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Abstract

We develop a theory of innovation waves, investor sentiment, and merger activity based
on uncertainty aversion. Investors must typically decide whether or not to fund an innovative
project with very limited knowledge of the odds of success, a situation that is best described as
“Knightian uncertainty.” We show that uncertainty-averse investors are more optimistic on an
innovation if they can also make contemporaneous investments in other innovative ventures. This
means that uncertainty aversion makes investment in innovative projects strategic complements,
which results in innovation waves. Innovation waves occur in our economy when there is a critical
mass of innovative companies and are characterized by strong investor sentiment, high equity
valuation in the technology sector, and “hot” IPO and M&A markets. We also argue that M&A
promotes innovative activity and leads to greater innovation rates and firm valuations.
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Innovation is the most important value driver of modern corporations and a key source of
economic growth (Solow, 1957). There are times when innovation is stagnant, but other times
when technology leaps forward. Further, investors must typically decide whether or not to fund
an innovative project with very limited knowledge of the odds of success, a situation that is best
described as “Knightian uncertainty” (Knight, 1921). This paper studies the impact of uncertainty
aversion on the incentives to innovate. We show that uncertainty aversion can generate innovation
waves that are associated with strong investor sentiment and high stock market valuations.'

There are many reasons why innovation develops in waves. These include fundamental reasons
such as random scientific breakthroughs in the presence of externalities and technological spillovers.
In this paper, we focus on the impact of financial markets on the incentives to create innovation.
We argue that innovation waves can be the product of investor uncertainty aversion. We show that
investor uncertainty aversion creates externalities in innovative activities which results in innovation
waves characterized by strong investor sentiment and high stock market valuations. We also show
that innovation waves lead to an active M&A market which further promotes innovation activities.
Finally, our model suggests that innovation waves may lead to “hot” IPO markets associated with
strong investor sentiment, high equity valuations, and lower long term equity returns.

We study an economy with multiple entrepreneurs endowed with project-ideas. Project-ideas
are risky and, if successful, may lead to innovations. The innovation process consists of two stages.
In the first stage, entrepreneurs must decide whether or not to invest personal resources, such
as effort, to innovate. If the first stage of the process is successful, further development of the
innovation requires additional investment in the second stage. Entrepreneurs raise funds for the
additional investment by selling shares of their firms to uncertainty-averse investors. The second
stage of the innovation process is uncertain in that outside investors are uncertain of the exact
distribution of the residual success probability of the innovation process. Following Epstein and
Schneider (2010), we model uncertainty aversion by assuming that outside investors are Minimum
Expected Utility (MEU) maximizers and that they hold a set of priors, or “beliefs,” rather than a

single prior as is the case for Subjective Expected Utility (SEU) agents.

' A positive effect of investor sentiment on innovation has been documented in Aramonte (2015).



In our model, probabilistic assessments (or “beliefs” in the sense of de Finetti, 1974) on the
future returns of investments held by uncertainty-averse investors are endogenous, and depend
on the composition of their portfolios. In particular, uncertainty-averse investors prefer to hold an
uncertain asset if they can also hold other uncertain assets, a feature that is denoted as “uncertainty
hedging.” This happens because, by holding uncertain assets in a portfolio, investors can lower their
overall exposure to the sources of uncertainty in the economy. In addition, because of uncertainty
hedging, an investor will hold more favorable probabilistic beliefs toward an innovation — and thus
be more optimistic — if he/she is able to invest in other innovations as well. We will refer to the
probabilistic assessments held by investors on the success of innovations as characterizing their
“sentiment.” Thus, uncertainty-averse investors have stronger sentiment and are willing to pay
more for equity in a given entrepreneur’s firm when other entrepreneurs innovate as well. This
means that investors are more willing to fund an entrepreneur’s innovation if they can also fund
other entrepreneurs at the same time. It also implies that the market value of equity of a new firm
will be greater when multiple new firms are on the market as well. Thus, investments in different
innovative companies are effectively complements and have positively correlated market valuations.

We also show that investor uncertainty aversion can generate inefficient equilibria where po-
tentially valuable innovation is not pursued. When the initial personal cost to the entrepreneur is
sufficiently low, entrepreneurs’ dominant strategy is to innovate, irrespective of other entrepreneurs’
decisions. Similarly, when the initial personal cost is very large, the dominant strategy is not to
innovate. For intermediate levels of the initial personal cost, an entrepreneur is willing to initiate
the innovation process only if she expects other entrepreneurs to innovate as well. Thus, multiple
equilibria, with and without innovation, may exist. Existence of the inefficient equilibrium without
innovation depends on the correlation between the success rates of the innovation processes, that
is, on the degree of “relatedness” of the innovation.

Strategic complementarity between innovative activities due to uncertainty aversion may result
in innovation waves. We show that an innovation wave occurs if the number of innovative com-
panies in a technological sector reaches critical mass. Arrival of innovation opportunities in the

economy may be random and due to exogenous technological progress. However, we argue that



such technological advances, while seeding the ground for an innovation wave, may not be suffi-
cient to ignite one. Rather, an innovation wave will start when in the economy (or in a specific
technological sector) a critical mass of innovators is attained, which will spur a “hot” market for
innovative companies. Thus, innovation waves are characterized by strong investor sentiment and
a wave of “rational exuberance” with high equity market valuations. In our model, equity market
“booms” in technology markets can materialize, and these booms are beneficial since they can spur
valuable innovation.

Note that the channel we propose in our model, based on uncertainty aversion, differs substan-
tially from an alternative explanation based on pure risk aversion and the benefits from diversifi-
cation (see, for example, Acemoglu and Zilibotti, 1997). The traditional portfolio diversification
argument can only generate innovation waves and high stock market valuations as the outcome of
a reduction of the economy-wide market price of risk. In this case, innovation waves will necessarily
be associated with economy-wide equity market booms. Our approach, in contrast, can explain
the apparent “boom and bust” behavior of technology sectors, such as the Life Sciences and the
Information Technology, where hot periods alternate with cold periods in innovation rates, mergers
and asset valuations. In addition, we provide a decision-theoretic foundation of and build on the
importance of the notion of “investor sentiment.”

Our paper also has implications for the impact of M&A activity and, more generally, of the
ownership structure on innovation rates. Specifically, in the new channel we propose, based on
uncertainty aversion, mergers of innovative firms create synergies and spur innovation. In our
paper, positive synergies in an acquisition are created endogenously, and are the direct outcome
of the beneficial spillover (i.e., externality) on the probabilistic assessments of future returns on
innovation due to uncertainty aversion.? In addition, our model predicts that merger activities
involving innovative firms will be associated with strong investor sentiment and, thus, greater firm
valuations.

Finally, we argue that uncertainty aversion has implications for the composition of venture

capital portfolios, and the structure of the venture capital industry. This happens because of the

?Hart and Holmstrom (2010) develop a model where mergers create value by internalizing externalities, such as
coordinating on a technological standard.



possible beneficial role that venture capitalists can play to remedy a coordination failure that causes
the inefficient no-innovation equilibrium.

Our paper rests at the intersection of three strands of literature. First, and foremost, our paper
belongs to the rapidly expanding literature on the determinants of innovation and innovation waves
(see Fagerberg, Mowery and Nelson, 2005, for an extensive literature review).? The critical role of
innovation and innovation waves in modern economies has been extensively studied at least since
Schumpeter (1939) and (1942), Kuznets (1940), Kleinknecht (1987) and, more recently, Aghion and
Howitt (1992). Early research focused mostly on the “fundamentals” behind innovation waves, such
as the positive spillover effects across different technologies. More recent research has focused on the
link between innovation waves, the availability of financing, and stock market booms. Scharfstein
and Stein (1990) suggest that reputation considerations by investment managers may induce them
to herd their behavior in the stock market, and thus facilitate the financing of technology firms.
Gompers and Lerner (2000) find that higher venture capital valuations are not necessarily linked
to better success rates of portfolio companies. Perez (2002) shows that technological revolutions
are associated with “overheated” financial markets. Gompers et al. (2008) suggest that increased
venture capital funding is the rational response to positive signals on technology firms’ investment
opportunities. Nanda and Rhodes-Kropf (2013) find that in “hot markets” VCs invest in riskier
and more innovative firms. Nanda and Rhodes-Kropf (2016) argue that favorable financial market
conditions reduce refinancing risk for VCs, promoting investment in more innovative projects.

To our knowledge, ours is the first paper that models explicitly the role of uncertainty aversion
on the innovation process and its impact on innovation waves and stock market valuations.* We
show that investor uncertainty aversion can generate innovation waves that are driven by investors’
optimism, that is, their positive sentiment. In our model, due to uncertainty aversion, investors’

probabilistic assessments are endogenous, and they respond to the availability of investments in

3See also Chemmanur and Fulghieri (2014) for a discussion of current issues related to entrepreneurial finance and
innovation.

4This paper is part of the growing literature studying ambiguity aversion in finance, including Mukerji and Tallon
(2001), Maenhout (2004), Epstein and Schneider (2008) and (2011), Easley and O’Hara (2009) and (2013), Caskey
(2009), Illeditsch (2011), Jahan — Parker and Liu (2014), Mele and Sangiorgi (2015), Dimmock, Kouwenberg, Mitchell,
and Peijnenburg (2016), Garlappi, Giammarino, and Lazrak (2016), Byun (2014), Dicks and Fulghieri (2016a), and
Dicks and Fulghieri (2016b).



innovative projects. Innovation waves and stock market “exuberance” are jointly determined in
equilibrium in a model where investors are sophisticated. In our model, greater investment in
innovation activities occurs simultaneously with investor optimism and stock market booms.

The second stream of literature is the recent debate on the links between technological innova-
tion and stock market prices. Nicholas (2008) shows that an important driver of the stock market
run-up experienced in the American economy in the late 1920’s was the strong innovative activ-
ity by industrial companies which affected the market valuation of corporate “knowledge assets.”
Pastor and Veronesi (2009) argue that technological revolutions can generate dynamics in asset
prices in innovative firms that are observationally similar to assets bubbles followed by a valuation
crash. Their paper argues that this “bubble-like” behavior of stock prices is the rational outcome
of learning about the productivity of new technologies, where the risk is essentially idiosyncratic,
followed by the adoption of the new technologies on large scale, where the risk becomes systematic.
Our paper proposes a new explanation for the link between innovative activity and stock market
booms. In Pastor and Veronesi (2009) stock market booms (and subsequent crashes) are the out-
come of the changing nature of risk that characterizes technological revolutions, from idiosyncratic
to systematic, and its impact on discount rates. In our model, periods of strong innovative activity
are accompanied by high valuations because innovation waves are, in equilibrium, associated with
more optimistic expectations on future expected cash flows from innovations. Thus, our model,
which focuses on expected cash flows, complements theirs, that focus on discount rates. Further-
more, similar to Pastor and Veronesi (2009), in our model high valuations imply lower long-term
returns.

The third stream of literature focuses on the drivers of merger waves and the impact of M&A
activity — and, more generally, of the ownership structure — on the incentives to innovate. High
stock market valuations are also associated with strong M&A activity in merger waves (see, for
example, Maksimovic and Phillips, 2001, and Jovanovic and Rousseau, 2001). Rhodes-Kropf and
Viswanathan (2004) argue that such correlation is the outcome of misvaluation of the true synergies
created in a merger in periods when the overall market is overvalued. The impact of M&A activity

on corporate innovative activity has been documented by several empirical studies. For example,



Phillips and Zhdanov (2013) show that a firm’s R&D expenditures increase in periods of strong
M&A activity in the same industry. Bena and Li (2014) argue that the presence of technological
overlap between two firms innovative activities is a predictor of the probability of a merger between
firms. Sevilir and Tian (2012) show that acquiring innovative target firms is positively related to
acquirer abnormal announcement returns and long-term stock return performance. The importance
of the presence of technological overlaps between acquiring firms and targets is confirmed by Seru
(2014), which finds that innovation rates are lower in diversifying mergers, where the technological
benefits of a merger are likely to be absent.

In our model we are able to jointly generate the observed positive correlations between stock
market valuations, the level of M&A activity, and innovation rates. Specifically, our paper creates
a novel direct link between stock price valuations, M&A activity, and greater innovation rates that
is based on investors’ uncertainty aversion. Endogeneity of probabilistic assessments creates an
externality between innovations that is at the heart of the synergy creation in mergers of innovative
companies. This externality results in greater innovation rates and innovation waves that are
characterized by strong investor sentiment and greater stock market valuations.

The paper is organized as follows. In Section 1, we introduce the basic model of our paper.
In Section 2, we derive the paper’s main results. Section 3 examines the impact of mergers on the
incentives to innovate. In Section 4, we develop a simple dynamic extension of our basic model which
generates innovation waves associated with strong investor sentiment and stock market booms.
Section 5 shows that our results hold also in the case of process innovation. Section 6 presents the

main empirical implications of our model. Section 7 concludes. All proofs are in the appendix.

1 The Basic Model

We study a two-period model, with three dates, ¢ € {0,1,2}. The economy has two classes of
agents: investors and entrepreneurs. Entrepreneurs are endowed with unique project-ideas that
may lead to an innovation. Project-ideas are risky and require an investment both at the beginning
of the period, t = 0, and at the interim date, ¢ = 1, as discussed below. If successful, project-

ideas generate a valuable innovation at the end of the second period, ¢ = 2. If the project-idea is



unsuccessful, it has zero payoff. For simplicity, we assume initially that there are only two types of
project-ideas, denominated by 7, with 7 € {A, B}.

Entrepreneurs are penniless and require financing from investors. There is a unit mass of
investors. Investors are endowed at the beginning of the first period, t = 0, with wg units of the
riskless asset. The riskless asset can either be invested in one (or both) of the two types of project-
ideas, or it can invested in the riskless technology. A unit investment in the riskless technology can
be made either at ¢ = 0 or £ = 1, and yields a unit return in the second period, t = 2, so that the
(net) riskless rate of return is zero.

We assume that project-ideas are specific to each entrepreneur, that is, an entrepreneur can
invest in only one type of project-idea, which will determine entrepreneur’s type 7, 7 € {A, B}. This
assumption captures the notion that project-ideas are creative innovations that can be successfully
pursued only by the entrepreneur who generated them.

The innovation process is structured in two stages. To implement a project-idea, and thus “inno-
vate,” an entrepreneur must first make at ¢t = 0 a fixed, non-pecuniary investment k,. We interpret
the initial investment k, as representing all the preliminary personal effort that the entrepreneur
must exert in order to generate the idea and make it potentially viable. We will denote the initial
personal investment made by the entrepreneur, k;, as a “discovery cost” that is necessary for the in-
novation. The innovation process is inherently risky, and we denote with ¢, the success probability of
the first stage of the process. We allow the first-stage success probabilities of the two project-ideas to
be correlated. Specifically, we assume that the probability that both entrepreneurs are successful in
the first stage is gagp+7, while the probability that only entrepreneur 7 is successful is ¢, (1—q./ ) —r,
with 7,7 € {A,B}, 7' A7 and r € (f min {gaqp, (1 —qa) (1 — qB)},mTian (1-— q.r)).5 The para-
meter r captures the possibility of the presence of similarities between entrepreneurial project-ideas.
Thus, r characterizes the degree of “relatedness” of the innovations.

If the first stage is successful, at ¢ = 1 entrepreneurs enter the second stage of the process. In
this second stage, the entrepreneur must decide the level of intensity of the innovation process, for

example, the level of R&D expenditures. Innovation intensity will affect the ultimate value of the

N[

’It can be quickly verified that the correlation of the first-stage projects is 7 [ga (1 — ga) gz (1 — gB)]~



innovation that can be realized at ¢t = 2, and that is denoted by y,. Innovation intensity is costly,
and we assume that an entrepreneur of type 7 choosing an innovation intensity y, will sustain a
cost ¢ (yr) = myiﬂ, where Z, represents the productivity of entrepreneur 7’s project-idea.
To obtain interior solutions, we will assume that the productivity parameters, Z,, for the two
entrepreneurs are not too dissimilar.’ Entrepreneurs will pay for the cost ¢, (y,) by selling equity
to a large number of well-diversified investors.” The second stage of the innovation process is also
uncertain and, if successful, the innovation will generate at the end of the second period, ¢t = 2,
the payoff y, with probability p,, and zero otherwise (if the project fails in the first stage, it is
similarly worthless). We will assume, for simplicity, that the success probabilities of the second
stage are independent, and will show that innovation waves can occur even if success probabilities
are uncorrelated.®

We assume that entrepreneurs are impatient and that they will sell at the interim period,
t = 1, their firms to outside investors at total price V;. An important feature of our model is that
we assume investors are uncertain about the success probability of the second stage of project-
ideas, pr. We model uncertainty (or “ambiguity”) aversion by adopting the minimum expected
utility (MEU) approach promoted in Epstein and Schneider (2010).° In this framework, economic
agents do not have a single prior on future events but, rather, they believe that the probability
distribution of future events belongs to a given set M, denoted as the investor’s “core beliefs set.”
Thus, uncertainty-averse agents maximize their MEU utility

U = mip B, fu (), 1)

2y
SFormally, we assume that ;—;} S (i,l/)) where ¢ = ie%‘("’“) (1 + %) . This assumption guarantees that if

both first-stage projects are successful, entrepreneurs execute innovation intensity levels so that investors have interior
beliefs in equilibrium.

"The sale of equity may, for example, take place in the form of an Initial Public Offering, IPO.

8Our model can easily be extended to the case where second-stage success probabilities are correlated.

9MEU was originally derived by Gilboa and Schmeidler (1989). An alternative approach is “smooth ambiguity”
developed by Klibanoff, Marinacci, and Mukerji (2005). In their model, agents maximize expected felicity of expected
utility. Agents are uncertainty averse if the felicity function is concave. The main results of our paper will hold also in
this latter approach, but at the cost of requiring a substantially greater analytical complexity. Similarly, our results
also hold in the context of variational prefences of Maccheroni, Marinacci, and Rustichini (2006) if the ambiguity
index ¢ (p) has a positive cross-partial.



where p is a probability distribution over future events, and w (-) is a von-Neumann Morgenstern
(vNM) utility function.' In addition, following Epstein and Schneider (2010), we assume that
uncertainty-averse agents are sophisticated with consistent planning. In this setting, agents are
sophisticated in that they correctly anticipate their future uncertainty aversion and, thus, correctly
take into account how they will behave at future dates in different states of the world.!!

We model investor uncertainty aversion by assuming that investors are uncertain on the success
probability of the second stage of the innovation process, p,, and we characterize the core beliefs
set by using the notion of relative entropy. For given pair of (discrete) probability distributions
(p,p), the relative entropy of p with respect to p is defined as the Kullback-Leibler divergence of p
from p, and is given by

Rolp) = 30 log & @

)

The core beliefs set for the uncertainty-averse investors in our economy is then given by

M = {p: R(plp) <n}, (3)

where p is the joint distribution of the success probability of the second stage of the two project-
ideas, and p is a certain, exogenously given “reference” probability distribution of such success
probabilities. From (2), it is easy to see that the relative entropy of p with respect to p represents
the (expected) likelihood ratio of the distribution p when the “true” probability distribution is p.
In other words, it is a measure of the degree of confidence that an agent has on the probability

2 The core beliefs set M can therefore be interpreted as the set of probability

distribution p.!
distributions, p, with the property that, if true, the investor would expect not to reject the (“null”)
hypothesis p in a likelihood-ratio test.

Intuitively, the core belief set M is the set of probability distributions that are not “too unlikely”

to be the true (joint) probability distribution that characterizes the two technologies, given the

reference distribution p. Note that a small value of 1 represents situations where agents have more

""Tn the traditional framework, players have a single prior p and maximize expected utility E,, [u (-)].

" Siniscalchi (2011) describes this framework as preferences over trees.

2 As in Epstein and Schneider (2010), Hansen and Sargent (2001), (2007), and (2008), relative entropy can also be
interpreted as characterizing the extent of “misspecification error” that affects investors.



confidence that the probability distribution p is a good representation of the success probability
of the two technologies, while a large value of 7 corresponds to situations where there is great
uncertainty on the true probabilities underlying the two technological processes.

It is immediate to verify the following property of the core beliefs set M.

Lemma 1 Let n < 1(p), defined in the appendiz. The core beliefs set M is a strictly conver set
with smooth boundary. If investors have nonnegative investments in both innovations, the solution

to (1) is on the lower left-hand boundary of M.

Lemma 1 is an implication of the fact that relative entropy R(p|p) is a strictly convex function.!?

Lemma 1 also shows that uncertainty-averse investors with positive investment in both project ideas
will select their probability assessments that lie in the “lower-left” boundary of the core beliefs set
M. Thus, the relevant part of the core beliefs set M is a smooth, decreasing, and convex function.
See Figure 1 on page 44.

In addition, it is easy to see that restricting investors’ beliefs to belong to the core beliefs set
(3) has the effect of ruling out probability distributions that are very unlikely, given the reference
probability p. In other words, the maximum entropy criterion implied by (3) excludes from the
core belief set probability distributions too far from p. Because uncertainty-averse investors (from
Lemma 1) are essentially concerned about the probability of “left-tail” events, we denote this
property as “trimming pessimism” (see again Figure 1).

Because there is no closed-form solution for the level set of relative entropy for binomial distri-
butions in (3), for ease of exposition, we model the relevant portion of the core beliefs set (namely,
the decreasing and convex “lower-left” boundary) by using a lower-dimesional parametrization, as
follows. We assume that the success probability of a project idea of type-7 depends on the value of
an underlying parameter 6., and is denoted by p,(6;,), with 0, € [0,05] C [0m,Orr]. For analyti-
cal tractability, we assume that p,(0) = e/~ with 7 € {A, B}. Uncertainty-averse agents treat
the vector 6 = (04,0p) as ambiguous and assess that 6ecCc {(04,0B) : (04,0B) € [GL,GH]Q}.
We interpret the parameter combination g as describing the state of the economy at ¢ = 2 and

we denote C' as the set of “core beliefs” of our uncertainty-averse investors. In light of Lemma

Y For a general discussion, see Theorem 2.5.3 and 2.7.2 of Cover and Thomas (2006).
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1 and subsequent discussion, we assume that for § € C' we have that (84 + 0p)/2 = 07, where
Or = (0 + 61)/2. Importantly, note that, given 6, the success probabilities of the second-stage
of project-ideas are independent. We will characterize the extent of technological uncertainty as
a=0p—0p.

Payoffs are determined as follows. If entrepreneur 7 innovates, and the first stage of the inno-
vation process is successful, he develops an innovation with a (potential) value y,. At the interim
date, t = 1, each entrepreneur sells her entire firm to outside investors for a value V., which thus
represents her payoff from innovation. In turn, an uncertainty-averse investor can purchase a frac-
tion w, of firm 7, with 7 € {A, B}, and thus holding the residual value wg — waV4 — wpVp in the
risk-free asset. To avoid (uninteresting) corner solutions, we assume that the endowment of the
risk-free asset is sufficiently large that the budget constraint will not be nonbinding in equilibrium:
wo > waVa + wpVp. Investors’ final payoff will then depend on their holdings of the risk-free
asset and on the success/failure of each innovation at the second stage and on their holdings in
the innovation, w,. Finally, we assume that, while outside investors are uncertainty averse with
respect to the parameter 6, there are no other sources of uncertainty (as opposed to “risk”) in the
economy,'* and that all agents (investors and entrepreneurs) are otherwise risk-neutral.

We will at times benchmark the behavior of uncertainty-averse agents with the behavior of
an uncertainty-neutral SEU agent, and we will assume that an uncertainty-neutral investor has
01, = 0y, so that she assesses 6, = 6. This assumption guarantees that the uncertainty-neutral
investor has the same probability assessment on the success probability of each project-idea as a
well-diversified uncertainty-averse investor (and thus there is no “hard-wired” difference between

the two types of investors).

1.1 Endogenous Investor Sentiment

An important implication of uncertainty aversion is that the investor’s probabilistic assessment
at the interim date on the parameter # depends on their overall exposure to the source of risk

and, thus, on the structure of their portfolios. This means that the probability assessment (i.e.,

YTf there is uncertainty on ¢ or r, entrepreneurs will assume the worst, selecting gmin and 7min, because entrepre-
neurs’ payoffs are increasing in ¢ and 7.
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—,

the “beliefs”) held by an uncertainty-averse investor (that is, the parameter combination ) are
endogenous, and depend on the agent’s overall exposure to the risk factors.

Endogeneity of beliefs is the outcome of the fact that the minimization operator in (1), which
determines the probability assessment held by an investor on the success probability of the second
stage of the project-ideas, in general depends on the composition of the investor’s overall portfo-
lio. It is useful to note that this property, which plays a critical role in our paper, implies that
uncertainty-averse agents are more willing to hold uncertain assets if they can hold such assets in a
portfolio rather than in isolation. This happens because, by holding uncertain assets in a portfolio,
investors can lower their overall exposure to the sources of uncertainty in the economy. Namely, by
investing in both project-ideas, the investor will limit her exposure to the “tail event” that both
project-ideas have a very low success probability in the second stage, a property that we will refer
to as uncertainty hedging.!?

The effect of uncertainty hedging in our model is that investors hold more favorable prob-
ability assessments on the success probability of project-ideas if they invest in both projects,
rather than in just one project. Specifically, if an investor decides to purchase a proportion w;
of entrepreneur 7’s firm, with innovation intensity ¥, the investor will hold a risky portfolio
IT = {waya,wpyp,wop —waVa —wpVp}. Because investors are uncertainty averse (since, they

believe 6 € C') but otherwise risk neutral, a portfolio II provides the investor with utility

Ul = Lnin {eeAfeMwAyA + eeB*OMwByB +wyg —waVa — WBVB} .
0eC
Because of uncertainty aversion, the investor’s assessment at ¢ = 1 on the state of the economy,
—
0 “, is the solution to the minimization problem
—
0

(II) = arg min U (II),

'5This property can be loosely interpreted as the analogue for MEU investors of the more traditional “benefits
of diversification” displayed by SEU preferences. The property may be seen immediately by noting that, given two
random variables, yi, with distributions u, € M, k € {1,2}, which are ambiguous to agents, by the property of the
minimum operator we have, for ¢ € [0, 1], that

g min By [u(y1)] + (1 — ) min B, [u(y2)] < min{gE, [u(y1)] + (1 — ¢) By [u(y2)]}-

12



and is characterized in the following lemma.

Lemma 2 Increasing an investor’s exposure to one innovation risk induces a more favorable as-

sessment of the other innovation risk. Formally, given a portfolio 11, and letting

- 1 Q}/y/
0,(I) =46 —In 77 4
P (M) =07+ 50 (4)

an uncertainty-averse investor holds an assessment 6% on the uncertain parameter 0, equal to

0, 0, (1) < 0L,
09 () =9 6, (1) 6, (1) € (6L,0n) (5)
O 0, (H) >0y

Lemma 2 shows that an investor’s assessment on ? is endogenous, and it depends crucially
on the composition of her portfolio, II. Thus, we will at times refer to ?“ (I) as the “portfolio-
distorted” assessments. We will say that the agent has “interior assessments” when 6% € (0r,,0m),
in which case, the agent’s assessments are equal to 0, (II) as in (4). Otherwise, we will say that
the investor holds “corner assessments.” Further, an uncertainty-averse investor’s assessment of b
determines the views held by the investor on the future state of the economy. Thus, we will also
refer to the assessment 02 as “investor sentiment.”

Lemma 2 shows that when an investor has a relatively smaller proportion of her portfolio
invested in innovation 7, wry; < wry,, she will be relatively more optimistic about the return
on that innovation. This happens because a smaller exposure to the risk generated by a given
innovation, relative to another innovation, will make an uncertainty-averse investor relatively more
concerned about priors that are less favorable to the other innovation. Correspondingly, the investor
will give more weight to the states of nature that are more favorable to the first innovation. In
other words, the investor will be more “optimistic” on the success probability of that innovation
(i.e., will have a stronger sentiment), and more “pessimistic” with respect to the other innovation.

Suppose entrepreneur of type A decides to innovate, but entrepreneur B decides not to innovate.

Because yp = 0, by Lemma 2, we have that 0% (II) = 0, for any ways > 0. Correspondingly, if
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entrepreneur B decides to innovate, but entrepreneur A does not, we have that 6% (II) = 6.
Similar situations emerge if only one entrepreneur has a successful first-stage project-idea, while
the other entrepreneur fails. In this case, at the interim date, t = 1, investors hold more pessimistic
assessments about the successful innovation than if both entrepreneurs have a successful first-stage
project-idea. This means that investors, when facing only one innovation, will be more pessimistic
on that innovation than when facing both innovations. This happens because, by investing in
only one project-idea, investors forego the benefits of uncertainty-hedging and hold a portfolio
with greater exposure to the possibility that the second-stage success probability is very low. In
contrast, by investing in both technologies, the investor protects herself from the situation that
both technologies have very low success probability, a hypothesis rejected by the relative entropy
criterion (3).

In our model, portfolio-distorted assessments determine investors’ expectations on the ultimate
success probability of the innovation processes in the economy, and thus characterize investors’
“sentiment” toward innovations. An important implication of Lemma 2 that will play a key role in
our analysis is that investor sentiment about one innovation will crucially depend on the availability
of other innovations in the economy, and their innovation intensity. In particular, an investor will
be more optimistic about an innovation success probability, and she values it more, if she will be
able to also invest in the other innovation. Thus, investors’ probabilistic assessments create an
externality for entrepreneurs, in that an entrepreneur’s successful innovation will be more valuable
if other entrepreneurs have successful innovations as well. In other words, if both entrepreneurs
innovate and are successful at the first stage, investor sentiment toward both innovations improves
making both innovations more valuable. Note that this spillover effect from one innovation to
another is driven by investors’ assessments of the success probability of the second stage of the

innovation processes and, thus, by their sentiment.

2 The Innovation Decision

We will solve the model recursively. First, we find the choice by entrepreneurs that are successful

at the first stage of the innovation process of the optimal innovation intensity, y,, and the value V;
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that investors are willing to pay at the interim date for innovations. Next, we solve for the initial
choice by entrepreneurs on whether or not to initiate the innovation process by incurring the initial
discovery cost k. As a benchmark, we start the analysis by characterizing the two entrepreneurs’
innovation decisions when investors are uncertainty-neutral SEU agents, then we consider the case
where investors are uncertainty-averse MEU agents.

The implementation of the second stage of the innovation process requires entrepreneurs to raise
capital from investors by selling equity in the capital markets at ¢t = 1. For simplicity, we assume
that an entrepreneur of type 7 sells her entire firm to investors, uses the proceeds to pay for the
intensity costs ¢, (y.), and pockets the difference. We assume that y, is observable and contractible
with outside investors, thus ruling out moral hazard. In this case, the choice of innovation intensity
yr by a type-T entrepreneur depends on the price that outside investors are willing to pay for
her firm, that is, on the market value of the equity of the firm. This, in turn, depends on the

assessments held by investors on the success probability of the innovation, p,(6).

Lemma 3 Given investors’ assessments and risk-neutrality, entrepreneurs’ firms are priced at their
expected value, that is, V. = p;(0%)y, for uncertainty-averse investors, and V; = p; (01)y, for
uncertainty-neutral investors, with T € {A, B}. In equilibrium, it is (weakly) optimal for investors

to hold a balanced portfolio: w¥ = wp for both type of investors (SEU and MEU).

Lemma 3 shows that, given our assumption of universal risk-neutrality, investors price equity at its
expected value, given their assessments. Investors’ assessments, however, depend on their attitude
toward uncertainty, that is whether they are uncertainty-neutral investors or uncertainty-averse
investors. Endogeneity of assessments is critical because it will lead to different market valuation
of equity, and thus, different behavior by entrepreneurs. Also, it is weakly optimal for investors to
hold balanced portfolios. SEU investors are indifferent on their portfolio composition, because of
risk neutrality. In contrast, uncertainty-averse investors strictly prefer a balanced portfolio, due to
uncertainty-hedging. For notational simplicity, we normalize investors’ portfolio holding and set

* __ % __ 116
wh =wp =1

Y6 This is WLOG optimal because there is one unit mass of investors.
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2.1 The Uncertainty-Neutral Benchmark

As a benchmark, we start with the simpler case in which investors are uncertainty-neutral. When
investors are uncertainty-neutral, equity prices depend only on their prior 67 and on the level of
innovation intensity, y,, chosen by the firm, giving

VS =p, (0r)y,, for 7€ {A, B} (6)

T

Equation (6) shows that equity value for an innovation of type 7 depends only the investors’
assessments of the success probability of the second stage of the innovation process, p, (0r) =
/=00 and its level of innovation intensity, y,: it does not depend on the innovation intensity
decision of the other firm, y,/, for 7 # 7. This means that, without uncertainty aversion, there
are no interactions between the choice of the innovation intensities by the two entrepreneurs. In
this case, if the first stage of the project-idea was successful, entrepreneur 7’s chooses the level of

innovation intensity for the second stage, y., by solving

1
max u—f = VTS — ¢ (Yr) = pr (O7) yr — ?/i—m- (7)

Yr Zr (1 +7)

From (7) it immediately follows that the optimal innovation intensity, y,, chosen by entrepreneur
T, is equal to

yi = [pr (0r) Z:)7 | (8)

17

By direct substitution of ¢ into (7),"" we obtain that the ex-ante expected payoff for entrepreneur

7 from initiating the innovation process, and thus incurring discovery cost k;, is equal to

gl Ly 3
E S: T . _ W7 Z7:Y - Pt
u’r q 1 +")/[ (QT)] v k

Thus, entrepreneur 7 innovates at t = 0 if EZ/{TS > 0, leading to the following theorem.

2%us _ " . .
1"Because 53 = -yl 1 <0, first-order conditions are sufficient for a maximum.
2 -
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Theorem 1 When investors are uncertainty-neutral, entrepreneurs of type T innovate iff

149 L

ke <kS =g ——1p, (8 77 A B
ql_'_,y[p(T)]A/ 77-6{7}7

= P

and the innovation processes of the two entrepreneurs are independent.

Theorem 1 shows that when investors are uncertainty neutral, the investment decisions by the two
entrepreneurs are effectively independent from each other, with no spillover effects. When investors

are uncertainty averse, however, the innovation processes of the two firms are interconnected.

2.2 Uncertainty Aversion and Innovation

We now derive optimal innovation decisions when investors are uncertainty averse. In this case,
from Lemma 2, we know that investor sentiment toward the success probability of the second
stage of each innovation process, p; (02), depends on the overall risk exposure of their portfolios.
Specifically, sentiment is endogenous, and depends on the innovation intensities chosen by both

firms, .

Lemma 4 If investors are uncertainty averse, the market value of entrepreneur 7’s firm is

(67

Pr (QH) Yr Yr S 672 Yz
U 11 _
Vo () =4 p, (Or)y7y2  y- € (e 22y, egayT’) ’ )
br (QL) Yr Yr = €2ay'r’

where y, 1s the innovation intensity selected by entrepreneur of type-t, with 7,7 € {A, B}, 7 # 7'.

Lemma 4 shows that, when investors are uncertainty averse, the market value of equity of one firm
depends on the level of innovation intensity chosen by its entrepreneur as well as on the level chosen
by the other firm. The interaction between the market values of the equity of the two firms creates
a strategic externality between the two entrepreneurs, which will be critical in the analysis below.

Note the linkage between the market value of the two firms occurs through endogenous investor
sentiment. From Lemma 2 an increase of the innovation intensity of one firm will increase the rela-

tive exposure of investors to that firm’s risk relative to the other firm’s risk, making (all else equal)
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investors relatively more pessimistic about that firm’s success probability and, correspondingly,
relatively more optimistic about the other firm’s success probability.

Lemma 4 also implies that an increase of the level of innovation intensity in one firm, y,, has
two opposing effects on its value V.V. The first is the positive direct effect that greater innovation
intensity has on the ultimate value of the innovation. This positive effect can however be mitigated
(in the case of “interior assessments”) by a second negative effect that an increase in innovation
intensity has, all else equal, on investor sentiment. This implies that firm value is a (weakly)
increasing function of the innovation intensities of both firms.

Finally, note that if one of the two firms does not innovate or the innovation is not successful
in the first stage, the level of innovation intensity for that firm is necessarily equal to zero. From
Lemma 4, this implies that the market value of the one firm will be determined at the worst-case
scenario for that firm, that is V. (II) = p; (01.) y-.

We can now determine the optimal level of innovation intensity for each entrepreneur. If the
first stage of the project-idea was successful, entrepreneur 7 chooses the level of innovation intensity
for the second stage, y., by solving

1
max UY =V, (II) —

I & 10
Yr ZT (1 —+ ’y) yT ’ ( )

where IT = {ya,yp, wo — Va — Vp} and V; (II) is given in (9). To simplify the exposition, in what
follows we assume that the two types of firms are not too dissimilar. Specifically, we assume

that the values Z4 and Zp are not too far away from each other: Z4 € (i,@b) where ¢ =

ZB
ie%é(v-ﬂ-l) (1 + %) QV. This assumption ensures that if both firms have successful first-stage projects,
they find it optimal to chose levels of innovation intensity {ya,yp} that in equilibrium result in
interior assessments for investors.
The solution to problem (10) depends on whether one or both firms decide to initiate the
innovation process and pay the discovery costs k, and, if they do so, whether they are successful at
the first stage of the innovation process. Thus, there are four possible states of the world that we

need to analyze: (i) when both entrepreneurs had a successful first stage, state SS; (ii) when only

one entrepreneur has a successful first-stage, state SF with the symmetric F'S state, (iii) when
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both entrepreneur fail in the first stage and no innovation can take place, state F'F'. Since the last

state F'F' is trivial, we now focus on the first two.

2.2.1 Only One Firm Has Successful First-Stage Project, State SF

Consider first the case in which only one entrepreneur had a successful first-stage project-idea, state
SF. For future reference, note that this state may emerge either because the other entrepreneur has
not initiated the innovation process (that is, she did not sustain the discovery cost, or because the

first stage was unsuccessful.

Lemma 5 If only one entrepreneur has a successful first stage project-idea (state SF), she selects

innovation intensity equal to

2=

v = [pr (01) Z:]7 ; (11)
the market value of the entrepreneur’s firm is equal to

14y

VUSE Z [y, (0,)]'5 27, (12)

giving a continuation utility for the entrepreneur equal to

1y 1y

UYSE = p_(0.) 7 Z7 ——. 13
g [pr (01)] 1o (13)

If only one entrepreneur successfully develops a first-stage project, there will only be one type of
uncertain innovation available to investors, so investors will believe the worst-case scenario about
that innovation resulting in negative investor sentiment and low equity valuations. Therefore,
the lone entrepreneur will chose a low level of innovation intensity, consistent with the negative

sentiment.

2.2.2 Both Firms Have Successful First-Stage Projects, State SS

If both entrepreneurs have successful first-stage projects, market valuation is given in Lemma 4,

which leads to the following lemma.
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Lemma 6 Let % € (i, w>. If both entrepreneurs innovate and have a successful first stage (state

SS), they select innovation intensities equal to

1
1
e , with 7# 7, and 7,7 € {A, B}. (14)

5S(00) = | Z0r 01) ()]

Lemma 6 establishes that there is strategic complementarity in entrepreneurs’ production decisions.
In particular, an entrepreneur’s choice of innovation intensity, yTU ’SS(yT/), is an increasing function
of the other entrepreneur’s innovation intensity, y,~. The strategic complementarity originates in
investor uncertainty aversion and endogenous investor sentiment. From Lemma 2 and Lemma 4,
we know that the sentiment of uncertainty-averse investors on the success probability of the second
stage of an innovation process and, thus, their market valuations at the interim date, depend on
the innovation intensities chosen by both entrepreneurs. Thus, because of the effect on sentiment,
investors perceive innovations effectively as complements. This complementarity is then transferred
from investors’ sentiment to entrepreneurs’ innovation decisions.

We can now determine the equilibrium levels of innovation intensities chosen by the two entre-

preneurs in the SS state.

Theorem 2 If both entrepreneurs innovate and have successful first-stage projects (state SS), the

equilibrium level of innovation intensities for an entrepreneur is

U,SS 1 ?Jré 2 : 2 %
00 = 3P (Or) Z 222 . (15)
In equilibrium, firm value for each firm is
1 14 1
VPSS = 275 [p, (00)] 0 (2:Z7)% (16)
and continuation utility is equal to
ULSS =273 p, (0r) T (2,207 15 (1)
T - T \VUT THT 2'7+2
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The following corollary compares the equilibrium values when one or both entrepreneurs have

successful first-stage projects.

Corollary 1 An entrepreneur is better off when the other entrepreneur also has a successful first-
stage projects: UTU’SS > UTU’SF. If entrepreneurs’ productivities are not too dissimilar, ZZ—:' €
(1/%1’1/}1)’ equity values are higher when both entrepreneurs have successful first-stage projects:
VTU’SS > VTU’SF. In addition, if entrepreneurs’ productivities are sufficiently close together, ZZ—TT' €

<¢i2, "%) , entrepreneurs innovate with greater intensity when both have successful first-stage projects:

USS S yOST - Finally, ¢y < 1y < 1.

Yr > Yr

An important implication of Corollary 1 is that, if entrepreneurs’ productivities are not too dis-
similar, because of the complementarity of innovations generated by uncertainty aversion, investors
value one type of innovation more when they can also invest in the other type of innovation, yielding

F
VTU,SS > VTU’S .

2.3 The Innovation Decision

In the previous sections we have shown that investor uncertainty aversion affects equity valuations
and generates strategic complementarity in the interim choice of innovation intensity, y,. The
interim strategic complementarity of the choice of innovation intensity generates a strategic com-
plementarity also in the entrepreneurs’ decisions to innovate at the beginning of the innovation
process, t = 0, that is, to incur the discovery cost k..

If entrepreneur 7' chooses to innovate, the expected utility for entrepreneur 7 from sustaining

at t = 0 the initial discover cost k; and, thus, initiating the innovation process is
Eug’l = (¢rqr + T)UHSS + (- (1 — ) — T)u'rU’SF — k-

for 7,7/ € {A,B} and 7 # 7'. Conversely, if entrepreneur 7" does not innovate at t = 0, the

expected utility for entrepreneur 7 from choosing to innovate at ¢t = 0 is

EUTN = quYSF — k..
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We can now characterize the equilibrium of the innovation decision at the beginning of the period,

t=0.

Theorem 3 For low levels of discover cost, k- < k_, the entrepreneur always innovates. For high
levels of discovery cost, ky > k-, the entrepreneur never innovates. For intermediate levels of the
discovery cost, k; € (ET,ET), the entrepreneur is willing to innovate only if the other entrepre-
neur innovates. If both entrepreneurs have intermediate levels of discovery cost, there are multiple
equilibria, one where both entrepreneurs innovate and one where neither innovate. The innovation

equilibrium dominates the no-innovation equilibrium.

For very small levels of discovery costs, k; < k., it is a dominant strategy for the entrepreneur
to innovate. For very large levels of discovery costs, kr > k;, it is a dominant strategy for the
entrepreneur to not innovate. For intermediate levels of discovery costs, k, € (ET, %T), entrepreneur
7 wishes to innovate only if the other entrepreneur innovates as well. Theorem 3 shows this strategic
complementarity in entrepreneurs’ innovation decisions.

When both entrepreneurs have intermediate levels of the discovery cost, there are multiple
equilibria, with and without innovation. In this case, entrepreneurs face a classic “assurance game,”
in which there is a Pareto-dominant equilibrium, where both entrepreneurs innovate, yet there is
also an inefficient, Pareto-inferior equilibrium, where neither entrepreneur innovates. Multiplicity
of equilibria depends on the fact that it is profitable for one entrepreneur to innovate only if he
expects the other entrepreneur to innovate as well. Such multiplicity of equilibria in the innovation
game is the direct outcome of investors’ uncertainty aversion.

We conclude this section by characterizing the impact of the model’s parameters on the threshold

levels {ET7ET}TE{A By

Corollary 2 The threshold levels {ET}

re{A,py @ increasing functions of qr,qrr, Zr, Z and T,

and the threshold levels {ET}TE{A,B} are increasing functions of ¢ and Z.

Corollary 2 has the interesting implication that an increase in one firm’s probability of success,
¢r, makes not only that firm, but also other firms, more willing to attempt first-stage discovery of a

product-idea. This follows because the strategic complementarity induced by uncertainty aversion.
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In the absence of uncertainty aversion, an increase in the probability of discovery affects only that
entrepreneur, with no effect on other entrepreneurs. Corollary 2 also shows that entrepreneurs are
more willing to innovate if her innovation is more related to other entrepreneurs’ innovations, that
is 7 is greater. This happens because greater degree of relatedness increases the probability that
both project-ideas are simultaneously successful in the first-stage, increasing the market value of
the innovations. Finally, Corollary 2 also shows that an increase in productivity of an entrepreneur
increases not only that entrepreneur’s willingness to innovate, but also makes other entrepreneurs

willing to innovate as well.

3 Acquiring Innovation

In the previous sections, we have shown that investors’ uncertainty aversion creates externalities
across innovations. These externalities are due to endogeneity of investor sentiment, and create the
possibility of value dissipation due to coordination failures. This means that there may be gains
from internalizing such externalities via acquisitions.

There are two externalities at work in our model. The first externality is due to the valuation
spillover discussed in Lemma 2. This happens because, for any given set of choices of innovation
intensities, {yr,y, }, the two firms are more valuable to uncertainty-averse investors when they are
held in the same portfolio than when they are owned separately.

The second externality is due to the strategic complementarity between the choices of innovation
intensity y,, discussed in Lemma 4: the market value of an individual firm, V.U, is an increasing
function of the innovation intensity chosen by both firms, {y-,y.}, through its effect on investor
sentiment. When a firm chooses their own optimal level of innovation intensity, they ignore the
positive externality that choice has on the other firm’s valuation.

We extend our analysis by examining the effect of the strategic complementarity between in-
novation intensities. We modify the basic model as follows. If both entrepreneurs are successful in
the first stage, we now allow for the possibility that at the interim date, t = 1, both entrepreneurs

merge their firms in a new firm.'® After the merger, the entrepreneurs jointly determine the inno-

18 Alternatively, the merger between the two firms may be initiated by a third firm which may acquire the innovation
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vation intensity, y,, for both innovation processes 7 € {A, B}. After the selection of the innovation
intensities y,, the merged firm will again sell all its equity in the public equity market. The two
innovations processes may be sold to the public equity market either as a single multi-divisional
firm, or as two independent firms.!?

After the merger of the first-stage innovations, the problem of the merged firm is to maximize
the combined value of the two innovation projects. By identical reasoning to the proof of Lemma
3, the merged firm will value the projects at V; = p; (9£) yr, for 7 € {A, B}, where 97 is the

investors’ assessment when the merged firm is sold on the public equity market. Thus, the merged

firm’s objective at this stage is now to solve

max UM = PA (9{4) YA+ DPB (92) yB —ca(ya) —cs (yB) -
{ya,yp}

If investors are uncertainty neutral, 6’£ = 67, so the choice of y4 and yp are independent of each
other. In this case, the merged firm solves the same problem as the original entrepreneurs (7):
UM =U ;f +U g . This implies that the optimal levels of innovation intensity chosen by the merged
firm are again given by (8), that is, the values the entrepreneurs would choose if the two firms were
independent. Thus, if investors are uncertainty neutral, the merger does not add value.

In contrast, if investors are uncertainty averse, 71 = ?“ which, from (5), depends on the choice
of both y4 and yp. As shown in Lemma 4, for interior assessments (which we will show is the case

in equilibrium), we now have that
Vi = Vi = 700 33
A B=E€ YaYp-

This implies that the maximization problem of the merged firm becomes

1 14y 1 L
B 9

Tyl

1
max UM =2e0m0my2e2 _ _ —
YAYB Yay A (1 —I—’}/)yA ZB (1+’y)

leading to the following theorem.

from both entrepreneurs.
YYRemember that, if the two innovations are sold in two separate firms, from Lemma 3, investors will optimally
invest in both firms.
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Theorem 4 If investors are uncertainty averse, the merged firm will select a greater innovation

intensity in both projects

[

M 5|7  uss
_ 2712 2y r2 :
yT = |Pr <0T) ZT;/ ZT'Y > yT 5

and will have a greater value than these firms would have as a stand-alone:

R

VM = 20p, (07)] 7 [ZaZp)7 > VIS5 4 vISS,

Theorem 4 shows that a merger can add value to the innovative process by merging both firms
from the original entrepreneurs and then choosing an innovation intensity at both firms that is
greater than the one that the entrepreneurs would chose individually. Because of the positive
externality between investment levels y., inefficiently low levels of investment occur when each
entrepreneur maximizes his own payoff. By merging, the post-acquisition firm internalizes the
spillover effects of investment, leading to greater firm valuation.

We now examine the impact of the possibility of a merger at the interim date ¢ = 1 on the
entrepreneurs’ ex-ante incentives to innovate, that is, to sustain at ¢ = 0 the discovery cost k. The
initial decision to innovate by an entrepreneur will depend on the terms at which the entrepreneur
anticipates the merger with take place. The acquisition price, in turn, will depend on the allocation
of the surplus generated by the acquisition, that is, on how the synergies are divided between the
two entrepreneurs.

The allocation of the synergies created in the merger occurs through bargaining, and we will
assume that the two entrepreneurs will split the surplus equally. Thus, if both innovations are

successful in the first stage, entrepreneur 7 earns
1 U,SS 5 ,USS
Ty = US4 2 (UM — U™ —upss).

The incentives to pay the initial discover cost are discussed in the following.

Theorem 5 For low levels of discover cost, k; < K

- the entrepreneur always innovates. For

high levels of discovery cost, kr > K, the entrepreneur never innovates. For intermediate levels
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of the discovery cost, k; € (KT,I_(T), the entrepreneur is willing to innovate only if the other
entrepreneur innovates. If both entrepreneurs have intermediate levels of discovery cost, there are
multiple equilibria, one where both entrepreneurs innovate and one where neither innovate. The
innovation equilibrium dominates the no-innovation equilibrium. Finally K_ =k < k, < K,: the

possibility of a merger induces entrepreneurs to innovate more ex-ante.

Theorems 4 and 5 have the interesting implication that an active M&A market promotes in-
novative activity and leads to greater innovation rates, stronger investor sentiment, and higher
firm valuations. Synergies created in the merger are a direct consequence of endogenous investor
sentiment due to uncertainty aversion. A merger allows entrepreneurs to internalize the positive
impact that the choice of the innovation intensity in one innovation has on other innovations, and
leads to greater innovation rates. Thus, the merger of innovations endogenously promotes stronger

investor sentiment and leads to greater valuations.

4 Innovation Waves

In this section we extend our basic model to the case of multiple innovators in the context of a
simple dynamic model. We show that entrepreneurs initiate innovation only if in the economy there
is a sufficiently large number of potentially active innovators. In particular, when the number of
potential innovators is low, entrepreneurs do not engage in innovation because they expect weak
investor sentiment and, thus, the market for innovation to be “cold,” and potential innovations
remain latent in the economy. In contrast, when the number of innovators reaches critical mass,
innovation is triggered and a wave of innovations takes place in the economy amid strong investor
sentiment.

We modify the basic model of our paper as follows. We consider a simple discrete-time dynamic
model, where ¢ denotes time. At each date t, a new project-idea arrives with probability 7, where
each project idea is owned by a unique entrepreneur. The economy is “bounded” in that at any
point of time only up to N project-ideas can exist in economy. Let N; be the set of entrepreneurs

endowed with a project-idea at any given time ¢, and let vy = |[Ay|. Different from the basic model,
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we now assume that an entrepreneur endowed with a project-idea can delay its implementation to a
future date. Waiting to implement the project-idea is costly, however: entrepreneurs and investors
are impatient and have discount factor 9.

An entrepreneur endowed with a project-idea at time ¢t must decide whether or not to imple-
ment the innovation. We now assume that the decision to initiate an innovation is made by the
entrepreneur after observation of a public signal o; which is informative on v;. For analytical sim-
plicity, we assume that the public signal is perfectly informative on v; and we set o; = ;.2 If an
entrepreneur decides to innovate at time ¢, she must pay at that time the non-pecuniary discovery
cost k to implement the first stage of the innovation process. For analytical tractability, we now
assume that the first stage of the innovation process is always successful, if it is implemented,
setting ¢, = 1.2' At time ¢ + 1, entrepreneurs proceed with the second stage of the innovation
process by implementing innovation intensity v, at cost ¢(y, ), which is paid for by selling equity to
investors. Finally, at time ¢ + 2 project-ideas have a payoff y,, with probability p,. For simplicity,
we assume that entrepreneurs’ project ideas have the same productivity, Z, = Z and that the
innovation intensity is fixed, y, = y.

The success probability of the second stage of a project implement at date ¢, p,,, is uncertain,
and depends again on the value of 8,,;, where p,, (0,1) = e~ with 6,,; € 0r,0m] C [0m,01r]. For
simplicity, we assume that uncertainty on p,, is stationary and independent across time periods.??
Thus, at any time ¢, investors are uncertain over the vector 9 = {Hn}gzl, and believe that 6 €
C C [0m, 00", and that £ SN 0, = 07 for 7 € (01,0m).

Uncertainty-averse investors form at any time ¢ + 1 their portfolios of uncertain assets by
buying equity from successful entrepreneurs (if any) available at that time. We denote by S; the
set of successful entrepreneurs at ¢ + 1, and we let s; = |S;|. Note that, given our assumption
that all innovations that are undertaken by an entrepreneur have a successful first-stage, S; is also
equal to the set of entrepreneurs that have initiated their project ideas at time ¢. Similar to the

basic model, each investor chooses a portfolio of the uncertain assets, {wn }nes,, given their fair

20Tt is possible, although messy, to extend the model to the case in which the public signal is noisy.

2LOur results will go through for the case in which g, < 1.

22 This assumption rules out, for example, interesting issues such as learning, which can be included in the analysis
and we leave for future research.
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market valuations {V,}, s,- By identical reasoning behind that of Lemma 3, it is easy to show
that investors optimally invest equally in all innovations, giving w,, = w, for all (n,n’) € S;.
Furthermore, given investor sentiment, denoted now by the vector ?“(St) = {02} equity is
priced at its expected value, giving V,, = p, (02)y, for n € S;.

Investor sentiment depends on the number of entrepreneurs that innovate, as follows.

Lemma 7 There is a threshold 5 = NZZ:Z? such that if a small number of entrepreneurs innovate,
s < § , the market will assess all entrepreneurs in the market with very pessimistic sentiment,

setting Opr = 01, for all n € St; the value of equity is

Vi = 6pn(0L)y- (18)

If a large number of entrepreneurs innovate, sy > §, tnvestors’ sentiment satisfies:
p )

N
Q?LtIQH—f(QH—HT)>0L, f07’ nGSt, (19)

St

and the market value of equity is

Vi(ss) = 0pn (070) - (20)

Finally, V,,(s¢) is increasing in s;.

Lemma 7 shows that investor sentiment at any date ¢ depends on the number of successful first-
stage innovations, s;. When the number of entrepreneurs that innovate is small, s; < §, investor
sentiment is low, and the capital market values innovations very conservatively. In contrast, when
a large number of entrepreneurs decide to innovate, s; > 3, investors have a strong sentiment about
ongoing innovation projects, leading to greater equity valuations.

Note that, for s; > 5, from (19) investor sentiment is increasing in the number of projects
available at that time s;. This happens because, for greater value of s, uncertainty-averse investors
will be relatively less concerned on each individual project that is actually available at that time,

relative to the set of possible projects, including those potentially yet to come.?> Note also that

Z3Intuitively, this property can be seen immediately in light of the discussion in Section 1. For given total entropy
(i.e. uncertainty), investors must limit the extent of the pessimism that they can have on each individual project.
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investor sentiment is negatively affected by the extent of uncertainty in the economy, which we
measure by the difference a = 0 — 6. This happens because, from (19), a greater value of a will
make uncertainty-averse investors more pessimistic.

At the beginning of each period ¢, entrepreneurs endowed with a project-idea must decide
whether or not to pay the discovery cost k and innovate, or to postpone the initiation of the
innovation to a later period. This decision is made after the observation of the public signal o}
which perfectly reveals the number of entrepreneurs endowed with a project idea at that time, vy,

and is characterized as follows.

Theorem 6 Let k € (ky, kq) (where k; and ky are defined in the Appendiz). There is a threshold
v > 5 (defined in the Appendizx) such that if vy > U, it is optimal for an entrepreneur with a
project-idea to pay the discovery cost k and innovate if all other entrepreneurs with project-ideas

imnovate.

Lemma 7 and Theorem 6 imply that investor sentiment, market valuations of firm equity, and
innovation decisions are endogenous, and depend on the number of innovative firms available on the
market. If few entrepreneurs are endowed with a project idea, they rationally anticipate that in the
following period investor sentiment will be cold, and correspondingly, market valuations will be low.
The expectation of “cold equity markets” will induce entrepreneurs not to innovate, and to delay
the decision to another date. In contrast, when the number of entrepreneurs with an innovation
is greater than a certain critical mass, U, entrepreneurs anticipate that, if they innovate, investors
will have strong sentiment in the following period, and correspondingly, market valuations will be
high. The expectation of “hot equity markets” will thus induce entrepreneurs to innovate.

From Theorem 6, we know that innovations may occur any time the number of entrepreneurs
with a project-ideas exceeds the critical mass 7. The following theorem shows that, if the probability
that a new project-idea arrives, m, is sufficiently low (or, equivalently, the discount factor 0 is
sufficiently small) it is best for entrepreneurs with project-ideas to pay the discovery cost k and

innovate as soon as their number v; exceeds the critical mass .

Theorem 7 There a threshold © (or, equivalently, &) such that if ©# < T (or, equivalently, § < §)
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the efficient equilibrium is for all entrepreneurs to innovate as soon as the number of entrepreneurs

with project-ideas exceeds critical mass, vy > U.

The factors affecting the value of the critical mass v are characterized in the following corollary.

Corollary 3 The critical mass v is increasing in {co, N, k}, and decreasing in 9.

The critical mass 7 depends positively on the level of uncertainty «, and the number of po-
tential project-ideas, N. This happens because, from (19), a greater value of « and N will make
uncertainty-averse investors more pessimistic (all else equal). Thus, a greater number of project
ideas is needed to generate a level of (expected) investor sentiment that is sufficiently strong to
ignite innovation. Similarly, a greater discovery cost k will require a stronger expected investor
sentiment, and thus greater equity valuations, to induce entrepreneurs to pay the initial cost and
initiate the innovation process. Finally, a smaller discount factor § will make entrepreneurs more
impatient, so they will require more positive sentiment to be willing to invest, requiring a larger
critical mass.

Our model has the following implications for the innovation process in an economy. Theorem 7
implies that innovation activity remains latent in the economy when the number of entrepreneurs
with project-ideas is below critical mass. During this time, entrepreneurs with project ideas delay
their innovation, the market for entrepreneurial equity is “cold,” and dominated by low investor
sentiment with a negative outlook. When the number of entrepreneurs with project-ideas reaches
critical mass, entrepreneurs expect a substantial improvement in investor sentiment and a “hot”
equity market for innovations. The improved expectations on the future market conditions spark
an innovation wave that ripples through the economy. In addition, Corollary 3 implies that greater
uncertainty, or a greater discovery cost, will lead to less frequent innovation waves, but when the
wave is taking place it will involve a larger number of innovations and will be characterized by
stronger investor sentiment and equity valuations. In addition, if we interpret N as characterizing
the complexity on an industry, Corollary 3 implies that less complex industries are characterized
by more frequent innovation waves, of smaller intensity, and with less ebullient equity markets. In

contrast, more complex industries are characterized by relatively less frequent innovation waves but

30



that, when they occur, are of greater intensity, and with more ebullient equity markets.

5 Process Innovation

An important distinction that has been identified in the literature on innovation is the difference be-
tween “product innovation” and “process innovation.”?* Product innovation refers to the generation
of a new product that did not exist before, while process innovation involves the improvement of an
already existing product. Process innovation is interpreted broadly as involving the improvement
of any part of the production process of an existing product, which typically results in efficiency
gains due to productivity increases and/or cost reductions.

The innovation process that we have considered so far in our analysis is well suited to describe
the case of “product innovation,” whereby a firm invest resources, such as R&D, to develop an
innovative product. If the R&D is successful, the firm obtains a new product, while if the R&D is
not successful, the innovation process has no value.

In this section we show that our analysis extends very easily to the case of process innovation.
We model process innovation by assuming that, by paying at t = 0 a fixed cost of x;, a firm can
increase the productivity of its second-stage innovation process from Z, to IZ, (1 < I < ). In
addition, we assume that the first stage of the innovation process is not risky, ¢- = 1, for 7 € { A, B}.
The rest of the model unfolds as before.

The following theorem characterizes the equilibrium innovation decision by the two firms.

Theorem 8 For low levels of cost, kr < k., the firm always innovates. For high levels of discovery
cost, kr > Ry, the firm never innovates. For intermediate levels of the discovery cost, kr € (K, Rr),
the firm is willing to innovate only if the other firm innovates. If both firms have intermediate levels
of discovery cost, there are multiple equilibria, one where both firms innovate and one where neither
mnovate. The innovation equilibrium dominates the no-innovation equilibrium. There are strategic

complementarities in process innovation iff investors are uncertainty averse.

24The distinction between process innovation and product innovation goes back at least to Utterback and Abernathy
(1975). More recent work includes Klepper (1996), among many others.
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Similar to the case of product innovation, a firm with low cost of innovation, k, < K, is willing
to implement the process innovation, independent of what the other firm does. A firm with high
costs, K > R, is never willing to implement process innovation. For intermediate values of the
initial fixed cost, K € [k, k7], a firm is willing to innovate only if the other firm innovates. If both
firms have intermediate levels of discovery cost, there are multiple equilibria, generating again an
assurance game. The presence of multiple equilibria is again a direct consequence of the strategic
complementarities created by investors’ aversion to uncertainty. If, on the contrary, investors are
uncertainty neutral, k. = K-, and the innovation processes in the two firms are independent from

each other.

6 Empirical Implications

Our paper has several novel empirical implications on the relationship between innovation waves,
equity valuations in the technology sectors, “hot” TPO markets and M&A activity.

1. Imnovation waves. The strategic complementarity between entrepreneurs’ innovation deci-
sions in our model creates the possibility of innovation waves. An innovation wave occurs if the
number of entrepreneurs endowed with project-ideas reaches critical mass. Arrival of innovation
opportunities (i.e. project-ideas) in the economy may be random, and it may depend on classic
“fundamentals” such as technological advances in certain sectors, say in Information Technologies
or Life Sciences. Our paper suggests that such technological advances, while necessary, may not be
sufficient to start a wave. Rather, an innovation wave will occur when a critical mass of (potential)
innovators is attained which will spur a “hot” market for innovative companies.

Note that an innovation wave may start in one “sector” and then spill over to other “sectors,”
even if they are unrelated. This can happen, for example, when a positive shock in the project idea
of entrepreneurs in one sector lowers their discovery cost from a high level, k; > k-, to a low level,
kr < k., while the other entrepreneur faces a moderate discovery cost, k,» € (ET/, ET/), T£7. I
the discovery costs of the first set of entrepreneurs are subject to a shock and decrease to a low
level, k, < k

-, it now becomes optimal for them to initiate the innovation process. This decision

makes it profitable for other entrepreneurs to innovate as well, in anticipation of the possibility of
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higher equity prices. Thus, a positive idiosyncratic shock to the technology in one sector spills over
to other entrepreneurs, triggering an innovation wave in another sector.?”> The “contagion” across
sectors may be due to an “equity valuation” channel which is driven by strong investor sentiment,
rather than a pure technological channel. Similar results hold for the productivity of innovation,
Z,, and the probability of success, ¢-. Note that the beneficial spillover effect is more likely to
occur the greater the degree of relatedness of the two technologies (the greater the value of r).

2. Innovation waves, investor sentiment, and hot IPO markets. In our model, the market value
of an entrepreneur’s firm is (weakly) increasing in the number of successful firms in the market.
This is because uncertainty-averse investors are more optimistic when they can invest in the equity
of a larger set of new firms, leading to higher equity valuations. Given our discussion above, this
means that innovation waves will be associated with strong investor sentiment toward innovations
and, thus, to booms in the equity of technology firms. This also means that innovation waves
can be associated with hot IPO markets, which are then followed by lower stock returns. Thus,
our model can explain the relationship between IPO volume and stock market valuations and the
subsequent lower returns documented in the literature (see, for example, Ritter and Welch, 2002,
for an extensive survey of the IPO literature).

3. Innovation waves and venture capitalists. An additional implication of our model is a new role
for venture capitalists. If discovery costs fall in the intermediate range, k, € (ET, ET), entrepreneurs
face an “assurance game” in that each entrepreneur will be willing to incur the discovery cost
and innovate only if she is assured that also other entrepreneurs will do the same. Lacking such
assurance, entrepreneurs may be confined to the inefficient equilibrium with no innovation. In
this setting, a venture capitalist may indeed play a positive role by addressing the coordination
failure among entrepreneurs. By investing in several technology firms, the venture capitalist can
help coordination among entrepreneurs and lead to greater innovation. Note that companies in
the VC portfolio do not need to have directly related technologies for the VC to have a beneficial
role. In addition, as discussed above, coordination among entrepreneurs’ innovative activities will

be associated with greater equity market valuations. These observations imply that venture capital

% For example, a positive technological shock to, say, LinkedIn may be a boost to Uber, even if no direct techno-
logical link is present.
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activity will be associated with innovation waves and greater equity valuations.

4. Innovation, investor sentiment and merger activity. Our paper presents a new channel in
which merger activity can generate synergies and spur innovative activity. In our paper, synergistic
gains are the direct outcome of the beneficial spillover effect of the merger on the expected value
of the innovation. In the post-merger firm, innovators will improve their assessment of the success
probability of the innovation and, thus, will choose greater levels of innovation intensity, leading
to greater innovation rates for the merged firms. In addition, our model predicts that merger
activities involving innovative firms will be associated with strong investor sentiment and greater

firm valuations.

7 Conclusion

In this paper, we show that uncertainty aversion generates innovation waves. Uncertainty aversion
causes investors to treat different uncertain lotteries as complements, a property that we refer to
as uncertainty hedging. Uncertainty hedging by investors produces strategic complementarity in
entrepreneurial behavior, producing innovation waves. Specifically, when one entrepreneur has a
successful first-stage project, equity valuation, entrepreneur utility, and the intensity of innovation
increase for other entrepreneurs. Thus, entrepreneurs are more willing to innovate if they expect
other entrepreneurs are going to innovate as well, resulting in multiple equilibria. Our model can
thus explain why there are some periods when investment in innovation is “hot,” and investors
are more willing to invest in risky investment projects tainted by significant uncertainty. Finally,
we argue that mergers can add value because the positive spillover effects of innovation due to
uncertainty hedging. Thus, our model predicts simultaneous innovation waves, merger waves, and

positive investor sentiment in “hot” equity markets.
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A Appendix: Proofs

Proof of Lemma 1. Let z = {za,zB} be a vector of indicator variables for success of type A and B assets:
x € {0,1}°. If the probability of success is p = {pa,pp} the probability of x is p’*p%? (1 —pa)' "4 (1 — pp)' ~"B.
Thus, the relative entropy of p w.r.t. p is

TA LB l—xp 1—zp

T T 1—xzp l—zp P4s Pp (l_pA) (l_pB)
R(plp) = E pA'pE” (1 —pa) (1-psB) In 22 — .
2€{0,1}2 PR (1—pa) ™4 (1—pp)' 7"

Because the log of a product is the sum of the logs, and probabilities sum to one, we can express this as

R (plp) = Ra (palpa) + Re (pBlPEB)

A~ 2 H D A . . .
where R; (p-|pr) = p-In g: +(1=ps)l 68:{ - % + 175:, R; (p-|p-) is strictly convex in p-. Thus,
R (p|p) is strictly convex in p = {pa,ps}. Also, lim, _ o+ R- (p-|p-) = In 1_1167 and lim, ;- R; (p-|p-) = In Al .

Define 7 (p) = minyeq In 1, where Q = {pa,1 — pa,ps,1 — pr}. Therefore, if n < 7 (p), M, as the lower level Set of

a strictly convex function, is strictly convex. Note that this result generalizes: Theorem 2.5.3 of Cover and Thomas
(2006) shows that relative entropy is additively separable in independent variables, and their Theorem 2.7.2 shows
that it is strictly convex.

Suppose that the agent receives w4 if lottery A is successful and wp if lottery B is successful, both of which are
strictly positive. It can be quickly proved that R achieves a minimum of zero at p = p and that R, is strictly convex
Oft BR* > 0 for pr > p,. The

in both arguments (most importantly p. here). This implies that o <0 for pr < pr and

worst-case scenario solves

min {pawa + ppwp}
R(plp) <n
Let A be the multiplier for the constraint, and L be the Lagrangian function. Thus, L = — (pawa + ppwn) —
A (R (plp) — n) - Because 86713 = %1;:, dpo = —Wr — )\%1; At the worst-case scenario, ;— = 0. Because

w, > 0, it must be that /\%1;: < 0. This requires not only that the constraint binds, A > 0, but also that p is on
the decreasing portion of R., or equivalently, that p, < p,. If the agent has strictly positive exposure to only one
uncertain lottery, but not the other, say w, > 0 but w,» = 0, the worst-case scenario involves choosing the worst
possible value of p-, R (p-|p,) = n for p- < p-, and setting p,» = p,/. Finally, if the agent has no exposure to either
lottery, wa = wp = 0, the claim holds WLOG. =

Proof of Lemma 2. Define u (6;1I) = egA*eMwAyA + eeB*GMwAyB + wo — waVa — wpVa, so that U (II) =
min {u (6; 1)} s.t. 1 (64 +0p) =0r. Let L be the Lagrangian for the minimization problem, and ¢ be the multiplier
on the constraint. Thus, gTi = —e¥7 0y y, + % Because U is strictly convex in 6, FOCs are sufficient for a

minimum. Setting %|9T=97 = 0, and substituting into 1 (64 + 65) = 07, this implies

Wt Yrr

. 1
0 =0r+ =1n
2 wrys

Thus, if 07 (IT) € [0r,0m], 05 = 07. If 67 < 01, Z= < 0 for all 0, € [01,0u], s0 05 = Or. If 67 > 0w, S > 0 for all
0- € [0L,0m], so 02 = 6. Therefore, (5) corresponds to the worst-case scenario for an investor with portfolio II. m
Proof of Lemma 3. Each investor’s objective function is U (IT) = mingec u (0; IT) where u (6; 1) = €A~ Mw 4y4 +
e9B=0M ypyp + wo — waVa — wpVa. Thus, for 7 € {A, B},

au 8u+@d¢9/;+37ud93
dw, Ow, 004dw, 005 dw,’
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If investors are uncertainty neutral, they believe 0. = 07, so the second term disappears (6 is Constant). If investors

are uncertainty averse, 0 @ solves the minimization problem. For interior solutions, by Lemma 2, -2 aeA = 8%—7; = w , SO
% 8(04+6p) 96 4 aeB 0.
R =

the last two terms sum to which is zero because 0 4 +60p is constant. For corner solutions, e = B
T T

Therefore, ddU = a‘i}‘: for 7 € {A, B}. Note a‘i’: = pr (0%) y-—V>. Thus, market clearing requires that V> = p- (0%) y-.

Note that it is WLOG optimal for all investors to set wa = wp = 1, because innovations are priced at expected value

given market assessments. Further, if investors are uncertainty-averse, they will hold identical positions in the risky
portfolio (formally, z—g is constant across all investors), because there would be gains from trade if they did not. =
Proof of Lemma 4. From Lemma 2, 0% (II) = 6 iff 67 (IT) < 6 iff y, > €**y,. Thus, if y, > >y,
Ve =p-(01)yr and Vr = pos (01) y,r. The 65 (II) = O case is symmetric. Finally, from Lemma 2 02 (I1) € (01,0m)
ift 07 () € (01,0n) iff y- € (e **y,r,e**y,s). Because 0% (II) = 0 (1I), p, (0° (II)) = 6(9T_9M)y Yy 2 1 , which implies
1 1
2

the market values entrepreneur 7’s firm at V, = eGT_eMy ,y7 . There is strategic complementarity in production

because ay:, > 0 for 7' # 7, with strict inequality for y, € (e oy, €2 yT/) . u
Proof of Lemma 5. Because only entrepreneur 7 has a successful first-stage project-idea, so y,» = 0. By Lemma

2,02 =0r. By Lemma 3, V4 = p; (01) ya, so the entrepreneur’s payoff is

1 1+
Ur =p, (0 -y,

pr () yr e
Note that gz: = pr(0r) — ZiTyZ, and 682;1%’ = f—y;’ L < 0, so FOCs are sufficient for a maximum. Thus,

1 1+ 1
entrepreneur 7 selects yU SE — [p, (1) Z,]7 , sells for VY5 = [p, (HL)]TW Z7, and earns continuation payoff

.8

UYSE = [p, (62)] Zﬁm u

Proof of Lemma 6. Suppose it is optimal for entrepreneurs to produce output resulting in interior assessments:
YA € (ef2ay3,62°‘y3), which will be optimal because the assumptions on Z4 and Zp. For 7 € {A, B} and 7" # T,
when entrepreneur 7' produces y,, entrepreneur 7 produces y, and earns continuation utility

1

1 1
Ur =pr (O7)y7y2 —

gt
Zr(1+7)77
1

2

_1
Thus, 3= = 3p, (07)y- 2y2 — 7-v7

_3 1 2
_ *%p-r (01)yr 2y2 — Zl,y;/il' Because Z;I; < 0, FOCs are sufficient

1
for a local maximum. Thus, y, = [%p.r (Or)y? 3 .

On this region, optimal output by one firm is strictly increasing in the output of the other firm. Inspection of
the revenue function from Lemma 4 immediately shows that each entrepreneur’s problem is locally concave almost
everywhere, the exception being at y, = e**y,/. Because there is a kink, there may be multiple critical points,
resulting in a discontinuous best response function. Thus, there are some parameter values for which there is no

pure strategy equilibrium. However, it can be verified (after messy calculations) that so long as % € (i,w) where

2y
P = %em(”“) (1 + %) , if both firms succeed in the first stage, there is a unique equilibrium — it is optimal for

the firms to produce output levels such that investors have interior assessments. Thus, entrepreneurs’ best response

1
l+3
055 (g = | G- 0y |
Proof of Theorem 2. In equilibrium, both entrepreneurs select innovation intensity optimally, given the

USS () =

functions are y [ ]
intensity the other entrepreneur is innovating. From Lemma 6, the best response functions are y;

U,Ss
(

[%pT (61) yf,] 3 . Because the other entrepreneur also selects intensity optimally, selecting y_; Yr)s

1

1 T
Z: Z 12y FT [t
—-p- (01) {7 P (9T)y3} } :

Yr = D)
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After some messy calculations, this holds iff

vss _ |1 3 Y s g
T T 0 "tz /’Y
Y 217 (0r) Z7 -

for 7 € {A,B} and 7' # 7.

11
Because the market price is V;""%% = p. (1) y2y2, it follows that

VISS =975 [p, (0n)) 7 [2:21]% |

Similarly, entrepreneur 7 earns continuation utility 495 = VU5 ZT(LW) Y17, which can be expressed as
1 a1 L L2y 41
Uuvss =275 [p, (00) 7 Z2 Z% ,
[p- (0r)] s
for 7 € {A, B} and 7' # 7. Thus, there are strategic complementarities in production and profit. m
Proof of Corollary 1. Recall YY°° = 1 07— GM)in"AY Zf,"’ g:’/ié and UYSF = efr= eM)izT"' e Thus,
oy

2y
uvss > yvsr g ZZ—TT' > i where 1 = ie%‘(”“) (1 + %) € (i,zp) where 1 =

2y
iezo‘“*l) (1 + %) , so this is always satisfied — entrepreneurs are better off when other entrepreneurs have a

successful first-stage project.
1 +1 1 —oy) iy 2
Recall that V.99 = 2 0T —0M) 5 [ZTZT/]21v and VU9F = 0L =0r) = Z7 . After some messy algebra, it
can be shown that V.Y-%9 VTU’SF iff % > 4722047 Define Y, = ieQ“(HV).
2v+1 1

Finally, y¥9°% = %eeT*eMZW Zfﬂﬁ] ! and yU5F = [eeL*eMZT]%. After some messy algebra, it can be
shown that y¥5% > U597 iff % > 47+1e=200+%)  Thyg, define Py = [%PH 2047 Further, because v >0, it
follows immediately that ¢, < ¢; <. =
Proof of Theorem 3. If only one entrepreneur innovates, he earns payoff EUYY = ¢;UY5" — k., (Lemma
5). Thus, if an entrepreneur does not expect the other entrepreneur to innovate, he will innovate iff k. < k=
q-UY ST Conversely, if the other entrepreneur innovates, the entrepreneur earns payoff EUY"! = (grqr + )Z/IE’SS +
[¢r (1 — grr) — 7]UYSE — k. if he innovates as well. Thus, if the other entrepreneur innovates, he innovates iff
ke < kr = (qrge + 1)UV + [gr (1 — gor) —r]UYST. By Corollary 1, UPSF < UP5% so k, < k, (because
coefficients on the terms in k, sum to qT). | ]

Proof of Corollary 2. Comparative Statics follow immediately from inspection of the expressions for k. and Er,
and because U is increasing in Z, and Z./, and UY5F is increasing in Z,. m

Proof of Theorem 4. The merged firm seeks to maximize the combined value of the two projects. By identical
reasoning to Lemma 3, V4 = pa (92) ya and VB = pp (GIB) yB, where ?I is the market assessment at t = 1 on 6.

Thus, the merged firm’s objective is
uM = pa (9{4) ya + pB (913) yB —ca (ya) — c (yB) .

— —
Because investors are uncertainty averse, # 1 = 6 ¢, which depend on the choice of y4 and yp. As shown in Lemma

11
4, Va = Vg =T % y2y2 50 the objective function of the merged firm becomes

11 1 1
uM _ 269T—9M 2,2 _ 14~ 14+~
BTz T Ze (e
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for 7 € {A, B} and 7’ # 7. This implies®® that

1
1 1
Yr = [pf (9T)yfrZT] T

SO

2v+41 %
yr = |: - (HT) Z2Iw+2 Z7_27+2:|
1t 1
Thus, each project within the merged firm has value VM = [p, (HT)}TAY Z.1Z:)27 . m
Proof of Theorem 5. If entrepreneur 7 does not expect entrepreneur 7' to innovate, he innovates iff k., <

K. = ¢-UYST | the same cutoff as without the possibility of a merger. However, if entrepreneur 7 expects en-
trepreneur 7’ to innovate, he innovates iff k; < K. = (grgr +7) Tr + [gr (1 — ¢p) — 7] UTST. Because T, =
uvss 4 % (UM - MX’SS - L{g’ss), if T, >UY%5% K, >k, so the cutoff will be larger when mergers are possible,
resulting in more innovation. Thus, it is sufficient to show that U™ > UX’SS —I—Z/{g’ss.

Because VM = VM + V2! the merged firm earns utility

UM =200 (7, 713

1+
14+ 1 1
Each entrepreneur could earn utility Y59 = %e(ngeM)Twa” Zfﬂ gzi; if they did not merge, so
27
U,sS U,SSs 1 Lop—oitr 55 5527+ 1
Z,{A +L{B = 2;62(T M) = Zj’vzé’v o
_ w2+l
27 27

Because?” é};’—l € (0,1) for all v € (0,00), the merger adds value: UM > UL + U5, Because surplus is
divided evenly, entrepreneur 7 receives utility T, = U5 + % (MM - Z/[X’SS - ug,ss . n
Proof of Lemma 7. At t+1, entrepreneurs in S; chose to implement their project-ideas and thus have a successful

first-stage innovation. Only implemented projects can be traded, so investors choose portfolio weights {w., } to

neSt
maximize their minimum expected payoff, min__ u (?), where u (7) = ZnESt Wn [0pn (Ont) yn — Vo] + wo. By
identical proof to Lemma 3, in equilibrium, w, = 1 for all n € Sy and V,, = dpn (05r¢) yn. Recall that 7 is in C iff
Eﬁ;l Ont = NOp and 0,; € [01,0x] for all n. Let L be the Lagrangian function for the minimization problem, let

A be the multiplier for the sum, and let v,,;, and =, be the constraints that 6,; > 6. and 6,: < 0u respectively.

Thus, azit = —ent=0nmy 4\ 4 Yoo — Ynm- For n € Sy, y, =y > 0, while for n ¢ S¢, y, = 0. Thus, symmetry of
the FOCs implies that WLOG that there will be symmetry in the worst-case scenarios: 6, is constant for all n € S
and 0, is constant for all n ¢ S;.

If A\ =0, then v,;, > 0 for n € S, so 0, = 01, (the market has negative sentiment toward all implemented

projects). WLOG, for n ¢ Sy, 0, = mﬁi:jh. This is feasible if 1\70167:2% < 0, or equivalently, if s < 5= Ngg:gf.

If X\ > 0, then 7,5 > 0 for all n ¢ S, so 0,¢ = Oy. Substituting into ZN 0, = NOr, this implies that

n=1
s0ny + (N —s)0u = NOr, or equivalently, that 05, = 0y — % (0 — 07). Note that this is feasible, 65, > 6, iff

s > §. Market valuation follows by substitution, and is increasing in s because market sentiment, 0}, is increasing

ins. m

20Because the cost functions are convex, the problem is globally concave, so first-order conditions are sufficient.
*Define x = %, and f(z) = 2771 (24 ). Note lim,_or f () = 1, and limy—yoo f(z) = 0, and f' (z) =
27711 — (24 2)In2], which is strictly negative because 2In2 = 1.3863 > 1. Therefore, 4l < 1 for all

2y
7y € (0,00).

N
2
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Proof of Theorem 6. Suppose that k& € (Ed,Ed), where k; = 82e9L=9My — ¢ (y) and kq = 629770y — ¢ (y).
Suppose an entrepreneur believes that all other entrepreneurs are going to innovate, and there are s — 1 other
entrepreneurs with project ideas. Entrepreneurs with a project-idea earn 0 if they do not innovate, while they earn
U (s) if they do innovate. If s < 3, U (s) = 62?27y — ¢ (y). For s > 5, U (s) = 6269“17%(9”797")791‘43/ —c(y) —k,
which is increasing in s, which implies that U (N) = §%e’7 My — ¢ (y) — k. Because k € (k;,ka), U (|5]) < 0 and
U (N) > 0. U is strictly increasing in s for s € (5, N), so define 7 = min {s|U (s) > 0, s € N}. Because U (|5]) < 0,
7 > 5. Thus, if an entrepreneur believes all other entrepreneurs are going to innovate, and v; > 7, it is optimal for
her to innovate as well. However, if she does not believe other entrepreneurs to innovate, it is suboptimal for her to
innovate as well. Thus, there are multiple threshold equilibria — it is also an equilibrium for entrepreneurs to wait
until 7 + k project-ideas exist, for v < v+ k< N for ke N. m

Proof of Theorem 7. Suppose that there are currently o > U projects for entrepreneurs to initiate. If entrepreneurs
innovate immediately, they receive a payoff of U (). If they wait for another project to arrive, they will receive
U (U +1) when the next project arrives. Because arrival is stochastic, 7 < 1, and entrepreneurs are impatient,
0 < 1, waiting is costly. Using standard techniques, the expected value of waiting is mU (7 +1). Thus, it is
inefficient to wait when at 7 if § < m, or equivalently, if 7 < % (5 - 1) (this cutoff is
well-defined because U is strictly increasing for s > § and 7 > » > 3) Finally, if this is satisfied for all & > b, if
§ < ming>p m, or equivalently, 7 < ming> m (671 —1), it is inefficient to wait for another
project idea for all 7 > ». Therefore, the efficient equilibrium is to invest immediately whenever U projects are
available. =

Proof of Corollary 3. For s > 5, we can express U (s) = 62’7~ Ta- Ory —c(y)—k, so U >0, and 7 =

. . . _ 2 g _Ng_
min {s|U (s) > 0,s € N}. Thus, anything that increases U decreases 7, and vice versa. g—% = 7%69}1 s OM oy < 0,
. R N, L A . .
S0 7 is increasing in N. aU = —g52eeH ==y < 0, so U is increasing in N. g—g = —1, so 7 is increasing in k.

%—g = 2§05 (0n—07)= 9My > 0, so 7 is decreasing in §. ®

Proof of Theorem 8. Slmilar to Theorem 2, if neither firm innovates, firm 7 receives utility

U = Le (Or— 9M)7Z2AY Zf,” gzié, while, if either firm 7 or firm 7 innovates, UY* = =I% UYN | and if both firms
27

. B ES N . . . . . N
innovate, UV = IW UYN | Thus, if firm 7’ does not innovate, firm = executes process innovation iff UY% —k, > UYY,

1
or equivalently, iff K < K, = (I 27 — 1) UYN . Similarly, if firm 7’ innovates, firm 7 executes process innovation iff

1 1
UUE — k> UYS, or equivalently, iff xr < Ry = 27 (Iﬂ - 1) UYN . Because I > 1, k., < Rr. m
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Figure 1: Core Belief Set. This figure represents the core belief set implied by the relative entropy
criterion.

This figure shows the core of beliefs when the maximum relative entropy criteria is applied. That is, it shows
the set of probability distributions p = (pa, ps) that satisfy {p|R (p|p) < n} when pa = pp = % and n = % In2. If
pB =P = %, the maximum relative entropy criteria implies that p4 € [0.1893,0.8107]. In contrast, if pa = pg, then
the maximum relative entropy criterion implies that pa € [0.2760, 0.7240].

This illustrates that an uncertainty-averse investor treats different uncertain lotteries as complements. The lower
left boundary, which is darkened, represents the relevant portion of the core beliefs for investors with long positions
in both risky assets. Specifically, if an uncertainty-averse investor invested in only one innovative project, he would
value it as though it would succeed about 18.93% of the time. In contrast, if he could invest equally in both, he would
believe that both would succeed about 27.60% of the time. Therefore, there will be strategic complementarities in
innovation, because entrepreneurs rationally anticipate that they will face more positive sentiment if they both arrive

at the same time.
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