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Representative agent consumption-based as-
set pricing models have made great strides in
accounting for many important features of as-
set returns. The long-run risk (LRR) models of
Ravi Bansal and Amir Yaron (2004) is a prime
example of this progress. Yet, several other
representative agent models, such as the exter-
nal habit model of John Y. Campbell and John
H. Cochrane (1999) and the variable rare dis-
asters model of Xavier Gabaix (2008) seem to
be able to match a similar set of asset pric-
ing moments. Additional moments would be
useful to help distinguish between these mod-
els. Hanno Lustig, Stijn Van Nieuwerburgh and
Adrien Verdelhan (2009) argue that the wealth-
consumption ratio is such a moment. A com-
parison of the wealth-consumption ratio in the
LRR model and in the data is favorable to the
LRR model. This is no small feat because the
wealth-consumption ratio is not a target in the
usual calibrations of the model, and the LRR is —
so far— the sole model able to reproduce both the
equity premium and the wealth-consumption ra-
tio. The LRR model matches the properties of
the wealth-consumption ratio despite the fact
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that it implies a negative real bond risk pre-
mium. This is because it generates quite a bit
of consumption cash-flow risk to offset the neg-
ative discount rate risk. This can be seen in
long-horizon variance ratios for consumption. So
relative to the data, the consumption cash-flow
risk is too high and the discount rate (which
is close to the long-horizon real bond risk pre-
mium) seems too low.

Because of a lack of data, it is hard to as-
sess directly whether a negative real bond risk
premium is counter-factual. Yet, we know that
the bond risk premium at long-horizons contains
crucial information about the properties of the
pricing kernel. In particular, Fernando Alvarez
and Urban Jermann (2005) show that the ratio
of the infinite bond risk premium to the max-
imum risk premium is linked to the fraction of
the variance of the pricing kernel that arises from
the martingale component. This decomposition
of the pricing kernel is model-free. Like the Lars
P. Hansen and Ravi Jagannathan (1991) bound,
this moment directly describes a property of the
pricing kernel and links it to observable asset
return characteristics. The low (nominal) bond
risk premium and high equity risk premium in
the data suggest that most of the shocks to the
pricing kernel are shocks to the martingale com-
ponent.

Since the bond market data are nominal in
nature, we augment the LRR model for an infla-
tion process and study the properties of the long-
horizon nominal bond risk premium. We show
that the long-run risk model, which is successful
at matching the wealth-consumption ratio, high
equity risk premium and the nominal yields at
short maturities implies too little (much) vari-
ation in the martingale component of the nom-
inal (real) pricing kernel. This is because the
nominal bond risk premium at infinite horizon
is too high, or in other words because the real
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bond risk premium at infinite horizon is too low
and thus the inflation risk premium too high.
‘We conclude that the wealth-consumption ratio,
the equity risk premium, and the long horizon
bond risk premium impose tight restrictions on
dynamic asset pricing models.

I. Stock and Bond Risk Premia in
the Long Run Risk Model

The long-run risk literature works off the class
of preferences due to David Kreps and Evan L.
Porteus and Larry Epstein and Stan Zin (1989).
Let U¢(Ct) denote the utility derived from con-
suming C. The value function of the represen-
tative agent takes the following recursive form:
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The time discount factor is §, the risk aversion
parameter is v > 0, and the inter-temporal elas-
ticity of substitution (IES) is » > 0. The pa-
rameter 0 is defined by 0 = (1 —v)/(1 — %)
When ¢ > 1 and v > 1, then § < 0 and agents
prefer early resolution of uncertainty.

On the technology side, we adopt the specifi-
cation of Bansal and Ivan Shaliastovich (2008)
for consumption growth, dividend growth, and
inflation:

Aciy1 = pg+ e+ 0giMit1
T4l = PTt+ OxtCitl
0§,t+1 = 03 + vy (Uit - U;) + Ogulg,t+1
Uz,t+1 = Ui + Ve (Uzt - Ui) + OzwWz,t+1
Adiy1 = pa+ G2t + Qa0 giNd,t+1
Tt+1 = Tt + PrgOgtNi+1 + PraOatlitl
+  ox€i41
Ttr1 =  fhn + ax(Tt — pr) + 2t
+  PzgO0gtNt+1 + Pza0ztlri1
+  02€i41.

All shocks are i.i.d standard normal, except
Corr (Ne41,Md,t+1) = Tga- This specification
builds on Bansal and Yaron (2004) and deliv-
ers empirically plausible stock and nominal bond
prices. Tim Bollerslev, George Tauchen and
Hao Zhou show that heteroscedasticity is key
to reproduce asset pricing moments in the LRR
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framework. Real consumption growth contains a
persistent long-run expected growth component
x¢. Shocks to (short-run) consumption growth
have a stochastic volatility 0§,t+1- As in Bansal
and Shaliastovich (2008), this volatility differs
from the conditional variance of the long-run
component x¢, which is denoted o2,. The infla-
tion process is similar to that in Jessica Wachter
(2006) and Monika Piazzesi and Martin Schnei-
der (2006).

For our numerical results, we use the calibration
of Bansal and Shaliastovich (2008), repeated in
Table A1l in the appendix[] Table [A-2] summa-
rizes the model loadings on state variables. The
model matches several key features of aggregate
consumption and dividend growth, as well as in-
flation.

A central object in the LRR model is the log
wealth-consumption ratio, we; = wy — ¢ It is
the price-dividend ratio of a claim to aggregate
consumption. It is affine in the state variables
T, ogt and o2,

wer = e + Wame + Ws (050 — 07)
+  Was (O’it - Ui) .

The appendix derives the coefficients W,, Wy
and W, as functions of the structural param-
eters. When the IES exceeds 1, an increase in
expected consumption growth and a decrease in
short-run or long-run consumption volatility in-
crease the wealth-consumption ratio. The log
real stochastic discount factor (SDF) can now be
written as a function of log consumption growth
and the change in the log wealth-consumption
ratio:

sdfiy1 = [0logd+ (0 — 1) ko] — YAcet1
+ (0-1) (weer1 — Kjwer)

where k§ and k{ are linearization constants,
which are a function of the long-run average log
wealth-consumption ratio pw.. Note that when
0=1(y= %), the above recursive preferences
collapse to the standard power utility prefer-
ences, and changes in the wealth-consumption

ratio are not priced. The only priced shocks

IWe assume that the continuation values exist.
See Hansen (2009) and Borovicka et al. (2009) for
more on this question.
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are short-run consumption growth shocks 7¢41.
Hence, the empirical failures of the power utility
model and the successes of the LRR model must
be attributable to their respective implications
for the wealth-consumption ratio. Lustig, Van
Nieuwerburgh and Verdelhan (2009) estimate
the wealth-consumption ratio in the data, using
a preference-free no-arbitrage approach. Table
[[ shows that the LRR model’s implications are
broadly consistent with the data. In particular,
the LRR model implies that the claim to aggre-
gate consumption is not very risky, resulting in
a high mean wealth-consumption ratio of 50 and
a low consumption risk premium.

TABLE 1—RISK PREMIA

Mean Std AR(1)
Data
wcC 88.59  14.11 0.96
PD 27.53 7.20 0.95
ERP 6.90 9.54 0.92
BRP*® 0.92 1.04 0.89
Model
wcC 48.97 12,59 0.99
PD 21.71 12.17 0.99
ERP 6.25 0.49 0.99
BRP*® 2.97 0.46 0.99

This table reports the mean, standard deviation and
autocorrelation of the annualized wealth-consumption ratio
(W C), price-dividend ratio (P D), equity risk premium (ERP),
and the 5-year nominal bond risk premium (BRP$), The
moments from the data are in the upper panel and are taken
from Lustig et al. (2009). They pertain to the period
1953-2008. The lower panel reports the moments obtained from
model simulations.

Next, we turn to stock prices. Like the wealth-
consumption ratio, the price-dividend ratio of
the claim to aggregate dividends is affine in the
same three state variables. The bulk of the risk
premium is compensation for long-run consump-
tion risk, and short-run, and long-run consump-
tion growth volatility risk. Table [I] shows that
the model matches the properties of the price-
dividend ratio and the equity risk premium well.
Because the dividend claim has more exposure
to long-run risk (¢ > 1), its ends up being much
riskier than the consumption claim. This is re-
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flected in a low price-dividend ratio of 22 and
a high equity risk premium of 6.25 percent per
year.

Finally, the log price of a n-period nominal bond
is affine in the same three state variables, as
well as in expected inflation 7. Expected in-
flation (short-run volatility) unambiguously in-
creases (decreases) nominal bond yields. The ef-
fect of long-run growth (long-run volatility) on
nominal yields is positive (negative) at short ma-
turities, but negative (positive) at long maturi-
ties. These sign reversals at long maturities do
not arise for real yields; they result from a neg-
ative correlation between expected inflation and
long-run growth. Consistent with the findings
of Bansal and Shaliastovich (2008), Table [A3]
shows that the LRR model matches the one-year
to five-year nominal bond yields well. The yield
levels are close to the average yields in the Fama-
Bliss data for 1952-2008, and the five-minus-one
year yield spread of 1.18 percent is reasonably
close to the historical 0.56 percent spread.

However, the same table shows that nominal
yields on longer horizon bonds are very high
in the model. For example, the difference be-
tween the 30-year and the 5-year bond yield is
6.44 percent per year. The same spread between
constant maturity Treasury yields in the 1952-
2008 data is only 0.33 percent. Hypothetical
200-year nominal yields are 20 percent per year
in the model. Likewise, the nominal bond risk
premium increases sharply with maturity. Ta-
ble [Mlshows that the five-year nominal bond risk
premium is 2.97 percent, which is substantially
higher than the 0.92 percent premium we esti-
mate in the data. Table[A 3]shows that the one-
year risk premium on a 200-year bond is as high
as 24.4 percent. In the next section, we connect
the high nominal bond risk premium at very
long maturities to one of the components of a
decomposition of the SDF. The bottom panel of
Table[A.3] which is for real yields, is informative
about the origins of the high nominal yields and
risk premia. It shows that the real yield curve
is downward sloping. Real bond risk premia are
negative at all horizons and are as low as -16 per-
cent at the 200-year maturity. Real bonds are a
hedge in the LRR model because their returns
are high in those states of the world where the
representative agent’s inter-temporal marginal
rate of substitution is high (long-run growth is
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low or economic uncertainty is high). To gener-
ate an upward sloping nominal yield curve, infla-
tion risk must more than offset this hedging ef-
fect. Current and future inflation are unexpect-
edly high exactly when long-run growth is unex-
pectedly low (pr,» < 0 and ¢, < 0), generat-
ing a capital loss on the bond in high marginal
utility states of the world. When the inflation
risk is calibrated to match nominal yield data
for maturities of one through five years, it also
implies a very high nominal bond risk premium
at very long horizons.

II. Decomposing the SDF

Let the SDF be the growth rate of the pric-
ing kernel: SDF;41 = Mi41/M;. Following
Alvarez and Jermann (2005), Hansen, John C.
Heaton, and Nan Li (2008), and Hansen and
Jose A. Scheinkman (2009), we study a factor-
ization of the SDF. Under mild regularity condi-
tions, any pricing kernel M can be decomposed
in two parts: M; = MEMF. The first compo-
nent, M is a martingale E;[M{ ] = M}, and
the second component M is defined as:

T t+T1
M; = lim ——,
t e Pi(r)

for some number ﬂE M is the dominant pric-
ing component for long-term bonds. We obtain
expressions for both components of the SDF, as
well as for their logs. We do this decomposition
both for the nominal and for the real SDF, where
the nominal log SDF is sdff7L1 = sdfi41 — Tet1-
We focus on the nominal decomposition here.

We define the conditional variance ratio w: as
the ratio of the conditional variance of the mar-
tingale component of the nominal log SDF to
the conditional variance of the entire nominal

2For related work, see Bansal and Bruce N.
Lehman (1997). Hansen et al. (2008), Hansen
and Scheinkman (2009), Hansen (2009), Jaroslav
Borovicka et al. (2009) and Ralph S.J. Koijen, Lustig
and Van Nieuwerburgh (2009) derive this decompo-
sition for affine models. The appendix applies their
insights to the LRR model, which belongs to this
class. Hansen and Scheinkman (2009) and Hansen
(2009) give parametric examples within the affine
class in which uniqueness fails. We do not study
this issue here.
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log SDF:

Vary[sdf;;]]
Var, [Sdft$+1]

E. [rffie(n)] — 2 Var, [rffl’e (n)]

= 1- , -
max; E¢ [rz’ff (n)] - %Vart [rif’f (n)]

We show in the appendix that w; equals one mi-
nus the ratio of the log bond risk premium on a
nominal infinite maturity bond (without Jensen
adjustment) to the maximum nominal risk pre-
mium in the economy (without Jensen adjust-
ment).

Alvarez and Jermann (2005) show that, in a
model without the martingale component, the
infinite horizon bond is the highest risk premium
in the economy. Conversely, in a model with just
the martingale component, bond risk premia of
all maturities are zero and the yield curve is flat.
Hence, to have realistic term structure implica-
tions, the SDF cannot have only a martingale
component, but the variation of M7 must not
be too large. In the data, long-horizon nominal
bond risk premia are low compared to, say, eq-
uity risk premia. Hence, the data discipline w; to
be close to one on average. Alvarez and Jermann
(2005) argue that this conclusion holds both for
nominal and real bonds. An important caveat,
though, is that risk premia on bonds with infi-
nite horizons are not precisely measured because
such bonds do not exist and actual long term
bonds might offer convenience yields.

Table [A4] reports moments of the SDF and its
components for the benchmark LRR calibration.
Unsurprisingly, the martingale component of the
SDF is more volatile than the dominant pricing
component, M{T. Our key finding is that the
nominal variance ratio w; is very low: only 0.37
on average. The reason is that in the LRR model
the long-horizon nominal bond risk premium is
very high, relative to the maximum nominal risk
premium in the economy. Because the real bond
risk premium is highly negative, the real vari-
ance ratio is much higher than one: 1.66 on
average. Hence, the LRR model fails to gen-
erate a conditional variance ratio which is close
to 1. Inflation introduces too much volatility in
the dominant pricing component of the nominal
SDF.
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This conditional variance ratio is tightly linked
to the dynamics of the wealth-consumption ra-
tio. With power utility, e.g constant relative
risk-aversion preferences (CRRA), the change in
the log wealth-consumption ratio is no longer a
priced factor in the log SDF and the real SDF
now only has the martingale component. When
0 = 1, the real bond risk premium is zero at all
maturities. The nominal bond risk premium and
maximum risk premium are very small. While
the average variance ratio w is closer to the data,
the power utility model generates an equity risk
premium puzzle and a nominal interest rate of
20 percent per year for the one- through five-year
yields, both of which are highly counterfactual.
Our analysis raises the question of whether a
change in the calibration of the LRR model may
solve these issues. In the appendix, we consider
both changes on the real and on the nominal side
of the economy. The variance ratio w; changes
noticeably with p., a; and ar. However, we
find it difficult to obtain a calibration that suc-
cessfully matches the ratio w;, its components,
and all the moments of consumption growth, in-
flation, and equity and bond returns.

ITII. Conclusion

Matching the wealth-consumption ratio and
the w ratio is a challenge for dynamic asset pric-
ing models. This challenge is not unique to the
LRR model, but equally applies to the habit and
the rare disasters model. Future research should
investigate how these models can be modified
to match the variance ratio. Non-neutrality of
inflation is an interesting avenue for future re-
search.
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Mathematical Appendix

In this appendix, we first derive four risk premia: the expected excess returns on a consumption
claim, on equity and on real and nominal bonds. We then obtain the Alvarez and Jermann (2005)
decomposition of the SDF in the long-run risk model. Finally, we report the parameter values used
in our calibration.

Wealth-Consumption Ratio and Consumption Risk Premium

We start from the aggregate budget constraint:
(1) Wt+1 = R§+1(Wt — Ct)

The beginning-of-period (or cum-dividend) total wealth W; that is not spent on aggregate consump-
tion C; earns a gross return Rf,; and leads to beginning-of-next-period total wealth Wi11. The
return on a claim to aggregate consumption, the total wealth return, can be written as

Wit1  Cipr Wiy

R ==~ wa -1

We use the Campbell (1991) approximation of the log total wealth return r{ = log(Rf) around the
long-run average log wealth-consumption ratio pwe = E[w: — ¢t:

c (& (&
Tir1 = Ko + Acty1 + weep1 — Kwe,

where the linearization constants k§ and k§ are non-linear functions of the unconditional mean log
wealth-consumption ratio piwe:

el"wc e/iu)c
>1 and kg = —log(e"ve — 1)+

c p—
K1 = Hwe-

etwe — 1 eHwe — ]

Throughout the paper, we use lower letters to denote logs.

The Euler equation for any asset ¢ with lognormal return R’ implies:
i 1 1 i i
(2) 0 = E¢ [sdft+1] + E: |:7't+1] + EVart [sdfes1] + §Vart [Tt+1] + Covy [Sdft+], rtﬂ]
We conjecture that the wealth-consumption ratio is linear in the state variables x:, a'gt and o2,
2 2 2 2
WCt = Hwe + szt + Wgs (Ogt - Og) + WZS (Uﬁﬂt - O-x)

We first compute the different components of equation

rigr = 1o+ [14+ Wa(p— kD) xe + Wes (vg — K1) (ogt - 03) + Was (Ve — KT) (ofct — Ji)
+ OgtNt+1 + Wzaztet+1 + Wgsggwwg,t+1 + Wzso—zwwz,tﬁ»l
Ei[rivi] = 7ro+[14+ Wa(p— k1) xe + Wes (vg — K1) (ogt - 03) + Was (Ve — KT) (ofct — Ji)

T§+1 - Et [T§+1] OgtNt+1 + Wzaztet+1 + Wgsagwwg,t+1 + Wzsazwwz,t+l
Vi [rfs1] oo+ W2t + Wao it + Wiioa,

o = K0+ pg + (1= K1) pue
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Epstein and Zin (1989) show that the log real stochastic discount factor is
4 c
sdft+1 = 0Ologd — EAQH +(O—-1D)ri,

_ Ms+{_%+(9—1)[1+Wx(p—f<ﬁ)]}wt
+{Wos (vg = A1) (6 = D} (050 = 03) + {Was (v = 1) (6 = D)} (02, — 02)

1
+ {9 (1 - E) - 1} OgtMi+1 + (0 - 1) {Waco'actet+1 + Wgsggwwg,t+1 + Wxsaacwwac,tJrl}

sdfry1 — Bt [sdfi41] = {9 (1 - %) - 1} g1 + (0 — 1) {Waostert1 + WosOguwwg, t+1 + WasOrwWe, t+1}
Belsdion] = oot =5+ O- DLW (o kD] f o
+ {Wys (vg — 55) (0 — )} (05, — 07) + {Was (va — 57) (0 — 1)} (07, — 03)
V, [sdfir1] = {9 (1 - %) - 1}2 o+ (01 {Wio2 + Wiioo, + Wioi,}
s = 910g5—%ug+(9—1)r8

Et [(rig1 — Ee [ripa]) (sdferr — Bt [sdfiq1])]

{9(1—5) —1}o§t+wﬁ(e—1>ait+W§s<e—1>a§w+Wﬁs(e—1>aiw

Covy [1i41, sdft+1]

Plugging these different components into equation (2] evaluated at i = ¢ yields:

2 2
0 0 = rrmts { (1-5) o+ wiok+ wio +w}
1 c
() ”{‘E W (p—m]}xt
0 . 1\? 2 2
(5) —1—5 2Wys (vg —KY) +6 (1 — » (o5 — 03)
(6) +§ {2Was (Ve — &%) + OW2} (02, — 02)

Then setting all coefficients equal to zero we obtain:

_ 1
= W, = — Y
@ K —p
9 1—%)
— Wys =
® ! 2 (K — vg)
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If the IES exceeds 1, then W, > 0, Wy, < 0, and Wy < 0.
Plugging these coefficients back into equation (3)) implicitly defines a nonlinear equation in one

unknown (ptwe), which can be solved for numerically, characterizing the average wealth-consumption
ratio.

According to ([2)), the risk premium (expected excess real return corrected for a Jensen term) on the
consumption claim is given byE:

E: [ri] = —Covy [rija, sdfiqa]

{1—0(1—%)}agt—&-WQf(l—H)O'it-&-Wgs(1—9)U§w+Wfs(1—9)a§w

Aot + Wadeoz + WyshguwOow + WesAow o

with the market price of risk vector A = [Ay, Ae, Agw, Azw] given by:

1
)\17 = —{9(1_E)—1} :'Y>O
e = (1-0O)W. = Zc__wp
Mew = (1=0) Wiy = — y-D(r-12)

2(k§ — va) (K5 — p)°

If the IES is sufficiently large (v > 1/4), then Ae > 0, Agw < 0, and Az < 0.
Equity Risk Premium

We log-linearize return on portfolio: re41 = Ko + Adiy1 + pdi41 — kipde, and conjecture that
the price-dividend ratio is linear in the state variables: pd: = ppd + Dzxi + Dygs (O'gt — 02) +
Dy (Ugt - Ug)

As we did for the return on the consumption claim, we compute innovations in the dividend claim
return, and its conditional mean and variance:

Pt = ot (e + Da(p— k1) 0+ Dy (vg — 1) (0% — 02) + Das (v — 1) (02 — %)
+©a0gtNd,t+1 + Deozterr1 + DgsOguwWy,t41 + DasOrwWe,t4+1
rig1 — Be[reg1] = @aogindgi+1 + Daowiert1 + DgsOguwwg,i41 + DasOowWae,t41
E¢[ri41] = ro+{ds+ Dz (p— K1)} xt + Dgs (Vg — K1) (aﬁt - 03)
+Dgzs (Ve — K1) (ofct - 0,20)
Vare [rep1] = @aog + Diosy + Dgsogy + D3soi,
ro = ko + ppd (1 — K1) + pa

Covy [re41, sdfiy1] = (60 — 1) [Wgngsagw + Wstma'iw] — ’ycpdrgdagt +(0-1) WaDgo2,

3Recall that the log riskfree rate is y¢(1) = —Eq [sdfr41] — %Vart [sdft+1]-
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Plug these different components into equation (2)):
1 1 1
0 = ps+ro+ 5 [v° = 2v0atag + 0] 05 + 5 [We (0= 1) + Da]* 07 + 5 [Wos (0 = 1) + Dys]” 05
1 2 2
(7) +§ [Wms (0 - 1) + Dws] Ozw
1
®  +{-L oD -l
1 c
O+ {5 b~ 2vpamio + ]+ Wos (= 4) (1= 0) + Dy vy = ) | (05— )

1)+ {1V (0= 1) 4 D 4 W (65 92 (1= ) Do e = ) | (02— 02)

Then setting all coefficients equal to zero we get:

® = D.= ok
L=
K1—p
3 [ — 2vpaTag + 03] — 5 (’y - i) (v=1)
@ = Dys= Py
et -] - epled)
@) = D.s= p—

Plugging these into (7)) implicitly defines a nonlinear equation in one unknown (i.e., pipq), which can
be solved for numerically, characterizing the mean price-dividend ratio.

The D coefficients are the betas of the equity market portfolio with respect to the four fundamental
consumption growth shocks.

The equity risk premium is equal to:

B¢ [ri1] =  —Covy [re41, sdfit1]
= (SOdng) )‘nagt + Dm)‘eaazct + DgsAgwo'gw + DacsAach'gzcw
= [GO+GQSU§+GCL‘SO—E'] +Ggs (Ugt _0'2) +st (Uit _Ui)

Gog = Dgs)\gwagw + stkxwazw
Ggs = paTga?y
st = Dac)\e

Real Bond Returns and Risk Premium

We start off the expression for the real stochastic discount factor derived in the first sub-section

above. Let define the following three parameters: s, = —%, Sgs = —3(y = D(y— %)7 and szs =

—%(’y —1)(vy - %) (Kfip) . Using notation defined above and in the previous sub-sections, the real

stochastic discount factor is:

3dft+1 = Ms + Szt + Sgs (Ugt - UZ) + Szs (Uzt — Uz)

_)\nagtnt+1 - )\ea'actet+1 - )\gwa'gwwg,tJrl - )\acwo'acwwac,tJrl
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Let p?(n) = log (P?(n)) be the log price and yf(n) = —2p;(n) the yield of an n-period real bond.
We conjecture that the log prices of real bonds are linear in the state variables: p:(n) = —Bo(n) —
Bz (n)xs — Bgs(n) (a'gt — Jg) — Bs (a'ﬁt — 02)

The coefficients are initialized at zero and satisfy the following recursions:

1
Bo(n) = Bdn—l)—us—§L&w+l%4n—1ﬂﬂiw
1
_iﬁMw+Bmm—1W0%fhﬁﬁ}

5 Do+ Baln = 1) 02

1
B(n) = pBan—1)+
1 1 1
Bys(n) = vyBpa(n 1)+ 3(v= D7~ 1) - 577
2
1 v=3%) 1[r—%
Bzs(n) = veBgsn—1)4+=(y—1 - - = - + Bz(n—1
(n) (= 1)+ 500~ Doy — 5 [ + Baln = )
These recursions imply the following limit values:
1
Bz (0o =
(c0) P(1—p)
1 1 1.2
_ -ne-d) -4
Bgs(oo) = 1— v,
(=) =% 2
Ho Vi 4 s + Bl
Bys(o0) =

We define B(c0) = [By(00), Bgs(00), Bas(00)]'.

The real bond risk premium on monthly holding period returns is equal to:

rivi(n) = nyi(n) — (n—yia(n—1)

rip1(n) — By [Tfﬂ(n)} = —Be(n—1)oatert1 — Bys(n — 1)oguwg i1
_BCL‘S(n - 1)Ozwwz,t+1
b,e b
E.: [rtﬂ(n)] = —Cov; [rtﬂ,sdft“]
= [Fo(n) + Fys(n)op + Fos(n)oi]| + Fys(n) (00 — 02) + Fus(n) (03, — 02)
Fo(n) = —Bgs(n — 1)Agw02w - Bacs(n - 1))\acw0'zw7
Fys(n) = 0,
Frs(n) = —Bz(n—1)A.

We now define some vectors and matrices to present results in a more compact way. Let the vector
X summarize all real state variables: Xy = [z, Jgt—ag, 02,—02]'. Let €441 denote the corresponding
gaussian, i.i.d shocks: 141 = [er41, Wy t41, Watt1]. We define ¥y = diag[a?ct,ogw,ofcw]. The law

1
of motion of the state vector X; is X¢4+1 = I'Xy + ¥2e¢41, where I' is a 3 by 3 diagonal matrix
with p, ¢.4, and ., on the diagonal. Let B(n) denote all the n-period real bond parameters:
B(n) = [Bz(n), Bgs(n), Bzs(n)]'. Using this notation, we can rewrite the real bond risk premium
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as:
E, [rffl(n)] — _B(n—1)SA.

Nominal Bond Returns and Risk Premium
We start off the expression for the real stochastic discount factor derived above. We use a ¥ superscript

to denote nominal variables. The nominal stochastic discount factor is then:

sdffys = sdfiyr — T
/ls - ,LLTF + Szt + Sgs (Ugt - 0'3) + Szs (Uzt - Uz) - (ﬁt - ,LL‘II')

- ()\n + <P7rg) TgtMt+1 — ()\e + <P7rac) OxtCt+1 — )\gwagwwg,t+1 - )\acwo'acwwx,t+1 - 0'7r§t+1

Let p¥(n) = log (Pt$ (n)) be the log price and yf(n) = —%pf (n) the yield of an n-period nominal
bond.

We conjecture that the log prices of nominal bonds are linear in the state variables: pf(n) =
~B{(n) = Bi(n)z: — Bjy(n) (05, — 05) = Bz, (03 — 03) = Ba(n) (7e — i)

The coefficients are initialized at zero and satisfy the following recursions:
$ $ 1 $ 2 $ 2 2
B(n) = Bi(n—1)—ptpix = 54 [on+ BEn=Doz] + [Agw + B = 1) oFu
1 $ 2 9 $ 2 9
_5 Azw + st(n - 1) Ozw t |Prg + >‘71 + ‘PZQBTr (n - 1) Tg

1 2
-5 |:§07rac + Xe + Bf(n— 1) -I-(psz;s}(n — 1):| 0'3

2
Bin) = pBY(n—1)+asBi(n—1)—s,
1 2
Bj,(n) = vyBi(n—1) = s4s = 5 [A+ ¢rg + 024 BE(n — 1))
$ _ $ 1 $ $ 2
st(n) - VIst(n_l)_SIS_E )\E+SO7TZ+BCL‘(TL_1)+SOZIBTI'(n—1)
Bin) = oaxBi(n—-1)+1.

These recursions imply the following limit values:

azBf (00) — 82

$
2

s —Sgs — % [)"U + Prg + QDZQB‘;S;'(OO)]

Bys(0) =
11—y
2
525 = 3 [Ae + 9re + BE(00) + 020 B ()
Bii(0) =
1—vy

3 1

Br(o0) = T

We define B®(00) = [BE(c0), BE,(c0), B, (c0), BE(0)]'.
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The nominal bond risk premium on monthly holding period returns is equal to:

rfin) = ngi(n) = (n = Dyia(n—1)
ri(n) — B [Tgfl(”)} = - (Bf(n —1)+ Bi(n— 1)<sz) gatery1 — Bys(n — 1)0gutg i1
—B.(n — 1)0swwe i1 — By(n— 1) (pg0gms1 + 0-€041)
E: [rffie(n)] = —Cov [TfqudeH]

= [F(n) + Fu(n)o} + F2(n)o2] + Fu(n) (030 — o3) + Fos(n) (0% — 02)

ng(n) = - {)\nggs(n — 1)a'§w + )\owis(n — 1)chw + aﬂazBf(n — 1)}
Fg$s (n) = =g+ @rg) ‘Pngf (n—1)
Fi(n) = = Qe+ pn) (Bin—1)+ Bi(n— s )

Define the following vector and matrix objects:

K$ = [)\17 + Prgy Ae +(PTFI7)‘9107)‘11070-7T]7
B%(n) = [B}(n)¢:g, Bi(n) + Bi(n)g:a, Bys(n), By, (n), Ba(n)o-],
if = diag[o-gtv 0320t7 U;wv Uazcun 1]7
Et+1 = [Ne+1, €141, Wo,t41, Wa 41, §t41]

Then we can write the nominal bond risk premium compactly as:
B [l 0] = -B¥(0 - 2R
Decomposition of the Real SDF

The following proposition shows how to decompose the SDF of the long-run risk model into a
martingale component and the dominant pricing component.

Proposition 1. The stochastic discount factor of the long-run risk model can be decomposed into a
martingale component and the dominant pricing component:

M, p .
7 = Bexp|—Boo (I —T) Xy + B Xfeiq1 ),

M

Mtil —1 / / / ’ i

i B exp | us + [S + Bl (I — F)] X — (A + Boo) YEet41 — MOgiNes1 | -
i

To show this, we start from the definition of the dominant pricing component of the pricing kernel:

ﬂt+n
M = lim ——,
n—o00 Pt (n)

Recall that log real bond prices are affine in the state vector:

pg(n) = —Bo(n) — Bz(n)zt — Bgs(n) (ast - a'g) — Bgs (azt - 02)
= —Bo(n) — B(n)'Xu.
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We can then write the dominant pricing component of the SDF as:

M = lim " exp (Bo(n) + B(n)' X4) .

n— oo

The constant [ is chosen in order to satisfy Assumption 1 in Alvarez and Jermann (2005):

b
0 < lim Pt—(n) < o0
n—oo /6'"’
Recall that Bo(n) is defined recursively:
1
Bo(n) = Bo(n—1)— o — 3 { s+ Bus(n— 1) 02}

1
- 3 {Pew + Bas(n — 1)]* 02, + Aoop + [Ae + Bo(n — 1)]* 02}

Because of the affine term structure of the model and the stationarity of the state vector X, the
limit lim, . B(n) = B(c0) is finite. Taking limits on both sides of the equation above leads to:

lim Bo(n) ~ Bo(n—1) = —ps — 5 {Phgw + Bas(00)]* o}

n—oo

1
=5 {Pww + Bas(00)* 02, + Aoy + [Ae + Bu(00)? 07}

The limit of Bo(n) — Bo(n — 1) is finite, so that Bo(n) grows at a linear rate in the limit. We
choose the constant 5 to offset the growth in Bo(n) as n becomes very large. Setting

1
8= exp (1 + 5 {hr + Balo0) o+ e+ B () 2+ N30 + Dh + Bloo)l* o2} )

guarantees that Assumption 1 in Alvarez and Jermann (2005) is satisfied.

We can now write the dominant pricing component of the SDF as:

Mtjj‘fl / / %
uT = Bexp | —Boo (I =) Xy + Boo Xl ety |
t

To derive the martingale component of the SDF, let us go back to the SDF itself. Let S and A
denote the parameters of the real SDF: S = [sa, Sgs, Szs]’, A = [Ae, Agw, Aww] . Then the real SDF
is:

M , s
SDF;:+1 = ]‘;:1 = exXp (us =+ S Xt — A Etz Et4+1 — )\nUgtnt+1) .

As a result, the martingale component of the SDF is:

—1
M, My (MtTﬂ)

MP T M, \'MT

1
= B lexp (us + [ +BL(I-T)] X¢— (A +BL)SEer1 — Anagtmﬂ) )

We need to verify that the martingale component is a martingale, i.e that E:[M{ ,/MF] = 1.
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To do this, recall that the bond parameters evolve as:

Bz(n) = pBz(n—1)—ss
1
Bgs(n) = vgBgs(n—1) = sgs — 5)‘i
Bus(n) = VxB,cs(n—l)—sm—%[A6+B,c(n—1)]2.

Taking limits as n — oo leads to:
/ / 1 2 1 21/
B(oco)'(I-T)=-5"+]0, —5)\777 —E[Ae—l—B,c(oo)] I

To check the martingale condition, plug the definition of 3 in the following expression:

ME - 1 1
E, {M;j;} = B lexp (us +[S"+ B (I -T)] X¢ + 3 (A" + BL) St (A+ Boo) + §A§a§t) )
¢
The term in front of X; is equal to [0, — A7, — 2 [Ae + Bs (00)]?)’. Terms in oo and o2, cancel
ME

out. We next plug in the expression for 3 and check that Ei|

=1
ME ]
We now turn to the conditional variances of the log SDF and its dominant pricing and martingale
components, Vary[sdfi+1], Var[sdff 1] and Var[sdffi,].

Vary[sdfir1] = A'SiA+ Mo,
Vare[sdf{,1] = BhYiBoo
Vare[sdf11] = (A + Bho)Se(A+ Boo) + Aooay.

The conditional variance ratio Var:[sdffi1]/Vi[sdfi+1] equals

Vi[sdfiq] _ BN - 1Bl Y¢Bs
%[Sdfﬁ+1] %A,EtA + %)\%O’St

The first term in the numerator corresponds to the bond risk premium (—B., 3:A). Tt includes
the Jensen term (%B;EtBoo). As a result, the numerator corresponds to the bond risk premium
without the Jensen term. The denominator corresponds to the maximum risk premium (also without
the Jensen term).

Note that the maximal Sharpe ratio in the model is:

MaxSR: = o+t(logSDFit1)

_ 2 2 2 2 2 2 2 2
= \/)\eam + A2wOaw + A2y02, + )\nagt

(NSoA +2202) 2

Decomposition of the Nominal SDF

The following proposition shows how to decompose the nominal SDF of the long-run risk model
into a martingale and a dominant pricing component. To avoid confusion, we use M N to denote the
nominal pricing kernel.

Proposition 2. The stochastic discount factor of the long-run risk model can be decomposed into a
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martingale component and the dominant pricing component:

MN}, . S amaba

M]\tf:;l = fexp (—Biﬂ(] -T)X; + BXY? €t+1) ;

MNthrl . p-1 &t $1 = > 25D ST~
MNP B exp us—uw—&—[s + B2, <I—F)]Xt—(A + B3 ) X2 €41 ) -

To show this, we start from the definition of the dominant pricing component of the pricing kernel:

t+n

Recall that log real bond prices are affine in the state vector:

pfb(n) = —Bg(n) - Bf(n)mt - Bgs(n) (agt - 02) - st (azt - a'i) - B;s} (Tt — frr)
= —Bin)-B*(n) X,

where we define X; = [z, ogt - og,ait — 02, R — .

We can then write the dominant pricing component of the SDF as:

MN! = lim ™" exp (Bg (n) + B® (n)')zt) .

n—00

The constant B is chosen in order to satisfy Assumption 1 in Alvarez and Jermann (2005):

$b
0 < lim P’fﬁ—fln) < oo
Recall that B (n) is defined recursively:
$ $ 1 $ 2 $ 2 2
Bi(n) = BS(n—1) = pu+pin = 5 4 [on + BE = Doe] + [Agu + Bo(n = 1)] o,

1 2 2
- { [AW +BS,(n— 1)} o2, + [%g Ay + 2B (n — 1)} ag}

1 2
_5 [ﬁﬂwx + )\e + Bi(n - 1) + 90296B;$;'(n - 1):| Ui

Because of the affine term structure of the model and the stationarity of the state vector X, the
limit lim,— . B¥(n) = B¥(c0) is finite. Taking limits on both sides of the equation above leads to:

(o}
n— oo Shed

) 1 2 2
lim B3(n) = Bi(n—1) = —ps+pun— 3 { [0+ BE(00)a2] + [Aguw + Bis(o0)] o }
1 2 2
-3 { [)‘ww + st(oo)] Uzw + [‘ng + A+ ¢29B§(OO):| ‘72}
1 2
5 [ore + A + Bi(00) + p2aBi(0)] 02

The limit of Bf(n) — B (n — 1) is finite, so that Bf(n) grows at a linear rate in the limit. We
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choose the constant 3 to offset the growth in Bg(n) as n becomes very large. Setting

5= e (=t g { or + R0 ]+ [+ BL(o0)]

1 2 2
—5—5 { |:)\xw + st(oo)] o2+ |:807rg + A+ wng;s}(OO)] 02}

1 2
43 [+ A BE00) + 0B ()] o

guarantees that Assumption 1 in Alvarez and Jermann (2005) is satisfied.
We can now write the dominant pricing component of the SDF as:

MNE,
MNT

= fBexp <—B§é(f — )X + B3(00) 290041 + B3 (00)026e11
+[BE(00) 4+ BE(00)pza]oateri1 + Bay(00)0guwtg, et + Bis(oo)%wwz,tH)

= fBexp <—B§</>(I -D)X: + EiifaH) ;

where
p 0 O 0
= 0 vy O 0
L= 0 0 vy O

To derive the martingale component of the SDF, let us go back to the SDF itself. Let S =
[z, Sgs, Szs,—1]". Then the nominal SDF is:

M N1

MN, = exp (Ns — Mr + S'/Xt — (Mg + Png) OgtMit1

- ()\e + @wm) Oxt€t+1 — )\gwa'gwwg,tJrl - )\xwa'acwwac,tJrl - UwftJrl)

= exp (Ns — b+ S' X, — K$’E;5§t+1>

As a result, the martingale component of the SDF is:

MN{&, _ MNip MN{, -
MNP MN, \ MNZ
= B exp (e = e + (84 BY (1= T)] K = g o+ 0mg + BE(00) 05l
_[)\e + Qra + Bi (OO) + Bi(oo)<ﬂzx]a'actet+l

_[)\gw + Bgs(oo)]agwwg,t+1 - [)\acw + st (OO)]wawac,tJrl - [Uw + B?}(OO)Uz]&H)

= [ lexp (us — pr + [S" + BY (I - f)] X — (A% + Ei)’if&g) .

We need to verify that the martingale component is a martingale, i.e that E:[M{,/M{]=1. To
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do so, recall that the bond parameters evolve as:

Bin) = pBin—1)+a.,Bi(n—-1)—s.
$ . $ 1 $ 2
Bgs(n) = Vngs(n —1) = 8¢5 — ) Ap + @rg + 029 Br(n —1)
2
Bis(n) = VxBis(n— 1) — Sos — % [Ae—i—(pm +Bf(n— 1)—|—<psz;$;(n— 1)
Bi(n) = oaxBin-1)+1.

Taking limits as n — oo leads to:
$r N 1 $ 2 1 s $ 2 !
B(oo)* (I=D)+5 = |0, = 5 [My+ g + 920B3(00)] = 5 [N + 9o + BE(o0) + 022 BE(00)] 0] -

To check the martingale condition, we plug in the definition of B in the expression for the martingale
component of the nominal SDF, and use the above equation for B(co)¥(I — ') + S’. After some
algebra, we indeed find that

E MNLL ) 1
*| ' MNP '

We now turn to the conditional variances of the log SDF and its dominant pricing and martingale
components, Var;[sdfy, ], Var; [sdftﬁTl] and Vary [sdfffl)].

Var; [sdffﬂ] = (M4 <,0,rg)2 a'gt + (e + <pm)2 o2, + )\gwagw + A2 02, +o2
= ALSAL
Var, [SdftﬁTﬂ = Bi (oo)2<p§g0§t + [Bi(oo) + Bi(oo)gng]zgit
+B3s(00) 05, + Bis(00)* 0%, + Br(00) 07
= BYS.BL
Varesdff7] = [Ag+ @rg + B2(00)¢29] 050 + [Ae + ¢ra + B (00) + B3 (00) 0] 0%,

+gw + By (00)200, + Pow + By (00)]?02, + [ox + B (c0)0-]

= (A*+BL)S(A® + BY)

2

The conditional variance ratio Var:[sdffy1]/Vi[sdfi+1] equals

Vilsdfyit) | —BESA® - §BYSBY
Vt[Sdfiq] %/A\iéit?\go

The first term in the numerator corresponds to the nominal bond risk premium of an infinite horizon
bond, which includes a Jensen term. The second term in the numerator is that Jensen term. As a
result, the numerator corresponds to the nominal bond risk premium without the Jensen term. The
denominator corresponds to the maximum nominal risk premium, also without the Jensen term.

Calibration

Table [A T reports the model parameter values we use; they are the ones proposed in Bansal and
Shaliastovich (2008). Table [A-2] reports the model loadings on state variables.
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The model is simulated for 60,000 months and aggregated up to quarterly frequency for comparison
with our quarterly data. In the simulation, negative values for a'gytﬂ and O'g’t+1 are replaced by very
small positive values in simulation.

Table [A4] reports the mean, standard deviation and autocorrelation of the stochastic discount
factor (SDF), its martingale (SDFT) and dominant pricing (SDFT) components, the conditional
variance ratio w, the maximum risk premium without Jensen adjustment (Max RP) and the risk
premium of an infinite maturity bond without Jensen adjustment (BRP(c0)). Table [A3 reports
the mean and standard deviations of the real and nominal yields and bond risk premia in the model
and compare them to the same moments in the actual nominal data. Table [A.5] reports moments of
quarterly inflation in the model and in the data. Quarterly inflation is obtained as the sum of three
consecutive monthly inflation rates.

The Bansal and Shaliastovich (2008) calibration generates an annual consumption growth rate of
2.12 percent with a standard deviation of 3.52 percent. It generates an annual inflation rate of 3.52
percent with a standard deviation of 2.49 percent.

Robustness Checks

As robustness checks, we considered both changes on the real and on the nominal side of the
economy.

On the real side, we conduct two experiments. First, we find that a slight decrease in the persistence
of the long-run component in consumption growth p, could decrease the long-horizon consumption
variance ratios and the real variance ratio significantly, and increase the long term real yield from
negative to positive values. As a result, the model would need to rely less on a large inflation
risk premium in order to match the nominal yield curve, thus lowering the variation of M{ in the
nominal pricing kernel. However, if all the other parameters are maintained at their previous values,
the model would then imply too much volatility of the wealth-consumption ratio and an equity risk
premium that is much too low. Second, we shut down the heteroscedasticity in consumption growth
by calibrating oz. and og4 to very low values. We keep all the other parameters at their previous
values. In this case, the real and nominal conditional variance ratios are respectively 1.20 and 0.63
(see Table[AL6). They are closer to 1, but equity and bond risk premia are constant.

On the nominal side, we first check the robustness of our results to a slightly different calibration
of the inflation dynamics. First, we vary each inflation parameter independently in either direction.
We report in Table the mean maximum risk premium (M RP), the mean bond risk premium
BRP;j (including the Jensen term) and the mean variance ratio w for different values of the inflation
parameters. We simulate the model for a low and a high value of each parameter (25 percent above
and below the benchmark value reported in Table [AJ]). The only exception is the parameter a,
which we cannot increase by 25 percent without running into stationarity issues. The high value is
a 10 percent increase for that parameter. We find that w; only changes noticeably with o, and a.

To further investigate the sensitivity to these two parameters, Figure [A1] in the appendix plots
wt (left axis) and the five-year nominal bond risk premium (right axis) against a, (horizontal axis).
As we vary a, away from its benchmark value of -0.35, we simultaneously vary o, to match the
observed persistence of quarterly inflation. We also choose pr and o to keep the mean and volatility
of inflation at their benchmark values. The figure shows that w; is essentially unchanged over a wide
range of values for o, and never comes close to the desired value of one.

Next, we consider a calibration that matches the observed mean, variance, and persistence of
inflation, the 5-1-year yield spread, and the persistence of the 5-year nominal bond risk premium.
This calibration delivers a nominal variance ratio w; that is much too high.

Finally, we ask whether we can find inflation parameters that deliver a nominal variance ratio of
1. We find that we can, while matching the mean inflation, the slope of the nominal term structure,
and the persistence of the nominal BRP, but inflation ends up being 2.5 times too volatile and not
persistent enough.
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FIGURE A.1. VARIANCE RATIO AND NOMINAL BOND RISK PREMIUM: SENSITIVITY ANALYSIS

The figure plots the conditional variance ratio wy (against the left axis) and the five-year nominal bond risk premium (against the
right axis) for different values of the parameter agz (on the horizontal axis). As we vary ag away from its benchmark value of -0.35,
we simultaneously vary agx to match the observed persistence of quarterly inflation. We also choose px and ox to keep the mean and

volatility of inflation at their benchmark values.

Empirical Variance Ratios

Alvarez and Jermann (2005) show that — assuming that the process X; satisfies the same regularity
conditions as above and that X;11/X; is strictly stationary and limy o + Var(Eix[X:]) = 0 — then

Note that the entropy measure used by Alvarez and Jermann (2005) collapses to the half-variance
since all variables are conditionally normal. This result implies that long-horizon variance ratios are
informative about the variance of the martingale component. We now turn to the empirical variance
ratios of the two components of the SDF, e.g consumption growth and the wealth consumption ratio.

If changes in log consumption or changes in the log wealth-consumption ratio are i.i.d, then the
variance of long-horizon changes in each variable should grow with the horizon. We compute variance
ratios at horizon h as VR(h) = Var[Z;.L:O Azyyj]/[hVar(Az,)], for © = ¢ and z = we. We simulate
the model at monthly frequency. Table[A1lin the appendix reports the model parameters. We start
from the parameter values in Bansal and Shaliastovich (2008).

Figure [A.2 reports these variance ratios for consumption growth, the change in the wealth-
consumption ratio, and inflation. The left panel corresponds to actual data; the right panel uses
simulated series. Let us first focus on actual data. The variance ratio of the wealth-consumption
ratio clearly decreases with the horizon. It is below 0.6 within five years. Consumption growth
exhibits a very different pattern: its variance ratio first increases for horizons up to 5 years; it then
decreases, but even after 15 years, the variance ratio is still above one. As a result, there is strong
evidence of persistence and mean-reversion in the wealth-consumption ratio, but not in consumption
growth.

Let us now turn to simulated data. The variance ratios of the wealth-consumption ratio are in line
with the data. They decrease linearly with the horizon, from 1 to approximately 0.5 at the 30-year
horizon. In the data, the variance ratio decreases from 1 to 0.6. Consumption growth, however,
exhibits a very different pattern. At long horizons, it displays more persistence in the model than in
the data. The bottom panel shows that the inflation persistence is similar in model and data, with
a slight divergence maybe at longer horizons.
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FIGURE A.2. VARIANCE RATIOS FOR CONSUMPTION GROWTH, THE CHANGE IN THE LOG WEALTH CONSUMPTION
RATIO AND INFLATION IN THE DATA AND IN THE MODEL.
The variance ratio of Axzy is equal to VR(h) = V‘”‘[Ej:o Axziyj]/[hVar(Azt)]. The left panel corresponds to actual data. The

right panel corresponds to simulated data. Data are quarterly. Actual data come from Lustig et al. (2009). The sample is
1952:11-2008:1V.



VOL. 100 NO. 2

THE WEALTH-CONSUMPTION RATIO

TABLE A.1—MODEL PARAMETER VALUES

Parameter BS(2008)
Preference Parameters:
Subjective discount factor 0 0.9987
Intertemporal elasticity of substitution P 1.5
Risk aversion coefficient ¥ 8
Consumption Growth Parameters:
Mean of consumption growth g 0.0016
Long-run risk persistence p 0.991
News volatility level og 0.004
News volatility persistence Vg 0.85
News volatility of volatility Ogw 1.15e — 6
Long run-risk volatility level Oz 0.00404
Long run-risk volatility persistence Vg 0.996
Long run-risk volatility of volatility Ozw 0.0620'gw
Dividend Growth Parameters:
Mean of dividend growth 7%} 0.0015
Dividend leverage o 1.5
Dividend loading on news volatility Pgs 0
Dividend loading on long-run risk volatility Gas 0
Volatility loading of dividend growth ©d 6.0
Correlation of consumption and dividend news  74q 0.1
Inflation Parameters:
Mean of inflation rate L 0.0032
Inflation leverage on news Prg 0
Inflation leverage on long-run news Prz —-2.0
Inflation shock volatility On 0.0035
Expected inflation AR coefficient ar 0.83
Expected inflation loading on long-run risk Qg —0.35
Expected inflation leverage on news Pzg 0
Expected inflation leverage on long-run news Pz —-1.0
Expected inflation shock volatility o 4.0e — 6
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This table reports the calibrated parameters values for our simulation. We take them from Table
IV and Table C.I in Bansal and Shaliastovich (2008).
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TABLE A.2—MODEL LOADINGS ON STATE VARIABLES

constant x O'St — 02 a'ﬁt — 03
-1 o(1-1)” T 1\ 2
— P — P _ ] )
we frwe We=m=s  Wo =50y Wee = 30 —) (KH)
6.4 31 —7.7 —1.8 x 10°
1{[w s dnr] (17w)(wfi)}
_ 1 172 - 2 2) | p=r§ T Tp—r1 —c)?
pd Lipd D, = ":1;: Dys = %W D,. = 1 2 (e=+)
3[(v=3) = +¢4s]
2 P 9 bxs
+ K1—Vg +n17u1
5.6 66 1.3 x 102 —4.3 x 10°
ERP (1 —0) WysDygsoa,, Ggs = VPdTgd Gus = (1 = 0) WD,
+ (1 —0) WasDas02,,
+paTgavo,
+D, (0 — 1) W02
0.003 0 4.8 4.6 x 10*
BRP (60 — 1) WysBgs(n — 1)a'§w Fr(n)=0 Fys(n) =0 Frs(n) = (0 — 1) WyBz(n—1)
(Real) + (0 — 1) Wys Bys(n — 1)02,,
+(0 —1) WyBz(n — 1)o2
—0.0014 0 0 —2.1 x 10*
BRP (0 — 1) WyeBio(n — 1)o2, Fp(n)=0 Fg(n)=—(y+ ¢ng) Fyo(n) =[(0 — 1) Wa — ¢ra]
(Nominal) (0= 1) WauBS,(n — 1)02,, Xp2gBS(n — 1) X (Bi(n— 1)+ BS(n— 1)%)
+aﬂazB§;(n -1)
— (Y + ¢rg) p2gBE(n — )0
+ (0= 1) Wa = o) (BEn = 1) + BE(n = Dpa ) 0
0.0015 0 -0 4.3 x 10*

This table reports the model loadings on a constant and the state variables. We consider the log wealth-consumption ratio (wc), the log
price-dividend ratio (pd), the equity risk premium (ERP), the real and nominal bond risk premia (BRP) at the n-year horizon.
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TABLE A.3—REAL AND NOMINAL YIELD CURVES

Maturity 1 2 3 4 5 30 200

Nominal Bonds - Data
Mean Yields 5.33 5.52 5.69 5.80 5.89
Std 2.81 2.77 2.70 2.69 2.65
Nominal Bonds - Model
Mean Yields 5.19 5.46 5.75 6.06 6.38 12.82 20.02

Std 2.92 2.79 2.65 2.53 2.43 1.60 0.36
Mean BRP 0.33 0.93 1.59 2.27 2.97 16.81 24.43
Std 0.07 0.18 0.28 0.38 0.46 1.13 1.18
Real Bonds - Model
Mean Yields 1.26 1.05 0.83 0.61 0.39 —4.71 —13.63
Std 1.39 1.35 1.32 1.30 1.29 1.10 0.25
Mean BRP -039 -083 -—-128 -173 -—-219 -—-11.14 -16.21
Std 0.05 0.10 0.15 0.19 0.23 0.52 0.55

The top panel reports the mean and standard deviation of nominal bond yields in the Fama-Bliss data. The data are for 1952 until
2008, and only bond yields of maturities one through five years are available. The maturity is in years. The yields and returns are
annualized and reported in percentage points. The middle panel does the same for nominal bond yields for a 60,000 month simulation
of the LRR model. It also reports the mean and standard deviation of the nominal bond risk premia. The bottom panel reports the
same model-implied moments for real bonds.

TABLE A.4—CONDITIONAL VARIANCE RATIO

Mean Std  AR(1)
Nominal SDF

SDF® 0.99 023 —0.01
SDF%F 1.00 0.14  —0.01
SDF%T 0.98 010 —0.01
wd 0.37  0.06 0.98
Max RP 30.62  2.52 0.99
BRP(c0) 1872 1.04 0.99
Real SDF
SDF 1.00 0.23  —0.01
SDF¥ 1.00  0.30 —0.01
SDFT 1.02  0.07 —0.01
we 1.65 0.11 0.98
Max RP 30.69  2.54 0.99
BRP(c0)  —19.05  0.58 0.99

This table reports the mean, standard deviation and autocorrelation of the stochastic discount factor (SDF), its martingale (SDFP)
and dominant pricing (SDFT) components, the conditional variance ratio w, the maximum risk premium without Jensen adjustment
(Maxz RP) and the risk premium of an infinite maturity bond without Jensen adjustment (BRP(oc)). The table reports the
autocorrelation of each monthly variable in logs. The top (bottom) panel focuses on the nominal (real) stochastic discount factor.
The numbers are computed from a 60,000 month simulation.
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TABLE A.5—INFLATION: MODEL VS DATA

Data Model
Mean  Std AR(1) | Mean  Std AR(1)
T 0.85 0.62 0.86 0.88 1.25 0.76

This table reports the mean, standard deviation and autocorrelation of the quarterly inflation rate. The left panel corresponds to
actual data, from Lustig et al. (2009). The right panel corresponds to simulated data, from the model. The mean and standard
deviation are in percentage.

TABLE A.6—CONDITIONAL VARIANCE RATIO: NO HETEROSCEDASTICITY

Mean Std  AR(1)
Nominal SDF

SDF*® 1.00 0.12  —0.01
SDFS® 1.00  0.13  —0.01
SDF%T 1.00  0.01 —0.01
wd 1.20  0.00 1.00
Maz RP 8.74  0.00 1.00
BRP(x)  —1.74  0.00 1.00
Real SDF
SDF 099 012  —0.01
SDFFP 1.00  0.10 —0.01
SDFT 0.99 0.03  —0.01
we 0.63  0.00 1.00
Maz RP 870  0.00 1.00
BRP(cc) 3.18  0.00 1.00

This table reports the mean, standard deviation and autocorrelation of the stochastic discount factor (SDF), its martingale (SDFP)
and dominant pricing (SDFT) components, the conditional variance ratio w, the maximum risk premium without Jensen adjustment
(Maxz RP) and the risk premium of an infinite maturity bond without Jensen adjustment (BRP(occ)). The table reports the
autocorrelation of each monthly variable in logs. The top (bottom) panel focuses on the nominal (real) stochastic discount factor.
The numbers are computed from a 60,000 month simulation.



VOL. 100 NO. 2

TABLE A.7—SENSITIVITY TO INFLATION SPECIFICATION
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Mazx RP BRP(c0)

Low High Low High Low High
I 30.62 30.62 18.72 18.72 0.37 0.37
Prg 30.62 30.62 18.72 18.72 0.37 0.37
Pra 30.64 30.60 18.70 18.74 0.37 0.37
On 30.62 30.62 18.72 18.72 0.37 0.37
O 30.62 30.62 5.61 26.42 0.81 0.10
Oz 30.62 30.62 14.54 21.84 0.51 0.27
Pzg 30.62 30.62 18.72 18.72 0.37 0.37
Pza 30.62 30.62 18.63 18.81 0.38 0.37
o 30.62 30.62 18.72 18.72 0.37 0.37

This table reports the mean maximum risk premium (Maxz RP) , the mean bond risk premium BRP(occ) (including the Jensen term)
and the mean variance ratio w. We vary one parameter at a time, and simulate the model for a low and a high value of each

parameter (25 percent above and below the benchmark value reported in the first column of Table [Al).

The only exception is the

parameter ags, which we cannot increase by 25 percent without running into stationarity issues. The high value is a 10 percent
increase for that parameter.



