17)
1—=6(1 = po) 1= 06(1=py)

Similar to the proof of Theorem 1 in the main text, one can show that p;, is bounded above 0 and p;,_; —p;, <
1 — &, which implies that p, = 0 if and only if ¢ is bounded below by something proportional to (1 — ¢) 1.
In order to complete the proof, I only need to show by induction that p;, > p,, for every k < t, regardless

of {1y, Ji}i._o- When k = 0, we have

1-90 —T+T
————— and ) —p)<(1-=94 .
e s =) < (=)

* _
Ho = e

Since py is strictly decreasing in p(j, we obtain that pf is bounded above 0, and moreover, pj > py. If
p; = p; forevery j < k, then when j = k + 1, we have
Sk ST

M1 = —= — and (2, —pp) < (1 —0)—
+ 1—6(1—pf,,) I
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Since y; is strictly decreasing in pj for every j < k, we know that the value of p; , ; is minimized when
{p§ ..., p;} all reach their minimal values {Dy, ..., Dy, }. The definitions of {p;,}} _, and {7z, }}_, then imply
that pj_ ; > Py.1. This completes the proof that ¢ is bounded below by something proportional to (1 —6)~ L.
As § — 1, this lower bound exceeds the upper bound I derived in Step 2, which rules out equilibria in which

some opportunistic type 6 receives a payoff strictly greater than %. O
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