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Abstract

This paper examines how unconventional monetary policy affects asset prices and macroeco-
nomic conditions by reallocating risk in the economy. I consider an environment with two main
ingredients: heterogeneity in risk tolerance and limited asset market participation. Risk-tolerant
investors take leveraged positions, exposing the economy to balance sheet recessions. Limited as-
set market participation implies the balance sheet of the central bank is non-neutral. Unconven-
tional monetary policy reduces the risk premium and endogenous volatility. During balance sheet
recessions, asset purchases boost investment and growth. In contrast, during normal times, the
expectation of future interventions reduces growth by its impact on savings. A commitment by
the central bank to unwind its portfolio early, conditional on the recovery of leveraged institutions’
balance sheet, reduces the risk premium by more than strategies involving holding its portfolio for
longer. Asset purchases also have implications for the concentration of risk. Leveraged institutions
respond to the policy by reducing risk-taking relatively more than risk-averse investors. As risk
concentration falls, the probability of negative tail-events is reduced, enhancing financial stability.
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1 Introduction

Unconventional monetary policy has been at the center of policy debate since the onset of the Great
Recession. The policy consisted of large-scale asset purchases (LSAPs) in an attempt to compress risk
premium and ease credit conditions.1 Given the unprecedented character of such policies, the trans-
mission mechanism of LSAPs as well as the potential side-effects of these policies remains a source of
debate. What is the effect of different "exit strategies"? Does unconventional monetary policy induce
more risk-taking in the financial sector? Can the expectation of future interventions affect the economy
even after the central bank unwind its portfolio? In this paper, I provide a framework for the analysis
of the transmission mechanism of LSAPs which allow us to address these questions.

I propose a risk channel of unconventional monetary policy. This channel operates through changes
in the supply of risk to marginal investors, resulting in changes in risk premium and ultimately affect-
ing risk-taking and economic growth. Key for my results are two forms of heterogeneity: differences
in market access and, among market participants, differences in risk tolerance. Limited asset market
participation is important to guarantee that changes in the central bank balance sheet have real effects.
Heterogeneity in risk tolerance will lead to a countercyclical aggregate risk aversion, exposing the econ-
omy to balance sheet recessions, i.e., a drop in asset prices and growth associated with a weak balance
sheet of (risk-tolerant) financial intermediaries. In this context, LSAPs can be used to counteract the
effects of balance sheet recessions, with consequences to portfolio and savings decisions of investors.

The environment consists of a stochastic growth model in continuous-time with heterogeneous
agents. The economy is subject to limited asset market participation and market participants have
heterogeneous preferences. Market participants (investors) can trade without any frictions while non-
participants simply consume their endowment plus any transfers from the government. A group of
relatively risk-tolerant investors (financial intermediaries) obtain short-term funding from a group of
more risk-averse investors (savers) to finance risky investments.2 The central bank invests in risky
and riskless assets (reserves) and rebates the proceeds of the investment to non-participants according
to given policy rules. In order to isolate the role of the risk channel, I abstract from features present
in other theories of LSAPs, like liquidity frictions in the financial sector, limited commitment by the
central bank, or a special role for the central bank’s liability.3 Importantly, even in the absence of these
features, asset purchases by the central bank can have real effects.

In the first part of the paper, I show the laissez-faire economy is subject to balance sheet recessions.
The main feature driving this result is countercyclical aggregate risk aversion. Given the high demand
for safe assets from risk-averse savers, financial intermediaries issue riskless assets and invest in risky

1See Fawley and Neely (2013) for a detailed discussion of large-scale asset purchases by the Federal Reserve, its motiva-
tion, and the comparison with the experience of other central banks. LSAPs is typically referred to as quantitative easing.

2Intermediaries rely on short-term borrowing to finance risky investment. They should be interpret as leveraged in-
stitutions in general, like commercial bank, investment banks, and hedge funds. Savers correspond generically to funding
institutions. Gertler et al. (2015) in a related setting focus instead on the distinction between retail and wholesale banks.

3I discuss the alternative theories in more detail in the literature review at end of this section.
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assets. Financial intermediaries will expose themselves to risk-mismatch as their assets are riskier than
their liabilities. After a negative shock, their share of wealth will fall, increasing the average (wealth-
weighted) risk aversion. A countercyclical aggregate risk aversion implies that risk premium rises and
the interest rate falls after a negative shock. The increase in risk premium will depress asset prices and
ultimately will reduce investment and growth. Heterogeneity in risk-tolerance is key for this result.
Under homogeneous preferences, intermediaries and savers would choose the same exposure to risk
and their relative wealth position would not respond to shocks. The economy would jump to a balance
growth path with no variation in returns or investment. Brunnermeier and Sannikov (2014) and He and
Krishnamurthy (2012) obtain balance sheet recessions in a setting with homogeneous preferences by
limiting trade in aggregate risk. Di Tella (2012) allows for aggregate risk sharing, but a balance sheet
channel only arises in the presence of idiosyncratic uncertainty shocks and moral hazard frictions.
Preference heterogeneity allows me to keep the tractability of Brownian investment shocks without
imposing any restriction on the ability of investors to trade aggregate risk.

The assumption of limited asset market participation is crucial to guarantee LSAPs can affect asset
prices. Under full participation, a result akin to Modigliani-Miller/Ricardian Equivalence holds, and
investors will exactly offset any changes in asset holdings of the central bank.4 The assumption of lim-
ited participation captures the fact that the central bank intervened in relatively sophisticated markets,
like MBSs, which are not readily accessible to everyone. As the central bank rebates the proceeds from
its investment to workers, less risk will be held by the marginal investors, affecting asset prices.

I follow the tradition in the analysis of conventional monetary policy, and I specify the policy in-
struments of the central bank by policy rules. In particular, the portfolio of the central bank is a function
of the balance sheet position of financial intermediaries. I focus a rule where central bank intervenes
only when financial intermediaries’ balance sheet is sufficiently weak, i.e., when aggregate risk aver-
sion is high and asset prices are depressed.5 This corresponds to an unconventional Greenspan’s Put,
where instead of easing conventional monetary policy when asset prices are low, the central bank ex-
pands its balance sheet in states where asset prices are depressed. Given the specification of the policy
rule, I solve the model numerically and calibrate it to US data. To capture the nonlinearities involved
in movements in risk premium and in risk-taking of investors, it is important to use global solution
methods instead of local approximations around a steady state. One advantage of the continuous-time
setting is to allow for an effective solution method. The equilibrium can be obtained as the solution
to a system of partial differential equations (PDEs) in the two state variables: the share of wealth of
intermediaries and of the central bank.

Asset purchases by the central bank reduce the risk premium. LSAPs reduce the net supply of risk
to investors, so in equilibrium a smaller return per unit of risk (Sharpe ratio) is required to clear the

4Wallace (1981) was the first to derive such neutrality result. Eggertsson and Woodford (2003) derives a similar result in
an economy with sticky prices.

5In parallel work, Silva (2015), I discuss the determination of optimal policy in a two-period setting. I introduce a moral
hazard friction in the financial sector, and find the optimal policy would balance the pecuniary externality with the limited
participation problem. Optimal policy would limit variations in price, similar to the effects of the policy proposed here.
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market. Endogenous volatility also fall in response to policy, so risk premium falls. Interest rates rise
due to a combination of two effects. First, as the purchase of risky assets is financed by an increase in
reserves, a higher interest rate is required to induce investors to hold the larger supply of safe assets.
Second, as the intervention reduces volatility, investors have less of a precautionary savings motive.
Importantly, this effect is present even when the central bank is not currently intervening. The expecta-
tion of intervention during crises reduce savings in normal times. In equilibrium, investment will fall
to accommodate higher consumption. Hence, expectation of future intervention will reduce economic
growth in normal times.

One concern with unconventional monetary policy is that it could create financial stability risks.
In contrast, I find no support for such concerns. I identify two effects of LSAPs on the concentration
of risk in the hands of financial intermediaries. First, a hegding effect. Since returns are countercyclical,
intermediaries tilt their portfolio toward states with high returns, i.e., they hedge variations in returns.
After the intervention returns are less countercyclical. In response, intermediaries tend to increase
exposure to risk, given the weaker incentive to hedge. This argument is in line with the concerns of
critics. However, I identify a second effect, a return sensitivity effect. Since intermediaries are more risk
tolerant, they are also more sensitive to returns. As the central bank compress returns, intermediaries
are the ones with the stronger incentive to sell assets to the central bank, reducing their exposure to
risk relative to savers. I find the return sensitivity effect dominates, reducing the concentration of risk
in equilibrium. Endogenous volatility is related to the concentration of risk. LSAPs will reduce en-
dogenous volatility and, in the stationary distribution, the probability of large drops in asset prices
and growth.

Another source of debate was the role of different exit strategies. I capture the effect of (state-
contingent) exit strategies by comparing two policy rules that are identical in states where the balance
sheet of intermediaries are weak, but the policies differ as the economy recovers. Perhaps surprisingly,
I find that the policy rule where the central bank sells more aggressively as the economy recovers, the
"early-exit", amplifies the effects of LSAPs during crises. The intuition for this result is that returns are
less countercyclical under the early-exit policy, inducing intermediaries to take more risk. Given the
higher demand for risk, the market price of risk falls by more under early-exit.

I consider two additional issues: the effectiveness of LSAPs and its impact on the term premium.
I find the marginal effect of the policy is higher when intermediaries have a weak balance sheet. The
reason is that in those states savers have a greater weight in the demand for risk. Since savers are
relatively insensitive to returns, the risk premium falls by more to induce them to sell their assets. The
marginal effect increases with the size of the intervention. This suggests that measuring the effect of
the policy when the intervention is still small will not capture the impact of the policy after it is scaled
up. I also consider the effect on long-term bonds. Since bonds increase in value after a negative shock,
they act as an insurance. Since LSAPs reduce endogenous volatility, the demand for insurance falls,
rising the term premium and reducing the price of bonds. Hence, the policy will have a differential
effect on assets depending on the relative importance of term and risk premium to price that asset.
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Literature review. This paper is related to several strands of the literature in macroeconomics and
finance. A large literature evaluates empirically LSAPs (Gagnon et al. (2011), Krishnamurthy and
Vissing-Jorgensen (2011), D’Amico and King (2013), Greenwood and Vayanos (2014), see Joyce et al.
(2012) for a survey). The main conclusion of these studies is that unconventional measures affect as-
set prices, even though there is a debate about the precise mechanism. Several channels have been
proposed in the literature, e.g. a liquidity channel (Gertler and Kiyotaki (2010), Del Negro et al. (2011),
Curdia and Woodford (2011); Gertler and Karadi (2011, 2013), Williamson (2012), Araújo et al. (2015)), a
signalling channel (Bhatarai et al. (2014), Berriel and Mendes (2015)), an asset scarcity/safety premium chan-
nel (Krishnamurthy and Vissing-Jorgensen (2012), Caballero and Farhi (2014)).6 The liquidity channel
emphasizes the role of the central bank in performing intermediation when banks are liquidity con-
strained. The signaling channel corresponds to the effect of changes in the portfolio of the central bank
on the expectation of the path of future interest rates. Asset scarcity theories emphasize the special
role of the central bank liability as a safe asset. My research focus on a risk channel of unconventional
monetary policy and shows how the balance sheet of the central bank have real effects even if banks
are unconstrained, the central bank has full commitment, and its liability plays no special role.

This paper is related to the literature on the macroeconomic effects of shocks to balance sheets of
firms and banks (e.g. Holmstrom and Tirole (1997), Bernanke et al. (1999), Adrian et al. (2010), He
and Krishnamurthy (2013), Brunnermeier and Sannikov (2014)). In contrast to this literature, I assume
intermediaries can trade aggregate risk without frictions. Di Tella (2012) adopts the same assumption,
but balance sheet recessions arise by a combination of idiosyncratic uncertainty shocks and strong
income effects on portfolio choice. In his setting, experts tilt their portfolio toward states with low re-
turns, as those states require more resources to achieve a given utility level (an income effect). Since
idiosyncratic returns decrease after a positive shock, experts have an incentive to take more risk, ex-
plaining why risk is concentrated in his model. In my setting, balance sheet recessions arise due to
differences in risk aversion, regardless of whether income or substitution effects dominate on portfolio
choice.

A recent literature has considered the impact of monetary policy on financial stability and interme-
diaries’ risk-taking. Diamond and Rajan (2012) and Brunnermeier and Sannikov (2015) illustrate how
the expectation of central bank intervention can induce banks to take more risk. I show that uncon-
ventional monetary actually reduces the concentration of risks in intermediaries, despite the “stealth
recapitalization" of banks generated by this policy.

An old literature emphasized the role of portfolio balance effects (Gurley et al. (1960),Tobin and
Brainard (1963), Tobin (1969), Brunner and Meltzer (1973)). The key assumption of this literature was
that assets are imperfect substitutes (usually for unmodelled reasons), so the central bank can affect
the return of different assets by affecting their relative supply. I explore a similar mechanism, with risk

6A related literature looks at how quantitative easing can potentially affect the solvency of the central bank (see Hall and
Reis (2013), Reis (2015)).
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being the source of differentiation, and emphasize that limited participation is needed in addition to
imperfect substitutability.7

My analysis is also related to the literature on the effects of limited asset market participation.
There is a long tradition of models of limited participation to study conventional monetary policy
(Grossman and Weiss (1983), Rotemberg (1984), Alvarez et al. (2002)). I follow this tradition and study
unconventional monetary policy by considering a tractable form of limited participation. A different
literature focused on the effects of limited participation on risk premia and volatility (Mankiw and
Zeldes (1991),Allen and Gale (1994), Basak and Cuoco (1998),Brav et al. (2002), Guvenen (2009)). Lim-
ited participation plays a different role in my analysis than in this literature, as it allows for real effects
of changes in the central bank balance sheet, instead of acting as factor contributing to the concentra-
tion of risk on market participants.

A different form of limited participation appears in preferred habitat models. Effects of bond pur-
chases by the central bank are usually interpreted using such theories. Vayanos and Vila (2009) provide
a formalization in a setting with risk-averse arbitrageurs and investors that invest only in specific ma-
turities of bonds and explore the implications for bond premia. In contrast, I emphasize that bond
purchases can affect bond prices even if market participants trade in all maturities. Chien et al. (2012)
provide another example of limited access to financial markets, where a set of investors does not re-
balance their portfolio frequently.

Methodologically, my research draws on the asset pricing literature on heterogeneous investors
(Constantinides (1982), Dumas (1989), Wang (1996), Chan and Kogan (2002), Gomes and Michaelides
(2005), Gârleanu and Pedersen (2011), Longstaff and Wang (2012), Gârleanu and Panageas (2015)). My
work is close to the papers by Drechsler et al. (2014) and Barro and Mollerus (2014). Both papers adopt
Epstein-Zin preferences and follow Longstaff and Wang (2012) in modeling intermediaries as (rela-
tively) risk-tolerant agents. Barro and Mollerus (2014) study the creation of safe assets but abstracts
from limited participation, so the government’s balance sheet position is neutral. Drechsler et al. (2014)
study conventional monetary policy by assuming a special role for the central bank liability. I assume
perfect substitutability between intermediaries’ and central bank’s liability and focus instead on un-
conventional monetary policy. 8

Layout. The remainder of the paper is organized as follows. Section 2 presents the baseline model,
and section 3 describes the characterization of the equilibrium. Section 4 discuss the effects of LSAPs
during a balance sheet recession. Section 5 shows the impact of policy intervention to financial stability
and section 6 discuss exit strategies. Section 7 presents the extensions: a discussion of the effectiveness
of unconventional monetary policy, and the effects of policy on the term premium. Section 8 concludes.

7See Andrés et al. (2004) and Chen et al. (2012) for attempts to incorporate portfolio balance effects into modern DSGEs.
8Caballero and Farhi (2014) study QE in a setting with risk neutral and infinitely risk aversion investors and where the

central bank’s liability plays a special role as a safe asset. Gennaioli et al. (2012) adopts a similar setting to study financial
innovation.
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2 The Model

I consider a continuous-time stochastic growth model with two goods, consumption and capital goods.
The economy is populated by final good producers (firms), two types of market participants (savers
and financial intermediaries), non-participants (households), and a government (central bank). Final
good producers use capital to produce output subject to investment adjustment costs and finance their
operations by issuing state contingent liabilities. Investment technology is subject to aggregate shocks.
Financial intermediaries (or simply "bankers") and savers trade in dynamically complete financial mar-
kets.9 The distinguishing feature of financial intermediaries is that they are relatively more risk tolerant
than savers. Non-participants, or simply households, do not have access to financial markets, i.e., they
consume their income plus any transfers from the government. The central bank invests in risky as-
sets financed by its own net worth and riskless reserves. The central bank rebates the proceeds from
investment to non-participants. Central bank risk exposure and rebates are defined by policy rules.

In the remainder of this section, I discuss the decision problem of each agent in detail and define
the competitive equilibrium. Aggregate conditions are summarized by the vector of aggregate state
variables Xt to be explicitly defined later on.

2.1 Final good producers

Firms use capital to produce final goods according to the linear technology

Yt = AKt (1)

Capital evolves according to the law of motion

dKt

Kt
= gtdt + σdZt (2)

Capital grows at the expected growth rate gt. In order to achieve a given growth rate gt the firm
must invest ι(gt)Kt, where ι′(·) > 0, ι′′(·) > 0. This captures the presence of adjustment costs for capi-
tal. Importantly, capital accumulation is subject to investment shocks with volatility σ. 10

Firms pay output net of investment as dividends to its shareholders:

Dt ≡ AKt − ι(gt)Kt (3)

Firms will choose investment to maximize the expected discounted value of dividends. Firms

9By an abuse of terminology, I use the expression to mean that dynamic trading spans aggregate risks. I later introduce
idiosyncratic mortality shocks that are not spanned by financial markets.

10Investment shocks have been identified by the DSGE literature as a main driver of business cycles fluctuations. See
Justiniano et al. (2010).
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discount future dividends using the state price density πt. The evolution of πt can be written as

dπt

πt
= −rtdt− ηtdZt (4)

where rt is the instantaneous interest rate and ηt is the market price of risk.

The state price density, interest rate and the market price of risk are all functions of the aggregate
state variable Xt: πt = π(Xt), rt = r(Xt), and ηt = η(Xt). These functions will be determined in
equilibrium.

The problem of the firm can then be written as

St = max
g

Et

[ˆ ∞

t

πs

πt
Dsds

]
(5)

subject to (1), (2), (3), (4) and Kt > 0.

A version of Hayashi’s (1982) hold in this environment, so the value of the firm can be written as
St = qtKt, where qt = q(Xt) evolves according to

dqt

qt
= µq,tdt + σq,tdZt

where µq,t and σq,t will be determined in equilibrium.

The return of holding claims in the firm is given by the dividend yield, Dt
St

, plus capital gains, dSt
St

:11

dRt =

[
A− ι(gt)

qt
+ µq,t + gt + σσq,t

]
︸ ︷︷ ︸

≡µR,t

dt + (σ + σq,t)︸ ︷︷ ︸
≡σR,t

dZt

Notice that the volatility of returns has an exogenous component (σ), due to the volatility of in-
vestment shocks, and an endogenous component (σq,t), due to endogenous variations in qt.

2.2 Financial intermediaries and savers

Private investors, financial intermediaries and savers, start with net worth nj,0 > 0, for j ∈ {b, s} ("b"
stands for "bankers"). Investors trade risky claims on firms and a riskless asset, choose how much to
consume (cj,t) and the share invested in the risky asset (αj,t). I focus on the case where investors do
not receive transfers from the government. In proposition 3, I discuss the consequences of allowing
investors to receive public transfers.

11In order to compute the expected capital gain Et

[
d(qtKt)

qtKt

]
, I applied Ito’s product rule: d(qtKt)

qtKt
=

dqt
qt

+ dKt
Kt

+
dqt
qt

dKt
Kt

.
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The net worth of investors evolves according to

dnj,t

nj,t
=
[
rt + αj,t(µR,t − rt)− ĉj,t

]
dt + αj,tσR,tdZt

where ĉj,t ≡
cj,t
nj,t

.

I will consider a change of variable that will prove useful when characterizing the equilibrium.
First, notice that no-arbitrage imply that the excess return on the risky asset is given by

Et[dRt]− rtdt = −Covt

(
dπt

πt
, dRt

)
⇐⇒ µR,t − rt = ηtσR,t (6)

where ηt is (minus) the diffusion term in dπt
πt

(see equation (4)).

Define the risk exposure of investor j as σj,t ≡ αj,tσR,t. The decision problem of investor j at time t0

can be written directly in terms of σj,t instead of αj,t:

Vj,t0 = max
(cj,σj)

Uj,t0(cj) (7)

subject to
dnj,t

nj,t
=
[
rt + σj,tηt − ĉj,t

]
dt + σj,tdZt; nj,t ≥ 0 (8)

given nj,0 > 0, and equation (6) was used to eliminate µR,t − rt.

The formulation highlights the investors care about its risk exposure, regardless if it invests a high
share on a low volatility asset or a low share in a high volatility asset, and the excess return it gets per
unit of risk. This justifies the term market price of risk to denote ηt, which is given to the (instantaneous)
Sharpe ratio on the risky investment.12

In order to guarantee the existence of a non-degenerate stationary distribution of wealth, investors
are subject to mortality risk. Each investor faces a constant hazard rate of death κ > 0. A mass κ of
agents is born every period, so total population is kept constant. Newborn investors are of type b or
type s with equal probability, and inherit the net worth of their “parents". Mortality risk will imply the
(effective) discount rate is given by ρ ≡ ρ̂+ κ, where ρ̂ captures impatience and κ the effect of mortality
risk.13

Investors have the analogous in continuous-time of Epstein-Zin recursive preferences, as defined

12Another advantage of this formulation is that it encompasses different market structures. For instance, instead of as-
suming investors trade in a riskless asset and firm’s equity, firms could be entirely financed by intermediaries and savers
would hold riskless "deposits" and a risky asset issued by intermediaries (an asset-backed security). The important aspect is
that investors can freely trade aggregate risk.

13See Gârleanu and Panageas (2015) for a derivation of the Epstein-Zin preferences under mortality risk.
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by Duffie and Epstein (1992):

Uj,t = Et

[ˆ ∞

t
f j(cj,s, Uj,s)ds

]
(9)

where

f j(c, U) = ρ
(1− γj)U
1− ψ−1


 c

((1− γj)U)
1

1−γj

1−ψ−1

− 1

 (10)

The coefficient of relative risk aversion is given by γj and the elasticity of intertemporal substitu-
tion (EIS) is ψ. Intermediaries are assumed to be relatively less risk averse than savers: γb ≤ γs. Notice
that while the coefficient of risk aversion depends on the type j ∈ {b, s}, the EIS is the same for both
groups. Epstein-Zin preferences allow us to focus on heterogeneity of risk aversions while abstracting
from differences in the EIS.14

2.3 Households

Households receive an endowment (Yh,t), transfers from the government (Th,t) and consume (ch,t).
Households are hand-to-mouth, i.e., they simply consume their total income

ch,t = Yh,t + Th,t (11)

For completeness, I assume that households have the same preferences as savers and the endow-
ment Yh,t is constant, however these assumptions have no bearing in the positive implications of the
model. As discussed in section 3, the presence of non-participant households will be important to
understand the role of the central bank balance sheet on affecting asset prices and the macroeconomy.

2.4 Central Bank

Central bank starts with net worth ncb,0 ≥ 0 and it chooses exposure to aggregate risk σcb,t. The cen-
tral bank rebates the proceeds from its investment to households (Th,t). Central bank’s balance sheet
evolves according to15

dncb,t = ncb,t
[
rt + σcb,tηt − T̂t

]
dt + ncb,tσcb,tdZt (12)

where ncb,tT̂t = Tt.

Central bank is subject to a No-Ponzi condition:

lim
T→∞

Et

[
πT

πt
ncb,T

]
≥ 0 (13)

14As discussed in section 4, Epstein-Zin preferences are also important to obtain the right co-movement between asset
prices and risk premium.

15To isolate the role of the central bank in reallocating risk in the economy, I assume intermediaries’ liability and the
central bank’s liability (reserves) are perfect substitutes. Hence, the central bank pay interest on reserves rt in equilibrium.
See Drechsler et al. (2014) for a model where reserves play a special role as safe assets.
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I will focus on the case where the central bank chooses policy rules for risk exposure and transfers
conditional on the aggregate state variable Xt, i.e., σcb,t = σcb(Xt) and Tt = T(Xt).16

2.5 Equilibrium

Definition 1. An equilibrium is a set of stochastic processes for the interest rate r = {rt : t ≥ 0}, market price
of risk η = {ηt : t ≥ 0}, state price density π = {πt : t ≥ 0}, and the value of the firm St = {St : t ≥ 0};
aggregate output Y = {Yt : t ≥ 0}, capital K = {Kt : t ≥ 0} and investment rate g = {gt : t ≥ 0};
consumption and risk exposure of sophisticated investors cj = {cj,t : t ≥ 0}, σj = {σj,t : t ≥ 0}, j ∈ {b, s};
consumption of workers cw = {cw,t : t ≥ 0}; transfers and risk exposure for the central bank Tj = {Tj,t : t ≥ 0},
j ∈ {b, s, w}, σcb = {σcb,t : t ≥ 0} such that

i) gt solves problem (5) and the value of the objective is St.

ii) (cj, σj) solves (7), given (r, η).

iii) cw satisfies (11) given (Yw, T).

iv) (σcb, T) satisfies (12) given (r, η).

v) Markets clear:

cb,t + cs,t + ch,t = Yt − ι(gt)Kt + Yh,t

nb,t + ns,t + ncb,t = St

nb,tσb,t + ns,tσs,t + ncb,tσcb,t = σS,tSt

3 Equilibrium characterization

In this section, I characterize the equilibrium and provide the . First, I discuss the role of the two key
assumption, heterogeneity in risk-tolerance and in market access.

3.1 The two dimensions of heterogeneity

Before describing the equilibrium conditions in detail, let’s consider the role of the two dimensions of
heterogeneity: risk tolerance and market participation.

Homogeneous risk tolerances. The following proposition shows that in the absence of heterogene-
ity in risk tolerance there are no fluctuations in returns or macroeconomic variables (up to scale):

Proposition 1. Consider an economy with no central bank intervention, i.e., σcb,t = Tt = ncb,t = 0 for all
t ≥ 0. Suppose nb,0 = ns,0. If γb = γs ≡ γ, then

16The central bank effectively acts as an intermediary for households by choosing its risk exposure and rebating the
proceeds from the investment. In Silva (2015), I argue that it is not optimal for the central bank to simply replicate the full
participation equilibrium in the presence of frictions. When the financial sector is subject to a moral hazard problem, the
central bank would deviate from the full participation equilibrium to correct a pecuniary externality. A similar logic applies
to environments with aggregate demand externalities.
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i. Market price of risk and risk exposures are given by:

ηt = γσ; σb,t = σs,t = σ

ii. Growth rate and the price of capital satisfy the conditions:

A− ι(gt)

pt
= ρ− (1− ψ−1)

(
gt −

γσ2

2

)
; ι′(gt) = pt

iii. Interest rate and consumption-wealth ratios are given by:

rt = ρ + ψ−1gt − (1 + ψ−1)
γσ2

2
; ĉb,t = ĉs,t = ρ− (1− ψ−1)

(
gt −

γσ2

2

)

The appendix contains closed-form expressions for the price-dividend ratio and the growth rate and provides
parameter restrictions for the existence of equilibrium for the case with quadratic adjustment costs.

In the absence of differences in risk tolerance, the economy is essentially deterministic. Of course,
aggregate capital is still subject to shocks, so output, consumption, and investment all move in pro-
portion to the capital stock, but scaled variables do not respond to shocks. The assumption that we
start at the steady state level of wealth, nb,0 = ns,0, imply that scaled variables are constant. If we start
at a different initial condition, there would be deterministic dynamics as the economy converges to the
balanced growth path, but still scaled variables would not respond to shocks. The proposition also
assumes the central bank does not intervene in the economy. An active central bank is able to affect
returns and the macroeconomy provided there is variation in market participation.17

The result that risk exposures are the same for both types is more general than stated here. For
instance, it does not rely on the existence of a representative agent. Scaled variables would still not re-
spond to aggregate shocks if investors had different EIS or if they had access to different idiosyncratic
investment opportunities.18 The key to this result is a combination of the ability of agents to trade ag-
gregate risk with the assumption of equal risk aversion. In this case, both agents will choose the same
exposure to aggregate risk. Hence, aggregate shocks will affect the balance sheet of both investors
equally, so their relative wealth does not change and the same is true for other scaled variables.

Balance sheet recessions, a fall in the growth rate of the economy due to a weakened balance sheet
of intermediaries, cannot arise under these assumptions. Brunnermeier and Sannikov (2014) and He
and Krishnamurthy (2012) are able to generate balance sheet recessions by restricting aggregate risk
sharing. Di Tella (2012) allows for trade in aggregate risk, but balance sheet recessions only arise in the
presence of uncertainty shocks.

17However, even in this case there is no balance sheet recession, in the sense the relative net worth of intermediaries and
savers will not respond to aggregate shocks.

18Gârleanu and Panageas (2015) found a version of this result for the case with different EIS, but no physical investment
or differences in investment opportunities. Di Tella (2012) provides a similar result for the case without differences in EIS.
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Proposition 2 shows that risk will be concentrated on the hands of intermediaries, σb,t > σs,t, when
intermediaries are more risk tolerant. The next section will show how the fact that risk is concentrated
on intermediaries can generate balance sheet recessions, even maintaining the assumption of Brown-
ian investment shocks and perfect aggregate risk sharing.

Proposition 2 (Risk concentration). If γs = γb + ε, for ε > 0 small, then

σb,t − σs,t > 0 (14)

Full participation benchmark. The next proposition describes the effect of the balance sheet of
the central bank in an economy populated only by intermediaries and savers, and the central bank
rebates the profits from investment to savers (denoted by Ts,t). I discuss the case with transfers to both
investors in the appendix.

Proposition 3 (Neutrality result). Suppose Th = 0, and fix an initial policy rule (σcb, Ts) and correspond-
ing equilibrium allocation. Consider an alternative policy rule (σ∗cb, T∗s ) that satisfy the central bank’s budget
constraint.

i. Prices, consumption, and investment do not change with the central bank’s portfolio:

(r∗, η∗, S∗, c∗b , c∗s , g∗) = (r, η, S, cb, cs, g) (15)

ii. Savers exactly offset the portfolio position of the central bank:

σ∗s,tn
∗
j,t − σs,tnj,t = −

(
σ∗cb,tn

∗
cb,t − σcb,tncb,t

)
(16)

This result is reminiscent of the neutrality result for open market operations derived by Wallace
(1981) .19 To gain intuition for this result, notice the relevant notion of wealth to savers is given by
the sum of financial wealth and the present value of transfers, which is given by the net worth of the
central bank in this case. Total wealth is given by ñs,t ≡ ns,t + ncb,t and it evolves according to

dñs,t

ñs,t
= [rt + σ̃s,tηt − c̃s,t] dt + σ̃s,tdZt (17)

where
σ̃s,t ≡

ns,t

ns,t + ncb,t
σs,t +

ncb,t

ns,t + ncb,t
σcb,t; c̃j,t ≡

cj,t

ñj,t

Hence, the relevant risk exposure to the savers is σ̃s,t which includes both financial risk and the
riskiness coming from transfers. If government transfers become more risky, perhaps because the cen-
tral bank increases its exposure to risky assets, this will imply that investors must hold less financial
risk in order to achieve a desired total risk exposure. Since total risk exposure does not change, then

19Wallace’s result is derived in a monetary overlapping generation economy. Eggertsson and Woodford (2003) shows a
similar result in an economy with sticky prices.
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asset prices and macroeconomic variables will not change as well. Importantly, the result does not rely
on the assumption of complete markets. Even in the presence of risks unspanned by financial markets
the neutrality result would hold, provided transfers belong to the space of tradeable assets.

Limited asset market participation breaks this result. If a fraction of agents in the economy is unable
to trade in financial markets, then the risk exposure of their total wealth will respond to changes in
the central bank portfolio. Hence, unconventional monetary policy works by redistributing risks from
(marginal) investors to non-participants.20 If the central bank were to rebate to a fraction of its profits
(or losses) to all agents, only the fraction going to non-participants would be non-neutral. Given the
neutrality result, I focus on the case where the central bank rebates the proceeds from investment
entirely to households.

3.2 Solving the model

Let’s go back to the case with differences in risk aversion and in market participation. I will now
discuss the solution to the problem of firms, investors, and the determination of prices in equilibrium.

3.2.1 Firms

The HJB equation for the final goods producer gives the pricing condition for capital:

rt + (σ + σq,t)ηt = max
gt

{
A− ι(gt)

qt
+ µq,t + gt + σσq,t

}
(18)

The optimal investment rate satisfies
ι′(gt) = qt (19)

Investment is an increasing function of qt: gt = (ι′)−1(qt). The marginal cost of increasing gt is
given by ι′(gt) and the marginal benefit is given by increase in the value of the firm, summarized by qt.
This will represent the key mechanism connecting asset prices to investment and economic growth.

3.2.2 Investors

Given the homotheticity assumption, the value function of market participants Vj,t = Vj(nj,t, Xt) have
a power form:

Vb(nb,t, Xt) =
(ζtnb,t)

1−γb

1− γb
; Vs(ns,t, Xt) =

(ξtns,t)1−γs

1− γs
(20)

where ζt = ζ(Xt) and ξt = ξ(Xt) follow a diffusion process (to be determined in equilibrium):

dζt

ζt
= µζ,tdt + σζ,tdZt;

dξt

ξt
= µξ,tdt + σξ,tdZt;

20The mechanism is similar to the one in Alvarez et al. (2002) with fixed costs to access asset markets. Borrowing con-
straints, by impeding the investor to adjust his portfolio at the margin, would work in a similar way. I conjecture that several
other frictions would break the neutrality result, for instance, intermittent portfolio rebalancing Chien et al. (2012), rational
inattention Sims (2003), and bounded rationality Gabaix (2014).
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I refer to (ζt, ξt) as net worth multipliers. Net worth multipliers are related to the marginal utility
of wealth. They capture the fact that the marginal utility of wealth depends on the level of returns.
For instance, if returns are expected to be low for a reasonable amount of time in the future, this will
hurt those who rely on financial assets to finance future consumption. Hence, an additional unity of
wealth in those states will not increase utility by the same amount compared to states where returns
are high.21 This will be reflected in a lower value for the net worth multiplier.

After some rearrangement, the HJB equation for intermediaries can be written as:

0 = max
ĉb,σb

ρ

1− ψ−1

[(
ĉb,t

ζt

)1−ψ−1

− 1

]
+ rt + σb,tηt − ĉb,t + µζ,t −

γb

2

(
σ2

b,t − 2
1− γb

γb
σζ,tσb,t + σ2

ζ,t

)
(21)

and an analogous condition holds for savers.

The optimal risk exposure is given by

σb,t =
ηt

γb︸︷︷︸
myopic

+
1− γb

γb
σζ,t︸ ︷︷ ︸

hedging

; (22)

The optimal portfolio decision has two components: a myopic demand and a hedging demand. The
myopic demand coincides with the portfolio of a one-period mean-variance investor (hence the name
"myopic"). It equals the market price of risk (or Sharpe ratio) times the risk tolerance. The fact that
intermediaries are more sensitive to changes in the market price of risk than savers will be important
when considering the effects of unconventional monetary policy.

Hedging demand captures deviations from the mean-variance portfolio due to variations in in-
vestment opportunities. If returns were constant, then σζ,t = 0 and intermediaries would act as mean-
variance investors. In equilibrium, returns will actually be countercyclical, so σζ,t < 0.22 This captures
the fact that after a negative shock asset prices fall, so the marginal utility of wealth increases for inter-
mediaries. If we assume γb < 1, intermediaries react to countercyclical returns by reducing risk-taking.
Since returns are high after a negative shock, intermediaries shift resources to those states, taking less
risk ex-ante.

If γb > 1, then intermediaries would take more risk than a mean-variance investor. The reason
is that instead of trying to send resources to states of nature where returns are high, intermediaries
would do the opposite. Returns are already high after a negative shock, so less resources are needed
to achieve the same level of utility. This income effect will dominate when γb > 1.23

21It is usually argued that zero interest rates combined with quantitative easing hurt savers and those planning future
retirement (see Jeff Cox, "FED policies have cost savers $470 billion: Report", CNBC, March 26, 2015).

22See discussion in section 2 for a discussion of the countercyclicality of returns.
23The available empirical evidence on the risk-management of banks, in particular on the use of interest rate derivatives,

seems to indicate the substitution effect dominates (see Begenau et al. (2013)).
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Consider now the optimal consumption-wealth ratio:

ĉb,t = ρψζ
1−ψ
t ; ĉs,t = ρψξ

1−ψ
t ; (23)

If EIS is equal to one, ψ = 1, then the consumption-wealth ratio is constant and equal to ρ. When
ψ 6= 1, consumption-wealth ratio will respond to changes in investment opportunities. Plugging (23)
into (21), we obtain

ρψζ
1−ψ
t = ψρ + (1− ψ)

 rt + σb,tηt︸ ︷︷ ︸
return on portfolio

+ µζ,t︸︷︷︸
change in inv. opp.

− Φb,t︸︷︷︸
precautionary sav.

 (24)

where
Φb,t ≡

γb

2

[
σ2

b,t + 2
γb − 1

γb
σζ,tσb,t + σ2

ζ,t

]
As in the traditional Fisherian analysis, the effect of interest rates on consumption generates income

and substitution effects and the EIS determines which effect dominates. The expression above shows
that a similar logic apply not only to the riskless return, but to the expected return on the portfolio
adjusting for risk and expectations of changes in future returns.24

3.2.3 Market price of risk and interest rate

Define the share of private wealth held by intermediaries, xt, and the share of total wealth held by the
central bank, wt:

xt =
nb,t

nb,t + ns,t
; wt =

ncb,t

nb,t + ns,t + ncb,t

Using these definitions, we can write the market clearing condition for risk exposures as

xtσb,t + (1− xt)σs,t = ωr
t (σ + σq,t) (25)

where

ωr
t ≡

1− ncb,tσcb,t
σS,tSt

1− wt

The term ωr
t measures the net asset supply to market participants. It equals the share of aggregate

risk (per unit of wealth) held by private agents. In the absence of a central bank (ncb,t = 0) or when the
central bank’s share of aggregate risk equals its share of wealth (σcb,t = σS,t), net asset supply equals
one. If the central bank decides to hold proportionally more risk than its wealth share, then market
participants will hold relatively less risk (ωr

t < 1). Hence, an expansion of the balance sheet where

24For instance, suppose returns are expected to improve and µζ,t > 0. On the one hand, the investor may save more
to have resources in the future when returns are high (substitution effect). On the other hand, it may save less since less
resources are necessary to achieve the same level of utility in the future (income effect). If ψ > 1 the substitution effect
dominates.
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the central bank buys risky assets by issuing reserves will reduce the net asset supply to sophisticated
investors.

Plugging in risk exposures from (22) into (25), we obtain an expression for the market price of risk:

ηt = γt︸︷︷︸
agg. risk aversion

 ωr
t (σ + σq,t)︸ ︷︷ ︸

net supply of risk

−
(

xt
1− γb

γb
σζ,t + (1− xt)

1− γs

γs
σξ,t

)
︸ ︷︷ ︸

avg. hedging demand

 (26)

where γt is the aggregate risk aversion

γt =

(
xt

γb
+

1− xt

γs

)−1

(27)

The market price of risk is the product of aggregate risk aversion with the difference between the
net supply of risk and the average hedging demand. Hence, periods where intermediaries are rela-
tively less capitalized, so aggregate risk aversion is high, will tend to have a high market price of risk.
Similarly, this suggests that reductions in the supply of risk associated with the expansion of the bal-
ance sheet of the central bank will reduce the price of risk. Finally, if average hedging demand is high,
then a smaller market price of risk will be required to induce investors to hold the net supply of risk.

Consider now the market clearing condition for goods:

xt ĉb,t + (1− xt)ĉs,t = ωd
t

A− ι(gt)

qt
(28)

where

ωd
t ≡

1− Tt
Dt

1− wt

The term ωd
t captures the impact of central bank policy on the goods market. In the absence of

a central bank or if the central bank rebates to workers all dividends received, then ωd
t = 1. If the

central bank decides to reduce the size of its balance sheet by transferring relatively more resources to
workers, this reduce the supply of goods to sophisticated investors (ωd

t < 1).

Plugging in the expression for the consumption-wealth ratio into (28), we obtain an expression for
the interest rate:

ψρ + (1− ψ)
[
rt + ωr

t (σ + σq,t)ηt + µt −Φt
]
= ωd

t
A− ι(gt)

qt
(29)

where
µt ≡ xtµζ,t + (1− xt)µξ,t; Φt ≡ xtΦb,t + (1− xt)Φs,t;

The equation for the interest rate can be interpreted as representing the aggregate demand (in the
left-hand side) and the aggregate supply for goods (in the right-hand side), both normalized by total
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wealth. The effect of interest rate on aggregate demand depends crucially on the EIS: if ψ > 1, then an
increase in the interest rate decreases aggregate demand (the opposite is true when ψ < 1).

3.3 Markov Equilibrium

I will focus on a Markov equilibrium on the state variable X = (x, w) ∈ [0, 1]2, so equilibrium prices
(r(X), η(X), q(X)) and net worth multipliers (ξ(X), ζ(X)) are all functions of Xt. Moreover, in a
Markov equilibrium the central bank chooses policy rules that depends only on Xt. Instead of speci-
fying the central bank policy in terms of (σcb,t, Tt), I will assume without loss of generality the central
chooses directly (ωr

t , ωd
t ):

ωr
t = ωr(Xt); ωd

t = ωd(Xt) (30)

I impose two constraints on policy rules: i) ωd(x, w) > 0 for all (x, w) ∈ [0, 1]2; ii) ωr(x, 0) = 1
for all x ∈ [0, 1]. The first condition guarantees that consumption of sophisticated investors is always
positive. The second constraint says the central bank cannot have infinite leverage, i.e., if the net worth
of the central bank goes to zero, then asset holdings must also go to zero.

The next proposition characterizes the law of motion of X:

Proposition 4. The state variables (x, w) evolve according to

dxt = µx,tdt + σx,tdZt; dwt = µw,tdt + σw,tdZt;

i. The drift of x and w is given by

µx,t = xt(1− xt)
[
(σb,t − σs,t)

(
ηt −ωr

t (σ + σq,t)
)
+ ĉs,t − ĉb,t

]
− κ (xt − 0.5)

µw,t = (1− wt)

[
(1−ωr

t )
(
σ + σq,t

)
(ηt − (σ + σp,t))− (1−ωd

t )
A− ι(gt)

qt

]

ii. The diffusion of x and w is given by

σx,t = xt(1− xt)(σb,t − σs,t); σw,t = (1− wt)(1−ωr
t )(σ + σq,t); (31)

The appendix provides the expression for (σx, σw) and (µx, µw) in terms of (ζ, ξ) and its derivatives.

The proposition describes the law of motion of the state variables. The assumption that investors
have finite lives guarantees the extremes xt = 0 or xt = 1 are not absorbing states. In particular,
µx,t < 0 for xt = 1 and µx,t > 0 for xt = 0. The assumption that future generations do not necessarily
inherit the type of their "parents" imply that no type will eventually hold all the wealth in the economy.

The proposition shows that the diffusion of x depends on the relative risk exposure of intermedi-
aries and savers σb,t − σs,t. Since the volatility of qt is qiven by σq,t =

qx,t
qt

σx,t, the amount of endogenous
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volatility depends on the degree of risk concentration.

A corollary of the proposition above is that if ωr
t = ωd

t = 1, then wt is constant, and the equilibrium
allocation is identical to an economy without the central bank. This suggests the importance of the
central bank operating leveraged in order to affect the economy.

Corollary 1. Suppose ωr(x, w0) = ωd(x, w0) = 1 for all x ∈ [0, 1], then wt = w0 for all t ≥ 0. Moreover,
equilibrium conditions coincide with the ones in a unregulated equilibrium without the central bank (w0 = 0).

3.4 Numerical solution and calibration

The functions ζ(x, w) and ξ(x, w) can be obtained by solving a system of partial differential equations
(PDEs). For this we need two conditions that can be expressed only in terms of the net worth multipli-
ers and its derivatives. Hence, we need to compute the remaining equilibrium conditions as functions
of (ζ, ξ). In the appendix B, I discuss the algorithm used to solve the system of PDEs.

I adopt the following calibration. The level of technology A is set to 1/3 in order to match a capital-
output ratio of 3. Depreciation rate is set to δ = 0.05. Investment adjustment costs are assumed to be
quadratic ι(g) = φ0(g + δ) + φ1

2 (g + δ)2, where φ0 and φ1 are chosen to match an average investment
rate of 20% and average growth rate of 2%.25 Volatility of aggregate output is set to match the (time-
integrated) one-year volatility of output 2.33% in a post-war sample period. I set the EIS to ψ = 2,
a common value found in the literature.26 There is less guide for the choice of the risk aversion of
intermediaries. I will focus on the case where the substitution effect dominates in the portfolio choice
(γb < 1) and intermediaries have preferences for early resolution of uncertainty (γb > ψ−1 = 1/2). I
chose γb = 0.7 but other values on this range generate similar results. The risk aversion of savers is
set to γs = 30. This will generate a value for the average risk aversion around 1.4 and 3.6 during 90%
of the time at the stationary distribution for xt in the laissez-faire. Mortality rate is given by κ = 0.02
and ρ̃ = 0.001 such that ρ ≈ 0.02. For the numerical solution, I extend the model to allow for different
sizes of intermediaries and savers and I set the share of intermediaries to θb = 0.1%.

4 Balance Sheet Recessions

In this section, I consider how unconventional monetary policy can be used to counteract the effects
of balance sheet recessions. I first show how balance sheet recessions can emerge in a laissez-faire
equilibrium. I discuss then the choice of policy rules for the central bank, the impact of central bank

25The search for the parameters is subject to the conditions (A.1) for γ = γb and γ = γs. These conditions guarantee the
existence of equilibrium in the polar cases where a single type of sophisticated investor holds all private wealth.

26It is also a value commonly found in empirical studies that focus on the EIS for market participants. Vissing-Jørgensen
and Attanasio (2003) explicitly distinguishes between EIS and risk aversion and find values between 1 and 2. Gruber (2013)
estimates an EIS of 2 using tax data. Kapoor and Ravi (2010) estimates an EIS of 2.2 exploring a change in banking regulation
in India.
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policy on asset prices and growth, and how the effectiveness of the policy vary with the state of the
economy and the size of the intervention.

4.1 The Laissez-Faire Equilibrium

Let’s consider initially the case without the central bank, i.e., ωr
t = ωd

t = 1 and w0 = 0. The evolution
of the state variable xt is given in figure 1, where µx,t and σx,t are plotted as functions of xt. The drift of
xt is positive for low levels of xt and negative for high values of xt. The point where it crosses zero is
the stochastic steady state, the point of attraction of the system in the absence of shocks. Importantly, the
diffusion term is always positive. Hence, from (31) and consistent with proposition 2, intermediaries
are always more exposed to risk than savers.

Figure 1: Law of Motion of xt
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Note: Solid (dashed) line represents laissez-faire (central bank) equilibrium. Solution with the
central bank evaluated at the ergodic mean of wt. Drift and diffusion of xt in percentage points.

The fact that intermediaries operate leveraged in equilibrium, so xt is positively exposed to risk,
will imply the economy is subject to balance sheet recessions. Figure 2 shows the price of capital qt, the
market price of risk ηt, interest rate rt, and volatility of returns σ + σq,t as functions of the relative
strength of intermediaries’ balance sheet (xt).

The key feature driving variation in assets prices is a countercyclical aggregate risk aversion. Since
intermediaries are more exposed to risk than savers, their share of wealth fall after a negative shock.
Average risk aversion in the economy rises (see (27)). This will push the market price of risk up and
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interest rates down.

Here is the intuition behind figure 2. After a negative aggregate shock, the share of wealth of inter-
mediaries will fall, given their higher exposure to risk. Savers will have to absorb a higher fraction of
the risk and, since they are more risk-averse, the market price of risk will have to increase. The interest
rate will fall, as the average precautionary motive becomes stronger as savers become relatively more
important. The effect on the price is, in principle, ambiguous. The assumption that ψ > 1 plays a
role to determine which effect dominates. Given a high elasticity of substitution, a small movement on
interest rates is enough to restore equilibrium, so the price of capital will fall after a negative shock. If
ψ < 1, a stronger response of interest rates would be required and the price of capital would actually
fall after a reduction in xt.

Volatility is a non-monotonic function of xt. It inherits this pattern from the diffusion of the state
variable. The reason is that if the net worth of an agent is sufficiently close to zero, then her wealth will
not respond much to shocks (in the limit as the net worth is zero, there is no response to shocks). Even
though the response is non-monotonic, for values of xt around the stochastic steady state, a balance
sheet recession (a reduction in xt) will be associated with an increase in endogenous volatility.

Balance sheet recessions can be understood as the consequence of a financial fire sale. As the risk
bearing capacity of intermediaries is reduced after a negative shock, high risk aversion agents will
hold more of the risk in equilibrium, requiring a higher risk compensation. Savers make the role of
a second-best owner of the asset, similar to farmers in Kiyotaki and Moore (1997). Importantly, the fire
sale affects asset prices through changes in the discount rate. In contrast to the fire sales in Kiyotaki and
Moore (1997) and Brunnermeier and Sannikov (2014), where the physical asset changes hands and
asset prices are affected due to a direct reduction in the dividend.27

4.2 The Effects of Unconventional Monetary Policy

4.2.1 Policy rules

Consider the economy with a central bank. To capture the idea that unconventional monetary policy
is a policy instrument typically used during crises, ωr(·, w) is assumed to be increasing in x:

ωr(x, w) = βr
0(w) + βr

1(w)min{x, x∗} (32)

where βr
0(w) ≤ 1 and βr

0(w) + βr
1(w)x∗ = 1.

Remember a low of value of ωr(·) means the central bank is holding proportionally a large fraction
of risk.28 Hence, when intermediaries are relatively less capitalized (xt < x∗) the central bank will

27See Cochrane (2011) for a review of the literature documenting the importance of variations in discount rates to explain
movements in asset prices.

28More precisely, ωr(·) < 1 if and only if the fraction of risk held by the central bank exceeds wt.
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Figure 2: Balance Sheet Recessions
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bank evaluated at the ergodic mean of wt. Interest rate and volatility in percentage points.

intervene and reduce the net asset supply ωr. When intermediaries are relatively well capitalized, the
central bank will keep the net asset supply at the laissez-faire value ωr = 1.

Since the central bank does not intervene if it has no net worth, the coefficients in the policy rule
satisfy the condition βr

0(0) = 1 and βr
1(0) = 0. In the calibrated example, the coefficients in the policy

rule satisfy βr
0(w) = 0.5 and βr(w) = 1 for w ≥ w∗, where w∗ = 0.01. For w < w∗, the coefficients are

linearly interpolated: βr
0(w) = 1− 0.5 w

w∗ and βr
1(w) = w

w∗ . The precise value of w∗ and specification
of the coefficients for w < w∗ have only a minor impact in the solution provided w∗ is sufficiently small.

The proposed policy is meant to illustrate the effects of an aggressive policy, in particular, in very
low probability states with low values of xt. In a stationary distribution of the laissez-faire equilibrium,
the first quartile of xt is 0.3 and the third quartile is 0.42. Hence, the system spends most of the time
around moderate values of xt. Even extreme events do not reach values of x around 0. For instance,
the 5th percentile is equal to 0.18. However, promises to intervene in these extreme events will have
an impact on prices.

22



The policy rule ωd(x, w) is assumed to be linear in w and independent of x:

ωd(x, w) = βd
0 + βd

1w (33)

where βd
0 = 1.01 and βd

1 = −0.02 in the calibrated example.

The role of the variation in ωd is to guarantee that wealth of the central bank will return to the
interior of the state space if ever reaches the boundaries of the system.

4.2.2 Unconventional Monetary Policy and Balance Sheet Recessions

Given the specified policy rules, we can compute the equilibrium in the presence of the central bank.
Figure 1 shows the impact of unconventional monetary policy in the law of motion of xt. Both the
drift and the diffusion are uniformly reduced by the policy. The effect on the volatility of xt and its
connection with the concentration of risks in the financial sector will be discussed in detail in the next
section.

Figure 2 shows how the policy of the central bank affects asset prices. Unconventional monetary
policy reduces the market price of risk. As the central bank expands its balance sheet, the net supply
of risk to sophisticated investors falls and, from (26), contributes to the reduction in η. Volatility of
returns is reduced as the volatility of the state variable goes down. This reduction in volatility will
contribute to the reduction in the market price of risk even in periods where ωr = 1.

The effect of asset purchases will be stronger the weaker the balance sheet position of interme-
diaries. There are two reasons for this. First, given the assumed policy rule, the central bank will
intervene more in bad times. Second, demand for assets is more elastic when intermediaries are rela-
tively well capitalized. Intermediaries tend to respond more strongly to changes in returns than savers.
When intermediaries are undercapitalized, savers must bear most of the risk, and aggregate demand
for risk will be relatively insensitive to returns. Hence, a higher reduction in returns is required to
accommodate a reduction in the supply of risk caused by central bank policy.

The reduction in the return to the risky asset, by the intertemporal substitution channel, and the
reduction in volatility, by the precautionary savings channel, will both tend to increase aggregate de-
mand (or equivalently, reduce the incentive to save). In order to restore equilibrium, the riskless inter-
est rate goes up. For low levels of xt, the reduction in the risk premium will dominate the increase in
the riskless rate and the price of capital will go up. However, for high values of xt the interest rate will
dominate and the price of the asset will go down.

Hence, unconventional monetary policy ameliorates the effects of balance sheet recessions in crisis,
at the cost of reducing the growth rate in normal times. The central bank is able to reduce risk premium
and volatility while it boosts investment and growth during a crisis. However, it reduces economic
growth in booms compared to the laissez-faire economy.
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5 Financial Stability

This section shows how unconventional monetary policy affect financial stability. First, I discuss how
the concentration of risk in the financial sector responds to changes in central bank policy. I compute
the stationary distribution for asset prices and show how the model generates endogenous "disasters",
i.e, a relatively high probability of negative tail events. I show that unconventional monetary policy
reduces tail risk but it reduces average growth rate in the economy.

5.1 Intermediaries’ Risk Taking Decision

Unconventional monetary policy will affect the leverage decision of intermediaries, as the incentives
to hold risky assets will respond to central bank’s asset purchase.

Figure 3 shows intermediaries’ leverage and risk concentration as a function of xt for the laissez-
faire economy and the economy with the central bank.29 Notice that, compared to the homogeneous
preferences benchmark (where leverage is always equal to one), the heterogeneous agent economy
generates significant concentration of risk. The figure also shows the myopic and hedging component,
as defined in (22), as the central bank policy will have different effects in the different components.

The hedging component is negative for all x ∈ [0, 1]. The reason is that intermediaries anticipate
that after a negative shock returns will increase. Intermediaries hedge against these changes in returns
and reduce risk taking ex-ante. Consider now the effect of asset purchases by the central bank. Central
bank policy reduces returns relatively more in bad times. The incentives for intermediaries to hedge
will then be reduced, causing them to take more risk. Since risk-taking increases after a reduction in
returns, I refer to this effect as the hedging effect.30

Consider now the myopic component. As the market price of risk is reduced, myopic demand
falls with the central bank intervention. Importantly, myopic demand falls more to intermediaries than
savers. The reason is that intermediaries are relatively more risk tolerant, which imply they are also
more sensitive to changes in ηt. Therefore, risk concentration will tend to fall with the central bank
policy. I refer to this effect as the return sensitivity effect.

Another way of looking at the return sensitivity effect is to consider who will the central bank buy
assets from. Since savers have high risk aversion, they don’t respond very strongly to changes in re-
turns. As the central bank buys risky assets, a given drop in returns would not be enough to induce
savers to change its portfolio by much, but it would be enough to induce intermediaries to sell. Hence,
most of the assets will flow from intermediaries to the central bank. This will tend to reduce risk expo-

29Leverage in this setting is simply risk exposure divided by volatility σb,t
σ+σq,t

. Risk concentration is the difference between
the exposure of intermediaries and savers: σb,t − σs,t.

30The leverage decision of savers have a similar pattern, but it is quantitatively smaller. Hence, the relative hedging
demand behaves similarly to the hedging demand of intermediaries.
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Figure 3: Intermediares’ Leverage and Risk Concentration
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Note: Solid (dashed) line represents laissez-faire (central bank) equilibrium. Solution with the central bank
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sure of intermediaries relative to savers.

Figure 3 shows that the return sensitivity effect dominates, so leverage of intermediaries and risk
concentration falls. One intuition for this result is that the hedging effect arises because the volatility
falls, so returns will not increase as much after a negative shock. But if the hedging effect were to dom-
inate, risk concentration and volatility would increase, contradicting the fact that volatility must go
down to generate the hedging effect.31 This suggests that the return sensitivity effect should dominate
the hedging effect.

5.2 Stationary distributions

So far we considered how unconventional monetary policy can affect the economy if the economy is
in a crisis. I will now focus on how the central bank balance sheet can affect the likelihood of future crisis.

Figure 4 shows the stationary distribution of the growth rate of capital for the laissez-faire econ-
omy and for the economy with the central bank. The left panel shows the probability density function

31This argument is incomplete since it ignores the effect of the volatility of wt on returns.
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(PDF) for the two economies and the right panel shows the tail behavior of the stationary distribution
measured by the probability of being a given number of standard-deviations below the mean.

An important feature of these distributions is that they present negative skewness and excess kurtosis,
as can be seen in table 1. This means the economy is subject to (left) tail risk. 32

Figure 4: Stationary Distribution
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Table 1: Summary Statistics of Stationary Distribution for gt

Economy Mean Std. Dev. Skewness Kurtosis
Laissez-faire 1.3% 0.2% -1.45 5.64
Central bank 1.2% 0.1% -1.09 3,98

The economic mechanism that generates tail risk is related to the return sensitivity effect described
in section 5.1. Suppose that initially intermediaries are relatively well capitalized and the price of risk
is low. After a negative shock, wealth is redistributed towards savers and the aggregate demand for
risk falls generating an increase in the price of risk. However, when intermediaries are initially well

32In particular, extreme negative events are much more likely than in a normal distribution. The probability of a negative
2 standard-deviation event is more than twice the one for the normal distribution and the difference is even higher for more
extreme events.
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capitalized the effect on the aggregate demand for risk is small, since the difference between the portfo-
lio of intermediaries and savers is also small.33 Suppose now that intermediaries have low risk bearing
capacity (low xt). The same redistribution of wealth between intermediaries and savers have now a
big effect on the aggregate demand for risk. The reason is that when returns are high, intermediaries
have a greater incentive to hold risk so a reduction in their risk bearing capacity has a big impact on
the demand for risk. In this situation, the same redistribution between intermediaries and savers will
have a big impact on the price of risk and the price of capital. This asymmetric response of the price of
capital will translate in an asymmetric response of the growth rate of capital through equation (19).

Consider now the economy with a central bank. As described above, risk concentration falls with
central bank policy, especially for low levels of xt. Hence, the system will present less of a asymmet-
ric response to shocks and central bank policy reduces skewness and kurtosis. Hence, if we measure
financial stability by left-tail risk, we can conclude that asset purchases by the central bank enhances
financial stability.

In contrast, the average growth rate in the economy falls. As discussed in section 4, asset purchases
have an ambiguous effect on the price of risky assets. In particular, the price of the risky asset falls
if intermediaries are relatively well capitalized. As the incentive to save falls with the policy, interest
rates will increase, reducing the incentive to invest. Hence, asset purchases by the central bank reduces
average growth rate in the economy.

6 Exit Strategies

Consider now the role of different exit strategies. I will focus on state-contingent rules where the cen-
tral bank unwind its portfolio according to the balance sheet position of intermediaries. In particular,
there is reference strategy, which correspond to the policy rule we have been analyzing so far, and two
alternative rules, an early exit and a late exit strategy. The first will completely unwind its portfolio
when x = 0.3 and the second when x = 0.7. Figure 5 plots the policy rules.

Figure 6 shows the market price of risk and the price of capital for early and late strategies relative
to the reference strategy. Over the region 0 ≤ x ≤ 0.2 where all policy rules coincide, the price of risk
is smaller for the early strategy and higher for the late strategy. Here is the intuition: by promising to
sell faster, conditional on the balance sheet of intermediaries, the central bank makes returns in good
times relatively more attractive. Hence, intermediaries will have an incentive to take more risk. Given
this higher demand for risk, the price of risk must fall. Therefore, risk premium is smaller under the
early strategy, for the region policies coincide.

In the region the central bank is actually selling faster, for 0.2 ≤ x ≤ 0.3, the market price of risk
is increasing and it surpasses the risk premium under the reference strategy. As more assets are sold

33As shown in figure 3, risk concentration falls with share of wealth of intermediaries xt.
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in the reference strategy in the region 0.3 ≤ x ≤ 0.5, the difference between the early strategy and the
reference strategy falls.

Figure 5: Policy Rules - Exit Strategies
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Figure 6: Exit Strategies
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This illustrates the fact that the effects of the central bank intervention on asset prices will depend
in a subtle way on the incentives of financial intermediaries to take risk. By inducing the a hedging
demand over the region 0 ≤ x ≤ 0.2, the central bank is able to increase the price of capital, stimulating
investment and growth. The same is true for higher levels of x. The reason is that now incentive to
save does not fall as much as in the reference strategy. The only region where the early strategy obtains
a smaller value of the price of capital is when the risky asset is effectively being sold.

7 Extensions

7.1 Effectiveness of Asset Purchases

We have seen in previous sections that asset purchases by the central bank affect the price of risk. How-
ever, the effect is not constant, in particular, it is state-dependent and non-linear. The effectiveness of
unconventional monetary policy depends both on the strength of intermediaries’ balance sheet and on
the size of the intervention.

In order to isolate these effects, I will consider a simpler policy rule with βr
1(w) = 0, so that policy

does not respond to variations in xt. Hence, the effect of the policy will vary with xt only through the
internal propagation mechanisms of the model.

The left panel on figure 7 shows the effect of assets purchases on the market price of risk for differ-
ent levels of intervention. First, notice that effect gets smaller as intermediaries get better capitalized.
Hence, unconventional monetary policy is more effective in crisis. The reason is that when savers are
relatively more important, aggregate demand for risk becomes less elastic, so a larger change in returns
is necessary to induce private agents to sell their risk assets to the central bank.

The effect of asset purchases also depend on the size of the intervention. The right panel on figure
7 shows the semi-elasticity of the price of risk with respect to the net supply of risk for different levels
of intervention.34 Perhaps surprisingly, asset purchases become more effective as the size of the inter-
vention increases. For small interventions, the level of endogenous volatility is relatively high, so the
hedging effect is stronger. This attenuates the impact of the policy. For large interventions, endoge-
nous volatility is low, so the hedging effect is weaker, and the policy becomes more powerful.

These two results have implications for the interpretation of the empirical evidence on the effects of
QE. Researchers have found stronger effects for early interventions of the FED, exactly when interme-
diaries were less capitalized, consistent with the state-dependent effects described above.35 However,
the observation that the effectiveness of the policy increases with the size of the intervention indicates

34The graph can be read as follows: a reduction of 0.1 in the net asset supply when x = 0.1 will reduce the price of risk by
about 8% (14%) the price of risk if we start at ωr = 1.0 (ωr = 0.7).

35See (Joyce et al., 2012) for a discussion of the empirical evidence.
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Figure 7: Effectiveness of Asset Purchases
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these estimates can be a poor guide of the potential impacts of unconventional monetary policy. The
effect of large intervention can be significantly larger than captured by the initial estimates. The cali-
brated example indicates the effects of large policies can be up to 80% higher then the effects of small
interventions.

7.2 Long-term bonds and term premium

The focus so far has been on the effects of asset purchases on the risk premium and the price of risky
assets. Asset purchases also have implications for the price of long-term bonds and the term premium,
even if the central bank does not buy long-term bonds directly.

Instead of considering the whole term structure and how it varies with the state variables, I will
focus on the price of a long-term bond with exponentially decaying coupons e−δbt. This will provide a
parsimonious way of capturing the responses of the term structure to the central bank policy.

The price of the bond, denoted by pt, can be written as

pt = Et

[ˆ ∞

t

πs

πt
e−δb(s−t)ds

]
=

ˆ ∞

t
e−δb(s−t)pt,sds (34)
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where pt,s = Et

[
πs
πt

]
denotes the period t price of a zero-coupon bond maturing at date s.

The yield of the long-term bond is defined as the value of yt satisfying

pt =

ˆ ∞

t
e−(δb+yt)(s−t)ds⇒ yt =

1
pt
− δb

and similarly for zero-coupon bonds: pt,s = e−yt,s(s−t).

It can be shown that yield on the bond with decaying coupons is, up to first-order, an average of
the yield on the zero-coupon bonds: 36

yt =

ˆ ∞

t
(s− t)δ2

b e−δb(s−t)yt,sds

We can define the term premium in a zero-coupon bond as:

τt,s ≡ yt,s − re
t,s

where re
t,s =

1
s−t E

[´ s
t rudu

]
is average expected interest rate between t and s.

The yield on the long-term bond can then be decomposed as an average of future expected short
interest rates and an average term premium:

yt =

ˆ ∞

t
(s− t)δ2

b e−δb(s−t)re
t,sds︸ ︷︷ ︸

≡re
t

+

ˆ ∞

t
(s− t)δ2

b e−δb(s−t)τt,sds︸ ︷︷ ︸
≡τt

(35)

The next proposition shows how to obtain the price of the bond and the average expected interest
rate by solving a partial differential equation:

Proposition 5. The price of the bond pt = p(xt, wt) satisfy the condition:

0 =
σ2

x,t

2
pxx,t + σx,tσw,t pxw,t +

σ2
w,t

2
pww,t + (µx,t − σx,tη, t)px,t + (µw,t − σw,tη, t)pw,t + 1− (rt + δb)pt

The average expected interest rate re
t = re(xt, wt) satisfy the condition:

0 =
σ2

x,t

2
re

xx,t + σx,tσw,tre
xw,t +

σ2
w,t

2
re

ww,t + µx,tre
x,t + µw,tre

w,t + δrt − δre
t

Figure 8 shows the yield, the expected future interest rate, and the term premium as a function of
the state variable xt. The yield of the bond is increasing in xt. Hence, the bond increases in value in
bad times, providing an insurance against aggregate shocks. Given the insurance properties of bonds,

36 To obtain the result, combine the expressions pt =
´ ∞

t e−δ(s−t)e−yt,s(s−t)ds ≈ 1
δ −
´ ∞

t (s − t)e−δ(s−t)yt,sds and pt ≈
1
δb
− 1

δ2
b
yt. Notice that δ2 ´ ∞

t (s− t)e−δ(s−t)ds = 1, so the weights integrate to one.
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the term premium is negative.37

Figure 8: Long-Term Bonds
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Note: Solid (dashed) line represents laissez-faire (central bank) equilibrium. Solution with the central bank
evaluated at the ergodic mean of wt.

Purchases of risky assets increases the term premium. The intuition is simply that by reducing the
amount of endogenous volatility in the economy, purchases of risky assets reduces the demand for
insurance leading to an increase in the term premium. Given that the purchase of risky assets reduces
the risk premium, this result indicates there is a trade-off between risk and term premium: as the
central bank reduces the risk premium, it increases the term premium.

8 Conclusion

In this paper, I studied the macroeconomic effects of large-scale asset purchases by central banks. I
consider not only the immediate impact of the intervention, but also how expectation of future inter-
ventions affect asset prices and financial risk-taking. In line with the empirical evidence, I find that
asset purchases reduces the risk premium and increase asset prices during crisis. In contrast, the ex-
pectation of future intervention have a negative impact on growth in normal times. As crisis gets less
severe, investors have a weaker incentive to save, reducing growth. In contrast to what is typically
argued in the popular press, I find that asset purchases reduce the concentration of risk on the hands
of financial intermediaries. The reason is that intermediaries are more sensitive to variations in re-

37Relatedly, the yield curve is downward-sloping, a common feature in models lacking inflation risk or (conventional)
monetary shocks. One form of obtaining an upward-sloping yield curve would be to introduce preferences shocks to the
model.
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turns, so as returns fall with the intervention, they have a stronger incentive to sell than savers. I also
consider the role of exit strategies. A commitment by the central bank to sell more of its assets in the
future, conditional on the recovery of intermediaries’ balance sheet, amplify the effects of asset pur-
chases during crisis. By making the exit strategy conditional on the recovery, the central bank induces
intermediaries to take more risk, reducing the risk premium.

This analysis suggests a few avenues for future research. First, a more detailed analysis of long-
term bonds. This would require an extension with multiple shocks, as purchases of long-term bonds
are redundant in the current setting. Multiple shocks would also allow for an analysis of transmission
of asset purchases across different asset classes, as the increase in the exposure of the central bank to
one risk factor may affect the premium for holding different risks. Second, the interaction between
conventional and unconventional monetary policy. The results in this paper can be understood as the
characterization of the natural (flexible price) allocation. In particular, my results show that the natural
interest rate respond to the asset purchases of the central bank. This becomes particularly important
under a binding zero lower bound, as an increase in the natural interest rates would stimulate the
economy, as the interest gap would fall. Another important issue is the analysis of optimal policy. The
presence of sticky prices would imply the central bank faces a trade-off: asset purchases stimulate the
economy during crisis, but it distorts the allocation of risk to workers.
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A Proofs

A.1 Proof of proposition 1

Proof. The assumptions on the central bank imply wt = 0 for all t ≥ 0. Since γb = γs, then σx,t = 0,
what imply σζ,t = σξ,t = σq,t = 0. Hence, up to scale, the economy is non-stochastic. The assumption
on the initial net worth imply that µx,t = 0.

The market price of risk is given by ηt = γσ. Risk exposures are given by σb,t = σs,t = σ. Combining
the market clearing condition for consumption and the pricing condition for capital, we obtain:

rt = ρ + ψ−1gt −
(

1 + ψ−1
) γσ2

2

Plugging the expression above into the pricing condition for capital:

A− ι(gt)

qt
= ρ−

(
1− ψ−1

)(
gt −

γσ2

2

)
The condition above combined with ι′(gt) = qt determine gt and qt. Consider the quadratic adjust-

ment costs case:
ι(g) = φ0(g + δ) +

φ1

2
(g + δ)2

Growth rate is given by gt = q−φ0
φ1
− δ. Plugging into the expression above, we obtain ι(g(q)) =

q2−φ2
0

2φ1
. The pricing condition for capital can then be written as

(1− 2ψ−1)q2
t − 2φ1

[
ρ +

(
1− ψ−1

)(φ0

φ1
+ δ +

γσ2

2

)]
qt + 2φ1A + φ2

0 = 0

It is instructive to consider first the limit φ1 → ∞. In this case gt = −δ. Price is given by

qt =
A

ρ− (1− ψ−1)
(

gt − γσ2

2

)
and the existence of a positive price requires

ρ− (1− ψ−1)

(
gt −

γσ2

2

)
> 0

This is the usual condition for existence of equilibrium in a Lucas tree model with Epstein-Zin
preferences. For the case with finite φ1 the condition is given by

ρ− (1− ψ−1)

(
g− γσ2

2

)
> 0 (A.1)
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where

g ≡

√
2φ1A + φ2

0 − φ0

φ1
− δ

Let’s now check this is indeed the case. The consumption-wealth ratio will be positive if

φ1

[
ρ +

(
1− ψ−1

)(φ0

φ1
+ δ +

γσ2

2

)]
− (1− ψ−1)qt > 0 (A.2)

If ψ = 2, then the price is given by

qt =
A +

φ2
0

2φ1

ρ + 1
2

(
φ0
φ1

+ δ + γσ2

2

)
Plugging the expression above into (A.2), we obtain (A.1) for ψ = 2.

Define the following coefficients:

B = φ1

[
ρ +

(
1− ψ−1

)(φ0

φ1
+ δ +

γσ2

2

)]
; C = 2φ1A + φ2

0;

If ψ < 2, then the quadratic equation for pt has a unique positive root:

qt =

√
B2 + (2ψ−1 − 1)C− B

2ψ−1 − 1

Condition (A.2) can be written as

B + (1− ψ)
√

B2 + (2ψ−1 − 1)C > 0 ⇐⇒ B− (1− ψ−1)
√

C > 0

and the second inequality is equivalent to (A.1).

In order to see the equivalence between the two inequalities, notice that for a given C, the two
functions of B at the left-hand side are strictly increasing and have a zero at the same point, so the two
functions are positive for the same set of values of B (given C).

If ψ > 2 and the quadratic equation has real roots, then there is a single root consistent with positive
consumption-wealth ratio:

qt =
B−

√
B2 − (1− 2ψ−1)C
1− 2ψ−1

The consumption-wealth ratio will be positive if

B− (ψ− 1)
√

B2 − (1− 2ψ−1)C < 0 and B2 − (1− 2ψ−1)C ≥ 0 ⇐⇒ B− (1− ψ−1)
√

C > 0

and the second inequality is equivalent to (A.1).
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A similar argument applies: for the region where the term inside the square root is non-negative,
the function on the left of the first inequality is decreasing in B and it is equal to zero and the function
on the left of the last inequality is zero. Hence, the two sets of inequalities are equivalent.

A.2 Proof of proposition 2

Proof. First, notice the market price of risk can be written as

ηt = γbσb,t − (1− γb)
ζx,t

ζt
σx,t

Using the market clearing condition for risk, we obtain

xtσb,t + (1− xt)
1
γs

[
γbσb,t +

(
(1− γs)

ξx,t

ξt
− (1− γb)

ζx,t

ζt

)
σx,t

]
= ωr

t (σ + σq,t)

Using the market clearing condition for risk and (31), we can write

σx,t = xt
[
σb,t −ωr

t (σ + σq,t)
]

Combining the previous two expressions, we get

xtσ̃b,t + (1− xt)
1
γs

[
γbσ̃b,t +

(
(1− γs)

ξx,t

ξt
− (1− γb)

ζx,t

ζt

)
xt [σ̃b,t − 1]

]
= 1

where σ̃b,t ≡
σb,t

ωr
t (σ+σq,t)

.

Rearranging the expression the above,

σ̃b,t =
1 + xt(1−xt)

γs

(
(1− γs)

ξx,t
ξt
− (1− γb)

ζx,t
ζt

)
1 + xt(1−xt)

γs

(
(1− γs)

ξx,t
ξt
− (1− γb)

ζx,t
ζt

)
− γs−γb

γs
(1− xt)

(A.3)

Notice that σ̃b,t is increasing in γs−γb
γs

1−xt
1+Ht

, where Ht ≡ xt(1−xt)
γs

(
(1− γs)

ξx,t
ξt
− (1− γb)

ζx,t
ζt

)
. Let’s

compute how this term responds to γs:

∂
[

γs−γb
γs

1−xt
1+Ht

]
∂γs

∣∣∣∣∣∣
γs=γb

=
1− xt

γb
(A.4)

where I used the fact thatHt = 0 for γs = γb.

Since σ̃b,t = 1 for γs = γb and it is (locally) increasing in γs, then σ̃b,t > 1 for γs = γb + ε, ε > 0
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sufficiently small. Market clearing imply σ̃s,t < 1, so σb,t > σs,t.38

A.3 Proof of proposition 3

Define Tj,t as the expected discounted value of transfers:

Tj,t ≡ E

[ˆ ∞

t

πs

πt
Tj,sds

]
Define the martingale process Gj,t:

Gj,t = Et

[ˆ ∞

0

πs

π0
Tj,sds

]
=

ˆ t

0

πs

π0
Tj,sds +

πt

π0
Tj,t

The martingale representation theorem implies that there exists a process σGj,t such that

dGj,t =
πt

π0
σGj,tdZt

Combining the previous two expressions, we get

Tj,tdt +
d
(
πtTj,t

)
πt

= σGj,tdZt

Applying Ito’s lemma, we obtain

µTj,t = rtTj,t + ηtσTj,t − Tj,t

where σHj,t = σGj,t + Tj,tηt.

Define total wealth as the sum of financial wealth and the value of transfers:

ñj,t = nj,t + Tj,t

which evolves according to
dñj,t

ñj,t
=
[
rt + σ̃j,tηt − c̃j,t

]
dt + σ̃j,tdZt (A.5)

where
σ̃j,t =

nj,t

ñj,t
σj,t +

σTj,t

ñj, t
; c̃j,t =

cj,t

ñj,t

The problem of investor j can alternatively be written as choosing (cj, σ̃j) subject to (A.5), given
ñj,0 > 0.

Fix a set of policy rules σcb,t and Tj,t and the corresponding equilibrium prices (rt, ηt, St). Consider
an alternative set of policy rules σ∗cb,t and T∗j,t such that total wealth at period 0 is unchanged for both

38σ̃b,t is locally increasing for xt < 1, but we can check directly that σb,t > σs,y as xt approaches.
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types when computed using the state price density from the initial equilibrium. I will conjecture that
prices, investment, and consumption are unchanged (r∗t , η∗t , π∗t , S∗t , g∗t , c∗t ) = (rt, ηt, πt, St, gt, ct) and
risk exposures are given by

n∗j,tσ
∗
j,t = nj,tσj,t −

(
σ∗Tj,t − σTj,t

)
(A.6)

Let’s guess and verify this is an equilibrium. By assumption ñ∗j,0 = ñj,t. The budget set for investor
j is unchanged, then (σ̃∗j , c∗j ) = (σ̃j, cj) and equation (A.6) hold. Since the state price density is the
same, g∗ = g. Consumption did not change, so the market clearing condition for consumption hold. It
remains to determine the remainder market clearing conditions hold.

The budget of the central bank can be written as

ncb,t = Et

[ˆ ∞

t

πs

πt
Tsds

]
= Tb,t + Ts,t

This imply the following chain of equalities

n∗b,t + n∗s,t + n∗cb,t = ñ∗b,t + ñ∗s,t = ñb,t + ñs,t = nb,t + ns,t + ncb,t = St

where I used the fact that total wealth did not change with the new policy.

Since ncb,t = Tb,t + Ts,t, we have that

σcb,tncb,t = σTb,t + σT s,t

We can use this fact to show the remaining market clearing condition hold:

σ∗b,tn
∗
b,t + σ∗s,tn

∗
s,t + σ∗cb,tn

∗
cb,t = σ̃∗b,tñ

∗
b,t + σ̃∗s,tñ

∗
s,t = σ̃b,tñb,t + σ̃s,tñs,t = σb,tnb,t + σs,tns,t + σcb,tncb,t = σS,tSt

This concludes the proof that the conjectured allocation is an equilibrium.
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A.4 Proof of proposition 4

Proof. Law of motion of Xt: Applying Ito’s lemma to the definition of xt and wt we obtain:

dxt = xt

[
dnb,t

nb,t
− d(nb,t + ns,t)

nb,t + ns,t
+

(
d(nb,t + ns,t)

nb,t + ns,t

)2

− d(nb,t + ns,t)

nb,t + ns,t

dnb,t

nb,t

]
= xt(1− xt)

[
(σb,t − σs,t)

(
ηt −ωr

t (σ + σq,t)
)
+ ĉs,t − ĉb,t

]
− κ (xt − θb)︸ ︷︷ ︸

µx,t

dt+

+ xt(1− xt)(σb,t − σs,t)︸ ︷︷ ︸
σx,t

dZt

dwt = wt

[
dncb,t

ncb,t
− d(qtYt)

qtYt
+

d(qtKt)2

(qtKt)2 −
dncb,t

ncb,t

d(qtKt)

qtKt

]
= wt

[
rt + σcb,tηt − T̂t −

(
µq,t + gt + σσp,t

)]
− (1− wt)(1−ωr

t )(σ + σp,t)
2︸ ︷︷ ︸

µw,t

dt+

+ (1− wt)(1−ωr
t )(σ + σq,t)︸ ︷︷ ︸

σw,t

dZt

using the fact σcb,t =
1−ωr

t (1−wt)
wt

(σ + σq,t).

Let’s solve for the drift and diffusion terms as a function of the net worth multipliers and their
derivatives.

Diffusion: The diffusion of Xt is given by

σx,t = xt(1− xt) (σb,t − σs,t) ; σw,t = (1− wt)(1−ωr
t )(σ + σq,t);

The risk exposure of intermediaries and savers can be written as a function of σx,t:

σs,t =
ηt

γs
− 1

γs

(
ξ̂xσx,t + ξ̂wσw,t

)
; σb,t =

ηt

γb
− 1

γb

(
ζ̂xσx,t + ζ̂wσw,t

)
; (A.7)

where ξ̂t = (γs − 1) log ξt and ζ̂t = (γb − 1) log ζt (for instance, ξ̂x = (γs − 1) ξx
ξ ).

Plugging in the expressions for (σξ,t, σζ,t) into the market clearing condition for capital, we obtain:

ηt = γt

[
ωr

t (σ + σq,t) +
xt

γb

(
ζ̂xσx,t + ζ̂wσw,t

)
+

1− xt

γs

(
ξ̂xσx,t + ξ̂wσw,t

)]
(A.8)
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The risk exposures can then be written as

σb,t =
γt

γb

[
ωt(σ + σq,t) +

1− xt

γs

[(
ξ̂x − ζ̂x

)
σx,t +

(
ξ̂w − ζ̂w

)
σw,t
]]

σs,t =
γt

γs

[
ωt(σ + σq,t)−

xt

γb

[(
ξ̂x − ζ̂x

)
σx,t +

(
ξ̂w − ζ̂w

)
σw,t
]]

Plugging in the expression above into the equation for σx,t, we get

σx,t = xt(1− xt)
γt

γbγs

[
(γs − γb)ω

r
t (σ + σq,t) +

(
ξ̂x − ζ̂x

)
σx,t +

(
ξ̂w − ζ̂w

)
σw,t
]

σw,t = wt(lcb,t − 1)
(
σ + σq,t

)
Consider first the special case where there is no intervention, i.e., wt = 0. In this case, we can easily

solve for σx,t:

σx,t =
γt

xt
γb

1−xt
γs

(γs − γb)

1− γt
xt
γb

1−xt
γs

[
(γs − γb)

qx
q +

(
ξ̂x − ζ̂x

)]σ (A.9)

Let’s go back to the general case. The diffusion of wcb,t can be written as

σw,t =
wcb,t(lcb,t − 1)

(
σ + qx

q σx,t

)
1− wcb,t(lcb,t − 1) qw

q
(A.10)

and σ + σp,t is given by

σ + σq,t =
σ + qx

q σx,t

1− wt(lcb,t − 1) pw
p

(A.11)

The diffusion of xb can be written as

σx,t =

γt
xt
γb

1−xt
γs

[
(γs−γb)ωt+wt(lcb,t−1)(ξ̂w−ζ̂w)

1−wt(lcb,t−1) qw
q

]
1− γt

xt
γb

1−xt
γs

[
(γs−γb)ωt

qx
q +wt(lcb,t−1) qx

q (ξ̂w−ζ̂w)
1−wt(lcb,t−1) pw

p
+
(
ξ̂x − ζ̂x

)]σ (A.12)

The expression above depends on the derivatives of the net worth multipliers, but it depends on
the derivatives of the price-output ratio as well. However, we can use the market clearing condition
for goods to eliminate the derivatives involving p. The following expressions show how to obtain p
and its derivatives from the net worth multipliers (and their derivatives):

α(x, w)

q(x, w)
= xρψζ(x, w)1−ψ + (1− x)ρψξ(x, w)1−ψ

pw
p

=
αw
α
− (1− ψ)

p
α

[
xρψζ1−ψ ζw

ζ
+ (1− x)ρψξ1−ψ ξw

ξ

]
qx
q

=
αx
α
− (1− ψ)

p
α

[
xρψζ1−ψ ζx

ζ
+ (1− x)ρψξ1−ψ ξx

ξ
+

ρψζ1−ψ − ρψξ1−ψ

1− ψ

]

qxx
q

=
αxx

α
− 2

αx
α

qx
q

+ 2
(

qx
q

)2
− (1− ψ)

q
α

[
xρψζ1−ψ

(
ζxx
ζ

+
2ζx
xζ
− ψ

(
ζx
ζ

)2
)
+ (1− x)ρψξ1−ψ

(
ξxx
ξ
− 2ξx

(1− x)ξ
− ψ

(
ξx
ξ

)2
)]

qww
q

=
αww

α
− 2

αw
α

qw
q

+ 2
(

qw
q

)2
− (1− ψ)

q
α

[
xρψζ1−ψ

(
ζww

ζ
− ψ

(
ζw
ζ

)2
)
+ (1− x)ρψξ1−ψ

(
ξww

ξ
− ψ

(
ξw
ξ

)2
)]

qwx
q

=
αwx

α
− αw

α

qx
q
− αx

α

qw
q

+ 2
qx
q

qw
q
− (1− ψ)

q
α

[
xρψζ1−ψ

(
ζwx

ζ
+

ζw
xζ
− ψ

ζx
ζ

ζw
ζ

)
+ (1− x)ρψξ1−ψ

(
ξwx

ξ
− ξw

(1− x)ξ
− ψ

ξx
ξ

ξw
ξ

)]
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Drift: The drift of Xt is given by

µx,t = xt(1− xt)
[
(σb,t − σs,t)

(
ηt −ωt(σ + σq,t)

)
+ ρψs ξ

1−ψs
t − ρψb ζ

1−ψb
t

]
− κ (xt − θb) (A.13)

µw,t = wt
[
rt + σcb,tηt − T̂t −

(
µq,t + gt + σσp,t

)]
− (1− wt)(1−ωr

t )(σ + σp,t)
2

Notice that µx,t can be computed given the diffusion terms derived above. Hence, we only need to
solve for µw,t. First, from (18) we obtain an expression for rt:

rt =
A− ι(g(qt))

qt
− (σ + σq,t)ηt + µq,t + gt + σσq,t (A.14)

Combining the previous two expressions, we get

µw,t = (1− wt)(1−ωr
t )(σ + σq,t)(ηt − (σ + σq,t))− (1− wt)(1−ωd

t )
A− ι(g(qt))

qt
(A.15)

using the fact T̂t =
1−ωd

t (1−wt)
wt

A−ι(gt)
qt

.

A.5 Proof of proposition 5

Proof. Define the martingale Gt:

Gt =

ˆ t

0

πs

π0
e−δbsds + Et

[ˆ ∞

t

πs

π0
e−δbsds

]
=

ˆ t

0

πs

π0
e−δbsds + e−δbt πt

π0
pt (A.16)

where the second equality uses (34).

Computing the drift of the expression above and setting it to zero, we obtain the no-arbitrage
condition:

1
pt

+ µp,t − δb − rt︸ ︷︷ ︸
expected excess return

= σp,tηt (A.17)

Applying Ito’s lemma to pt = p(xt, wt), we obtain

µp,t =
px,t

pt
µx,t +

pw,t

pt
µw,t +

σ2
x,t

2
pxx,t

pt
+ σx,tσw,t

pxw,t

pt
+

σ2
w,t

2
pww,t

pt

σp,t =
px,t

pt
σx,t +

pw,t

pt
σw,t

Using the no-arbitrage condition, we obtain the PDE for the price of the bond:

0 =
σ2

x,t

2
pxx,t + σx,tσw,t pxw,t +

σ2
w,t

2
pww,t + (µx,t − σx,tη, t)px,t + (µw,t − σw,tη, t)pw,t + 1− (rt + δb)pt

(A.18)

46



The average expected interest rate can be written as

re
t ≡ δ2

bEt

[ˆ ∞

t

ˆ s

t
e−δb(s−t)rududs

]
= δbEt

[ˆ ∞

t
e−δb(s−t)rsds

]
(A.19)

The expected path of interest rate can be compute by solving the following PDE:

0 =
σ2

x,t

2
re

xx,t + σx,tσw,tre
xw,t +

σ2
w,t

2
re

ww,t + µx,tre
x,t + µw,tre

w,t + δrt − δre
t (A.20)

Consider also the expected average interest rate up to period T:

re
t(x, w; T) ≡ δ

1− e−δ(T−t)
E

[ˆ T

t
e−δ(s−t)rsds

]
(A.21)

The expression above can be written as:

re
t(x, w; T) = Et

[ˆ ∆t

t

δe−δ(s−t)

1− e−δ(T−t)
rsds + e−δ∆t 1− e−δ(T−t−∆t)

1− e−δ(T−t)
Et+∆t

[ˆ T

t+∆t

δe−δ(s−t−∆t)

1− e−δ(T−t−∆t)
rsds

]]

= Et

[ˆ ∆t

t

δe−δ(s−t)

1− e−δ(T−t)
rsds

]
+

e−δ∆t − e−δ(T−t)

1− e−δ(T−t)
Et
[
re

t+∆(xt+∆t, wt+∆t; T)
]

= Et

[ˆ ∆t

t

δe−δ(s−t)

1− e−δ(T−t)
rsds

]
+

e−δ∆t − e−δ(T−t)

1− e−δ(T−t)

[
re

t(xt, wt; T) +
ˆ t+∆t

t
(ṙe

s +Dre
s) ds

]

≈ δrt∆t
1− e−δ(T−t)

+
1− δ∆t− e−δ(T−t)

1− e−δ(T−t) [re
t(xt, wt; T) + (ṙe

s +Dre
s)∆t]

where we denote a time derivative with a dot and Dre
s denotes

Dre
s ≡ µxre

x + µwre
w +

σ2
x

2
re

xx + σxσwre
xw +

σ2
w
2

re
ww (A.22)

Rearranging the expression above, we obtain

− ṙe
t =

δ(rt − re
t)

1− e−δ(T−t)
+Dre

t (A.23)

It is convenient to work τ = T − t instead of t directly. The expression above can be rewritten as

∂re(x, w, τ)

∂τ
=

δ(r(x, w)− re(x, w, τ))

1− e−δτ
+Dre(x, w, τ) (A.24)

subject to the boundary condition:
re(x, w, 0) = r(x, w) (A.25)

Taking the limit as τ goes to zero, we have

∂re(x, w, 0)
∂τ

=
1
2
Dre(x, w, 0) (A.26)
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where I used the fact
lim
τ→0

δ(r(x, w)− re(x, w, τ))

1− e−δτ
= −∂re(x, w, 0)

∂τ
(A.27)

B Numerical Solution

The computation of equilibrium is reduced to the solution of a system of partial differential equations
(PDEs) involving (ζ(x, w), ξ(x, w)). The following procedure shows how to obtain a pair of conditions
involving (ζ, ξ) and its derivatives:

i. Compute q(x, w) using the condition:

xρψζ(x, w)1−ψ + (1− x)ρψξ(x, w)1−ψ = ωd(x, w)
A− ι(g(q(x, w)))

q(x, w)

and differentiate the condition above to obtain the derivatives of q(x, w).

ii. Compute (σx, σw) using (A.12) and (A.10) in the appendix.

iii. Applying Ito’s lemma, compute (σq,t, σζ,t, σξ,t)

σq,t =
qx,t

qt
σx,t +

qw,t

qt
σw,t; σζ,t =

ζx,t

ζt
σx,t +

ζw,t

ζt
σw,t; σξ,t =

ξx,t

ξt
σx,t +

ξw,t

ξt
σw,t

iv. Compute ηt using (26) and (σb,t, σs,t) using (22) and the analogous condition for σs,t.

v. Compute (µx,t, µw,t) using conditions (A.13) and (A.15) in the appendix.

vi. Applying Ito’s lemma, compute (µq,t, µζ,t, µξ,t)

µq,t =
qx,t

qt
µx,t +

qw,t

qt
µw,t +

1
2

[
qxx,t

qt
σ2

x,t + 2
qxw,t

qt
σx,tσw,t +

qww,t

qt
σ2

w,t

]
;

µζ,t =
ζx,t

ζt
µx,t +

ζw,t

ζt
µw,t +

1
2

[
ζxx,t

ζt
σ2

x,t + 2
ζxw,t

ζt
σx,tσw,t +

ζww,t

ζt
σ2

w,t

]
;

µξ,t =
ξx,t

ξt
µx,t +

ξw,t

ξt
µw,t +

1
2

[
ξxx,t

ξt
σ2

x,t + 2
ξxw,t

ξt
σx,tσw,t +

ξww,t

ξt
σ2

w,t

]
;

vii. Compute rt using (18).

viii. Plug (rt, ηt, σb,t, σζ,t) into (21), analogously for savers, to obtain the system of PDEs.

The boundary conditions for the PDEs can be obtained by the behavior of the diffusion for (xt, wt)
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at the boundaries:39

lim
x→0

σx,t = 0, ∀w ∈ [0, 1]; lim
x→1

σx,t = 0, ∀w ∈ [0, 1];

lim
w→0

σw,t = 0, ∀x ∈ [0, 1]; lim
w→1

σw,t = 0, ∀x ∈ [0, 1];

The numerical solution is a finite-difference implementation of a method of lines with false transient.
The method consists of introducing a "false" time dimension (or considering the finite horizon version
of the problem) and discretizing the derivatives involving (x, w) using finite differences. The time
dimension is kept continuous, so we convert the problem from a two-dimensional system of PDEs to
a 2N-dimensional system of ODE (where N is the number of points in the grid for (x, w)). The system
of ODEs is solved using MATLAB’s ODE suite.

39See Schiesser (1996) for a discussion of boundary conditions involving order reduction of PDEs.
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