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Abstract

This paper studies inference for the average treatment effect in randomized controlled trials with
covariate-adaptive randomization. Here, by covariate-adaptive randomization, we mean randomization
schemes that first stratify according to baseline covariates and then assign treatment status so as to
achieve “balance” within each stratum. Such schemes include, for example, Efron’s biased-coin design
and stratified block randomization. When testing the null hypothesis that the average treatment effect
equals a pre-specified value in such settings, we first show that the usual two-sample t-test is conservative
in the sense that it has limiting rejection probability under the null hypothesis no greater than and
typically strictly less than the nominal level. In a simulation study, we find that the rejection probability
may in fact be dramatically less than the nominal level. We show further that these same conclusions
remain true for a naive permutation test, but that a modified version of the permutation test yields a
test that is non-conservative in the sense that its limiting rejection probability under the null hypothesis
equals the nominal level for a wide variety of randomization schemes that achieve what we refer to as
“strong balance.” The modified version of the permutation test has the additional advantage that it
has rejection probability exactly equal to the nominal level for some distributions satisfying the null
hypothesis and some randomization schemes. Finally, we show that the usual ¢-test (on the coefficient on
treatment assignment) in a linear regression of outcomes on treatment assignment and indicators for each
of the strata yields a non-conservative test as well under very weak assumptions on the randomization
scheme, including randomization schemes that do not achieve “strong balance.” In a simulation study,
we find that the non-conservative tests have substantially greater power than the usual two-sample t-test.
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1 Introduction

This paper studies inference for the average treatment effect in randomized controlled trials with covariate-
adaptive randomization. Here, by covariate-adaptive randomization, we mean randomization schemes that
first stratify according to baseline covariates and then assign treatment status so as to achieve “balance”
within each stratum. Many such methods are used routinely when assigning treatment status in randomized
controlled trials in all parts of the sciences. See, for example, Rosenberger and Lachin (2016) for a textbook
treatment focused on clinical trials and Duflo et al. (2007) and Bruhn and McKenzie (2008) for reviews
focused on development economics. In this paper, we take as given the use of such a treatment assignment
mechanism satisfying weak assumptions and study its consequences for testing the null hypothesis that the
average treatment effect equals a pre-specified value in such settings. Importantly, as explained in Section 3
below, our results apply to most commonly used treatment assignment mechanisms, including simple random
sampling, Efron’s biased coin design, Wei’s adaptive biased coin design, and stratified block randomization.
The latter treatment assignment scheme is especially noteworthy because of its widespread use recently in
development economics. See, for example, Dizon-Ross (2014, footnote 13), Duflo et al. (2014, footnote 6),
Callen et al. (2015, page 24), and Berry et al. (2015, page 6).

Our first result establishes that the usual two-sample ¢-test is conservative in the sense that it has limiting
rejection probability under the null hypothesis no greater than and typically strictly less than the nominal
level. We additionally provide a characterization of when the limiting rejection probability under the null
hypothesis is in fact strictly less than the nominal level. As explained further in Remark 4.4 below, our result
substantially generalizes a related result obtained by Shao et al. (2010), who established this phenomenon
under much stronger assumptions and for only one specific randomization scheme. We show further that
these conclusions remain true for a naive permutation test. In a simulation study, we find that the rejection
probability of these tests may in fact be dramatically less than the nominal level, and, as a result, they may
have very poor power when compared to other tests. Intuitively, the conservative feature of these tests is a
consequence of the dependence in treatment status across units and between treatment status and baseline

covariates resulting from covariate-adaptive randomization.

Motivated by these results, we go on to show that a modified version of the permutation test which only
permutes treatment status for units within the same stratum yields a test that is non-conservative in the sense
that its limiting rejection probability under the null hypothesis equals the nominal level for a wide variety of
randomization schemes that achieve what we refer to as “strong balance,” defined formally in Section 2 below.
We refer to this test as the covariate-adaptive permutation test. As explained further in Remark 4.10 below,
this test or closely related tests have been previously proposed and justified in finite samples for testing much
more narrowly defined versions of the null hypothesis, including what is sometimes referred to as the “sharp
null hypothesis,” when treatment status is determined using very specific randomization schemes. See, for
example, Rosenbaum (2007), Heckman et al. (2011), Lee and Shaikh (2014), Rosenberger and Lachin (2016,
Section 6.4), and, more recently, Young (2016). Exploiting recent results on the large-sample behavior of
permutation tests by Chung and Romano (2013), our results, in contrast, asymptotically justify the use of

these tests for testing the null hypothesis that the average treatment effect equals a pre-specified value for



a much wider variety of randomization schemes, while retaining the finite-sample validity for the narrower

version of the null hypothesis and some randomization schemes.

We additionally consider the usual t-test (on the coefficient on treatment assignment) in a linear projection
of outcomes on treatment assignment and indicators for each of the strata. We refer to this test as the t-test
with strata fixed effects. Based on simulation evidence and earlier assertions by Kernan et al. (1999), the
use of this test has been recommended by Bruhn and McKenzie (2008), but, to the best of our knowledge,
there has not yet been any formal analysis of its properties. Remarkably, our results show that this simple
modification of the usual two-sample t-test yields a test that is non-conservative as well under very weak
assumptions on the randomization scheme, including randomization schemes that do not achieve “strong
balance.” In contrast to the covariate-adaptive permutation test, however, this test does not have the

limited finite-sample validity of the covariate-adaptive permutation test described above.

The remainder of the paper is organized as follows. In Section 2, we describe our setup and notation. In
particular, there we describe the weak assumptions we impose on the treatment assignment mechanism and
what we mean by randomization schemes that achieve “strong balance.” In Section 3, we discuss several
examples of treatment assignment mechanisms satisfying these assumptions, importantly including stratified
block randomization. Our main results about the four tests mentioned above are contained in Section 4.
In Section 5, we examine the finite-sample behavior of these tests as well as some other tests via a small

simulation study. Proofs of all results are provided in the Appendix.

2 Setup and Notation

Let Y; denote the (observed) outcome of interest for the ith unit, A; denote an indicator for whether the
ith unit is treated or not, and Z; denote observed, baseline covariates for the ¢th unit. Further denote by
Y;(1) the potential outcome of the ith unit if treated and by Y;(0) the potential outcome of the ith unit if
not treated. As usual, the (observed) outcome and potential outcomes are related to treatment assignment
by the relationship

Y =Yi(1)A; +Yi(0)(1 - A;) . (1)

Denote by P, the distribution of the observed data
XM = {(v;,Ai,Z) 11 <i<n}
and denote by @,, the distribution of
W = {(Yi(1),Y;(0), Zi) : 1 < i < n} .

Note that P, is jointly determined by (1), @, and the mechanism for determining treatment assignment.
We therefore state our assumptions below in terms of assumptions on @Q,, and assumptions on the mechanism
for determining treatment status. Indeed, we will not make reference to P, in the sequel and all operations

are understood to be under @), and the mechanism for determining treatment status.



We begin by describing our assumptions on @Q,,. We assume that W™ consists of n i.i.d. observations,
ie., Qn, = Q", where @ is the marginal distribution of (Y;(1),Y;(0), Z;). We further restrict @ to satisfy the

following, mild requirement:

Assumption 2.1. @ satisfies
E[Y?(1)] < oo and E[Y;*(0)] < oo .

Next, we describe our assumptions on the mechanism determining treatment assignment. As mentioned
previously, in this paper we focus on covariate-adaptive randomization, i.e., randomization schemes that
first stratify according baseline covariates and then assign treatment status so as to achieve “balance” within
each stratum. In order to describe our assumptions on the treatment assignment mechanism more formally,
we require some further notation. To this end, let S : supp(Z;) — S, where § is a finite set, be the function
used to construct strata and, for 1 <i < n, let S; = S(Z;). Denote by S(™ the vector of strata (S, ..., S,)
and denote by A(™ the vector of treatment assignments (A;, ..., A,). For s € S, let p(s) = P{S; = s} and

Du(s)= ) A/I{Si=s}, (2)

1<i<n

where

Note that D, (s) as defined in (2) is simply a measure of the imbalance in stratum s. In order to rule out
trivial strata, we, of course, assume that p(s) > 0 for all s € S. Our other requirements on the treatment

assignment mechanism are summarized in the following assumption:

Assumption 2.2. The treatment assignment mechanism is such that
(a) w@® A(n)|5(n),
(b) {{D\”rff)} s ‘S(”)} < N(0,¥p) a.s., where Xp = diag{c?(s) : s € S} and
EIS

forallse S.

| =

§3(s) = p(s)1(s) with 0 < 7(s) <

Assumption 2.2.(a) simply requires that the treatment assignment mechanism is a function only of the
vector of strata and an exogenous randomization device. Assumption 2.2.(b) is an additional requirement
that is satisfied by a wide variety of randomization schemes. In the following section, we provide several
important examples of treatment assignment mechanisms satisfying this assumption, including many that
are used routinely in the sciences, including clinical trials and development economics. When Assumption

2.2.(b) holds with 7(s) = 0 for all s € S, we say that the randomization scheme achieves “strong balance.”

Our object of interest is the average effect of the treatment on the outcome of interest, defined to be

0(Q) = E[Yi(1) = Yi(0)] - 3)



For a pre-specified choice of 6y, the testing problem of interest is
Hy : 6(Q) = 09 versus Hy : 0(Q) # by (4)

at level a € (0,1).

3 Examples

In this section, we briefly describe several different randomization schemes that satisfy our Assumption 2.2.
A more detailed review of these methods and their properties can be found in Rosenberger and Lachin
(2016). In our descriptions, we make use of the notation A*~1) = (A;,..., A1) and S = (S;,...,S})

for 1 < k < n, where A is understood to be a constant.

Example 3.1. (Simple Random Sampling) Simple random sampling (SRS), also known as Bernoulli trials,

refers to the case where A consists of n i.i.d. random variables with

1
P{A, =1]8", APV} = P{Ay =1} = 5 (5)
for 1 < k < n. In this case, Assumption 2.2.(a) follows immediately from (5), and Assumption 2.2.(b) follows
from the central limit theorem with 7(s) = 1 for all s € S. Note that E[D,(s)] = 0 for all s € S, so SRS

ensures “balance” on average, yet in finite samples D,,(s) may be far from zero. H

Example 3.2. (Biased-Coin Design) A biased-coin design is a generalization of simple random sampling
originally proposed by Efron (1971) with the aim of improving “balance” in finite samples. In this random-

ization scheme, treatment assignment is determined recursively for 1 < k < n as follows:

% lf Dkfl(Sk) == 0
P{Ak - 1‘S(k),A(k_l)} - A if Dkfl(Sk) <0, (6)
1—X if Dk_l(Sk) >0

where Di_1(Sk) = > 1<icp_q ATI{S; = Sk}, and % < A < 1. Here, Dy(51) is understood to be zero. The
randomization scheme ;dgusts the probability with which the kth unit is assigned to treatment in an effort
to improve “balance” in the corresponding stratum in finite samples. It follows from Lemma B.9 that this
treatment assignment mechanism satisfies Assumption 2.2. In particular, it is an example of a randomization
scheme that achieves “strong balance” in that Assumption 2.2.(b) holds with 7(s) = 0 for all s € S. In this

sense, we see that biased-coin design provides improved “balance” relative to simple random sampling. W

Example 3.3. (Adaptive Biased-Coin Design) An adaptive biased-coin design, also known as Wei’s urn
design, is an alternative generalization of SRS originally proposed by Wei (1978). This randomization scheme
is similar to a biased-coin design, except that the probability A in (6) depends on Dy_1(Sk), the magnitude of

imbalance in the corresponding stratum. More precisely, in this randomization scheme, treatment assignment



is determined recursively for 1 < k < n as follows:

Dy
P{Ak_1|s(k)7A(k1)}_<p<’;€1(fk>> 7 (7)
where ¢(z) : [-1,1] — [0,1] is a pre-specified non-increasing function satisfying p(—x) = 1 — ¢(z). Here,

w is understood to be zero. It follows from Lemma B.10 that this treatment assignment mechanism

satisfies Assumption 2.2. In particular, Assumption 2.2.(b) holds with 7(s) = +(1 — 4¢’(0)) ™!, which lies in
the interval (0, 1) for the choice of ¢(z) recommended by Wei (1978) and used in Section 5. In this sense,
adaptive biased-coin designs provide improved “balance” relative to simple random sampling (i.e., 7(s) < i),

but to a lesser extent than biased-coin designs (i.e., 7(s) > 0). ®

Example 3.4. (Stratified Block Randomization) An early discussion of stratified block randomization is
provided by Zelen (1974). This randomization scheme is sometimes also referred to as block randomization
or permuted blocks within strata. In order to describe this treatment assignment mechanism, for s € S,
denote by n(s) the number of units in stratum s and let ni(s) < n(s) be given. In this randomization

scheme, n1(s) units in stratum s are assigned to treatment and the remainder are assigned to control, where

all
()
ni(s)
possible assignments are equally likely and treatment assignment across strata are independent. By setting

ni(s) = V(;)J 7

this scheme ensures |D,(s)| < 1 for all s € § and therefore exhibits the best “balance” in finite samples

(8)

among the methods discussed here. It follows from Lemma B.11 that this treatment assignment mechanism
satisfies Assumption 2.2. In particular, as in Example 3.2, it is also an example of a randomization scheme

that achieves “strong balance” in that Assumption 2.2.(b) holds with 7(s) =0 foralls € S. ®

Remark 3.1. Another treatment assignment mechanism for randomized controlled trials that has received
considerable attention is re-randomization. See, for example, Bruhn and McKenzie (2008) and Lock Morgan
and Rubin (2012). In this case, as explained by Lock Morgan and Rubin (2012), the properties of D, (s)
depend on the rule used to decide whether to re-randomize and how to re-randomize. As a result, the
analysis of such randomization schemes is necessarily case-by-case, and we do not consider them further in

this paper. ®

Remark 3.2. Another treatment assignment mechanism that has been used in clinical trials is are mini-
mization methods. These methods were originally proposed by Pocock and Simon (1975) and more recently
extended and further studied by Hu and Hu (2012). In Hu and Hu (2012), treatment assignment is deter-

mined recursively for 1 < k < n as follows:

L if Tmby, = 0
P{A;, =1|S® A=D1 = &y if Tmby, <0 (9)

1—X ifImbg >0



where % < A <1 and Imb, = Imbk(S(k), A(k_l)) is a weighted average of different measures of imbalance.
See Hu and Hu (2012) for expressions of these quantities. The analysis of this randomization scheme is
relatively more involved than those in Examples 3.1-3.3 as it introduces dependence across different strata.

We therefore do not consider it further in this paper. B

Remark 3.3. Our framework does not accommodate response-adaptive randomization schemes. In such
randomization schemes, units are assigned to treatment sequentially and treatment assignment for the ith
unit, A;, depends on Y7,...,Y;_1. This feature leads to a violation of part (a) of our Assumption 2.2. It is
worth emphasizing that response-adaptive randomization schemes are only feasible when at least some of the
outcomes are observed at some point of the treatment assignment process, which is unusual in experiments

in economics and other social sciences. W

4 Main Results

4.1 Two-Sample t-Test

In this section, we consider using the two-sample t-test to test (4) at level o € (0,1). In order to define this

test, for a € {0,1}, let

_ 1

Yia = — > Yil{Ai=a}
a 1<i<n

&Z,a = L Z (Y; _Yn,a)2I{Ai =a},
Ma 1<i<n

where n, =3, .;,, I{A; = a}. The two-sample t-test is given by

t-test [ v (n)y _ t-test [ v~ (n)
G (X)) = [T, (X)) > 216 1 (10)
where _ _
Yo1—Ypo0—0
Tt (X ) = S (11)
n,1 n,0
TR

and z1_¢ is the 1 — 5 quantile of a standard normal random variable. This test may equivalently be described
as the usual t-test (on the coefficient on treatment assignment) in a linear regression of outcomes on treatment
assignment with heteroskedasticity-robust standard errors. It is used routinely throughout economics and
the social sciences, including settings with covariate-adaptive randomization. Note that further results on

linear regression are developed in Section 4.4 below.

The following theorem describes the asymptotic behavior of the two-sample t-statistic defined in (11)
and, as a consequence, the two-sample t-test defined in (10) under covariate-adaptive randomization. In
particular, the theorem shows that the limiting rejection probability of the two-sample t-test under the null

hypothesis is generally strictly less than the nominal level.



Theorem 4.1. Suppose Q satisfies Assumption 2.1 and the treatment assignment mechanism satisfies As-

sumption 2.2. Then,

Vo1 —Yao—0(Q) 4
= 52 ln &72110 - N(O7 gf—test) ’
ni + no

where 62, < 1. Furthermore, ¢2,,s, < 1 unless
(1 —47(s)) (E[my(Z:)|S; = s] + E[mo(Z:)|S; = s])> =0 for all s € S , (12)

where
ma(Z;) = E[Yi(a)|Zi] — E[Y;(a)] (13)

for a € {0,1}. Thus, for the problem of testing (4) at level o € (0,1), ¢ptteH( X (M) defined in (10) satisfies

lim sup E[¢ (X ()] < o (14)
n—oo
whenever Q additionally satisfies the null hypothesis, i.e., 0(Q) = 0y. Furthermore, the inequality in (14) is
strict unless (12) holds.

Remark 4.1. Note that the two-sample ¢-test defined in (10) uses the 1 — § quantile of a standard normal
random variable instead of the corresponding quantile of a t-distribution. Theorem 4.1 remains true with
such a choice of critical value. See Imbens and Kolesar (2012) for a recent review of some such degrees of

freedom adjustments. W

Remark 4.2. While we generally expect that (12) will fail to hold, there are some important cases in
which it does hold. First, as explained in Example 3.1, for simple random sampling Assumption 2.2 holds
with 7(s) = i for all s € S. Hence, (12) holds, and Theorem 4.1 implies, as one would expect, that the
two-sample t-test is not conservative under simple random sampling. Second, if stratification is irrelevant
for potential outcomes in the sense that E[Y;(a)|S;] = E[Y;(a)] for all a € {0, 1}, then E[m4(Z;)|S;] = 0 for
a € {0,1}. Hence, (12) again holds, and Theorem 4.1 implies that the two-sample ¢-test is not conservative
when stratification is irrelevant for potential outcomes. Note that a special case of irrelevant stratification

is simply no stratification, i.e., S; is constant. W

Remark 4.3. In the proof of Theorem 4.1 in the Appendix, it is shown that

2 42 42
§t2-tcst = % ) (15)
where
& = 2Var[Y;(1)] + 2Var[Y;(0)] (16)
2 = 2Var[¥;(1)] + 2Var[Y;(0)] (17)
< = E[(Bmi(Z)]S] - Elmo(Z)[S))?) (18)
2 = E[QT(Si (E[ma(Z:)|S:] + Elmo(Z:)|S:))? (19)



with Y;(a) = Yi(a) — E[Yi(a)|S;]. From (15), we see that three different sources of variation contribute to the
variance. The first quantity, gf;, reflects variation in the potential outcomes; the second quantity, <7, reflects
variation due to heterogeneity in the responses to treatment, i.e., m; # mg; and the third quantity, <3,
reflects variation due to “imperfectly balanced” treatment assignment, i.e., 7(s) > 0 in Assumption 2.2.(b).

Remark 4.4. Under substantially stronger assumptions than those in Theorem 4.1, Shao et al. (2010) also
establish conservativeness of the two-sample t-test for a specific covariate-adaptive randomization scheme.
For a textbook summary of the results in Shao et al. (2010), see Section 9.5 of Rosenberger and Lachin
(2016). Shao et al. (2010) require, in particular, that m.(Z;) = 7' Z;, that Var[Y;(a)|Z;] does not depend on
Z;, and that the treatment assignment rule is a biased-coin design, as described in Example 3.2. Theorem

4.1 relaxes all of these requirements. W

Remark 4.5. While Theorem 4.1 characterizes when the limiting rejection probability of the two-sample
t-test under the null hypothesis is strictly less than the nominal level, it does not reveal how significant this
difference might be. In our simulation study in Section 5, we find that the rejection probability may in fact
be dramatically less than the nominal level and that this difference translates into substantial power losses

when compared with non-conservative tests studied in Sections 4.3 and 4.4. |

4.2 Naive Permutation Test

In this section, we consider using a naive permutation test to test (4) at level a € (0,1). In order to define
this test, let G,, to be the group of permutations of n elements. Define the action of ¢ € G,, on X as
follows:

X" = (Vi Ay, Z) 1< i <},

ie., g € G, acts on X by permuting treatment assignment. For a given choice of test statistic T}, (X(”))7

the naive permutation test is given by

gZ)ga‘ive()((n)) _ I{Tn(X(n)) > érﬁa'fve(l _ a)} , (20)
where
"gea,

The following theorem describes the asymptotic behavior of naive permutation test defined in (20) with
T,(X™) given by (11) under covariate-adaptive randomization. In particular, it shows that the naive
permutation test, like the two-sample t-test, also has limiting rejection probability under the null hypothesis

generally strictly less than the nominal level.

Theorem 4.2. Suppose Q satisfies Assumption 2.1 and the treatment assignment mechanism satisfies As-
sumption 2.2. For the problem of testing (4) at level o € (0,1), ¢r®v¢(X ™) defined in (20) with T, (X ™)



given by |TEstt(X(™)| in (11) satisfies

lim sup E[gme(X™)] < o (22)
n— o0
whenever Q additionally satisfies the null hypothesis, i.e., 0(Q) = 0y. Furthermore, the inequality in (22) is
strict unless (12) holds.

Remark 4.6. Rosenberger and Lachin (2016, page 105) argue that the use of permutation tests that do not
respect stratification in the presence of covariate-adaptive randomization is “inappropriate.” Theorem 4.2
elaborates on this assertion by showing that the specific permutation test defined in (20) is inappropriate in
the sense that it may be conservative. We note further that the result essentially follows from Theorem 4.1,
which establishes the asymptotic behavior of the two-sample t-statistic, and results in Janssen (1997) and

Chung and Romano (2013), which establish the asymptotic behavior of é2%V¢(1 — ) defined in (21). ®

Remark 4.7. It may often be the case that G,, is too large to permit computation of é24V¢(1 — o) defined
in (21). In such situations, a stochastic approximation to the test may be used by replacing G, with
G, = {g91,--.,9B}, where g equals the identity permutation and g, ...,gp are i.i.d. Unif(G,). Theorem

4.2 remains true with such an approximation provided that B — oo asn — oco. R

Remark 4.8. While Theorem 4.2 characterizes when the limiting rejection probability of the naive permu-
tation test under the null hypothesis is strictly less than the nominal level, it does not reveal how significant
this difference might be. In our simulation study in Section 5, we find that, like the two-sample t-test stud-
ied in the previous section, the rejection probability may in fact be dramatically less than the nominal level
and that this difference translates into substantial power losses when compared with non-conservative tests

studied in Sections 4.3 and 4.4. m

4.3 Covariate-Adaptive Permutation Test

It follows from Theorems 4.1-4.2 and Remark 4.2 that the two-sample ¢-test and naive permutation test are
conservative in the sense that their limiting rejection probability under the null hypothesis is generally strictly
less than the nominal level. As explained in Remarks 4.5 and 4.8, the finite-sample rejection probability
may in fact be dramatically less than the nominal level. In this section, we propose a modified version of the
permutation test, which we term the covariate-adaptive permutation test, that is not conservative in this

way.

In order to define the test, we require some further notation. Define
G, (S™)={g€ Gy : Sy =S forall 1 <i<n}, (23)

ie., Gn(S(")) is the subgroup of permutations of n elements that only permutes indices within strata.
Define the action of ¢ € G, (S™) on X" as before. For a given choice of test statistic T,,(X(™), the
covariate-adaptive permutation test is given by

G (X ™) = HT,(X™) > & (1 - a)} (24)

n



where

1
¢P(l—a)=inf{zeR: —— HT,(gX") <z} >1-ay . 25
geGn(S( ))

The following theorem describes the asymptotic behavior of the covariate-adaptive permutation test
defined in (24) with T},(X ™) given by |T¢st2t(X ()| in (11) under covariate-adaptive randomization. In
particular, it shows that the limiting rejection probability of the proposed test under the null hypothesis
equals the nominal level. As a result of this, we show in our simulations that the test has dramatically greater
power than either the two-sample t-test or the naive permutation test. In comparison with our preceding
results, the theorem further requires that the randomization scheme achieves “strong balance,” i.e., 7(s) = 0
for all s € S, but, as explained in Section 3, this property holds for a wide variety of treatment assignment

mechanisms, including biased-coin designs and stratified block randomization.

Theorem 4.3. Suppose Q satisfies Assumption 2.1 and the treatment assignment mechanism satisfies As-
sumption 2.2 with 7(s) = 0 for all s € S. For the problem of testing (4) at level a € (0,1), ¢ (X™)
defined in (24) with T,,(X ™) given by |Ts'4(X™)| in (11) satisfies

lim E[6e7(X™)] = a

n—oo
whenever @ additionally satisfies the null hypothesis, i.e., 8(Q) = 6.

Remark 4.9. Note that {D,(s)/\/n : s € S} is invariant with respect to transformations g € G,,(S™).
For this reason, it is not surprising that the validity of the covariate-adaptive permutation test requires that

there is no (limiting) variation in this quantity in the sense that 7(s) =0 foralls € S. W

Remark 4.10. By arguing as in Heckman et al. (2011) or Lee and Shaikh (2014), it is possible to show that

(24) is level « in finite samples for testing the much more narrowly defined null hypothesis that specifies

K3

Y;(0)|S; = Y;(1)]S; (26)

whenever the treatment assignment mechanism is such that
gAM | L 45 for all g € G, (S™) . (27)

The property in (27) clearly holds, for example, for simple random sampling and stratified block random-
ization. Note further that (26) is implied by what is sometimes referred to as the “sharp null hypothesis,”
which specifies that

Y:(0) = Yi(1) (28)

with probability one. See, for example, Rosenbaum (2007) as well as Young (2016), who discusses Fisher-type
tests of the null hypothesis (28) more generally. By contrast, Theorem 4.3 asymptotically justifies the use of
(24) for testing the null hypothesis defined in (4) for a wide variety of treatment assignment mechanisms while
retaining this finite-sample validity. The proof of Theorem 4.3 exploits recent developments in the literature

on the asymptotic behavior of permutation tests. In particular, we employ a novel coupling construction

10



following the approach put forward by Chung and Romano (2013) in order to show that the test statistic
T,,(X™) in (11) and the group of permutations G, (S™) in (23) satisfy the conditions in Hoeffding (1952).
|

Remark 4.11. As with the naive permutation test, it may often be the case that G, (S(™) is too large to
permit computation of ¢$*P(1 — «) defined in (25). In such situations, a stochastic approximation to the test
may be used by replacing G,,(S™) with G, = {91,...,98}, where g1 equals the identity permutation and
g2, --.,gp are iid. Unif(G,(S™)). Theorem 4.3 remains true with such an approximation provided that

B—ocoasn—>o00. B

4.4 Linear Regression with Strata Indicators

In this section, we consider using the usual ¢-test (on the coefficient on treatment assignment) in a linear re-
gression of outcomes on treatment assignment and indicators for each of the strata. As mentioned previously,
we refer to this test as the t-test with strata fixed effects. We consider tests with both homoskedasticity-only
and heteroskedasticity-robust standard errors. Note that the two-sample t-test studied in Section 4.1 can
be viewed as the usual ¢-test (on the coefficient on treatment assignment) in a linear regression of outcomes
on treatment assignment only with heteroksedasticity-robust standard errors. It follows from Theorem 4.1
and Remark 4.2 that such a test is conservative in the sense that the limiting rejection probability under
the null hypothesis may be strictly less than the nominal level. Remarkably, in this section, we show that
the addition of strata fixed effects results in a test is not conservative in this way, regardless of whether

homoskedasticity-only or heteroskedasticity-robust standard errors are used.

In order to define the test, consider estimation of the equation

Y =BAi+ Y 6.I{Si=s}+e (29)

seS

by ordinary least squares. Denote by 3, the resulting estimator of 4 in (29). Let

T (X (M) = V(Bn — 6o) 7
where Vn g equals either the usual homoskedasticity-only or heteroskedasticity-robust standard error for 3n
See (A-53) and (A-55) in the Appendix for exact expressions. Using this notation, the test of interest is
given by

G (X M) = I{|T5(X M) > 2 g} . (30)

The following theorem describes the asymptotic behavior of the proposed test. In particular, it shows that
its limiting rejection probability under the null hypothesis equals the nominal level. In the simulation results
below, we show that, like the covariate-adaptive permutation test, the test has dramatically greater power
than either the two-sample t-test or the naive permutation test. Note that, in contrast to our preceding result

on the covariate-adaptive permutation test, the theorem does not require that the randomization scheme
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achieve “strong balance,” i.e. 7(s) = 0 for all s € S. On the other hand, the t-test with strata fixed effects
studied here does not share with the covariate-adaptive permutation test the finite-sample validity explained

in Remark 4.10.

Theorem 4.4. Suppose Q satisfies Assumption 2.1 and the treatment assignment mechanism satisfies As-
sumption 2.2. Then,

V(B — 6(Q)) % N(0,6%,) . (31)

Furthermore,

Vn,B £> nge ) (32)
where Vnﬁ equals either the usual homoskedasticity-only or heteroskedasticity-robust standard error for Bn
Thus, for the problem of testing (4) at level o € (0,1), ¢/¢(X ™) defined in (30) with either choice of ang
satisfies

lim E[pf(X™)] = a (33)

n—oQ

for Q additionally satisfying the null hypothesis, i.e., 0(Q) = 6p.

Remark 4.12. The above result in Theorem 4.4 that one may use either the usual homoskedasticity-only
or heteroskedasticity-robust standard error for Bn may seem surprising at first, but it may be viewed as a
generalization of the following familiar fact in the usual two-sample t-test: even if the variances in the two
samples are different, one may use either the pooled or unpooled estimate of the variance whenever the ratio

of the two sample sizes tends to one. W

Remark 4.13. In the proof of Theorem 4.4 in the Appendix, it is shown that
e =<3 +<h (34)

where gl% and ¢% are defined as in (17) and (18), respectively. Remarkably, from (34), we see that variation
due to “imperfectly balanced” treatment assignment, i.e., ¢%(s) > 0 in Assumption 2.2, does not contribute

to the variance ¢%,. W

Remark 4.14. As in the literature on linear panel data models with fixed effects, Bn may be equivalently
computed using ordinary least squares and the deviations of Y; and A; from their respective means within
strata. However, it is important to note that the resulting standard errors are not equivalent to the standard
errors associated with ordinary least squares estimation of (29). We therefore do not recommend computing

Bn using the deviations of Y; and A; from their respective means within strata. H

Remark 4.15. Imbens and Rubin (2015, Ch. 9.6) examine the limit in probability of ,, under a specific
randomization assignment, namely, stratified block randomization; see Example 3.4. In contrast to our
results, they do not impose the requirement that nq(s) is chosen to achieve “balance” as in (8). As a
result, Assumption 2.2.(b) does not necessarily hold, and they conclude that B, is generally not consistent
for the average treatment effect, 6(Q). By exploiting Assumption 2.2.(b), we not only conclude that B, is
consistent for A(Q), but the test ¢3%(X (™)) has limiting rejection probability under the null hypothesis equal
to the nominal level. Importantly, Imbens and Rubin (2015) do not include results on ¢3(X (™). Note

12



that the required arguments are involved due to A not being i.i.d., relying in particular on non-standard

convergence results, such as Lemmas B.1 and B.2 in the Appendix. H

Remark 4.16. Assumption 2.2.(b) implies in particular that D"T(S) L0 for all s € S. In other words, for
each stratum, the fraction of units assigned to treatment and control are approximately equal in the sense
that the ratio tends to one. While researchers often choose to assign units to treatment and control in this
way, it may be desired to assign fewer people to treatment than to control when, for instance, treatment
is “expensive.” Bugni et al. (2016) study inference on the average treatment effect in such settings. They
show, in particular, that none of the tests considered in this paper provide non-conservative inference. Indeed,
non-conservative inference based on Bn requires a standard error different from the usual heteroskedasticity-
robust standard error. A by-product of their analysis is that the expression for the limiting variance of

Vi(Bn — 0(Q)) provided by Imbens and Rubin (2015, Theorem 9.1) is generally incorrect. m

Remark 4.17. It is important to point out that the asymptotic validity of neither the covariate-adaptive
permutation test nor the t-test with strata fixed effects discussed in this section rely on a particular model
of (potential) outcomes. In the simulations below, we see that when such additional information is available,
it may be possible to exploit it to devise even more powerful methods (e.g., linear regression of outcomes
on treatment assignment and covariates). However, these methods may perform quite poorly when this

information is incorrect, which is also apparent in the simulations below. H

5 Simulation Study

In this section, we examine the finite-sample performance of several different tests of (4), including those
introduced in Section 4, with a simulation study. For a € {0,1} and 1 < ¢ < n, potential outcomes are

generated in the simulation study according to the equation:
Yi(a) = pa + ma(Z;) + 04(Z;)ea,i - (35)

where fiq, Mo (Z;), 04(Z;), and €,,; are specified as follows. In each of the following specifications, n = 100
and {(ZZ, €0,i5 61’1') 01 S ) S n} are 1.i.d.

Model 1: Z; ~ Beta(2,2) (re-centered and re-scaled to have mean zero and variance one); o¢(Z;) =
oo =1 and 01(Z;) = 01; €0,s ~ N(0,1) and €1 ; ~ N(0,1); mo(Z;) = m1(Z;) = vZ;. Note that in this
case

Vi = po + (1 — po)Ai +vZi + i

where

n; = o1dier; +00(1 — Aieos

Model 2: As in Model 1, but mgy(Z;) = m1(Z;) = sin(vZ;).
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Model 3: As in Model 2, but my(Z;) = sin(vZ;) + v/ Z; + 2.25.
Model 4: As in Model 3, but 0¢(Z;) = Z? and 01(Z;) = Z?0,.

Model 5: As in Model 4, but ¢y ; ~ %t;} and € ; ~ %tg; Z; ~ Unif(-2,2); and

72 it Z; € [~1,1]
mo(Zi) = ml(Zl) = .
¥(2—Z?%) otherwise

For each of the above specifications of mq(Z;), 04(Z;), and €;,, we consider both (v,01) = (2,1) and
(v,01) = (4,4/2). For each resulting specifications, we additionally consider both (ug, 1) = (0,0) (i.e.,
under the null hypothesis) and (i, 1) = (0, 3) (i.e., under the alternative hypothesis).

Treatment assignment is generated according to one of the four different covariate-adaptive randomization
schemes. In each of the schemes, strata are determined by dividing the support of Z; (which is a closed
interval in all specifications) into ten intervals of equal length and having S(Z;) be the function that returns

the interval in which Z; lies. In particular, |S| = 10 in all specifications.
SRS: Treatment assignment is generated as in Example 3.1.
BCD: Treatment assignment is generated as in Example 3.2 with A\ = %

WEI Treatment assignment is generated as in Example 3.3 with ¢(x) = %

SBR: Treatment assignment is generated as in Example 3.4 with blocks of size L@J

In all cases, observed outcomes Y; are generated according to (1).

In the simulation results below, we consider the following five different tests:

t-test: The usual two-sample t-test studied in Section 4.1.
Naive: The nalve permutation test studied in Section 4.2.

Reg: The usual t-test (on the coefficient on treatment assignment) in a linear regression of outcomes

Y; on treatment assignment A; and covariates Z; using heteroskedasticity-robust standard errors.
SYZ: The bootstrap-based test proposed by Shao et al. (2010).
CAP: The covariate-adaptive permutation test studied in Section 4.3.

SFE: The t-test with strata fixed effects studied in Section 4.4. In this case, we consider both

homoskedasticity-only and heteroskedasticity-robust standard errors: homoskedastic/robust.

In all cases, rejection probabilities are computed using 10* replications.

Table 1 displays the results of the simulation study for (v,01) = (2,1) and Table 2 displays the results of
the simulation study for (7, 01) = (4,v/2). In the ‘SFE’ column in both tables, the first number corresponds

14



Rejection rate under null - § =0 Rejection rate under alternative - § = 1/2

Model CAR | t-test Naive Reg SYZ CAP SFE t-test Naive Reg SYZ CAP SFE

1

SRS 5.39 481 545 492 5.04 5.07/5.26 | 20.03 18.86 68.18 19.08 44.94 61.38/61.73
WEI | 0.69 0.57 501 539 498 532/5.13 | 13.25 11.94 69.71 35.7 50.61 64.02/64.02
BCD | 0.90 0.68 494 6.05 5.00 4.90/4.99 | 13.08 11.63 69.50 35.87 50.02 64.96/65.26
SBR | 0.01 0.01 520 4.93 5.05 5.13/5.04 | 5.30 4.42  70.10 59.49 61.45 66.14/66.47

2 SRS 5.69 503 520 5.11 5.01 549/5.29 | 53.80 51.97 55.13 52.36 57.71 63.85/62.65
WEI | 3.05 2.65 323 591 451 5.15/4.88 | 55.12 53.00 56.64 65.17 63.32 66.12/66.63
BCD | 3.08 2.65 328 589 5.00 4.90/4.96 | 54.99 52.84 56.16 65.19 63.59 67.13/65.94
SBR | 2.19 1.95 237 5.63 4.75 5.22/4.57 | 55.95 53.58 57.12 70.71 67.73 68.09/67.81
3 SRS 543  4.80 5.05 4.98 5.03 5.42/4.98 | 49.32 47.20 54.15 47.89 55.05 63.43/62.15
WEI | 274 241 351 6.10 4.85 4.69/5.02 | 49.92 47.70 55.06 61.72 59.93 65.79/64.22
BCD | 2.56 222 339 5.69 4.81 5.16/4.90 | 48.80 46.47 5443 61.33 60.76 65.65/64.70
SBR | 1.66 145 240 6.24 498 4.83/4.85| 50.08 47.95 55.85 6892 65.39 66.01/66.44
4 SRS 518 4.51 5.09 4.96 4.77 5.03/5.80 | 34.47 32,59 37.80 32.89 39.11 41.97/46.90
WEI | 3.54 3.03 4.08 6.67 5.18 5.25/5.83 | 33.92 32.21 36.93 42.79 40.99 44.45/46.43
BCD | 3.17 280 391 578 4.73 5.07/5.84 | 33.74 31.91 37.31 42.09 40.68 44.69/46.80
SBR | 291 252 375 7.29 5.06 5.88/6.06 | 33.66 31.69 36.99 47.52 42.20 45.20/46.26
5 SRS 5.68 509 527 532 511 497/4.79 | 3145 29.71 30.84 30.21 48.63 60.88/61.55

WEI | 1.08 0.87 094 6.10 4.75 4.79/4.88 | 26.72 24.80 25.53 48.68 53.46 63.83/64.29
BCD | 1.14 094 1.07 573 499 4.68/4.61 | 26.61 24.74 2552 49.26 55.38 64.06/64.44
SBR | 0.19 0.16 0.17 5.62 5.22 4.86/4.86 | 23.30 20.49 21.83 64.67 63.50 64.63/ 64.68

Table 1: Parameter values: v =2, o1 = 1.

to homoskedasticity-only standard errors and the second number corresponds to the heteroskedasticity-robust

standard errors. We organize our discussion of the results by test:

t-test: As expected in light of Theorem 4.1 and Remark 4.2, we see the two-sample ¢-test has rejection
probability under the null hypothesis very close to the nominal level under simple random sampling,
but has rejection probability under the null hypothesis strictly less than the nominal level under the
more complicated randomization schemes. Indeed, in some instances, the rejection probability under
the null hypothesis is close to zero. Moreover, for all specifications, the two-sample ¢-test has nearly
the lowest rejection probability under the alternative hypothesis. Remarkably, this difference in power

is pronounced even under simple random sampling.
Naive: The results for the nalve permutation test are very similar to those for the two-sample t-test.

Reg: The usual t-test (on the coefficient on treatment assignment) in a linear regression of outcomes
Y; on treatment assignment A; and covariates Z; using heteroskedasticity-robust standard errors has
rejection probability under the null hypothesis very close to the nominal level for Model 1, i.e., when the
linear regression is correctly specified. Interestingly, even though the linear regression is incorrectly
specified for all other models, the rejection probability of the test under the null hypothesis never
exceeds the nominal level, though it is frequently much less than the nominal level. Not surprisingly,
for Model 1, the test also has the highest rejection probability under the alternative hypothesis. For
all other models, the rejection probability of the test under the alternative hypothesis is lower than

that of some of the other tests considered below.

SYZ: For most specifications, the bootstrap-based test proposed by Shao et al. (2010) has rejection
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Rejection rate under null - § =0 Rejection rate under alternative - = 1/2

Model CAR | t-test Naive Reg SYZ CAP SFE t-test Naive Reg SYZ CAP SFE

1

SRS 5.89 527 513 537 530 4.86/5.26 | 9.73 8.81 52.02 9.11 31.81 41.80/42.70
WEI | 0.37 031 515 546 493 5.20/5.04 | 2.20 1.80 51.55 15.03 32.97 44.08/43.78
BCD | 0.56 0.50 4.69 5.22 4.61 4.99/4.63 | 2.32 1.98 52,57 15.20 33.54 43.99/44.43
SBR | 0.00 0.00 521 3.62 5.09 5.27/4.98 | 0.01 0.01 51.95 30.43 39.08 46.90/45.56

2 SRS 5.65 514 504 524 496 4.73/4.96 | 43.22 41.42 4147 41.97 43.99 45.18/46.52
WEI | 4.24 3.78 383 6.43 5.26 4.43/5.22 | 42.83 40.78 40.74 48.89 46.38 47.32/47.76
BCD | 4.16 3.63 3.65 6.08 5.20 4.88/5.04 | 42.84 40.57 40.63 49.16 47.04 48.42/47.14
SBR | 3.42 3.22 310 6.57 5.01 5.35/5.26 | 42.82 41.82 40.81 53.62 49.16 49.96/49.27
3 SRS 5.51 485 4.89 504 5.03 5.36/5.06 | 42.17 40.45 40.78 40.81 42.93 46.27/45.06
WEI | 4.23 3.73 386 6.20 5.20 5.13/5.02 | 42.26 40.21 40.86 48.50 46.02 48.51/47.78
BCD | 3.73 3.33 339 5.67 4.85 5.14/4.77 | 41.63 39.78 4044 47.85 4586 48.10/47.37
SBR | 3.21 296 283 6.31 4.81 531/4.93 | 42.12 41.14 40.58 53.48 48.86 49.10/48.98
4 SRS 544  4.66 498 4.79 527 5.09/5.95 | 28.564 26.91 28.06 27.48 29.92 31.53/34.38
WEI | 4.07 3.51  3.77 574 474 543/5.36 | 27.68 26.02 27.27 31.76 30.26 33.57/34.50
BCD | 4.19 3.65 395 6.01 4.86 4.96/5.70 | 27.97 26.49 2744 3225 30.86 33.30/34.53
SBR | 3.80 3.58 358 7.53 5.00 6.77/6.23 | 27.53 26.51 26.68 36.58 31.13 34.91/33.65
5 SRS 5.59 496 513 523 5.22 491/4.86 | 14.18 13.21 13.78 13.40 27.59 35.46/36.10

WEI | 0.75 0.59 055 6.51 5.18 4.79/4.81 | 6.38 5.60 581 2241 29.84 37.17/37.59
BCD | 0.69 0.57 0.70 5.82 4.78 4.56/4.68 | 5.79 5.03 543 22.07 30.65 37.22/37.43
SBR | 0.03 0.01 0.02 515 5.23 4.90/4.85 | 1.66 1.31 1.55 36.18 36.36 38.00/37.57

Table 2: Parameter values: v = 4, 0, = /2.

probability under the null hypothesis very close to the nominal level, though in some instances the
rejection probability under the null hypothesis mildly exceeds the nominal level (e.g., 7.53% under
Model 4 and stratified block randomization with v = 4 and oy = v/2). Its rejection probability under
the alternative hypothesis is often considerably lower than that of the other tests considered below.

Recall, however, that Shao et al. (2010) only justify the use of this test for biased-coin design.

CAP: As expected in light of Theorem 4.3, the covariate-adaptive permutation test has rejection
probability under the null hypothesis very close to the nominal level in all specifications. Indeed, among
all the tests considered here, it arguably has rejection probability under the null hypothesis closest to the
nominal level across all specifications. As explained in Remark 4.10, its rejection probability under the
null hypothesis even equals the nominal level in finite-samples for some specifications. Furthermore, its
rejection probability under the alternative hypothesis typically exceeds that of all the tests considered
previously and often by a considerably margin. On the other hand, its rejection probability under the

alternative hypothesis is typically less than that of the following test.

SFE: As expected in light of Theorem 4.4, the t-test with strata fixed effects has rejection probability
under the null hypothesis very close to the nominal level in nearly all specifications. Its rejection
probability under the alternative hypothesis typically exceeds that of all the tests considered previ-
ously and often by a considerable margin. Note that the results using homoskedasticity-only and

heteroskedasticity-robust standard errors are nearly identical.
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Appendix A Proof of the main results

Throughout the Appendix we employ the following notation, not necessarily introduced in the text.

0% (s) For a random variable X, 0% (s) = Var[X|S = 5]
0% For a random variable X, 0% = Var[X]
pe Fora € {0,1}, E]Y;(a)]

Yi(a) Forae {0,1}, Yi(a) — E[Y;(a)|S;]

ma(Z;) Fora € {0,1}, E[Y;(a)|Zi] — 1a
& 203y + 207
2 202 ot 202 ©
G LsesP(8)T(s)(2E[ma(Z:)|S; = s] + 2E[mo(Z:)|S; = s])?
H o LsesP(8)(Emi(Zi)|S: = s] — E[mo(Z)|S; = s])?
n(s) Number of individuals in strata s € S
n1(s) Number of individuals in the treatment group in strata s € S

Table 3: Useful notation

A.1 Proof of Theorem 4.1

We start the proof by showing that the numerator of the root in the statement of the theorem satisfies

Vi (Yat = Yoo —0(Q)) %5 N (0,62 + ¢4 +¢3) -

Consider the following derivation:

where we used D, =

ses§ —n

D, 1\ '/1 D,\!
R:LlE a a5 )
’ n 2 2 n

D,

- R Z ((3-2) i -mnai— (5+22) 0300 - g - 40)

=Rn1(Rn2+Rr3),

(s), 2 = B» 4 1 and the following definitions:

3

Jr

NG 3 ((5(1) = )i = (500) = o) (= 4)
Ria= =02 S (1) = ) Ai + (Vi(0) = o)1 = 49)

By Assumption 2.2.(b), % Lt 0, which in turn implies that R}, £ 4 LemmaB.1 implies Ry, » 4 %N(O, §f~,+gfl +§f‘).

Lemma B.2 and Assumption 2.2.(b) imply R}, 3 £ 0. The desired conclusion thus follows from the continuous mapping
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theorem.

We next prove that

=Sy . (A-37)

2
This follows from showing that ~—2 £ 20’Y<a> for a € {0,1}. We only show the result for a = 1; the proof of the

result for a = 0 is analogous. Start by writing V;,1 as follows:

= 1 n 1l
n,1 = Y=+ —— W(Yi(1) — . -
Yon E AYi =m o E Ai(Yi(1) — 1) (A-38)

Then consider the following derivation:

~2

ngnl n 1 ¥ 2
el = N = Vo)A
" pa—— ;( 1)
n 1 <«
= LS = Vo + V(1) — ) A
niy ni
n nl< SN2
=— [ —= Yi(1) — A -Y.
o <n1n;( (1) = 1) (1 1) >

Il
/N
Ss
N———
[ V]
=X
S+
o
[
N
gs
N———
=
2%
ot

where we used (A-38) and the following definitions:

. 1
Rn,4 = E (Y(l) - l’Ll) Al 5
i=1
. 1 ¢
R.s = n (Yi(1) — p1) A

Since ;- = (B2 +1)"'and 2= £ 0 by Assumption 2.2. (b), it follows that ;* £ 2. The result follows from showing
that R}, 4 = $0% (1) and Rn,5 £ 0. Since E[(Yi(1) — 1)) = oy and E[(Y;(1) — p1)] = 0, this follows immediately

from Lemma B.2.

To prove that gf—, + 6% + 6% < ¢ holds with strict inequality unless (12) holds, notice that for a € {0,1},

2y = e — SCEIYi(1) — m)IS: = 5%p(s) — " Elma(Z)]S: = s*p(s) . (A-39)

sES seES

Using (A-39), we see that

§S2f - §3%/ - §12{ - 924 = 2(”?’(1) - ‘7%/(1)) + 2(0%(0) - ‘737(0))

= p(s)( Z:)|Si = 5] — Elmo(Zi)|Si = s])?
sES
— > p(s)7(s) (E[m1(Z:)|Si = 5] + 2E[mo(Z:)|S; = s])*
sES
= " p(s) (1 = 47(5)) (E[m1(Z:)|Ss = 8] + E[mo(Z:)|S: = s])”
seES

where, by Assumption 2.2.(b), 7(s) € [0, i] The right-hand side of this last display is non-negative and it is zero if
and only if (12) holds, as required.
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A.2 Proof of Theorem 4.3

Below we assume without loss of generality that 6y = 0; the general case follows from the same arguments with Y;

replaced by Y; — 6o A;.

Let G, |S™ and G4|S™ ~ Unif(G,(S™)) with G, G4, and X™independent conditional on S™. Define

2 2
S+ ¢
Gy = L0 (A-40)
Sy
We first argue for @ such that 8(Q) = 0 that
(To(Gn X ™), T (GL X ™)) S (T, T') , (A-41)

where T and T’ are independent with common c.d.f. ®(/ceap)-

Step 1: Following Chung and Romano (2013), we start the proof of (A-41) by coupling the data X with auxiliary
“data” X™ = {(Vi, Ai, Zi) : 1 < i < n} constructed according to the following algorithm. Set Z = {1,...,n} and
K, = 0. For each s € S, repeat the following two stages n(s) times:

1. Stage 1: Draw C; € {0,1} such that P{C; =1} =

1

5.

2. Stage 2: If there exists ¢ € Z such that A; = C; and S; = s, set V; =Y; and set Z = T \ {i}; otherwise, draw a
new, independent observation from the distribution of Y;(C};)|S; = s, set it equal to V; and set K,, = K,, + 1.

Note that K, constructed in this way is an upper bound on the number of elements in {V; : 1 <14 < n} that are not

identically equal to elements in {Y; : 1 < i < n}. Indeed, there exists go € Gn(S™) such that
K>S Vi £ 71}
i=1

Step 2: We now prove that for @ such that 6(Q) = 0 and

1 — 1 —
TV (x™) = — S vid-—Sva-4)], A-42
(x) f(Z L3 >> (A2
it follows that
(T (G x ™), T (G x ™)) & (7Y, TV, (A-43)

where TV and T are independent with common distribution given by N(0,<Z + <) when 7(s) = 0 for all s € S.
Arguing as in the proof of Lemma 5.1 in Chung and Romano (2013), (A-43) follows by verifying the following two

conditions:
(T (@ X ™), T (@ X)) & (@, 1) (A-44)
TY (GngoX™) =TV (G, X™) = op(1). (A-45)
Lemma B.3 establishes (A-44) and Lemma B.4 establishes (A-45).

Step 3: Note that we can write T}, (G, X ™) as

TV (G, X ™)

(n)y —
A0 = TG
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where TF (X (™) = \/T,f’l(XW) + %X (™) with

Tiﬁl(x(ﬂ)) — nﬂlnil Z(le _ Yn,l)zAi
=1
n n 1 < —
TEOX™) = s 3 (Vi = Vao) (1 - Ai)

Since

n(i) = ni
1 n

1 <1n (1)2 (2, Y 1)AGn(¢))2>
n

and Assumption 2.2.(b) implies that %t = P 4 1 £ 1, it follows from Lemma B.2 that LY (G, X ™) £ 203/(1). A
2

n n
similar argument shows that T.2°(G,, X ™) £ 0'?/—(0). It thus follows that

THGX™) 5 oy . (A-46)

Combining (A-43) and (A-46), we see that (A-41) holds.

It now follows from Lemma B.6 that é;*P(1 — ) 5 Scap® (1 — @). When 7(s) = 0 for all s € S, it follows that
642 = 0 and 80 62, = SCiest- Combining this last result with Theorem 4.1, we see that lim,— e E[¢5P(X™)] = a

whenever 0(Q) = 0y, completing the proof of the theorem.

A.3 Proof of Theorem 4.4

We first prove that (31) holds with gffe = g%, +¢%. To this end, write Bn as

" ~
~ i:lAi}/i
=

i A
where A; is the projection of A; on the strata indicators, i.e., A; = A; — n1(S:)/n(S;), where

ni(Si) _ O
Sy Z:I{SZ =s}

TL( sES n(s) .

Next, note that

= 1 n 12
n i1 A

7 L Af

Below we argue that
NAE zn:A? N PED, (A-47)
n < R
vn (i Zél[liYi — 0(Q)> =4Rn1 +4Rn,3 +opr(1) (A-48)
i=1

where R, 1 and R, 3 are defined, respectively, as in (B-58) and (B-60) below. By inspecting the proof of Lemma B.1,
we also have that 4R, 1 + 4Rn,3 2 N(0, cf; + %), from which (31) thus follows.
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Step 1: To see that (A-47) holds, note that

ﬁ(iiﬁ—i) —ﬁ(;i(Ai—ZI{Si—s}g((j) —i)

=1 sES

“r(a G (g e - (5 ) )

1=1

=ﬁ%i(Ai‘§) WZ( ())2+f*
i sES
A B3 (Y
sES SES
ST CR R S

where the fourth equality follows from the following:

p(s)
4

n

(0 5) B (4 ) -
Vi (" a9 = 0rtr).

Note further that the term in brackets in (A-49) equals zero because ) s p(s) =1 and >  sn(s) =n.

Step 2: To see that (A-48) holds, note that

1 ~ ~ 27’1,1
ﬁ(n;mm—a( ) sz;AY Vnh(Q \FZZ I{S =s}Y; . (A-50)

seS i=1

Consider the first two terms. Use that A} = A; — % and the definition of Y; to see that

Z4AY Vih(Q ZAY+ = Yi - Vb(Q)
= %Z«Yi(l) ~ A = (50) )1~ 40) + 3,
Z i1 — (1= Ai)po) — v/n( — o)
= 4R,y + 4Ry 3+ 4R 2 + —— Z Y+ — Vi Z “(u1 + o)) (A-51)

where R, is defined as in (B-59) below and the last equality follows from the derivation in the beginning of the
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proof of Lemma B.1. Now consider the third term in (A-50). Since 221((:)) =2 Dn’ZS) + 1, we see that

222’“ S = s}V, = = ZZQD I{S: = s}Yi + = ZZI{S_S}Y

5652 1 sGSz 1 5682 1
2D, 2n 1
:g \/ﬁ( o ZI{S —s}Y—!—fZY
— ZD”S an @ mi(Z; mo(Z; i = 8 op
75;; T n(8)< 5 (11 + po + Blma(Z) +mo(Zi)|Si = s]) + (1)>

2 n
+%ZYi

,4Rn2+—ZY+fZ (11 + po)) +or(1) (A-52)

where the third equality follows from + Y7  I{S; = s}V; = S) (p1 + po + E[mi(Z;) + mo(Z)|S; = s]) + op(1),

and the last equality follows from 7 = ﬁ +op(1), D\"F(s) Op( ) from Assumption 2.2.(b), and the definition of

Ry,2 in (B-59). The desired result (A-48) thus follows from (A-50)—(A-52).

Next we prove (32). We first prove the result for homoskedasticity-only standard errors, i.e.,
- 1~ o) (ChCa\ 7"
Viomo = [ = D it} <7" ) LE 4+, (A-53)
i VAT Y

where C, is a n x |S|+1 matrix with the treatment assignment vector A, in the first column and the strata indicators

vector in the rest of the columns, and 4; is the least squares residual of the regression in (29).

Next note that ~C/,Cy, B ¥¢ where

12 i) @ - Le(S) 12 2
sp(1)  p(1) 0o - 0 2 145y 1 1
Se=| fp») 0 Do edxgt=] 2 0 T | @y
sdsh 0 p(SD) [ -2 1 sy
The convergence in probability follows from 2t = 2= 4 1 5 1, "1753) = D"'T(S) + %% 5 p(;), and n(s) % p(s) for

all s € §S. The second result follows from analytically computing the inverse matrix, which we omit here. It follows
that the [1,1] component of X" equals 4. By Lemma B.8, we have that 1 > a7 £ 1 (cf; + 7). The result in
(A-53) immediately follows.

We now prove the result for heteroskedasticity-robust standard errors, i.e.,

/ -1 /9 A2, . / -1
(cncn> (Cn diag{d? : 1 SZSn}Cn) (cncn) ] B2ig. (A-55)

n n n
[1,1]

‘/hc =
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First note that

nL A, LA =1} - Y, aAJ{S = |S])
C, diag{a? :1<i<n}C, 1| Zim@WAI{S=1} 3L 1uzf{5 =1} 0
n “n :
nalAI{S: =[S} 0 " 1u?l{S =S}
It follows from Lemma B.8 that
Cl diag{a? :1<i<n}C, p

—
n

(A-56)
where each component of the matrix 2 corresponds to the respective limits in Lemma B.8. It follows that

’ -1 /AT ~2 . <4< / -1
((Cn(Cn) <(Cn diag{a; : 1 <3< n}(Cn> ((Cn(Cn) I3 2619261 _
n

Z4cHr Via
n n

, (A—57)
12 Va2

where we omit the expressions of Vi and Va2 as we do not need them for our arguments. From here, (A-55) follows
immediately.

From the previous results, the final conclusion of the theorem, (

33), follows immediately.

Appendix B Auxiliary Results

Lemma B.1. Suppose Q satisfies Assumption 2.1 and the treatment assignment mechanism satisfies Assumption
2.2. Then,

ﬁ D (O5(0) = )i = (4(0) = o)1 = A1) -

where g?,, ¢, and ¢4 are defined in Table 3

[

N(0,62 + st +4) ,

|

Proof. Let Yi(a) = Yi(a) — E[Yi(a)|Si], ma(Zi) = E[Yi(a)|Zi] — fta, and consider the following derivation
1 n
S S0 (V1) — ) A: = (¥i(0) — o) (1 A1)

— 5= > (FA - K - 4)) + ﬁ > (Elmi (2)[Si4; ~ Elmo(

=1

Zi)|Si)(1 = Ay))

:Rn71+2fZA <§9Em1 = s]I{S; = s} + > _ E[mo(Z:

)|Si = s]I{S: —s})
s€S
Z (ZEml = S|I{S; = s} = 3 Elmo(Z:

i=1 \s€S

)|Si = s|I{S: = s})
se€S

- Rn,l + Rn,2 + Rn,3 5
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1

where we used A7 = A; — 5 and the following definitions:

1 - -
Rn = — YilAi—Y;'O ].—Ai y B-58
1= gy A T - 40 (B-58)
1 n
Ry = 5 (s) (E[m1(Z:)|Ss = s| + E[mo(Z:)|S: = s]) , (B-59)
NG
sES
1 n(s)
Rusz=7) Vi == —p(s) | (Blmi(Z:)]S: = s] = E[mo(Z:)|9: = s]) - (B-60)
sES
The result follows from the continuous mapping theorem once we show that R, = (Rn,1,Rn,2, Rn,3) 4

(Cry,CRy,CRs) where Cr,, Cr,, and (g, are independent and satisfy (r, ~ %N(O,g?,), Cry ~ %N(O,gi), and
CR3 ~ %N(nglg{)

We first show that
(Ru1, Rz, Ru) 2 (Ri 1, Rz, Rus) + op(1) (B-61)

for a random variable R}, ; that satisfies R}, 1 1L (Rn,2, Rn,3) and R}, 1 KN Cr,. To this end, note that under the
assumption that W is i.i.d. and Assumption 2.2(a), the distribution of R, ; is the same as the distribution of the
same quantity where units are ordered by strata and then ordered by A; = 1 first and A; = 0 second within strata.
In order to exploit this observation, it is useful to introduce some further notation. Define N(s) = > 1, I{S; < s}
and F(s) = P{S; < s} for all s € S. Furthermore, independently for each s € S and independently of (A", 5™,
let {(Y°(1),Y#(0)) : 1 <4 < n} be iid. with marginal distribution equal to the distribution of (¥;(1), ¥;(0))|S; = s.
With this notation, define

H(M+L(S)) n(N(s>+n<s>)
)3 I SRR (R D o
T, — 2 \/’ﬁ K3 \/ﬁ
seS i=n Nfls) +1 i

70 | - (B-62)
(M) g

n n

By construction, {Rn,1|S("),A(")} 4 {Rn,1|S(”),A(")}, and so Rn,1 4 Rn,l. Since R, and R, 3 are functions of
S™ and A("), we have further that (Rn,1, Rn,2, Rn,3) 4 (Rn,l,Rn,g,Rn,g). Next, define

. | r(reor=)] | o)
Ri. =5 NG O+ = > Y7(0) | - (B-63)

ses i=|nF(s)|+1 i:[n(F(s)+p(25))J+l

Since R}, is a function of {(Y;*(1),Y;7(0)) : 1 < i < n,s € S} L (S™,A™), and (Rn,2, Rn,3) is a function of
(8™, A™) we see that R} ; AL (Ry2, Rn3).

To complete the proof of (B-61), we establish that R}, ; N Cr, and A, = Rn,l - R £0. To this end, consider

an arbitrary s € S and define the following partial sum process:

Lnu]

%wzﬁgﬁm

Under our assumptions, this converges weakly to a suitably scaled Brownian motion (see, e.g., Shorack and Wellner

(2009, Theorem 1, page 53) or Durrett (2010, Theorem 8.6.5, page 328)). Indeed, by elementary properties of
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Brownian motion, we have that

> Y1) SN

i=[nF(s)]+1

()] (O p<><><>>

5=

where we have used that af;s(l) = af;m(s). Furthermore, since
(M), mlod) 5 (pio, 20
n n 2
it follows that
N(s) +ni(s N(s s
g (D) g (D) (g () + 22} - u(re) ) S0,

where the convergence follows from elementary properties of Brownian motion and the continuous mapping theorem.
Repeating an analogous argument for Y;*(0) and using the independence of {(Y;*(1),Y;*(0)) : 1 <i < n,s € S} across

both ¢ and s, we conclude that R;, ; N Cr, and A, = Rn,l —Rna Eo.

From Assumption 2.2.(b) and the continuous mapping theorem,
{Rn2|S™} % Cr, as. (B-64)
Also, the central limit theorem and continuous mapping theorem imply that

Ros % Cr, . (B-65)

To complete the proof, we show that (Rn,1, Rn,2, Rn,3) 4 (CRr15CRo > Cry) With {Cr;, (R, (R } independent. From
(B-61), it suffices to show that (R}, 1, Rn,2, Rn,3) 4 (Cr1,CRs, CRs), 1€y

P{Ry 1 < hi}P{Ryn2 < h2, Rn2 < ha} = P{(r, < h1}P{(r, < h2}P{(rs < h3}, (B-66)

for any h = (h1, he, hs) € R® s.t. P{(r, < h1}P{(r, < h2}P{Crs < hs} is continuous.

As a first case, we assume that P{Cr, < -}, P{Cr, < -}, and P{(r, < -} are continuous at h1, ha, hs, respectively.
Then, Ry, 1 K Cr, implies P{R;, 1 < h1} = P{Cr, < h1} and (B-66) follows from the following argument:

P{Rn2 < h2,Rn2<hs} = E[P{Rnz2<h2, Rns<hslS™}
= E[P{Rn2 < ha|S"™}{R,3 < hs}]
= E[(P{Rn> < ha|S"™} — P{Cr, < ha})I{Rns < hs}] + E[P{Cr, < ho}{Rn3 < hs}]

= EB[(P{Rn2 < ha|S™} — P{Cry < ha})I{Rn.3 < hs}] + P{Cr, < h2}P{Rns < hs}
= P{Cr, < h2}P{(rs < hs},

where the convergence follows from the dominated convergence theorem, (B-64), and (B-65).

Finally, we now consider the case in which P{Cr; < -} is discontinuous at h; for some 1 < j < 3. Since (g,
is normally distributed, this implies that {; must be degenerate and equal to zero and thus h; = 0. In turn, since
P{Cr, < -}P{¢2 < -}P{(3s < -} is continuous at (hi, he, h3), then this implies that IIy-; P{¢x < hi} = 0. Since (x

for k # j are also normally distributed, this implies for some k # j that (; is also degenerate and equal to zero and
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hi < 0. Then, (B-66) follows from the following argument:

P{Rn1 <hi,Rn2 <ho,Rn2<hs} < P{Rnr<hi}
— 0

= P{¢ < hi}P{¢ < h2}P{¢s < hs},

where the convergence follows from hi < 0 and the fact that R, & K (R, with (g, degenerate and equal to zero, and

the final equality uses that P{Cx < hx} =0. &

Lemma B.2. Suppose Q satisfies Assumption 2.1 and the treatment assignment mechanism satisfies Assumption

2.2. Let W; = f(Yi(1),Yi(0),S:) for some function f(-) satisfy E[|W;|]] < co. Then

1 — 1
=S WA S SEIW] (B-67)
n 2
Furthermore,
1 <& p 1
- > Widg, ) = S EWi] (B-68)
i=1

for Gn|S™ ~ Unif(G,(S™)) with G, and X ™ independent conditional on S™.

Proof. We prove only (B-67); the convergence (B-68) follows from analogous arguments.
By arguing as in the proof of Lemma B.1, note that
1 4 1 ni(s)
— WlAl == — W,L‘s 5
L waty Ly

sES i=1

where, independently for each s € S and independently of (A("),S(">), {W? :1 <4< n} are i.i.d. with marginal
distribution equal to the distribution of Wi\Si = s. In order to establish the desired result, it suffices to show that

ni

—~

B

N

Wi 5 () B (B-69)

1

S

i

From Assumption 2.2.(b), "1 — Dnls) 4 %"(S) £ @, so (B-69) follows from

n n n

ny(s)
15 s P s
e ;:1 w5 Ewy) . (B-70)

To establish (B-70), use the almost sure representation theorem to construct ﬁlT(” such that ;”T(S) < an(S) and

26



;”T(S) — %p(s) a.s. Using the independence of (A(")7 S(">) and {W; : 1 <i < n}, we see that for any € > 0,

ni(s) —n

IR . LSS e .
n1(5)

1 = s s

"1()
_ s 71 (s)
=E|P m(s) ZW — EW;]| > |~ m

1=1

—0,

where the convergence follows from the dominated convergence theorem and
P L Zn Wi — E[W{] >6L(S) — 0 a.s (B-71)
~ f f . S, .

To see that the convergence (B-71) holds, note that the weak law of large numbers implies that
1 & P
— Wis — F Wis B-72
oD i) (B-72)

for any subsequence ny — oo as k — oco. Since n™t-* ( ) ﬁlT“') and

{W¢:1<i<n}and (B-72). &

— 00 a.s., (B-71) follows from the independence of

Lemma B.3. Suppose Q satisfies Assumption 2.1 and the treatment assignment mechanism satisfies Assumption 2.2
with 7(s) = 0 for all s € S. Let G, G, and X be defined as in the proof of Theorem 4.3. For T,(LJ(X(”)) defined
n (A-42), we have that (A-44) holds whenever Q additionally satisfies 0(Q) = 0.

Proof. Let g = G, and ¢’ = G.,. Note that
Tf(g)?(”))—w( ZVAQ(,>+ ZV> :

where A7 = 2A4; — 1. Since Assumption 2.2.(b) holds with 7(s) = 0 for all s € S, D—\/% £ 0. From the weak law of

large numbers, we have further that

1 n

=S vi B EV .
ni=

It thus follows that
Y (gX™) = Zm s +op(l) .

Repeating the same argument for T,V (g'X(">), we see that

n n 2 N\~ yge
(TY (gX ™), TV (¢’ X ™)) < ZVz 9(i)s nz‘/iAg’(i)> +op(1) .
i=1
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Using the Cramér-Wold device, it suffices to show for real numbers a and b that
% ;”1 Vi(adj +bAy) 5 N(O, (® + %) (F + 7)) - (B-73)
Note that the left-hand side of (B-73) equals
% é(m — EVIISI) @Al + A @) + % i EVIS (@Al + bAD) - (B-74)

Because n n
ZAg(i)I{Si =s}= ZAQ’(i)I{Si =s} = Dn(s) ,
i=1 i=1

the second term in (B-74) equals

% SOSCEVAS: = s[I{S: = s}adl + bAl) = d(a+b) S BVilS: = 5 22)

=op(1),
seS i=1 seS \/ﬁ

where in the last equality we again use the fact that D"T“) £0. To analyze the first term in (B-74), define

ns(d, d/) = |{1 S 7 S n: Ag(z) S d7 Agl(i) S d,,Si = 8}‘ .

By arguing as in the proof of Lemma B.1, we see that this term is equal in distribution to the following:

9 ns(0,0) ns(0,1) ns(1,0) ns(1,1)
Zﬁ Zvi(f(wb))f > Vib-a)+ > Via—b)+ > Via+b) |, (B-75)
s€S i=1 i=ngs(0,0)+1 i=ng(0,1)+1 i=ng(1,0)+1

where, independently for each s € S and independently of (A™, 5™ g ¢), {Vi*:1 <4 < n} are i.i.d. with marginal
distribution equal to the distribution of V; — E[V;|S;]|S; = s. Next we argue that

ns(g,o) I I@ (B-76)
M B 1@ (B-77)
ra(1,0) ~ne(@.1) 1, pls) (B-78)
M L3 1@ . (B-79)

First consider (B-76). Conditional on A™ and §™ | n, (0,0) is a hypergeometric random variable corresponding to

no(s) draws from an urn with n(s) balls and ng(s) successes. Hence,

P [nS(S’O)M(n)vS(n)] _ ZO(S); L % (B-80)
e | 720:0) ) ) gm] _  mo(s)’ma(s)* g
v [ n 4™, ] n2n(s)2(n(s) — 1)2 =0,

where the convergences in probability follow, as before, using Assumption 2.2.(b). It therefore follows by Chebychev’s

inequality (applied conditionally) that
2
P{ ns(0,0) _ no(s) ‘ > E|A(n)75(”)} £y ,
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which implies further that

ns (07 0) TLo(S)Q £> 0

n n(s)n

The convergence (B-76) thus follows from (B-80). The convergences (B-77)—(B-79) follow in the same way.
Therefore, again by arguing as in the proof of Lemma B.1, we see that (B-75) converges in distribution to a

normal with mean zero and variance given by

> 2p(s)((a+b)* + (a — b)*)Var[Vi|S: = 5] = (a® +b%) > _ 4p(s)Var[Vi[S; = s] . (B-81)
seS SES

To complete the proof, note that

Var[V;|S; = s]

%Var[Yi(lNSi — 8+ éVar[Y;(O)\Si — 8+ (%E[y;(msi — %+ LEWi(0)S, = 312)

- (Emis = o+ M5 = o))

= Sota(s) + 3odo(s) + FEWDIS = 5] - BY0)]S: = 5))?
= %U%u)(s) + %Uém)(s) + %(E[ml(ziﬂsi = s] — E[mo(Zi)|Si = s])* ,

where in the final equality we have used the fact that ©1 = po because (Q) = 0. It thus follows from the expressions
for ¢ and 7 in Table 3 that (B-81) equals (a® + b°)(sZ + <), as desired. B

Lemma B.4. Suppose Q satisfies Assumption 2.1 and the treatment assignment mechanism satisfies Assumption
2.2. Let G, go and X™ be defined as in the proof of Theorem 4.3. Let TY (X™) be defined as in (A-42). Then
(A-45) holds whenever Q additionally satisfies 6(Q) = 0.

Proof. Let g = G. Note that (A-45) equals

i=1 i=1

1 <& 1 <&
v <m > Vago = Ya)Ai = 1= D (Vago() = Yora))(1 = Ai)) : (B-82)

Since
Yoy = Yo() (1) Ag(iy + Yy (0)(1 = Agiy)

we have that (B-82) equals

n n

1
vn < > Vagotiy = Yoy (1) Ageiy Ai + o > Vagoti) = Yo (0) (1 = Ag(i)) As

=1 =1
1< 1<
"o > Vagotiy = Yoy (1) Ay (1 — A) — - > Vagotiy = Yoy (0))(1 = Agi)) (1 — Ai) | . (B-83)
=1

i=1

By construction, all but at most K, of the terms in the four summations in (B-83) must be identically equal to
zero. Moreover, conditionally on g, go, A™ and K,, (B-83) has mean equal to zero. This follows from the fact that
E[Vi] = 21 + 2po and pa — po = 0 because 6(Q) = 0. Using the fact that Var[A + B] < 2(Var[A] 4 Var[B]), we see
that, conditionally on g, go, A™ and K., (B-83) has variance bounded above by
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where

M = 4max{Var[Vi — Y;(1)], Var[Vi — Y;(0)]} . (B-84)

Lemma B.5 implies that % £ 0. It therefore follows by Chebychev’s inequality (applied conditionally) that
P{ITY (990X) = T (9X )| > elg, 90, A™, K} 550,

from which the desired unconditional convergence (A-45) also follows. B

Lemma B.5. Suppose Q satisfies Assumption 2.1 and the treatment assignment mechanism satisfies Assumption

2.2. Let K,, be defined as in the proof of Theorem /.3. Then,

Kn
n

Lo. (B-85)

Proof. The argument provided here follows closely arguments in Chung and Romano (2013). For each s, let No(s) =
{Cj=ua:j=1,...,n(s)}| for C; as in the proof of Theorem 4.3. In this notation,

K, = Z Z max{nq(s) — Na(s),0} .

se€S ace{0,1}

In order to show (B-85), it suffices to show that for all s € S and a € {0,1},
— e 5. (B-86)

To this end, write

na(s) = Na(s)  _ (na(s) n2(3)> - (Na(s) B @)
_ 1Dn(s) n(s) <Na(s) B 1) .
2 n n \_n(s) 2

Under our assumptions, D"T(S) £ o0and "S) £ p(s). Note that for each a € {0,1} and s € S, Nq(s)|n(s) is distributed
rials and probability of success equal to . It therefore follows from

according to a binomial distribution with n(s) t 5
) that

Chebychev’s inequality (applied conditionally

"

Na(s) 1 (n) 1 P
_§'>e|5 < n<s)2—>0.
n(s) ’I'LTE

It follows that

from which (B-86) follows. B

Lemma B.6. Let Gn|5(”) and G;|S(”) ~ Um’f(Gn(S("))) with Gn, Gy, and X™ independent conditional on S™.
Suppose
(T (Ga X ™), Tu(GL X ™) S (1,T") | (B-87)

where T ~ T with c.d.f. R(t) and T and T' are independent. Then, for any continuity point t of R,

. 1 n
Ru(t) = 15 7gom] S H{Tu(gx™) <t} 5 R()
|Gn (St .
gEGR (S(™))
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Proof. Let t be a continuity point of R. Note that

E[R.(t)] = E[E[R.(1)S™)]]
1 : )
- mgec;;(S(n))P{Tn(gX( )) §t|S( )}

= B[P{T.(G.X™) < t]S™)]
= P{T.(G.X"™) <t}
— R(t),

where the third equality follows from the distribution for Gn|S<") and the independence of G, and X ™ conditional
on S and the convergence follows from (B-87). It therefore suffices to show that Var[R,(t)] — 0. Equivalently, it
is enough to show that E[RZ(t)] — R%(t). To this end, note that

1

BRW) = Bligmme 2 2 HLOX™) <t T@X™) <
" 9EGA(S(M) g'€Gn (S()
1 n ’ n n
= Fligmop X X PIeX™) <uTix®) <is™)

9EGL(S(M) g'€Gn (S(M)

= E[P{Tu(GnX™) < t, Tu(GrX™) < t|S™)]
= P{T.(GnX™) <t,Tu(GrX™) <t}

- Rt),

where, as before, the third equality follows from the distributions for G,|S (™) and Gr|S (™) and the independence of
Gn, G, and X™ conditional on S™, and the convergence follows from (B-87). B

Lemma B.7. Suppose Q satisfies Assumption 2.1 and the treatment assignment mechanism satisfies Assumption
2.2. Let v = (B,01,...,0|s))" be the parameters in the regression (29) and let 4 be the least squares estimator of ~y.
Then,

0(Q)
po + 5 E[mi1(Z:)|Si = 1] + 5 E[mo(Z:)|S: = 1]

>

o + 3 E[mi(Z:)|Si = [S[] 4+ 3 E[mo(Z:)|Si = |S]]

Proof. First note that 4,, = (C;(Cn)*l(C;Yn, where C,, is an n x |S|+ 1 matrix with the treatment assignment vector
A,, in the first row and the strata indicators vector in the rest of the rows, and Y, is an n x 1 vector of outcomes.
The (s + 1)th element of LC}, Y, equals £ 37" | A;Y; if s =0 and 23" | I{S; = s}V for s € S. In turn, this last

term satisfies

n

LYot == " ot Bl (201 = s + (") - ") o 4 Bpmoz015: =)

n

+ % i AI{Si = s}Yi(1) + % ST (1 - A I{S: = s}Vi(0)

= 0(6) (5 m + Bl (215 = 5] + 5o + Elmo(Z015: = 5))) +0r(1)
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where in the last step we used ") — Dn(s) n(s) B opls) nls) B p(s), and that = > A I{S; = s}Yi(a) Eo

n n % n 27 n
for a € {0,1} by Lemma B.2. Also by Lemma B.2,

N2

1< 1< p1
= > AYi=—> AYi(1) = s,
so that we conclude that

21
1., » p(1) (5w + E[ma(Z:)|Si = 1]) + 5 (o + E[mo(Z:)|Si = 1]))
-C, Y, — .
n .
p(IS]) (5(m1 + E[ma(Z:)]Si = 1)) + 3 (ko + E[mo(Z:)|S: = |S]]))
The result then follows from the above display, (A-54), and some additional algebra. B

Lemma B.8. Suppose Q satisfies Assumption 2.1 and the treatment assignment mechanism satisfies Assumption
2.2. Let C; = [Ai, I{S; = 1},...,I{S; = |S|}] be the ith row of the matriz C,, formed by stacking the treatment
assignment vector A, in the first column and the strata indicators vector in the rest of the columns, 4, be the
least squares residuals of the regression in (29), and 4n be the least squares estimator of the regression coefficients
v=(B,01,...,8s) . Then,

s =Y I{Si = s}ATE [m1(Z:) — mo(Z:)|Si = s] + Yi(1) A + Yi(0)(1 = As) + Cily — An) - (B-88)
seES
Furthermore,
1 n P 1 2 2
-~ 2 a; — Z(gH +<5) (B-89)
Iq~.2, R 1o 1,
E ;’UJZAZ — ggH + 50’{,(1) (B—90)
1Qm o P 1 2, 1o 1,
- > ai1{S: = s} = p(s) 7 (B [mi(Zi) =mo(Zi)[Si = s])” + 505 (s) + 505y (5) (B-91)
i=1
1o P 1 2, 1,
E ’LL,[{S; = S} AZ — p(S) g (E [m1 (Zl) — ’ITLO(ZZ)|Sl = S]) + 50')7(”(8) . (B—92)

i=1
Proof. Counsider the following derivation:

Y; =Yi(1)A; +Y;(0)(1 — Ay)

= 0(Q)Ai + po + Yi(1)A; + Yi(0)(1 — Ay) + > I{Si = s} (A E[m1(Z:)|Ss = 5] + (1 — Ai) E[mo(Z:)|Si = s]) .
seS

Using Lemma B.7, we have that

Civ = 0(Q)A; + po + ZI{Si = s} (%E[m1(Zi)|S¢ =s]+ %E[mo(ZiHSi = 5]) :
sES
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Hence,

u; =Y; — Cyy

=Y I{Si = s}ATE [m1(Z:) — mo(Z:)|S: = 8] + Yi(1)Ai + Yi(0) (1 — Ay) . (B-93)
seS

Since @; = u; + Ci(y — 4n), the desired expression for (B-88) follows.

To prove (B-89) - (B-92), note that for any univariate random variable X; such that

1o 1<
- ; (CiCi ® X;) = Op(1) and - ;CiuiXi =0p(1), (B-94)
we have that
1. 1 — vl
—D X ==Y ulXe+ (v = An) D (CICi @ Xi) (v = An) +2(7 = An) ZCuz
=1 =1 i=1

1 n
= qu?Xi +op(1),
ni:l

where in the second equality we used 4y, E ~ from Lemma B.7. Since the condition in (B-94) certainly holds for
X; =1, I{S; = s}, A;, and I{S; = s}A;, it is enough to show that (B-89) - (B-92) holds with u? in place of 4.
Using (B-93), we have that

u? = 3" LIS = 5} (Blma(Z) — mo(Z)IS: = s))* + Fi(1) A, + Fi(0)? (1 — A)
seS
+ Y {8 = s}E [m1(Zi) — mo(Z:)|Si = s] Yi(1) A,
SES
=Y I{Si = s}E [m1(Z:) — mo(Z:)|Si = 5] Yi(0)(1 — Ai) .

seS

Lemma B.2 thus implies that

n

1 p1 1 1
—D ui g > p(s) (B [mi(Z:) —mo(Z:)|Si = s])” + ORI )

n
= seS
:Z(QQ{‘*‘%%/)
L2, B L E[mi(Zi Z)IS: = s])? + L2
EZU«L 1—>§Z‘gp(8)( [m1(Zi) —mo(Z:)|Si = s]) +§UY(1)
=1 s€
1 1
8gH+ Jy(1>+OP()
1”215'* p 1 P 7 218 — )2 4 Lg2 1 5
EZui {8i = s} = 7p(s) (B [m1(Zi) —mo(Z:)|Si = s])” + 5051y (5) + 5070 ()

0|

%ZU?[{& = s}A; 5 Zp(s) (B [ma(Zi) — mo(Z:)|Si = s))* + 297 (8)

thus completing the proof. B

Lemma B.9. Let A™ be a treatment assignment generated by the biased coin design mechanism described in Ezample

3.2. Then, Assumption 2.2 holds.
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Proof. Part (a) holds by definition. For part (b), note that for s # s, D, (s) 1L D, (s')|S™. Moreover, within
stratum the assignment is exactly the one considered in Markaryan and Rosenberger (2010, Theorem 2.1). It follows
from that theorem that

{Dn(5)|S™} = 0p(1) ass.

These two properties imply that part (b) holds with 7(s) =0 forall s € S. &
Lemma B.10. Let A" be a treatment assignment generated by the adaptive biased coin design mechanism described

in Example 3.3. Then, Assumption 2.2 holds.

Proof. Part (a) holds by definition. Part (b) holds by Wei (1978, Theorem 3) adapted to account for stratification.

{Dn?;s)w(n)} a4 N (0, m) as. (B-95)

Since Dy, (s) 1L D, (s")|S™ for s # §', part (b) holds with 7(s) =

This result implies that
1
Tiigoy forallsesS. m

Lemma B.11. Let A" be a treatment assignment generated by the stratified block randomization mechanism de-

scribed in Example 3./. Then, Assumption 2.2 holds.

Proof. Part (a) follows by definition. Next note that, conditional on ™, n(s) = 37 I{S; = s} and ny(s) = L”<25>j

are non-random. Thus, conditional on S, {D,(s) : s € S} is non-random with

0 if n(s)is even or n(s) =0
Dy(s) =
—1 ifn(s) is odd

for all s € S. Part (b) then follows with 7(s) =0 foralls € S. B
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