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Abstract

We provide new insight on international monetary policy cooperation using a two-country
model based on Benigno and Benigno (2006). Assuming symmetry, save for the volatility of
(markup) shocks, we show that an incentive feasibility problem exists between the policy-
makers across national borders: The country faced with a relatively more volatile markup
shock has an incentive to deviate from an assumed Cooperation regime to one with Non-
cooperation. More generally, a similar result obtains if countries differ in size. This moti-
vates our study of a history-dependent Sustainable Cooperation regime which is endoge-
nously sustained by a cross-country, state-contingent contract between policymakers. Un-
der Sustainable Cooperation, the responses of inflation and the output gap in both countries
are different from those induced by the Cooperation and Non-cooperation regimes reflect-
ing the endogenous welfare redistribution between countries under the state-contingent
contract. Such history-contingent welfare redistributions are supported by resource trans-
fers effected through incentive-compatible variations in the terms of trade (or net exports).
Such an endogenous cooperative solution may also provide a theoretical rationale for per-
ceived occasional cooperation between national central banks in reality.
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1 Introduction

The debate on the gains from policy cooperation has been at the heart of international finance
and open economy macroeconomics. It goes back as far as Hume (1752) who pointed out
the existence of cross-country policy spillover. Cooper (1969) raised the possibility that each
country may not be able to maximize its own welfare with increasing interdependence through
trade or investment in the Mundell-Fleming model. Hamada (1976) formally analyzed the
gains from cooperation from a game theoretic perspective. Since then, many have discussed
the pros and cons of policy cooperation in theoretical general equilibrium models. Corsetti and
Pesenti (2001), Clarida et al. (2002), Benigno and Benigno (2003, 2006), Canzoneri et al. (2005),
Corsetti et al. (2010), and Engel (2015) clarified the conditions on when gains from cooperation
emerge in the class of New Open Economy Macroeconomics models in the style of Svensson
and van Wijnbergen (1989) and Obstfeld and Rogoff (1995).

To date, analyses on international monetary policy cooperation assume that authorities do
not have any incentive to deviate from cooperation, or if there is ever any doubt in the mod-
ellers’ minds, the analyses would proceed to consider the other extreme of (strategic) non-
cooperation.1 In other words, the national central banks are either always equipped with some
unspecified commitment technology that ensures international cooperation in all contingen-
cies, or, otherwise under non-cooperation regimes they have no means to improve their indi-
vidual welfare by undertaking cooperative actions.

However, it is perhaps unrealistic and as we will show—logically unattainable as a policy
equilibrium—to assume that each government can fully commit to cooperation under any con-
tingency. Neither is it internally consistent to assume that non-cooperation fully rationalizes
the reality of international monetary policy, when there exists another welfare-improving and
incentive-feasible policy equilibrium available to all policy makers concerned.

Purpose. One purpose of this paper is to address these important logical-consistency issues
when considering the standard paradigms of Cooperation and Non-Cooperation for interna-
tional monetary policy. Another purpose is to understand how cooperation may be sustained
endogenously, albeit in a constrained efficient way, and to study its normative implications in
relation to the standard Cooperation versus Non-cooperation approaches.

One might ask why studying such an idealized notion of endogenous international mone-
tary cooperation is interesting. An inquiry into the endogenous sustainability of the coopera-
tive regime, and its consequences, is still unexplored within the international monetary policy
literature. Also, a study of such an idealized but incentive feasible institution is of direct rel-
evance to the current state in the global coordination of international monetary policy, and
may help inform the design of real-world cooperative policy, or memoranda of understand-
ing between central banks. As a case in point, the recent global financial crisis has renewed
interest in the potential for international policy cooperation. In order for the global economy
to recover, the need for international monetary policy cooperation is now a topic of discussion
among leaders in major policy institutions. For example, Janet Yellen (as Chair of the Board of
Governors of the U.S. Federal Reserve), alluded to the importance of “extensive coordination”

1A recent application of such an approach in terms of studying currency unions is Chari et al. (2014).
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between countries in the conduct of macroprudential supervision and monetary policy:2

[I]f the United States were to go it alone with tough policies, we could see our finan-
cial institutions flee in a race to the bottom. But I’m convinced that won’t happen.
We are working closely with our international counterparts to develop coherent
and comprehensive approaches, aided by the Basel Committee on Banking Super-
vision, the Financial Stability Board, the International Monetary Fund, and other
institutions.

Also the Acting Managing Director of the IMF, John Lipsky in his speech on “The Challenges
of Economic Policy Cooperation”, said that:3

A second success is the remarkable increase in global policy cooperation that has
taken place in the wake of the 2008-09 global financial crisis. When the world last
faced such grave danger—during the Great Depression—countries acted in their
own, perceived self-interest with beggar-thy-neighbor policies that in fact deepened
the downturn. This time, countries acted together to tackle the crisis.

The most recent evidence of a real-world attempt to formulate a cooperative international mon-
etary policy plan is the Joint Declaration of the Macroeconomic Policy Authorities of Trans-Pacific
Partnership (TPP) Countries.4 Under the TPP declaration, member countries have agreed to limit
“unfair currency practices”, by refraining from self-interested exchange rate (or terms of trade)
manipulation. The TPP joint declaration also includes the requirement for public reporting of
member countries’ foreign-exchange intervention and foreign reserves data. Further, there is
also a requirement for regular consultations between macroeconomic policy authorities of TPP
member countries.

Questions. Given the purpose of this paper, we ask the following questions: First, we ask if
there are instances under which a Cooperation presumption in international monetary policy
turns out to be incentive infeasible—i.e., such a regime may be a logical impossibility—and
why. Second, since a Non-cooperation regime may not be a palatable description of real-world
international monetary policies either, we consider if there can be some institution fostering
cooperation in an incentive feasible way. We consider an idealized institution where there is
an incentive-feasible contract that implements an endogenously sustainable (but constrained
efficient) cooperation plan. We name such a regime a Sustainable Cooperation regime.5 Given
such an idealized institution, we ask what sort of equilibrium it would induce and what its
properties are, in terms of risk, resource, or welfare sharing. Third, we ask: Under the Sustain-
able Cooperation regime, relative to an unattainable cooperation regime, who gains and who

2Speech on October 11, 2010, at the Annual Meeting of the National Association for Business Economics, Denver,
Colorado. Source: http://www.federalreserve.gov/newsevents/speech/yellen20101011a.htm.

3Stated on June 21, 2011, at Kurt Viermetz Lecture - The American Academy in Berlin. Source:
https://www.imf.org/external/np/speeches/2011/062111.htm.

4See e.g., the texts available from the U.S. Treasury at https://www.treasury.gov/initiatives/Pages/joint-
declaration.aspx.

5Hereinafter, whenever we mention the three policy regimes or equilibria we consider, we will use initial-letter
upper-cases to refer to their nouns—i.e., Cooperation, Non-cooperation or Sustainable Cooperation as a concept of
a policy regime or equilibrium. This distinguishes their particular usages from their occasional common-language
usages.
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loses? We also analyze how differences in the volatility of shocks perturbing the countries,
risk aversion and differences in country size matter for our idealized notion of a Sustainable
Cooperation institution.

To this end, we set up a linear-quadratic (LQ) New Open Economy macroeconomic frame-
work for optimal monetary policy analysis based on Benigno and Benigno (2006, hereinafter
BB). Then we calculate and study the behavior of equilibria, respectively, under each extreme
regime of assumed international Cooperation and Non-cooperation. We use these two ver-
sions of well-studied policy regimes to compare with the endogenous Sustainable Cooperation
regime. Under Sustainable Cooperation, central banks maximize the global social welfare sub-
ject to each country’s competitive equilibrium restrictions, global resource constraints, and a set
of history-contingent sustainability constraints (one for each country). These latter constraints
encode the following incentive-feasibility requirements: Should a country have the temptation
to walk away from international cooperation, the contract ensures that it, at best, can only be
as well-off as in the equilibrium under a Non-cooperation regime. That is, the outside op-
tion value to each nation’s policymaker is the welfare induced by the Non-cooperation regime,
which in itself implies a sustainable equilibrium plan. These credible threats, along with other
equilibrium restrictions, induce allocation and pricing processes that are said to be sustainable
plans in the language of Chari and Kehoe (1990).6

Answers. We provide the following insights in this paper: First, we show that the presump-
tion of international cooperation as a description of global monetary policy settings may turn
out to be incentive infeasible—that is it may not be an attainable equilibrium. This insight
holds true in both realistic cases of countries facing asymmetric shock volatilities, and, where
countries are of unequal size. The country faced with a more volatile (markup) shock, or with a
smaller size, has a greater incentive to deviate from Cooperation to Non-cooperation. We show
that this is a possible resolution to the tension between two main forces underlying the incentive
to deviate from, or to stay in, a cooperative regime. We label these two opposing forces the
terms of trade externality channel and the (non)-insularity channel. On the one hand, there is the
temptation to exploit a welfare-relevant terms-of-trade externality in the model.7 On the other

6There has been an earlier institutional-design approach that considers sustaining cooperative monetary outcomes
as a non-cooperative policy equilibrium (for a survey, see Persson and Tabellini, 2002). The idea is that before the
non-cooperative policy equilibrium is played, countries commit at an earlier “contract design” stage to delegate
policy—typically under state-contingent linear contracts (Persson and Tabellini, 1995; Jensen, 2000) or simple tar-
geting rules (see Benigno and Benigno, 2006)—which is then implemented by each country’s policy maker in the
non-cooperative policy game. However, in many instances, such institutional-design problems based on targeting-
or state-contingent simple (e.g., linear or quadratic) contracts, are not subgame perfect: There exists a profitable
deviation to renegotiate the terms of the contract: See for example, Bilbiie (2011) for a monetary-policy setting,
and, Kletzer and Wright (2000) in the context of sovereign debt problems. The approach we take is different: By
construction, our history-contingent and nonlinear Sustainable Cooperation plan is self-enforcing in the sense that if
any country were to ex post deviate from the terms of the plan, the best they can do is play out a Non-cooperation
policy equilibrium which is subgame perfect. (We thank Pierre-Olivier Gourichas and Fabio Ghironi for helpful
discussions on this point.)

7The reason there is a terms-of-trade externality of Home’s policy outcome onto Foreign’s welfare and vice-
versa, under Non-cooperation, is because of the existence of markets that insure cross-country consumption risk.
When one country attempts to stabilize its output gap, this has a direct externality effect on its neighbor’s welfare
via the equilibrium asset-pricing relation between two countries’ output (gap) and the terms of trade. In this paper,
we assume the existence of international markets trading in complete state-contingent consumption claims, as is
done in BB. More generally, one could instead consider an incomplete markets setting. However, such additional
frictions will merely cloud insights into our study of the Sustainable Cooperation plan.
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hand, potential feedback of terms of trade onto a Foreign country’s inflation may induce a re-
taliation to a Home country’s attempt to exploit the terms of trade externality (and vice-versa).
We study how the resolution between these two opposing forces depends on the degree of
risk aversion of agents in each country, and, also on the size of each country. This incentive
problem is also exacerbated by greater asymmetry in the volatilities of markup shocks. More-
over, when countries are asymmetric in size, an interesting insight arises: A larger country still
needs to worry about its smaller counterpart, since the latter will have more incentive to walk
away from a cooperative solution and the outcome matters for the larger country’s welfare. A
Sustainable Cooperation plan in such a setting would take this into account.

Second, given the possible incentive infeasibility of assumed Cooperation regimes, it is then
important to understand the nature of endogenously sustainable monetary policy cooperation
and its attendant effects. Under Sustainable Cooperation, the responses of inflation and output
gap in both countries are different from the ones under the Cooperation and Non-cooperation
regimes, reflecting the impact of occasionally binding sustainability constraints. Whenever
the sustainability constraint in the Home country binds, a history-contingent pseudo-weight
on each country’s social welfare shifts toward favoring the Home country welfare—i.e., the
sustainable equilibrium has to redistribute welfare (or equivalently in allocation terms, increase
net exports) in favor of the Home country within the Sustainable Cooperation regime.

Third, we also show that a Sustainable Cooperation equilibrium is typically close, or equiv-
alent, to a particular point on a cooperative equilibrium Pareto frontier (in welfare terms), but
not the originally assumed Cooperation solution. That is, there is a corresponding Pareto al-
location that is payoff equivalent to the Sustainable Cooperation solution. In the case where
countries have asymmetric shock volatilities, for example, the equivalent Pareto planner will
have to assign a higher Pareto weight to the country that is faced with the more volatile shock
(or a greater temptation to walk away from Cooperation.) Nevertheless, by construction, un-
der such a Sustainable Cooperation plan, each country is still better off than acting under Non-
cooperation.

The remainder of this paper is laid out as follows: In Section 2, we describe the model setup
(competitive equilibrium) and discuss the policymakers’ social welfare measures relevant to
the regimes we consider. In Section 3, we consider the two standard policy regimes studied in
the literature: Cooperation and Non-cooperation. Then we will characterize equilibrium under
the regime of Sustainable Cooperation in Section 4. As a generalization, we look at different
country sizes as well in Section 5. Throughout we provide explanations for the different equi-
librium behaviors under these three regimes and their welfare consequences. We conclude with
Section 6. A detailed description of the microfoundations and welfare approximation for the
LQ framework used in the paper is given in Appendix A. The optimal trade-offs for the pol-
icymakers under each regime, including computational procedure for the equilibrium under
Sustainable Cooperation, are derived in Appendix B.
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2 LQ Framework

The environment is a two-country New Keynesian (NK) model based on BB. For the purposes
of our study, we will present the model in terms of its (approximate) LQ characterization.8 We
will first describe the competitive equilibrium of the two country model (for any given feasible
monetary policy) in Section 2.1.

The model underlying the competitive equilibrium characterization is as follows: There are
two countries—Home and Foreign. In each country, there is a representative household. Each
household consumes bundles of differentiated goods produced in Home and Foreign countries.
Each household also provides firm-specific labor to firms within the country. Firms in each
country produce differentiated goods under monopolistic competition and sticky prices, given
the demand function of the households in both countries. For clarity of exposition in the main
text of this paper, we will focus mainly on the case where both countries are symmetric in size.9

There are internationally complete markets for state-contingent consumption claims and
the law of one price holds for all goods. As in BB, these two assumptions help to simplify the
equilibrium descriptions later: The real exchange rate is unity and consumption is equalized
between the two countries. Each country also has a monetary policymaker who maximizes
a social welfare function, given the equilibrium conditions of the whole economy. In order
to isolate our focus on incentive-feasibility problems in terms of international monetary pol-
icy cooperation, we abstract from time-consistency issues within each country. In particular,
we assume that each country’s policymaker commits to maximizing its own citizen’s ex-ante
welfare.10

To discipline our analyses, we restrict attention to equilibria under the following settings:
Consumption is the only component of GDP, the two countries are symmetric in terms of taste,
technology and market sizes, and the steady state markup is unity.11 Without loss of generality,
we assume that the two countries are also symmetric in terms of their initial levels of assets.
We further assume that the elasticity of substitution between domestic and foreign goods is
equal to one. Under these assumptions, BB showed that in response to technology shocks,
(i) the flexible-price allocation is constrained optimal under cooperation, and (ii) there are no
gains by deviating from cooperation to non-cooperation. These results also hold in our model.
Given this insight, we will only focus on inefficient markup shocks as the only sources of policy
incentive to cooperate or not.12 In the open economy considered here, the good markets are
integrated across countries so that in equilibrium the terms of trade will be a part of the firm’s
real marginal cost.

In Section 2.2, we will present and discuss the relevant social welfare criteria relevant to the
three policy regimes to be considered—Cooperation, Non-cooperation, and Sustainable Coop-

8This representation provides a connection to the existing literature that also uses the same methodology.
9In a more general setting of this model (see Section 5), Home’s country size will be indexed by, and is increasing

in, a parameter γ ∈ (0, 1). On the flipside, Foreign’s size is 1 − γ. The two countries are symmetric in size if
γ = 1/2.

10We adopt the timeless perspective to derive the LQ approximation (Benigno and Woodford 2005, 2012). This
allows us to restrict attention to equilibrium (policy trade-off) conditions that are time-invariant.

11This is achieved by assuming subsidies that eliminate positive rents in the steady state. Thus, a markup shock
in this paper can also be interpreted as a structural shock to this subsidy.

12As in the case of the closed economy, markup shocks generate a trade-off between inflation and the output gap
represented in the NK Phillips curve.
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eration.13 The criterion function will turn out to be the same in the Cooperation and Sustainable
Cooperation problems. The social welfare in each setting considered will be representable by
a purely quadratic function, which accurately approximates the indirect utility of the repre-
sentative household in each country up to second order.14 Here, we will also highlight the
terms of trade mechanisms underlying a potential policy externality problem. This externality
is what gives rise to a temptation for international monetary policymakers to walk away from
a cooperative solution.

2.1 Competitive equilibrium

The equilibrium behavior of households and firms, as far as optimal policy is concerned, is
sufficiently summarized by the NK Phillips curve:15

πt = βEtπt+1 + kµt + k
[
(ρ + η)yt +

1
2
(1− ρ)st

]
, (1)

and
π∗t = βEtπ

∗
t+1 + kµ∗t + k

[
(ρ + η)y∗t +

1
2
(1− ρ)s∗t

]
. (2)

All the variables are natural logarithmic transforms of their original levels.16 The variables
with an asterisk (∗) are of the Foreign country and the ones without asterisk refer to Home
country variables. The variable yt corresponds to output, πt is net producer price inflation
rate, and st := pF,t − pH,t is the (Home) terms of trade, measured as the relative price level
between Foreign and Home goods. The exogenous variable, µt, is the markup shock, which
follows a Markov process. The parameters are as follows: β ∈ (0, 1) is the discount factor,
ρ > 0 is the coefficient of relative risk aversion, η > 0 is the Frisch elasticity of labor disutility,
α ∈ (0, 1) is the probability of prices being fixed per period (as in Calvo, 1983), and σ > 0
is the elasticity of substitution among differentiated products. The composite parameter k =

(1− α) (1− αβ) /[α (1 + ση)] is the slope of the log-linearized NK Phillips curve.17

Under internationally complete asset markets and the law of one price, the equilibrium
terms of trade is given by

st := pF,t − pH,t = yt − y∗t , (3)

where pH and pF are Home and Foreign producer prices. An increase (decrease) in st means
deterioration (improvements) in the Home terms of trade.

13Note that we will use upper-case letters when referring to the names of these regimes.
14The competitive equilibrium conditions are approximate linear constraints, representing the optimizing behav-

ior of households and firms, hence the LQ approach. However, when we consider the case of Sustainable Coopera-
tion, the problem is no longer a standard LQ problem, since the sustainability constraints, albeit involving quadratic
forms, will only be occasionally binding.

15Note that consumption Euler equations are redundant, as each country can adjust nominal interest rates to
offset the effect of the interest rate gap on the output gap. Thus we do not present them here.

16The steady state equilibrium allocations of output, inflation and terms of trade turn out to be 1. The steady state
levels of the markups shocks are also unity.

17These are the structural parameters related to the households’ preference and firms’ technology representations
in the original model. See Appendix A.1.
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2.1.1 A “(Non)-insularity” channel: Terms of trade effects on country inflation rates

Note that under the law of one price, we have s∗t = −st. There is a connection between the
terms of trade and a notion of insularity in terms of each country’s competitive equilibrium descrip-
tion—i.e., (1) and (2). Taking policy as given, How exposed (or insular) a country’s competitive
equilibrium characterization is to the terms of trade, st, depends crucially on the constant rela-
tive risk aversion parameter ρ > 0. When households are more risk averse (ρ > 1), an increase
in st lowers Home marginal costs and hence Home inflation since (1− ρ)st < 0. By the same
token, it raises Foreign inflation since (1− ρ)s∗t > 0, and this resembles the effect of a posi-
tive markup shock on Foreign inflation. When ρ < 1, the opposite is true. When ρ = 1, two
countries are said to be insular in terms of their competitive equilibrium characterization.

There are two opposing forces explaining why ρ determines how equilibrium terms of trade
feeds back onto Home (and Foreign) inflation. Suppose foreign output falls (rises), holding all
else constant. On the one hand, internationally complete asset markets, under the law of one
price, imply that in equilibrium the Home terms of trade deteriorates (improves)—see (3). A
rise (fall) in st means that the purchasing power of Home agent’s wages becomes lower (higher)
relative to Foreign agents, which tends to raise (lower) firm’s real marginal cost as a result of
expenditure switching toward Home-produced goods. Therefore Home inflation tends to rise
(fall). On the other hand, the rise (fall) in st results in a fall (rise) in Home consumption, hold-
ing all else constant. This acts through a market clearing condition and the effect of the terms
of trade on Home and Foreign demand for Home goods.18 Lower (higher) Home consump-
tion raises (lowers) the shadow value of work and through labor market clearing, that tends to
lower (raise) Home firms’ real marginal cost, and therefore Home inflation tends to fall (rise).19

When ρ > 1, the second channel dominates the first, hence we see a negative relation between
Home terms of trade (st) and Home inflation (πt) in (1). When ρ < 1, the first channel domi-
nates the second, so that there is positive relation between Home terms of trade (st) and Home
inflation (πt) in (1).

The special case is when ρ = 1, where the two opposing channels cancel out: We label this
the case of the economies being insular. The converse logic holds between Foreign terms of
trade and inflation in (2). Hereinafter, whenever we consider the environment with ρ 6= 1, this
channel will be referred to as the non-insularity channel. However, note that the case of ρ = 1
does not imply that there is no spillover effects from one country’s policy outcomes to another
in terms of welfare. We will discuss this ever-present welfare relevant terms of trade externality
channel in the next section.

2.2 Welfare criteria and terms of trade externality

Each country’s social welfare function summarizes the households’ (competitive equilibrium)
value function beginning from date-0. In Appendix A.2 we show how these welfare functions

18A log-linear version of this says ct = yt − 1
2 st, and for this thought experiment, we have held yt fixed.

19In the terminology of Clarida et al. (2002), the former is “the terms of trade effect” while the latter is “the risk
sharing effects.” For the discussion on this issue in more general setting, see Tille (2001).
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can be approximated up to second-order accuracy as:20

V0 = −E0

∞

∑
t=0

βtUt,

:= −1
4

E0

∞

∑
t=0

βt



(η + ρ)

(
yt −

1
η + ρ

µt

)
︸ ︷︷ ︸

≡xt

2

+ σ
k π2

t +
1
2 (1− ρ)s2

t

+ (η + ρ)

(
y∗t +

1
η + ρ

µ∗t

)
︸ ︷︷ ︸

≡x̃∗t

2

+ σ
k (π

∗
t )

2


, (4)

for the Home country, and,

V∗0 = −E0

∞

∑
t=0

βtU∗t ,

:= −1
4

E0

∞

∑
t=0

βt



(η + ρ)

(
y∗t −

1
η + ρ

µ∗t

)
︸ ︷︷ ︸

≡x∗t

2

+ σ
k (π

∗
t )

2 + 1
2 (1− ρ) (s∗t )

2

+ (η + ρ)

(
yt +

1
η + ρ

µt

)
︸ ︷︷ ︸

≡x̃t

2

+ σ
k π2

t


, (5)

for the Foreign country.21

We note that these welfare functions have been derived by taking a second-order Taylor
expansion of household lifetime utility functions and of relevant competitive equilibrium con-
ditions. As part of the derivation, a “timeless perspective” assumption is required: From each
country’s domestic perspective, the policymakers are assumed to be able to commit to imple-
menting their particular policy plan that is assumed to have been in place in some infinite past
leading up to an arbitrary date 0 (see e.g., Benigno and Benigno, 2006; Benigno and Woodford,
2005, 2012).22 This is taken to hold in each policy regime—Cooperation, Non-cooperation, or
what we will term Sustainable Cooperation—that we will study later.

2.2.1 Terms-of-trade externality channel and Non-cooperation regime

Note that the targets of Home and Foreign output in the welfare criteria (4) and (5) are non-
zero and different between the countries. Observe also that each country’s welfare depends on
the output and markup shock from its foreign counterpart. This arises as there is a terms-of-

20In Appendix A.2 these functions are derived for a more general setting where country sizes are allowed to
differ. In the presentation here, we have the special case where countries are symmetric.

21More precisely, the date-0 values are state-dependent: V0 := V (s−1, τ0) and V∗0 := V (s−1, τ0). Generi-
cally (and in the Sustainable Cooperation regime later) the relevant states are st =

(
yt−1, y∗t−1, νt−1

)
and τt =(

µt, µ∗t , µt−1, µ∗t−1
)
, where νt is an endogenous and auxiliary state variable interpretable as a pseudo-Pareto weight

on Home’s welfare in a Sustainable Cooperation regime. Note that in the other regimes of Cooperation and Non-
cooperation, this auxiliary state is redundant.

22Note that by an arbitrary date 0, we mean the time at which one (i.e., the observer) begins recording the history
of event in the model economy. This is different to the date at which the policy plan was designed and put in
place (which was in some infinite past). Further discussion on this technicality can be found in Appendix A.2. See
especially the ensuing remarks in Appendix A.3.
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trade externality underlying the openness of the economies discussed above. On the one hand,
the policymakers desire to set output so that the welfare-relevant output gaps in Eqs. (4) and
(5) are close to zero. On the other, they also want to stabilize domestic and foreign inflation.
To fix ideas, suppose that there is a positive Home markup shock. The Home policymaker
wishes to set the domestic output yt = µt/(η + ρ) > 0 as in Eq. (4) so that output gap xt :=
yt − µt/(η + ρ) is zero. However, doing so harms the Foreign policymaker, as the welfare-
relevant gap in the Foreign country (i.e., the terms-of-trade spillover effect on Foreign) becomes
x̃t := yt + µt/(η + ρ) = 2µt/(η + ρ) in equation (5). This illustrates that there is a conflict of
interest in the nature of the problem if the central banks behave independently of each other,
ceteris paribus.

One way to expound on this potential externality problem when considering each coun-
try’s policy problem separately, is as follows: Consider an intermediate step in arriving at the
approximating per-period social welfare functions Ut and U∗t , respectively, found in equations
(4) and (5). This intermediate step would produce the following pair of expressions:

Ut =
1
2

st −
1− ρ

2
(yt −

1
2

st)
2 +

1 + η

2
y2

t +
σ

k
π2

t ,

U∗t = −1
2

st −
1− ρ

2
(y∗t +

1
2

st)
2 +

1 + η

2
(y∗t )

2 +
σ

k
(π∗t )

2 .

Of course, one cannot stop at this point in deriving the approximate welfare functions.23 For
our exposition here, this break-down of the steps is nevertheless instructive. Note that a naïve
addition of these two terms, Ut + U∗t , yields an expression equivalent to the per-period loss
in the global welfare function (6), as the linear terms of st are canceled out. That means that
under global cooperation of monetary policy, there is no terms of trade externality problem.
However, if the social welfare in each country is considered separately under independent
national monetary-policy making, st is substitutable for a quadratic approximation of the Home
and Foreign Phillips curves. This results in the non-zero output targets in Eqs. (4) and (5).
In words, and policy-wise, this implies that by manipulating the terms of trade externality
on other nations, domestic policymakers can potentially reduce their own losses arising from
inflation and output fluctuations, where the latter is aimed at by setting a non-zero output
target for their own country. This is because the independent and selfish policymakers know
the nexus between their policies and the terms of trade. In turn, they know the net effect of
the terms of trade on output gap, all else equal, but they do not care what happens to the other
country’s welfare.

23If taken at face value, the linear terms in the intermediate welfare approximation step may induce spurious
welfare evaluation in the LQ framework (see e.g., Kim and Kim, 2003, 2007).
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2.2.2 Welfare under Cooperation regime

Consider next the case where Home and Foreign countries face a consolidated or global social
welfare function. From Eqs. (4) and (5), the global social welfare function is obtained as24

VW
0 =

1
2

V0 +
1
2

V∗0 ,

= −1
2

E0

∞

∑
t=0

βt [Ut + U∗t ] ,

= −1
4

E0

∞

∑
t=0

βt
[
(η + ρ) y2

t + (η + ρ) (y∗t )
2

+
1− ρ

2
(yt − y∗t )

2 +
σ

k
π2

t +
σ

k
(π∗t )

2
]

. (6)

Here, the targets of Home and Foreign output are zero for both countries, whereas they are
non-zero in Eqs. (4) and (5). This echoes our insight earlier that if there is (by construction) a
consolidated global policymaker, or equivalently, the two policymakers cooperate in all contin-
gencies, then the terms of trade externality is fully internalized. That is, there is no conflict of
interest between the countries over st when we deal with the Cooperation regime.

2.2.3 Time-0 vs. timeless perspectives on welfare

In the welfare analyses later, we will utilize two different welfare metrics depending on the
nature of our question.25 First, if we are only interested in a decomposition into the components
comprising the welfare outcome within a particular policy regime, then we evaluate welfare with
respect to the ergodic and unconditional distribution of a given policy regime’s equilibrium.
We call this measure the unconditional welfare measure, or, elsewhere this is often interpreted as
a welfare metric under the timeless perspective.26 By taking unconditional expectation of (4) and
(5), the unconditional welfare functions for Home and Foreign, respectively, are

EV = −(1− β)−1 1
4

E
[
(η + ρ) x2

t + (η + ρ) (x̃∗t )
2

+
1− ρ

2
s2

t +
σ

k
π2

t +
σ

k
(π∗t )

2
]

, (7)

EV∗ = −(1− β)−1 1
4

E
[
(η + ρ) (x∗t )

2 + (η + ρ) x̃2
t

+
1− ρ

2
s2

t +
σ

k
π2

t +
σ

k
(π∗t )

2
]

, (8)

where xt = yt − 1
η+ρ µt, x̃t = yt +

1
η+ρ µt, x∗t = y∗t − 1

η+ρ µ∗t , x̃∗t = y∗t +
1

η+ρ µ∗t , and E [·] denotes
an expectations operator with respect to a regime’s equilibrium (unconditional) distribution of
state variables.

24As shown in Appendix A.2, naturally, this can be obtained directly by approximating the global welfare.
25For further details behind the discussion in this section, please see Appendix A.3.
26By construction, the measured welfare outcome from this metric encodes an infinitely (in practice, sufficiently)

long history of (within-country) commitment policy outcomes. Thus, we can also call this welfare metric one under
the timeless perspective. See also its usage earlier by McCallum and Nelson (2004) and Sauer (2010). See its usage
in Figure 2 on page 18 and Figure 6 on page 29 below.
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The nice feature of these measures is that they are decomposable into the unconditional
volatility (variance) of each welfare function argument from (4) and (5), respectively. This facil-
itates additional insights into what account for welfare outcomes. (See the discussions around
Figure 2 on page 18, and, Figure 6 on page 29 in the paper later.)

Second, we also consider another measure of conditional welfare for each country—i.e., the
functions derived earlier as (4) and (5). The unconditional welfare metric above cannot be used,
if our question is one of comparing relative welfare outcomes across different policy regimes.
That is because given each regime’s equilibrium outcome, the corresponding implementation
of an unconditional welfare measure would be with respect to an ergodic distribution likely to
be different from another regime’s or equilibrium’s outcome—hence any welfare comparison
using that metric would be meaningless, if not misleading as it involves arbitrary orderings of
welfare numbers. Thus, we can only compare welfare outcomes across different equilibria or
regimes if these welfare measures are conditioned on the same initial states, using the functions
derived as (4) and (5). This, we label the time-0 conditional welfare measure. Later, we also call
this the stochastic steady-state welfare measure.27

3 Cooperation vs. Non-cooperation

We now use the LQ framework to first discuss the two polar regimes of Cooperation and Non-
cooperation. Here we will first characterize the equilibria (including their policy trade-off de-
scriptions) under these two regimes (in Section 3.1), compare their equilibrium behaviors and
provide some intuition behind the mechanics of these outcomes (in Section 3.2). From these
insights, in Section 3.3, we then address the first question raised in this paper: Under what
conditions in our model will an assumed Cooperation regime fail to be incentive feasible?

Since there are no analytical solutions for equilibria under all the policy regimes we consider
in this paper, we will have to analyze these regimes numerically. For all of our computational
analyses, the model is parametrized by the settings summarized in Table 1. We follow BB with
some exceptions: The elasticity of substitution between domestic and foreign goods is equal
to one and Calvo parameters are the same in Home and Foreign countries. The exogenous
markup shocks are assumed to be finite-state Markov chains. Each country’s Markov chain is
independent from the other’s. We set, µ ∈ M = {−σε, 0, σε} and µ∗ ∈ M∗ = {−σ∗ε , 0, σ∗ε },
respectively for the Home and Foreign country markup shocks. The shocks’ Markov (matrix)

27In the numerical exercises below, we condition these welfare measures on the same initial natural states, where
the initial lagged output states are y−1 = y∗−1 = 0. (See Figure 3 on page 21, Figure 9 on page 35, Figure 7 on page
30 and the discussions surrounding them in Sections 3.3 and 4.3.) However, there will be another auxiliary state
variable ν, interpretable as the (relative) pseudo-Pareto weight, when one considers the Sustainable Cooperation
regime later. (This variable is non-existent in the other two regimes of Cooperation and Non-cooperation.) In this
case, we also need to start the Sustainable Cooperation equilibrium outcome off at some point for the initial aux-
iliary state ν−1, apart from setting the same initial natural state, y−1 = y∗−1 = 0, when comparing this regime’s
stochastic steady-state welfare measure with the other regimes’. In the paper we consider two possible cases: In the
baseline setting we have v−1 = 1/2, which is the deterministic steady state of the model and is the same as the
time-invariant Pareto weight in the Cooperation regime. Also, this is the convention in defining a Ramsey equi-
librium steady state value (King and Wolman, 1999; Khan et al., 2003). We also consider v−1 being equal to the
stochastic steady state of the model, i.e., its asymptotic upper bound (in short we called it “u.b.”) in a particular
Sustainable Cooperation equilibrium, but this does not change our results. Note that even though we adopt the
LQ approximation, the deterministic and stochastic steady state values are different due to the occasionally binding
sustainability constraints.
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operator is given by p : ∆ (M) → ∆ (M), where p(·|x)(1×3) = [(1− ρx)/2, ρx, (1− ρx)/2] de-
notes the conditional distribution for next-period state x′, for each x, x′ ∈ {µ, µ∗}. Since we
are not performing an empirical or quantitative exercise, for simplicity, we set ρµ = ρ∗µ = 0.5,
σε = 1.0 and σ∗ε = 0.2 —i.e., there is asymmetric volatility between the Home and Foreign
countries, but each period, the shocks are drawn independently from an identical distribu-
tion.28 Also, where relevant to our questions, we will vary parameters such as the coefficient of
relative risk aversion ρ to illustrate the intuitions developed earlier. As the equilibrium under
Sustainable Cooperation can be obtained only numerically, we use the same policy function
iteration method to solve for the other equilibria under Cooperation and Non-cooperation and
compare the equilibria under different regimes.

Table 1: Parameter values.

Parameters Values

β subjective discount factor 0.99
η Frisch elasticity 0.47
ρ coefficient of relative risk aversion {0.5, 1.0, 1.5}
α Calvo parameter 0.75
σ elasticity of substitution among differentiated products 10.0

3.1 Equilibrium policy trade-offs

Policymakers under an assumed Cooperation regime maximize the global social welfare func-
tion (6) subject to the Phillips curves (1) and (2). The first-order necessary conditions (FONCs)
in the Cooperation regime are (1) and (2), appended with the optimal trade-offs for the policy-
makers for every state and date t ≥ 0:29

−σπt = yt − yt−1, (9)

−σπ∗t = y∗t − y∗t−1. (10)

Because of commitment to future policies inherent in both of the Cooperation and Non-cooperation
regimes, lagged output appears in each countries’ equation—i.e., the policymakers conduct
history-dependent policies in both regimes. Also, as shown by BB, in the Cooperation regime,
the optimal targeting rules are always inward-looking in the sense that the optimal trade-off
only involves each policymaker’s own-country variables.

In contrast, a policymaker in the Non-cooperation regime maximizes the social welfare
function in his country given the other country’s outcome. The policymaker in the Home coun-
try maximizes (4) subject to the Philips curves (1) and (2), given π∗t , and the policymaker in the
Foreign country maximizes (5) subject to the Philips curves (1) and (2), given πt. The FONCs,

28We actually solve the model using a Markov chain approximation of the shock process. We delay the details
until Section 4.1 below.

29See Appendix B.1 for the derivation of Eqs. (9)-(12).
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for every state and date t ≥ 0, in the Non-cooperation regime are (1) and (2), along with

−σπt = yt − ξt − (yt−1 − ξt−1), (11)

−σπ∗t = y∗t − ξ∗t − (y∗t−1 − ξ∗t−1), (12)

where

ξt =
(1 + ρ + 2η)µt − (1− ρ)µ∗t

2(1 + η)(η + ρ)
and ξ∗t =

(1 + ρ + 2η)µ∗t − (1− ρ)µt

2(1 + η)(η + ρ)

stem from the Home and Foreign target outputs in Eqs. (4) and (5), and they reflect the terms
of trade externality.30 (Recall the previous discussion in Section 2.2).

In what follows, we dissect the differences between the equilibria under Cooperation and
Non-cooperation. First, we describe and compare their induced dynamics. Then we provide
counterexamples to the presumption that Cooperation is always and everywhere incentive fea-
sible, and we explain the forces underlying such incentive infeasibility of a Cooperation regime.

3.2 Dynamics and welfare decomposition: Cooperation and Non-cooperation

Figure 1 depicts the impulse responses of endogenous variables to a one-time positive Home
markup shock in the initial period with (y−1, y∗−1) = (0, 0). When the countries are insular
(ρ = 1), Home inflation and output gap responses under Cooperation and Non-cooperation,
respectively, look alike in response to a Home markup shock. The terms of trade st responds
differently under Non-cooperation. When the countries are more risk averse (ρ > 1), the
terms of trade plays a role like a positive (negative) markup shock to Foreign (Home) infla-
tion. Conditional on shocks, policymakers may have incentive to deviate from Cooperation to
Non-cooperation because under Non-cooperation they can manipulate the terms of trade. We
further investigate the intuition behind these results as below.

Dynamics when ρ = 1. Consider first the special case of ρ = 1. Recall from earlier that
when ρ = 1, the two countries become insular in the sense that the exogenous shock in one
country does not feedback onto the other. That is, only the Home-country variables respond to
the shock. Home inflation and output gap responses in the Cooperation and Non-cooperation
regimes, respectively, are qualitatively similar: The policymaker in either case commits to fu-
ture deflation and mitigates the trade-off between current inflation and the output gap as in the
well-studied closed economy setting. The terms of trade st responds differently to a markup
shock in Home country under the Non-cooperation regime. Under Cooperation, the terms of
trade responds negatively to markup shocks. Under Non-cooperation, the terms of trade re-
sponds positively at the impact of the shock, so that the Home output gap (xt = yt−µt/(η + ρ))
response is more attenuated; but this is traded off with a more aggressive response in Home
inflation.

Under Non-cooperation, a positive response of the terms of trade can be deduced from the

30Observe that when ρ = 1, the term ξt (or ξ∗t ) only depends on domestic markup shocks µt (or µ∗t ) which means
that the optimal Non-cooperation policy is inward-looking. However, there remain gains from cooperation because
the terms of trade externality channel is still present.
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risk sharing first order condition (3). Note that when ρ = 1, the terms of trade st has no direct
effect on the Phillips curve equilibrium restrictions on policy—i.e., Eqs. (1) and (2)—nor the
policymakers’ optimal trade-offs (11) and (12). Given its welfare trade-off with inflation, the
output gap will not be completely closed, so then the shock will still imply a negative output
gap outcome. Since the Foreign country is “insular”, y∗t remains unchanged in Foreign. Thus,
the risk sharing condition implies that the terms of trade rises with the rise in yt, upon impact
of the shock (see Eq. (3)). Since Foreign still behaves in an insular manner and does not react
to what Home does, it must absorb the marginal welfare loss involving x̃t = yt + µt/(η + ρ).
The latter is the terms-of-trade externality effect discussed earlier (see Section 2.2.1). In this
example, this is a spillover onto Foreign’s welfare that is being exploited by Home.

In contrast, in the Cooperation regime, the consolidated policy maximizes the global social
welfare function (6). As in the Non-cooperation regime, the shock will also yield a negative
output gap, but the target output is zero in this case. Thus, the Cooperation regime’s optimal
plan ends up inducing a negative output in response to the Home markup shock. This trans-
lates as larger negative Home output gap (which is equal to output itself) and a negative terms
of trade response upon impact. In return, Home inflation suffers a smaller fluctuation over
time and output gap deviation from zero is shorter lived.

Dynamics when ρ 6= 1. When ρ 6= 1, the “non-insularity” channel (recall Section 2.1.1)
against the terms-of-trade externality effect comes into consideration as well. When the coun-
tries are more risk averse (ρ > 1), the terms of trade plays a role akin to a positive markup shock
to Foreign inflation. Since the Foreign country is no longer insular, under Non-cooperation For-
eign will also react in order to offset Home’s desire to manipulate the terms of trade externality.
In a Markov perfect equilibrium of the Non-cooperation regime, this results in a positive For-
eign output response which tends to weaken the positive terms of trade response that would
have been if ρ = 1. Also, from Home’s perspective, inducing a rise in the terms of trade acts
as “negative markup shock” offsetting the incentive of Home to exploit the terms of trade ex-
ternality itself. In other words, Home does not need to engineer such a large response in the
terms of trade in order to absorb the original positive markup shock at home.
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Figure 1: Impulse responses to a positive Home markup shock.
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Notes: The left column is for the case of ρ = 0.5, the center column is for ρ = 1.0, and the
right column is for ρ = 1.5.

Unconditional welfare decomposition. Figure 2 on page 18 depicts the (negative) uncondi-
tional expected welfare measures (i.e., welfare losses) for Home and Foreign, into their respec-
tive variance arguments in (7) and (8). This is done separately for each regime under Coopera-
tion (panel a) and Non-cooperation (panel b), as a function of a sequence of economies indexed
by the risk aversion parameter ρ.31 This exercise reinforces the intuition developed above. Con-
sider the Cooperation regime. Home country suffers from fluctuations in the Home output gap
(labelled as “H gap” in the figure) in the face of the Home markup shock. (Foreign also faces a
similar but more attenuated problem here as we are looking at stochastic simulations with all
shocks active.) Because of the asymmetry of shock volatilities working relatively more against
Home, the major component contributing to the unconditional welfare loss of Home shows up
as Home output gap volatility. Also note that the direct terms of trade volatility contributes
negatively (i.e. compounds losses) to Home welfare when ρ < 1, zero loss when ρ = 1, and

31We should read this section with caution. In particular, note that when we consider the two regimes of Coopera-
tion and Non-cooperation, we are looking at their respective equilibrium unconditional welfare outcomes separately.
The discussion in this section makes no attempt to compare the welfare values across the two regime’s equilibrium
outcomes.
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positively when ρ > 1. This is an artifact of the third term in the welfare function (7) involving
st—this term reflects the “non-insularity” channel we outlined in Section 2.1.1 earlier. This term
switches sign from negative to positive as ρ is increased beyond unity, with its welfare effect
taking on a zero value when ρ = 1.

These two observations, based on unconditional welfare decompositions, again echo the
previously explained incentive problem for Home. If Home were in a Non-cooperation regime,
it can reduce welfare loss associated with Home output-gap fluctuations by exploiting the
terms of trade externality under Non-cooperation regime: Observe that in the contrasting
Non-cooperation equilibrium in panel b, the contribution of Home output gap variance is
smaller relative to the total welfare measured in the Non-cooperation regime itself. This is
gained by sacrificing Foreign welfare in terms of noisier fluctuations in the second argument,
(yt + µt/(η + ρ))2 > 0, (labelled as “H gap*”). This term, as explained earlier, embodies the
terms of trade externality effect from Home on Foreign, taking into account retaliation effects
from Foreign to Home welfare in a Non-cooperation equilibrium. Consistent with the intuition
developed earlier, a retaliation effect on Home’s welfare (shown as “F gap*”) becomes very
small when ρ = 1.
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Figure 2: Welfare (loss) decomposition under Cooperation and Non-cooperation: with varying
ρ
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3.3 Infeasibility of Cooperation: inspecting the mechanism

We now address the first question raised in this paper: Under what conditions in our model will an
assumed Cooperation regime fail to be incentive feasible? Conditional on the state variables (i.e., the
lagged output and shocks), policymakers may have incentive to deviate from Cooperation to
Non-cooperation because under the Non-cooperation regime, they can manipulate the terms
of trade.32 We now study such possibilities in the model as a function of two things: relative
noisiness between the country’s markup shocks and risk aversion.

We let Vc
0 ≤ 0 and Vn

0 ≤ 0 denote the conditional welfare values to the Home policymaker in
the stochastic steady state under the Cooperation and Non-cooperation regime, respectively.33

Likewise V∗c0 ≤ 0 and V∗n0 ≤ 0 are the corresponding counterparts for Foreign. (Note these
values are non-positive since the welfare criteria are negative quadratic.) The statistic, R0 ≡
−max{Vc

0 /Vn
0 − 1, 0}, is less than zero when Vc

0 < Vn
0 holds. If R0 is negative, then the Non-

cooperation regime yields a higher welfare to Home than the Cooperation regime—i.e. there is
an incentive feasibility problem on the part of Home for international cooperation. Otherwise
if R0 = 0 then there is no incentive to deviate from Cooperation on the part of Home. The
interpretation is the same for the Foreign counterpart of this statistic, R∗0 .

Figure 3 on page 21 shows the (relative) conditional social welfare of Home (R0) and Foreign
(R∗0) under Cooperation and Non-cooperation. First consider raising the Home’s markup shock
volatility relative to its Foreign counterpart from σε/σ∗ε = 2 to 5. This exercise shows that
policymakers may have incentive to deviate when asymmetric markup shock volatility exists
across the countries.34 The higher the ratio of the standard deviation of Home markup shock
to its Foreign counterpart σε/σ∗ε , the lower is the Home social welfare under Cooperation than
under Non-cooperation. When one country faces a higher probability of experiencing severe
markup shocks, the policymaker has more incentive to deviate from Cooperation and behave
strategically. Here, only the Home policymaker (who face a possibility of larger shocks) has
more incentive to deviate.

Now consider the statistic, R0, as a function of risk aversion ρ in Figure 3 on page 21.35 The
Home policymaker has the largest incentive to deviate at around ρ = 1, but this temptation
tapers off with ρ ≷ 1. We explain why this is the case by identifying the (opposing) forces at
play in this model.

Consider first the special case of ρ = 1. Imagine that both countries are under the Coop-
eration regime, but they also consider what their payoff would be were they to deviate to the
Non-cooperative equilibrium. Suppose we have a positive markup shock, µt > 0, to Home. If
Home were to deviate to Non-cooperation, this entails a temptation for Home to try to close
output gap, by raising yt (but trading off with higher inflation, πt). Through the equilibrium

32Coenen et al. (2007) study a similar question in a large-scale model of the European Central Bank (i.e., the New
Area Wide Model).

33This is called the stochastic or risky steady state (Coeurdacier et al., 2011), as it incorporates the future possibility
of shocks hitting the economy.

34Corsetti et al. (2010) argue that strategic manipulation of the terms of trade under non-cooperation of a sym-
metric Nash equilibrium usually is self-defeating. However, we show that the welfare gain from Non-cooperation
is non-negligible—i.e., the policymaker’s has incentive to deviate from the Cooperation regime—when there is
asymmetric volatility in the markup shock process that each country faces.

35When ρ is too high, the objective function may not be concave as (1− ρ)s2
t has a large and positive value. It

may violate the second-order conditions of the welfare maximization problem; see BB p. 487.
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international risk sharing channel, this induces a negative terms-of-trade externality in terms
of the output gap term in Foreign’s welfare function (5), making Foreign worse off, via the term
(yt + µt/(η + ρ))2 > 0. When ρ = 1, there is no additional feedback complication on Home
or Foreign inflation via (1) and (2), respectively—i.e., there is “insularity” in the sense of there
being no direct exposure of inflation to terms of trade in the market equilibrium conditions.
Therefore, Home with a relatively more volatile markup shock (σε/σ∗ε > 1), has most incen-
tive to exploit this terms-of-trade externality mechanism, but Foreign has no incentive to walk
away from Cooperation.

Next, consider the case where ρ < 1. Now there are two opposing forces at play, via the
terms of trade, st. The first force is as explained in the previous special case of ρ = 1. How-
ever, it is further reinforced in the same direction by the (endogenous cost-push-like) feedback
of st onto higher πt in (1). On one hand this strengthens the temptation to deviate from Co-
operation on the part of Home. However, there is a second opposing force: By attempting to
close Home output gap through raising yt (again, at some expense of higher πt) were Home
to deviate, international asset market equilibrium via (3), implies that st will increase. Since
ρ < 1, a higher st implies a similar effect of a negative cost push shock on Foreign inflation
in (2). Now, Foreign—also conjecturing what its payoff would be were Foreign to walk away
from Cooperation toward Non-cooperation—also has the incentive to close its output gap, by
reducing y∗t , but this also directly hurts Home’s welfare. This second “non-insularity” force
(due to ρ < 1) acts as countervailing incentive (or a self-disciplining device) against Home’s
conjecture or intent to exploit the terms-of-trade externality channel in the first instance.

In the case where ρ > 1, the mechanism with opposing forces is similar to the case of ρ < 1,
with the exception that the effect of an initial Home positive markup shock on inflation would
be partially weakened by the feedback of st akin to a negative cost-push shock. This weakens
the incentive to deviate from Cooperation at the first instance for Home.

By identifying the opposing forces at play, and in particular, the interaction between the
pure terms-of-trade externality channel and feedback effect of st onto inflation (i.e., the “non-
insularity” channel), we have explained why the temptation is largest at ρ = 1 for Home to
walk away from a Cooperation Regime toward a Non-Cooperation regime, and why this tapers
off when ρ ≷ 1.36

36Note that in centering our discussion around the special case of ρ = 1we are not claiming a general result.
When we entertain the more general setting with different country sizes γ 6= 1 later in Section 5, the basic intuition
from this section still applies. However, when countries differ in their sizes, the incentive-feasibility of Cooperation
from the point of view of Home or Foreign, and with respect to risk aversion ρ will also be tempered by country size
γ. There will be an interaction between these two parameters in terms of the opposing terms-of-trade externality
versus the non-insularity (feedback) channels.
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Figure 3: Welfare comparison under Cooperation vs. Non-cooperation: with varying ρ
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In short order, we cannot take the Cooperation regime as being always incentive feasible for
the independent policymakers. Under arguably realistic settings, e.g., asymmetric volatililities
of country specific shocks, the temptation to deviate from Cooperation can arise. However,
this naturally leads us to ask whether the countries can do better than merely behaving under
Non-cooperation. We deal with this by considering the endogenous Sustainable Cooperation
regime next.

4 Sustainable Cooperation

Now we consider the regime with endogenously sustainable cooperation. In this setting, a dy-
namic state-contingent contract is recorded from date 0 between the countries, but this contract
is taken to have been in place since time immemorial (given the timeless perspective underlying
the welfare function derivations). The state-contingent contract ensures that each policymaker
has no incentive to deviate from cooperating as long as the sustainability constraints

Vt = −Et

∞

∑
s=t

βs−tUs ≥W(yt−1, y∗t−1, τt), (13)

V∗t = −Et

∞

∑
s=t

βs−tU∗s ≥W∗(yt−1, y∗t−1, τt), (14)

hold at every date and in every state. The functions W ≡ Vn and W∗ ≡ V∗n are the value func-
tions for Home and Foreign, respectively, under the Non-cooperation regime. These outside
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option values depend on past output levels and also τt = [µt, µt−1, µ∗t , µ∗t−1]
′ which is a vector

of current and past realizations of exogenous markup shocks.37 Let the variables ψt and ψ∗t ,
respectively, denote the Lagrange multipliers on the constraints (13) and (14). In this regime,
policymakers maximize the global welfare function (6) subject to the Phillips curves ((1) and
(2)) and sustainability constraints ((13) and (14)) so that neither of the countries has incentive
to deviate.

After some algebraic manipulation (see Appendix B.1), we have a characterization of policy
trade-offs akin to (9) and (10) (under the Cooperation regime), and (11) and (12) (under the
Non-cooperation regime), albeit with more complicated factors shifting the trade-offs:

−σπt = yt − ζt − zt(yt−1 − ζt−1), (15)

−σπ∗t = y∗t − ζ∗t − zt(y∗t−1 − ζ∗t−1). (16)

for every state and date t ≥ 0. These complications under Sustainable Cooperation show up
as the variables zt and (ζt, ζ∗t ). In turn, these variables encode incentive feasibility through
restrictions on underlying variables:

ζt =
(1 + ρ + 2η)ϑt − (1− ρ)ϑ∗t

2(1 + η)(η + ρ)
and ζ∗t = − (1 + ρ + 2η)ϑ∗t − (1− ρ)ϑt

2(1 + η)(η + ρ)
.

These variables are similar to the variables (ξt, ξ∗t ) under Non-cooperation, but differ in that
the markup shocks µt and µ∗t are replaced with endogenously determined ϑt and ϑ∗t and the
minus sign on ζ∗t .

We discuss these additional distortions or restrictions shifting the equilibrium policy trade-
offs (15) and (16), in contrast to the Cooperation or Non-cooperation regimes’ trade-offs, in
terms of their underlying components, zt, νt, ζ(ϑt, ϑ∗t ), and ζ∗(ϑt, ϑ∗t ). First, zt =

Ψt−1+Ψ∗t−1
Ψt+Ψ∗t

∈
(0, 1] is the ratio of the cumulative sum of Lagrange multipliers on the sustainability con-
straints (13) and (14). These cumulative-summed Lagrange multipliers, Ψt := ∑t

s=0 ψs and
Ψ∗t := ∑t

s=0 ψ∗s , are sufficient statistics on past incentive compatibility of the policymakers. The
initial values are given by each country’s original Pareto weight when we obtain the global
welfare (see Eq. (6)); Ψ−1 = Ψ∗−1 = 1/2. In our setting, either of the constraints may bind at
any date and state.38 When either of the sustainability constraints is binding (ψt > 0 or ψ∗t > 0),

zt =
Ψt−1 + Ψ∗t−1

Ψt−1 + Ψ∗t−1 + ψt + ψ∗t
< 1

holds. Then the steadfastness of the past commitment via the terms with the lagged variables
becomes weak so that the sustainability constraints hold.

Second, (ζt, ζ∗t ) are related to the endogenous pseudo-Pareto weight νt assigned to each
Home and Foreign country. Akin to the Non-cooperation setting, we have the shifters (ζt, ζ∗t )

37We implicitly assume the following punishment as the outside option of the state-contingent contract: If either
country chooses not to cooperate (i.e., either of the sustainability constraints is violated), the Non-cooperation equi-
librium is realized. Since the Non-cooperation equilibrium studied earlier is Markov perfect, then it can be shown
that it is also incentive-feasible.

38Fuchs and Lippi (2006) studied the situation where more than two constraints simultaneously bind in a multi-
country monetary model.
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in the policy trade-offs, (15) and (16). However in Sustainable Cooperation, (ζt, ζ∗t ) further
depend on two endogenous statistics:

ϑt = (2νt − 1)µt

−βEt

{
(z−1

t+1 − 1) [It+1D1W(yt, y∗t , τt+1) + I∗t+1D1W∗(yt, y∗t , τt+1)]
}

︸ ︷︷ ︸
=:Ξt+1

, (17)

ϑ∗t = (2νt − 1)µ∗t
+βEt

{
(z−1

t+1 − 1) [It+1D2W(yt, y∗t , τt+1) + I∗t+1D2W∗(yt, y∗t , τt+1)]
}

︸ ︷︷ ︸
=:Ξ∗t+1

, (18)

where νt =
Ψt

Ψt+Ψ∗t
∈ (0, 1) is the pseudo-Pareto weight, given the initial value ν−1 = 1/2 is equal

to the original Pareto weight. These shifters encode the feasibility of current and expected fu-
ture incentives. The indicator function It+1 = 1 when the sustainability constraint in Home
country is binding in period t + 1; It+1 = 0 otherwise. Together with zt+1 < 1, future possibili-
ties of binding constraints shown as Ξt+1 and Ξ∗t+1 may affect the trade-offs via the shifters. The
state-contingent contract by the countries under Sustainable Cooperation must also take into
account expected future marginal gains to each country from deviation to Non-cooperation
(events which will not be realized on any equilibrium path) and this is encoded in the latter
forward-looking terms in the restrictions on ϑt and ϑ∗t above.

Third, νt is an endogenous state variable and it is related to how countries have temptation
to deviate from cooperation—i.e., to behave strategically and to manipulate the terms of trade
as in the Non-cooperation regime. Specifically, νt is determined by the past weight νt−1 and the
binding pattern of the current sustainability constraints.

To summarize, the conditions (15) and (16) are more general versions of the optimal policy
trade-offs—their graphs projected onto (yt, πt)-space lie in between their corresponding policy
trade-off counterparts in the Non-cooperation regime (compare the case if zt = 1 and (ζt, ζ∗t ) =

(ξt, ξ∗t ) almost everywhere with (11) and (12)) and in the Cooperation regime (compare the case
if zt = 1 and (ζt, ζ∗t ) = (0, 0) almost everywhere with (9) and (10)). We provide more precise
conditions for when these observations arise, in the remarks below.

We have the following preliminary property on the behavior of νt:

Remark 1. νt = 1− zt(1− νt−1) > νt−1 when ψt > 0 and νt = ztνt−1 < νt−1 when ψt > 0, where
ψt and ψ∗t are the Lagrange multipliers on the Home and Foreign sustainability constraints.39

This result says that the pseudo-weight is a strictly increasing process whenever Home’s
sustainability constraint is currently binding. It is strictly decreasing whenever Foreign’s in-
centive constraint is currently binding. Given the dynamics of νt, we also have the following
limiting cases:

Remark 2. (i) When νt ↘ 0, the Foreign sustainability constraint ceases to bind; ζt = −ξt and
ζ∗t = ξ∗t hold in the limit. (ii) When νt ↗ 1, the Home sustainability constraint ceases to bind;
ζt = ξt and ζ∗t = −ξ∗t hold in the limit. (iii) When νt = 1/2 for all t ≥ 0 and all histories, i.e.,
the sustainability constraint never binds, and ζt = ζ∗t = 0 holds.

39This can be easily derived from the law of motion of Ψt + Ψ∗t . See Appendix B.1.
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In terms of welfare, we can deduce that the Sustainable Cooperation regime is an (endoge-
nously) intermediate case of the two extremes: Cooperation and Non-cooperation. When the
sustainability constraints never bind, zt = 1 and νt = 1/2 hold, which implies ζt = ζ∗t = 0,
and the solution becomes the same as in the Cooperation regime. When the Home sustainabil-
ity constraint binds, for example, the pseudo weight on each country’s welfare shifts to keep
the Home country within the Sustainable Cooperation regime. As νt ↗ 1, the home-country
dynamics resembles the ones under Non-cooperation as ζt → ξt (Eq. (15) becomes Eq. (11)),
whereas negative externalities affect the Foreign country as ζ∗t → −ξ∗t . This additional exter-
nality may make the situation worse for the Foreign country.

4.1 Recursive characterization and solution

The preceding description of a Sustainable Cooperation equilibrium has a recursive represen-
tation. As a result, finding the equilibrium under a Sustainable Cooperation regime boils
down to finding equilibrium policy functions that satisfy a modified Euler functional opera-
tor problem—i.e., one that is modified by a recursified set of history-dependent sustainability
constraints. We describe what this recursive Sustainable Cooperation equilibrium operator
looks like next, and then, we detail the nonlinear approximation schemes used to numerically
compute the solution.

Let s−1 = (y−1, y∗−1, ν−1) ∈ Y2 × N ≡ S ⊂ R2 × (0, 1) be a vector of endogenous state
variables, and, τ = (u, u−1) ∈ (M×M∗)2 ≡ T be a vector of exogenous state variables where
u = (µ, µ∗) ∈ M × M∗ ⊂ R2 . Note that the lagged markup shocks are included as state
variables. Also let x = hx(s−1, τ), where x ∈ {y, y∗, π, π∗, z, ν}, be unknown policy functions
that induce a Sustainable Cooperation plans equilibrium. These functions are our objects of
interest and they satisfy the following functional operator:

hπ(s−1, τ) = β ∑
u′

P(u′|u)hπ(s, u′, u) + kµ

+
k
2
[
(1 + ρ + 2η) hy(s−1, τ)− (1− ρ) hy∗(s−1, τ)

]
,

hπ∗(s−1, τ) = β ∑
u′

P(u′|u)π∗(s, u′, u) + k∗µ∗

+
k∗

2
[
(1 + ρ + 2η) hy∗(s−1, τ)− (1− ρ) hy(s−1, τ)

]
,

hπ(s−1, τ) = −σ−1 [hy(s−1, τ)− ζ(s−1, τ)− hz(s−1, τ)(y−1 − ζ−1(s−1, τ))
]

,

hπ∗(s−1, τ) = −σ−1 [hy∗(s−1, τ)− ζ∗(s−1, τ)− hz(s−1, τ)(y∗−1 − ζ∗−1(s−1, τ))
]

,

V(s−1, τ) = −U(s−1, τ) + β ∑
u′

P(u′|u)V(s, u′, u) ≥W(y−1, y∗−1, τ)

V∗(s−1, τ) = −U∗(s−1, τ) + β ∑
u′

P(u′|u)V∗(s, u′, u) ≥W∗(y−1, y∗−1, τ)

where U(s−1, τ) and U∗(s−1, τ) are the per-period payoffs or losses for Home and Foreign,
respectively, W(y−1, y∗−1, τ) and W∗(y−1, y∗−1, τ) are their respective values under the Non-
cooperation regime, P is the joint Markov matrix for the independent markup shock process
{µ, µ∗}. The functions (ζ, ζ∗) and (ζ−1, ζ∗−1) have been defined in the preceding section but
now, it embeds a recursified structure with respect to the incentive compatibility requirements

24



previously discussed in regard to (17) and (18).40

This system has a recursive structure with regard to hπ(s−1, τ), hπ∗(s−1, τ), Ξ(s−1, τ), Ξ∗(s−1, τ),
V(s−1, τ), and V(s−1, τ).

Approximate solution scheme. The Sustainable Cooperation problem is nonlinear, despite
involving quadratic and linear forms. This is because of the occasionally binding nature of
the sustainability constraints. Thus, the solution for the Sustainable Cooperation equilibrium
can only be obtained numerically.41 We use a version of the policy function iteration method
with occasionally binding constraints as in Kehoe and Perri (2002) and Sunakawa (2015). The
occasionally binding constraints V(s−1, τ) ≥ W(y−1, y∗−1, τ) and V∗(s−1, τ) ≥ W∗(y−1, y∗−1, τ)

must be addressed.42 The functions need to be approximated by projection onto known fam-
ilies of basis functions, as continuation states s = (hy(s−1, τ), hy∗(s−1, τ), hν(s−1, τ)) may not
be on the grid points. Three-dimensional cubic spline bases are used for interpolation. We set
Y = [−3.0, 3.0] and N = (0.0, 1.0) and divide them each into 5 knot points. Each element in
τ = (µ, µ∗, µ−1, µ∗−1) follows the Markov chain described earlier.43

40We repeat it here for convenience, and show how the problem has been recursified. Recall that:

ζ(s−1, τ) =
(1 + ρ + 2η)ϑ(s−1, τ)− (1− ρ)ϑ∗(s−1, τ)

2(1 + η)(ρ + η)
,

ζ∗(s−1, τ) = − (1 + ρ + 2η)ϑ∗(s−1, τ)− (1− ρ)ϑ(s−1, τ)

2(ρ + η)(1 + η)
,

ζ−1(s−1, τ) =
(1 + ρ + 2η)ϑ−1(s−1, τ)− (1− ρ)ϑ∗−1(s−1, τ)

2(1 + η)(ρ + η)
,

ζ∗−1(s−1, τ) = −
(1 + ρ + 2η)ϑ∗−1(s−1, τ)− (1− ρ)ϑ(s−1, τ)

2(ρ + η)(1 + η)
,

and

ϑ(s−1, τ) = (2hν(s−1, τ)− 1)µ− β ∑
u′

P(u′|u)Ξ(s, u′, u),

ϑ∗(s−1, τ) = (2hν(s−1, τ)− 1)µ∗ + β ∑
u′

P(u′|u)Ξ∗(s, u′, u),

ϑ−1(s−1, τ) = (2ν−1 − 1)µ−1 − βΞ(s−1, τ),

ϑ∗−1(s−1, τ) = (2ν−1 − 1)µ∗−1 + βΞ∗(s−1, τ).

Specifically, Ξ(s−1, τ) and Ξ∗(s−1, τ) recursify the problem as so:

Ξ(s−1, τ) = (z(s−1, τ)−1 − 1)
[
I(s−1, τ)D1W(y−1, y∗−1, τ) + I∗(s−1, τ)D1W∗(y−1, y∗−1, τ)

]
,

Ξ∗(s−1, τ) = (z(s−1, τ)−1 − 1)
[
I(s−1, τ)D2W(y−1, y∗−1, τ) + I∗(s−1, τ)D2W∗(y−1, y∗−1, τ)

]
,

where I(s−1, τ) (and I∗(s−1, τ)) are indicator functions that equal unity if the Home (Foreign) constraint is binding,
and zero otherwise.

41Program codes are written in Fortran 90 with OpenMP shared-memory parallelization. We used a computer
with 28 cores of 2.6 Ghz Intel Xeon E5-2680 v3 running on the Centos 6 GNU/Linux operating system.

42In general, these constraints may make the problem non-convex so that the numerical algorithm (based on
assuming the existence of a unique functional fixed-point) may end up finding only one of multiple equilibria.
We cannot prove the existence nor uniqueness of the equilibrium, but numerically we conduct robustness checks
utilizing different initial guesses of the equilibrium policy functions that would have delivered the Sustainable
Cooperation plan. Our numerical results do not seem to suffer from such problems of equilibrium multiplicity.

43The number of the grid points for Y and N are increased to check the robustness of our result. As we have
seven state variables, this kind of exercise is very time-consuming as it exponentially increases the total number of
grid points.
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4.2 Dynamics and welfare decomposition of Sustainable Cooperation

Figure 4 on page 26 shows impulse responses to a positive Home markup shock µ = σε in the
initial period with (y−1, y∗−1) = (0, 0) and ν−1 = ν, where ν is the asymptotic upper bound on
the pseudo-Pareto weight.44 Comparing the responses under each regime, we can see that the
responses of Home variables and the terms of trade under Sustainable Cooperation are inter-
mediate between those under Cooperation and Non-cooperation. When ρ equals 0.5 or 1.5, i.e.,
the two countries are non-insular, the responses under Sustainable Cooperation become closer
to those under Cooperation.45 Before we interpret these results, let us first discuss the charac-
teristics under Sustainable Cooperation by looking at the binding pattern of the sustainability
constraints.

Figure 4: Impulse responses to a positive Home markup shock: Sustainable Cooperation.
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Notes: The left column is for the case of ρ = 0.5, the center column is for ρ = 1.0, and the
right column is for ρ = 1.5. SCP refers to Sustainable Cooperation, CP to Cooperation, and,
NP to Non-cooperation.

Figure 5 shows the asymptotic upper bound of the pseudo-Pareto weight, ν, for each ρ-
indexed Sustainable Cooperation economy when all shocks are active. This indicates, from a

44Economies under each regime are simulated for sufficiently long periods to obtain the asymptotic upper bound
ν. After observing the Sustainable Cooperation economy for sufficiently long, the pseudo Pareto weight reaches its
steady state.

45When ρ = 3, as in the original calibration in BB, the responses under Sustainable Cooperation are quite similar
to those under Cooperation, although the sustainability constraint is slightly binding as seen in Figure 5.
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timeless perspective, how much the sustainability constraint for Home is binding.46 The temp-
tation to deviate from cooperation is the highest when ρ = 1. That is, νt is away from a half
and closest to one at ρ = 1. Since the two countries are “insular” in this case, Foreign out-
put and inflation rates do not react to the Home markup shock. If left to his own devices, the
self-centered Home policymaker has every desire to set its own policy to maximize its domestic
welfare, ignoring the resulting terms of trade externality on its neighbor. However, the Sustain-
able Cooperation would take this temptation for Home’s policymaker to deviate into account.
As a result, the Home sustainability constraint binds the most and the pseudo weight on each
country’s social welfare shifts toward the one favoring the Home country—i.e., the sustain-
able equilibrium has to promise the most welfare from Foreign to Home, to keep Home within
the Sustainable Cooperation regime. This feature of the Sustainable Cooperation plan echoes
a similar incentive problem underlying our earlier comparisons between the polar regimes of
Cooperation and Non-cooperation (c.f., Figure 3). The difference here is that the incentives un-
derlying each of these two polar regimes are now built into the Sustainable Cooperation plan
itself.

Figure 5: The asymptotic values of pseudo-Pareto weight: with varying ρ.
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When ρ is set away from unity, the sustainability constraints bind less aggressively. The
pseudo weight remains closer to the value of half. That is, less welfare redistribution toward
Home is needed to keep the Home country in check under the Sustainable Cooperation regime.
This is because when ρ 6= 1, there is the feedback effect from the terms of trade acting to

46It turns out that only Home’s sustainability constraint will be binding in this setting (we can check this numeri-
cally). Then we know that for each ρ-indexed economy, the bounded process {νs}must be monotonically increasing
towards its upper bound. (Recall Proposition 1.)
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reinforce a markup shock (when ρ < 1), and, the accompanying retaliation considerations
(under Non-cooperation) from Foreign—the same set of forces explained earlier in Sections 3.1
and 3.2 when we compared the separate Cooperation and Non-cooperation regimes.

Now, let us return to Figure 4 on page 26. Since under Sustainable Cooperation there is a
redistribution of welfare from Foreign to Home (under a single Home markup shock in Figure
4), we see that the responses of Foreign’s variables are different from the ones under Coopera-
tion or Non-cooperation. In particular, following the explanations above, we can see that when
ρ = 1 (in the middle column panels of the figure), the response of Home in terms of output
gap, inflation and the terms of trade are similar to the Non-cooperation case, but they are more
attenuated. In fact, they sit in between their corresponding impulse responses under the Co-
operation and the Non-cooperation regimes. Again there is no response of Foreign variables
here since it behaves optimally in an insular manner. If ρ < 1 (see the left column panels of the
figure), the intuition coming from the terms of trade externality and its non-insularity chan-
nel’s feedback effects is still present. However, now the responses are much more attenuated
than under the Non-cooperation regime. There is less need for shifting welfare weights from
Foreign to Home compared to the case of ρ = 1. Equivalently, in terms of resource redistribu-
tion, Sustainable Cooperation would engineer a terms of trade st (or Home’s net export) that
is more negative (positive) for longer, relative to Non-cooperation. This mimics its counter-
part under Cooperation. As a consequence, the responses in Foreign output gap and inflation
under Sustainable Cooperation are much closer to those under Cooperation than under Non-
cooperation.47 If ρ > 1 (i.e., the right column panels of the figure), our intuition above on the
reinforcing threat of welfare redistribution also applies.

From another perspective, Figure 6 on page 29 displays the unconditional expected welfare
values—a similar exercise to that earlier in Figure 2 on page 18—under a Sustainable Cooper-
ation regime. The history-contingent contract under Sustainable Cooperation balances the in-
centive for Home to deviate from Cooperation to Non-cooperation, where in the latter regime
Foreign bears more of the brunt of the terms-of-trade externality. Contrast Figure 6 on page
29 with panel b of Figure 2 on page 18 in terms of each within-regime relative importance of
each unconditional welfare component. (Note that we are not comparing the absolute levels
of welfare outcomes across the two figures.) From this juxtaposition of the two figures, we
can deduce that a Sustainable Cooperation plan can alleviate Home’s loss associated with its
output gap fluctuations (labelled as “H gap” in Figure 6 on page 29) with a relatively smaller
sacrifice of Foreign’s welfare accounted for by the spillover effect from stabilizing Home’s out-
put gap onto Foreign’s welfare (labelled as “H gap*” in Figure 6 on page 29). These relatively
more attenuated welfare loss spillovers to Foreign are supported by the observation earlier that
under a Sustainable Cooperation regime, the contract ensures that Foreign retaliation-inducing
incentives do not arise as much in the first place, as under a Non-cooperation regime. That is,
under the Sustainable Cooperation plan, welfare must be redistributed to the Home country

47Observe there is some small change in sign (from positive to negative) in the responses of Foreign inflation
and output gap, under Sustainable Cooperation when one moves from the environment with ρ < 1 to one with
ρ > 1. Although there is less of a need to redistribute resources (and welfare) from Foreign to Home in the face of
a markup shock to Home, some of the impact of having to cause a Home terms of trade (st) fall will still pass on to
a positive (negative) inflation response because the Foreign Phillips curve is non-insular when ρ < 1 (ρ > 1). From
the output-gap-inflation trade-off for Foreign, this still translates as a positive (negative) output gap response in the
setting when ρ < 1 (ρ > 1).
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that experiences a relatively more volatile shock, but just enough and in a history-contingent
way, so that overall, welfare for both countries are no worse than under a Non-cooperation
regime.

Figure 6: Welfare decomposition under Sustainable Cooperation: with varying ρ
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4.3 Efficiency and redistribution properties

In this section, we work toward addressing the third question: Under the Sustainable Cooperation
regime, relative to an unattainable Cooperation regime, who gains and who loses? We begin by look-
ing at the time-0 welfare each country can attain under Sustainable Cooperation, relative to
what is efficient in the sense of outcomes under any Pareto (equivalently Cooperation regime)
allocation. Previously, when characterizing the Cooperation regime, the joint welfare function
(6) assigns equal (and constant) Pareto weights to Home and Foreign’s welfare. Now, consider
a set of Cooperation regimes as a function of arbitrarily fixed Pareto weights, λ ∈ (0, 1). This
set is represented by a Pareto frontier.48

48To construct this Pareto set we solve the family of problems:

max [λV0 + (1− λ)V∗0 ] ,

subject to Eqs. (1) and (2), where λ ∈ (0, 1) is an arbitrary Pareto weight assigned to Home country. The baseline
Cooperation regime we considered was the case of λ = 1/2. The short-hand notations V0 and V∗0 refer to Home
and Foreign’s ex-ante welfare defined in (4)-(5).

The equilibrium conditions are summarized as

−σπt = yt − ζ̃t − (yt−1 − ζ̃t−1),

−σπ∗t = y∗t − ζ̃∗t − (y∗t−1 − ζ̃∗t−1),
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The solid curve in each panel of Figure 7 shows the stochastic steady-state values of Home
and Foreign, under Cooperation regimes as functions of λ, (V0(λ), V∗0 (λ))—i.e., the Pareto fron-
tier, for each value of ρ. The horizontal (vertical) axes measure Home’s (Foreign’s) payoff. Red
circles (◦) show the pair of Home-Foreign payoffs under Non-cooperation (normalized to the
origin), whereas the green-asterisk (∗) and dark-blue cross (+) markers, respectively, show the
values under Cooperation (with λ = 1/2) and Sustainable Cooperation (assuming ν−1 = 1/2).
(We also display an alternative set of light-blue triangles,4, which represents Sustainable Co-
operation welfare outcomes assuming ν−1 is at its asymptotic value, for robustness.) In this
figure, we use the setting where σε/σ∗ε = 5. All values are in terms relative to the values under
Non-cooperation that are normalized to zero.

Figure 7: Pareto frontiers.
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Notes: In each panel indexed by ρ, the horizontal axis measures (relative) Home welfare,
and the vertical axis measures (relative) Foreign welfare. All values are relative to ones
under Non-cooperation—e.g., for Home we have (V0 −Vn

0 )/Vn
0 where V0 is its value from

any regime considered. Two assumptions regarding the initial auxiliary state of the pseudo
Pareto weight ν−1 are consider for a Sustainable Cooperation (SCP) regime: Either ν−1 =
1/2 (same as the Cooperation regime’s Pareto weight) or ν−1 = νu.b. (the asymptotic weight
in the SCP economy).

Consider reading the panels in Figure 7 from left to right, and, top to bottom. When the
value of ρ is low, the values of (V0, V∗0 ) under Sustainable Cooperation are on the Pareto frontier.

where ζ̃t =
(1+ρ+2η)ϑ̃t−(1−ρ)ϑ̃∗t

2(1+η)(ρ+η)
, ζ̃∗t = − (1+ρ+2η)ϑ̃∗t −(1−ρ)ϑ̃t

2(1+η)(ρ+η)
, ϑ̃t = (2λ − 1)µt and ϑ̃∗t = (2λ − 1)µ∗t . There are

similarities between these equations and the trade-off equations with the shifters (Eqs. (15)-(18)) under Sustainable
Cooperation. Note that at the limit λ = 0, i.e., the corresponding Cooperation solution effectively cares only about
Foreign’s welfare, so that ζ̃t = −ξt and ζ̃∗t = ξ∗t hold, but this is equivalent to the limiting case of the Sustainable
Cooperation regime (with history-dependent pseudo-Pareto weights) in Remark 2(i). Conversely, when we are at
the limit λ = 1, ζ̃t = ξt and ζ̃∗t = −ξ∗t hold. Also, when λ = 1/2, ζ̃t = ζ̃∗t = 0 holds, so the equilibrium conditions
are the same as in the baseline Cooperation regime.
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In other words, the Sustainable Cooperation equilibrium can attain an equivalent λ-Pareto-
efficient allocation, or, equivalently one can find a particular λ∗-Pareto-cooperation solution
that replicates the Sustainable Cooperation equilibrium. From the Pareto frontier analysis in
Figure 7, observe that Home under each Sustainable Cooperation regime, which is given by
each (+) or (4) marker, attains a welfare level similar to the value it would have attained under
the Non-cooperation regime (i.e., its outside option value). Given this, the Foreign country’s
welfare attains the highest value on the Pareto frontier. Note that there is a point of the frontier
such that the value to Foreign under that particular λ-Pareto-efficient allocation is equivalent
to its outside option value too—i.e., there exists a value of λ with which V∗0 (λ) = W∗0 , where
W∗0 ≡ V∗n0 is the Non-cooperation welfare for Foreign. However, in the examples in the figure,
the Sustainable Cooperation regimes actually implement a welfare allocation for Foreign that
is much higher than such a point.

To reinforce this insight from another perspective, consider Figure 8: Here, we show im-
pulse response functions for terms of trade st, in response to a positive Home markup shock,
under a particular λ∗-Pareto-cooperation solution that replicates Sustainable Cooperation. The
terms of trade movements indicate transfers of resources between the countries: Recall, in
terms of physical allocation, the terms of trade variable maps to cross-country transfers in terms
of net exports between countries (e.g., net exports for Home is, yt − ct = −st/2 and for Foreign
it is y∗ − c∗t = st/2).49 (Also, as we move from the top to the bottom panel in Figure 8, we vary
these economies across different degrees of risk aversion ρ.) In short, the resource/welfare
transfer scheme under the particular λ∗-Pareto-cooperation regime resembles its counterpart
under Sustainable Cooperation very well, in terms of direction and magnitude, irrespective of
the setting of ρ.

49Thus, inspecting st allows us to deduce the direction and magnitude of resource transfers, given that we have
previously describe the Sustainable Cooperation plan in terms of welfare transfers.
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Figure 8: Impulse responses for a particular λ∗-Pareto-cooperation regime relative to other
regimes: baseline Cooperation, Non-cooperation and Sustainable Cooperation.
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Let us return to Figure 7 again. When the value of ρ is high (e.g. ρ = 3 in the figure),
Foreign’s welfare under Non-cooperation is much lower than the lowest possible Pareto pay-
off it can attain—i.e., V∗0 (λ) as λ ↗ 1. In such a case, Foreign is better off under any Pareto-
cooperation regime λ ∈ (0, 1). Equivalently, this says that Foreign’s outside-option value (from
Non-cooperation) has no bite. However, at the same time, Home’s value is right at the point
where it is equivalent to the value of its outside option (since its sustainability constraint is al-
most always binding) under the corresponding Sustainable Cooperation solution. (Recall from
Figure 3, the Cooperation regime is not incentive feasible for Home.) Therefore, a Sustainable
Cooperation equilibrium, in this setting, is no longer on the Pareto frontier.

Finally, we can also visualize the relative gains and losses under Sustainable Cooperation,
relative to the other regimes. As discussed earlier, Figure 7 shows that Home has no gain
from moving from a Non-cooperation regime to Sustainable Cooperation. Home faces a more
volatile markup shock process (recall in this example, σε/σ∗ε = 5) and the Sustainable Coop-
eration equilibrium has to deliver just enough welfare to Home to induce Home to stay in the
Sustainable Cooperation regime. Still, Home is better off than the original Cooperation regime
(with λ = 1/2), which is not incentive feasible.

Next we focus on Foreign’s relative gain in welfare from moving from a Non-cooperation
regime to Sustainable Cooperation. Figure 7 shows that this is strictly positive, indicating that
although there is a transfer of welfare from Foreign to Home, Foreign is still better off under
the Sustainable Cooperation outcome than being out in the Non-cooperation regime. Observe
that this gain for Foreign is the smallest when ρ = 1. To understand why, recall our mechanism
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with the opposing “non-insularity feedback” and “terms-of-trade externality” forces, which
underlie this model. When ρ = 1, Foreign is effectively insular and the asymmetric terms-
of-trade externality force works the most in favor of Home. Also, Foreign is worse off than
in the 1/2-cooperation regime so as to keep Home within the Sustainable Cooperation regime
(otherwise Foreign ends up with Non-cooperation).

In short, in this exercise where Home faces a relatively more volatile shock, the Sustainable
Cooperation plan reallocates welfare from Foreign to Home, but both are weakly better off than
under Non-cooperation. Interestingly, we can find an arbitrary Pareto allocation that mimics
the complicated Sustainable Cooperation solution quite well. Relative to Non-cooperation, the
gain for Foreign in remaining under Sustainable Cooperation is the weakest when ρ = 1.

5 Asymmetric country size and symmetric shock

We have considered the case of asymmetric shocks when the countries are symmetric in all
other aspects. Now we generalize this to the setting with asymmetric country sizes. To keep
the insights clean, we now render the country-specific shock processes symmetric. Benigno
(2002) also considered the case of asymmetric country size and discussed when countries have
incentive to deviate from Cooperation to Non-cooperation. Here we revisit this question with
the addition of the Sustainable Cooperation regime.

When the countries are asymmetric in their size, the welfare functions for Home and For-
eign countries are given by

V0 = −1
2

E0

∞

∑
t=0

βt


γ (η + ρ)

(
yt − 1−γ

γ(η+ρ)
µt

)2
+ γσ

k π2
t

+γ(1− γ)(1− ρ)(yt − y∗t )
2

+(1− γ) (η + ρ)
(

y∗t +
1

η+ρ µ∗t

)2
+ (1−γ)σ

k∗ (π∗t )
2

 , (19)

and

V∗0 = −1
2

E0

∞

∑
t=0

βt


(1− γ) (η + ρ)

(
y∗t −

γ
(1−γ)(η+ρ)

µ∗t

)2
+ (1−γ)σ

k∗ (π∗t )
2

+γ(1− γ)(1− ρ)(y∗t − yt)2

+γ (η + ρ)
(

yt +
1

η+ρ µt

)2
+ γσ

k π2
t

 , (20)

where γ ∈ [0, 1] is the (Cobb-Douglas) share of Home-produced goods in the consumption in-
dex of Home consumers—i.e., it measures the size of Home relative to Foreign.50 The countries
are also subject to the Phillips curves,

πt = βEtπt+1 + kµt + k [(ρ + η)yt + (1− γ)(1− ρ)(yt − y∗t )] , (21)

and
π∗t = βEtπ

∗
t+1 + kµ∗t + k [(ρ + η)y∗t − γ(1− ρ)(yt − y∗t )] . (22)

The equilibrium policy trade-off conditions in the Cooperation, Non-cooperation and Sus-

50See Appendix A.2 for the derivations.
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tainable Cooperation regimes can be derived as respective generalizations of equations (9)-(10)
(Cooperation), (11)-(12) (Non-cooperation), and (15)-(16) (Sustainable Cooperation) in which
γ 6= 1/2. These generalized conditions are shown in Appendix B.1. Note that the global wel-
fare function is now given by

VW
0 = γV0 + (1− γ)V∗0 ,

= −1
2

E0

∞

∑
t=0

βt
[
γ (η + ρ) y2

t + (1− γ) (η + ρ) (y∗t )
2

+γ(1− γ)(1− ρ) (yt − y∗t )
2 +

γσ

k
π2

t +
(1− γ)σ

k
(π∗t )

2
]

. (23)

Observe that γ 6= 1/2 now shifts the weights of each variable in the welfare functions as shown
in Eqs. (19)-(20) and (23). Besides that, γ changes the target output for Home and Foreign in
the welfare functions. For example, the Home output target is [(1− γ)/γ]µt/(η + ρ); a lower
γ implies a higher target output given µt. Also, note that γ enters as a part of coefficient on
the terms of trade in the NKPCs (21) and (22). If γ is low, the feedback effect of Home markup
shock via the terms of trade on Foreign NKPC is diminished. These effects of γ 6= 1/2 may
temper the policymakers’ incentive to manipulate the terms of trade, relative to the symmetric
country size case considered earlier.

Consider again our first question within this more general environment: Can Coopera-
tion be an incentive infeasible regime? As in Section 3.3, we compute the statistic, R0 ≡
−max{Vc

0 /Vn
0 − 1, 0}, which will be negative if the conditional welfare under Cooperation is

dominated by that under Non-cooperation, Vc
0 < Vn

0 . Figure 9 on page 35 shows the statistics
of Home (R0) and Foreign (R∗0) under the regimes of Cooperation and Non-cooperation. Even
if the shock is symmetric among the countries, a relatively smaller Home country (γ < 1/2)
has incentive to deviate from Cooperation to Non-cooperation. The Cooperation regime is not
incentive-feasible when the countries differ in size: The lower is Home’s size, the more Home
has incentive to deviate from a given Cooperation regime. (Conversely, Foreign has incentive
to deviate when γ > 1/2.)

Now consider R0 as a function of risk aversion ρ in Figure 9 on page 35, as in the case of
asymmetric shocks.51 Compared to the case of γ = 1/2 with asymmetric shocks, the economy
where ρ is such that the Home policymaker has the largest incentive to deviate, shifts toward
the right and away from unity. This is merely an artifact of γ 6= 1/2 (c.f., Figure 2 on page
18 earlier where the peak temptation occurs at unity). To illustrate the effect γ 6= 1/2 has on
the location of peak temptation (as a function of risk aversion ρ), we consider the graph of the
statistic R0(ρ, γ) for various values of γ ∈ {1/3.75, 1/3.5, 1/3.25, 1/3}. (We rig this example
to consider the case that the temptation to deviate from Cooperation is solely on the side of
Home.)

51When ρ is too high, Vn takes a positive value and the second-order conditions may be violated so that no
equilibrium can exist. See Footnote 35.
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Figure 9: Welfare comparison under Cooperation vs. Non-cooperation: Asymmetric country
size.
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If γ is lower (Home is smaller in size), the terms of trade externality problem diminishes,
since the target output gap is higher—i.e., Home has to stabilize output gap more given a
markup shock. Moreover, a lower γ dampens the non-insularity channel of the terms of trade
(for any given ρ), and its attendant feedback and Foreign retaliation effects onto Home wel-
fare (should home attempt to exploit the terms of trade externality in a deviation to Non-
cooperation). With these effects, we should see that, all else equal, a lower γ implies an en-
vironment in which Home has a relatively stronger temptation to walk away from a given
Cooperation regime. Figure 9 on page 35 shows the net effect of this tension with respect to γ,
which resolves in the latter direction.

Finally, consider the question of what a Sustainable Cooperation equilibrium would be like
in this setting. Figure 10 on page 36 shows the asymptotic upper bound of the pseudo-Pareto
weight νt, for different environments indexed by (ρ, γ). When γ is close enough to 1/2, Home’s
sustainability constraint never binds and νt = γ holds. As γ is away from 1/2, the constraint
kicks in and νt has to be larger to keep Home within the Sustainable Cooperation regime. When
γ is too small, νt is bounded around 1/2.52 In other words, the smaller is Home in size, the
greater is the need for welfare redistribution from Foreign to Home, hence asymptotically a
larger pseudo Pareto weight in favor of Home. Similar to the insight from the comparative
welfare analysis between the two exogenous regimes of Cooperation and Non-cooperation in
Figure 9 on page 35 earlier, here endogenously, a Sustainable Cooperation regime will need to
balance the terms of trade externality threat against the non-insularity feedback effect. Hence,
for each γ economy, there will be a ρ that defines the point where the most (asymptotically)

52That is, as the countries are symmetric in all other respects, the Foreign country’s sustainability constraint
becomes relevant when νt exceeds 1/2.
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welfare redistribution has to be promised to Home. This point shifts toward a higher ρ as γ

becomes smaller, again echoing a similar property in Figure 9 on page 35 earlier.
In short, even though two countries are symmetric but for their size, the smaller (i.e., Home

when γ < 1/2) country has an incentive to deviate from an assumed Cooperation to a Non-
cooperation regime. In contrast, a Sustainable Cooperation plan takes this incentive problem
into account and thus has to endogenously place more weight on Home’s welfare over time,
the smaller is Home in size.

Figure 10: The asymptotic values of pseudo-Pareto weight across economies with different ρ
and various asymmetric country size.
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6 Conclusion

In a well-known symmetric two-country model (with the exception of asymmetric markup
shocks), we show that the incentive to deviate from an international monetary policy Co-
operation regime is large when agents’ constant relative risk aversion parameter is at unity.
However, in a Sustainable Cooperation regime, no country has an incentive to deviate from
its (constrained efficient) cooperative equilibrium. Instead countries in such a program are
willing to tolerate welfare redistributions whenever asymmetric shocks hit them, in return for
better-than-Non-cooperation outcomes. Thus the responses of inflation and output gap in both
countries under Sustainable Cooperation are different from the ones under Cooperation and
Non-cooperation. In particular, for the country faced with a more volatile markup shock, in-
flation, output gap and terms of trade outcomes have dynamics that are intermediate to the
Cooperation and Non-cooperation regimes.

A similar insight obtains when we generalize the model to a setting where countries face
identical (but independent) markup shock processes, but they differ only in terms of country
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size. In that setting, the smaller country will tend to have the incentive to walk away from
an assumed Cooperation regime. In contrast, a Sustainable Cooperation plan in such a world
will take into account such incentives, and enforce the right cooperative outcome by inducing
history-contingent transfers of resources (and thus, welfare) from the larger country toward its
smaller counterpart.

We showed that these transfers also manifest in a terms of trade (or equivalently net export)
dynamic that is not as volatile or drastic as its counterpart under Non-cooperation; and its
dynamic is not as placid as its corresponding (incentive infeasible) Cooperation outcome either.

To sum up, monetary cooperation should not be taken for granted to be an always- and
everywhere-tenable proposition. When the markup shock is the dominant driver of economic
fluctuations, the considerations of Sustainable Cooperation is particularly important when two
countries are insular in structural relationship—i.e., they face the greatest temptation to exploit
the terms of trade externality channel under Non-cooperation—and face asymmetric volatili-
ties in structural shocks, or, when they differ in economic size. In such situations, it is important
to acknowledge that the best allocations and prices central banks can achieve are somewhere
between those under Cooperation and Non-cooperation. In relation to real-world central bank-
ing practice, we do see some anecdotal outcomes in which central banks may appear to be co-
ordinating and cooperating sometimes, despite verbal rhetoric that seem to indicate otherwise.
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— SUPPLEMENTARY (ONLINE) APPENDIX —



Appendix
This appendix has two parts. In part A, we show the original nonlinear model and derive the
linear-quadratic representation, which is also done in Benigno and Benigno (2006).53 In part
B, we derive the equilibrium conditions in each regime, which are shown in the main text. We
also provide the computation procedure in more details.

A Microfoundations and Welfare Derivations

In this appendix, we provide the microfoundations and second-order welfare derivations of
the well-known model of Benigno and Benigno (2006) (BB). We will also discuss on a partic-
ular type of Ramsey policy-making assumption (i.e., with timeless-perspective commitment)
underlying all three policy regimes considered in the paper, and the role this plays in a correct
quadratic approximation of the social welfare functions in the LQ framework.

A.1 Model microfoundations

A.1.1 Household

There is a representative household in each country. We focus on the household in the Home
country. By symmetry, the same applies to the household in the Foreign country. The domestic
household minimizes its total expenditure

PtCt = PHtCHt + PFtCFt,

subject to the aggregator Ct = γ−γ(1− γ)−(1−γ) (CH,t)
γ (CF,t)

1−γ, where Ct is total consump-
tion (per capita), CH and CF are bundles of consumption goods produced in Home and Foreign
countries. The consumer price index is denoted as Pt. The price indices, respectively, PH and
PF, relate to goods produced in the Home and Foreign countries. The parameter γ ∈ [0, 1] is
the size of Home country. Therefore, (1− γ) is the size of Foreign country. By inspecting the
consumption index above, we can see that a larger γ implies a “smaller” Home country in that
its agents are more dependent on Foreign-produced goods. The FONCs are

CH,t = γ

(
PH,t

Pt

)−1

Ct,

CF,t = (1− γ)

(
PF,t

Pt

)−1

Ct.

They yield the demand function for each bundle of consumption of the domestic household.
By substituting them into the aggregator, the price index is can be derived as Pt = Pγ

H,tP
1−γ
F,t .

The household minimizes expenditure on bundles of Home and Foreign goods subject to

53Benigno and Benigno (2006) considered more general cases than ours, which also made the discussion a bit too
complicated. We consider only the markup shock and symmetric country size in the baseline case, and provide a
clear presentation compared to the general cases including other shocks and asymmetries considered in Benigno
and Benigno (2006)
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the aggregators CH,t =

[(
1
γ

) 1
σ ∫ γ

0 CH t (h)
σ−1

σ dh
] σ

σ−1

and CF,t =

[(
1

1−γ

) 1
σ ∫ 1

γ CF t ( f )
σ−1

σ d f
] σ

σ−1

,

where σ is the elasticity of substitution between differentiated products à la Dixit and Stiglitz
(1977). There is an infinite number of firms indexed by i ∈ [0, 1], and index i = h ∈ [0, γ) are
for the domestic firms and i = f ∈ [γ, 1.0] are for the Foreign firms. Each good, CH(i) or CF(i),
is produced by firms in both countries. The FONCs to the expenditure minimization problem
are

CH,t (h) =
1
γ

[
PH,t (h)

PH,t

]−σ

CH,t,

CF,t ( f ) =
1

1− γ

[
PF,t ( f )

PF,t

]−σ

CF,t.

Plugging these into the consumption aggregators, we have PH,t =
{

1
γ

∫ γ
0 [PH,t (h)]

1−σ dh
} 1

1−σ

and PF,t =
{

1
1−γ

∫ 1
γ [PF,t ( f )]1−σ d f

} 1
1−σ

as the price indices of Home and Foreign goods, re-
spectively.

Given the above market structure, the domestic household maximizes its life-time utility

E0

∞

∑
t=0

βt

[
C1−ρ

t
1− ρ

− 1
γ

∫ γ

0

ht (h)
1+η

1 + η
dh

]
,

subject to

Et [mt,t+1At+1] + Dt + PtCt = At + (1 + it−1)Dt−1 +
1
γ

∫ γ

0
Wt(h)ht(h)dh + Πt,

where mt,t+1At+1 is the purchase of state-contingent securities by the household, which pays
At+1 for each state realized in the next period. Dt is the amount of one-period bond, which
pays (1+ it)Dt for any state in the next period. Wt(h) and ht(h) are firm-specific nominal wage
and hours worked. Πt is the transfer from firms owned by the household. β is the discount
factor, ρ is the coefficient of relative risk aversion, η is Frisch elasticity of labor disutility. The
FONCs are given by

ht (h)
η =

Wt(h)
Pt

C−ρ
t ,

mt,t+1 = β
C−ρ

t+1Pt

C−ρ
t Pt+1

,

C−ρ
t = β (1 + it)Et

{
Pt

Pt+1
C−ρ

t+1

}
.

By symmetry, the same results described above also apply for the household in the Foreign
country. We denote the variables in the Foreign country with asterisk (∗).
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A.1.2 Law of one price, complete risk sharing and the terms of trade

As in BB, we assume that the law of one price PH,t(i) = EtP∗H,t(i) and PF,t(i) = EtP∗F,t(i) hold
for each good i ∈ [0, 1] produced in both of the Home and Foreign countries, where Et is the
nominal exchange rate. This implies Pt = EtP∗t , PHt/Pt = P∗Ht/P∗t and PFt/Pt = P∗Ft/P∗t . Also,
from the international trade of state-contingent securities,

mt,t+1 =
C−ρ

t+1

C−ρ
t

Pt

Pt+1
=

(
C∗t+1

)−ρ

(C∗t )
−ρ

EtP∗t
Et+1P∗t+1

,

⇔
(

Ct

C∗t

)−ρ EtP∗t
Pt

=

(
Ct+1

C∗t+1

)−ρ Et+1P∗t+1

Pt+1
.

Without loss of generality, we assume that countries are initially symmetric. This implies that
(Ct/C∗t )

−ρ EtP∗t /Pt = 1 holds for all states and dates. Combined with the assumption of the
law of one price, Ct = C∗t holds; i.e., complete risk sharing of consumption among countries.
Note that in the international economics literature this setting is synonymous with the notion
of producer currency pricing (PCP).

Terms of trade for the Home country is defined as St ≡ PFt/PHt = P∗Ft/P∗Ht, which im-
plies Pt/PHt = (PHt/PFt)

γ−1 = S1−γ
t and Pt/PFt = (PHt/PFt)

γ = S−γ
t . The market clearing

conditions for both countries imply54

γYH,t ≡ γCHt + (1− γ)C∗Ht,

= γ2
(

PH,t

Pt

)−1

Ct + (1− γ)γ

(P∗H,t

P∗t

)−1

C∗t ,

= γ

(
PH,t

Pt

)−1

Ct,

= γS1−γ
t Ct,

and

(1− γ)Y∗F,t ≡ (1− γ)CFt + γC∗Ft,

= (1− γ)2
(

PF,t

Pt

)−1

Ct + γ(1− γ)

(P∗F,t

P∗t

)−1

C∗t ,

= (1− γ)

(
PF,t

Pt

)−1

Ct,

= (1− γ)S−γ
t Ct.

Then we have
St =

YH,t

Y∗F,t
,

That is, the terms of trade is determined by the relative output (in terms of per capita) only.

54We define YH,t and Y∗F,t as per capita variables following BB in pp. 478-479.
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A.1.3 Firms

There is a continuum of firms indexed by i ∈ [0, 1]. We focus on the domestic firms i = h ∈
[0, γ). The same results apply for the Foreign firms i = f ∈ [γ, 1.0]. Each firm has a linear
production technology which transfers firm-specific labor into differentiated good, Yt(h) =

ht(h). The period-by-period profit for firm producing good h is given by

Πt (h) = Pt (h)Yt (h)− (1− τt)Wt (h)Yt (h) ,

= [Pt (h)− (1− τt)Wt (h)]Yt (h) ,

where τt is a subsidy to each firm, which is necessary to eliminate the distortion stemming from
monopolistic competition. Note that the market clearing condition for good h implies:

Yt (h) = γCH,t (h) + (1− γ)C∗H,t (h) ,

=

[
PH t (h)

PH,t

]−σ

CH,t +

[
P∗H t (h)

P∗H,t

]−σ

C∗H,t,

= γ

[
PH t (h)

PH,t

]−σ (PH,t

Pt

)−1

Ct + (1− γ)

[
P∗H t (h)

P∗H,t

]−σ (P∗H,t

P∗t

)−1

C∗t ,

=

[
PH t (h)

PH,t

]−σ (PH,t

Pt

)−1

Ct.

Given the demand function, the firm h chooses P̄H,t = PH,t+i(h) for i > 0 so as to maximize

Et

∞

∑
i=0

αimt,t+i [P̄H,t − (1− τt+i)Wt+i (h)]
[

P̄H,t

PH,t+i

]−σ (PH,t+i

Pt+i

)−1

Ct+i︸ ︷︷ ︸
=Yt+i(h)

,

where α is the probability of fixing prices a la Calvo (1983). The random variable mt,t+i =

βiC−ρ
t+iPt/(C

−ρ
t Pt+i) is the stochastic discount factor. Note that Wt+i(h) is given for the firm.

The optimality condition is

Et

∞

∑
i=0

αimt,t+i

[
P̄H,t

PH,t+i

]−σ (PH,t+i

Pt+i

)−1

Ct+i

[
P̄H,t −

σ

σ− 1
(1− τt+i)Wt+i (h)

]
= 0.

This can be further transformed in a recursive fashion(
P̄H,t

PH,t

)1+ησ

Ft = Kt,

Ft =M−1
t C1−ρ

t + αβEtΠσ−1
H,t+1Ft+1,

Kt = Y1+η
H,t + αβEtΠ

σ(1+η)
H,t+1 Kt+1,

whereMt = (1− τt) σ/(σ− 1) is a markup shock as a function of exogenous variations τ in
the subsidy to firms; and ΠH,t = PH,t/PH,t−1 is the gross domestic inflation rate. Furthermore,
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the Home price index PH,t =
{

1
γ

∫ γ
0 [PH,t (h)]

1−σ dh
} 1

1−σ
can be written as

P1−σ
H,t = αP1−σ

H t−1 + (1− α)P̄1−σ
H,t .

That is, only the 1− α fraction of the domestic firms can set the new price P̄H,t. It can be further
arranged as

P̄H,t

PH,t
=

1− α
(

PH t−1
PH,t

)1−σ

1− α


1

1−σ

.

Using the demand function of good h, Yt(h) =
[

PH t(h)
PH,t

]−σ ( PH,t
Pt

)−1
Ct =

[
PH t(h)

PH,t

]−σ
YH,t and the

linear production technology of firm h, ht(h) = Yt(h), the disutility from working is

1
γ

∫ γ

0

ht (h)
1+η

1 + η
dh,

=
1
γ

Y1+η
H,t

1 + η

∫ γ

0

[
PH,t (h)

PH,t

]−σ(1+η)

dh,

=
Y1+η

H,t

1 + η
∆t.

Also, the Home price dispersion ∆t ≡ 1
γ

∫ γ
0

[
PH,t(h)

PH,t

]−σ(1+η)
dh ≥ 1 can be further transformed

into

∆t = α
1
γ

∫ γ

0

[
PH,t−1 (h)

PH,t

]−σ(1+η)

dh + (1− α)

(
P̄H,t

PH,t

)−σ(1+η)

= α

(
PH,t−1

PH,t

)−σ(1+η)

∆t−1 + (1− α)

1− α
(

PH t−1
PH,t

)1−σ

1− α


σ(1+η)

σ−1

.

A.1.4 Equilibrium conditions

The equilibrium conditions in the model described above are

YH,t = S1−γ
t Ct, (24)

YH,t

Y∗F,t
= St, (25)

1− α
(

1
ΠH,t

)1−σ

1− α


1+ησ
1−σ

Ft = Kt, (26)

Ft =M−1
t C1−ρ

t + αβEtΠσ−1
H,t+1Ft+1, (27)

Kt = Y1+η
H,t + αβEtπΠσ(1+η)

H,t+1 Kt+1, (28)
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∆t = α

(
1

ΠH,t

)−σ(1+η)

∆t−1 + (1− α)

1− α
(

1
ΠH,t

)1−σ

1− α


σ(1+η)

σ−1

, (29)

1− α
(

1
Π∗F,t

)1−σ

1− α


1+ησ
1−σ

F∗t = K∗t , (30)

F∗t =M∗−1
t C1−ρ

t + αβEt
(
Π∗F,t+1

)σ−1 F∗t+1, (31)

K∗t =
(
Y∗F,t
)1+η

+ αβEt
(
Π∗F,t+1

)σ(1+η) K∗t+1, (32)

∆∗t = α

(
1

Π∗F,t

)−σ(1+η)

∆∗t−1 + (1− α)

1− α
(

1
Π∗F,t

)1−σ

1− α


σ(1+η)

σ−1

. (33)

We have 12 endogenous variables {Ft, Kt, ∆t, F∗t , K∗t , ∆∗t , Ct, YH,t, Y∗F,t, ΠH,t, Π∗F,t, St} and 10 Eqs.
(24)-(33). Note that consumption Euler equation is redundant in the equilibrium characteri-
zation once monetary policies are given. Note that the equilibrium is indeterminate without
any policies, due to the lack of 2 (= 12− 10) equilibrium conditions. Monetary policy must
be defined to pin down the equilibrium. Policy is then determined by resolving the optimal
policy trade-offs under one of the three regimes we consider in the paper: Cooperation, Non-
cooperation, or Sustainable Cooperation.

A.1.5 Cooperation and Non-cooperation policies

The policymakers under Cooperation jointly maximize

E0

∞

∑
t=0

βt

{
γ

[
C1−ρ

t
1− ρ

−
Y1+η

H,t

1 + η
∆t

]
+ (1− γ)

[
C∗1−ρ

t
1− ρ

−
Y∗1+η

F,t

1 + η
∆∗t

]}

where 1
γ

∫ γ
0

ht(h)
1+η

1+η dh =
Y1+η

H,t
1+η ∆t and 1

1−γ

∫ 1
γ

ht( f )1+η

1+η d f =
Y∗1+η

F,t
1+η ∆∗t , subject to the equilibrium

conditions above. Under Non-cooperation, the domestic policymaker maximizes

E0

∞

∑
t=0

βt

[
C1−ρ

t
1− ρ

−
Y1+η

H,t

1 + η
∆t

]
,

subject to the model above, given Π∗F,t; On the other hand, the Foreign policymaker maximizes

E0

∞

∑
t=0

βt

[
C∗1−ρ

t
1− ρ

−
Y∗1+η

F,t

1 + η
∆∗t

]
,

subject to the model above, given ΠH,t.
We need to compute the steady state under Cooperation and Non-cooperation. We know

that ΠH = Π∗F = 1 in the steady state. We also assume that M = M∗ = 1. Therefore, the
model must be approximated around the steady state: K = F = K∗ = F∗ = (1− αβ)−1 and
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∆ = ∆∗ = YH = Y∗F = C = S = 1.

A.1.6 Log-linearization

The log-linearized equilibrium conditions around the steady state are

yH,t − (1− γ)st = ct,

st = yH,t − y∗F,t,

α (1 + ησ)

1− α
πH,t + ft = kt,

ft = (1− αβ) (1− ρ) ct − (1− αβ) µt + αβ (σ− 1)EtπH,t+1 + αβEt ft+1,

kt = (1− αβ) (1 + η) yH,t + αβσ (1 + η)EtπH,t+1 + αβEtkt+1,

α (1 + ησ)

1− α
π∗F,t + f ∗t = k∗t ,

f ∗t = (1− αβ) (1− ρ) c∗t − (1− αβ) µ∗t + αβ (σ− 1)Etπ
∗
F,t+1 + αβEt f ∗t+1,

k∗t = (1− αβ) (1 + η) y∗F,t + αβσ (1 + η)Etπ
∗
F,t+1 + αβEtk∗t+1,

Note that the log deviation of a variable Xt from the steady state X is defined in lowercase as
xt ≡ log(Xt/X) and the Taylor approximation of Xt up to the first order is Xt ≈ X(1 + xt).55

Given ΠH = ΠF = 1 in the steady state, πt ≡ πH,t = log(ΠH,t) ≈ ΠH,t − 1 and π∗t ≡ π∗F,t =

log(ΠF,t) ≈ ΠF,t − 1 are the net domestic and Foreign inflation rates. Note that δt = δ∗t = 0,
i.e., the price dispersion terms have no effect at the first order. We also define yt ≡ yH,t and
y∗t ≡ y∗F,t. These equations are summarized as follows:

πt =
(1− αβ) (1− α)

α (1 + ησ)
[µt + (ρ + η) yt + (1− γ) (1− ρ) st] + βEtπt+1, (34)

π∗t =
(1− αβ) (1− α)

α (1 + ησ)
[µt + (ρ + η) y∗t − γ (1− ρ) st] + βEtπ

∗
t+1, (35)

and
st = yt − y∗t ,

which corresponds to Eqs. (1)-(2) (with γ = 1/2) or (21)-(22) in Section 5.

A.2 Welfare approximation for LQ framework

Instead of the nonlinear Cooperation and Non-cooperation policies explained above, we will
consider the LQ framework, following BB. For that purpose, the objective functions must be
correctly approximated so that the welfare ordering of policies (under various regimes) in the

55We will also use the same lowercase Greek convention for Greek-lettered variables—e.g., x is to X , as δ is to ∆
, or, as µ is toM.
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LQ framework preserves that in the original nonlinear setting of the model (see e.g., Benigno
and Woodford, 2012; Debortoli and Nunes, 2006; Levine et al., 2008; Bodenstein et al., 2014).

Let xt denote the percentage deviation of the level of a variable Xt from its deterministic
steady-state point X. Note that for a variable Xt, the Taylor approximation up to the second
order is Xt − X ≈ X

(
xt +

1
2 x2

t
)
. Thus,

C1−ρ
t

1− ρ
≈ C1−ρ

1− ρ
+ C−ρ (Ct − C)− ρC−ρ−1

2
(Ct − C)2 ,

≈ C1−ρ

(
Ct − C

C

)
− ρC1−ρ

t
2

(
Ct − C

C

)2

+ t.i.p.,

= ct +
1− ρ

2
c2

t + t.i.p.

where t.i.p. stands for terms independent of policy. Similarly,

Y1+η
t

1 + η
≈ yt +

1 + η

2
y2

t + t.i.p.

Note that C1−ρ = Y1+η = 1.

A.2.1 Cooperation

C1−ρ
t

1− ρ
− γ

Y1+η
H,t

1 + η
∆t − (1− γ)

(
Y∗F,t
)1+η

1 + η
∆∗t ,

= −γ

(
yt − ct +

1 + η

2
y2

t −
1− ρ

2
c2

t + δt

)
−(1− γ)

(
y∗t − ct +

1 + η

2
(y∗t )

2 − 1− ρ

2
c2

t + δ∗t

)
+ t.i.p.,

= −γ
1 + η

2
y2

t − (1− γ)
1 + η

2
(y∗t )

2

+γ
1− ρ

2
(yt − (1− γ)st)

2 + (1− γ)
1− ρ

2
(y∗t + γst)

2

−γδt − (1− γ)δ∗t + t.i.p.,

= −γ
ρ + η

2
y2

t − (1− γ)
ρ + η

2
(y∗t )

2 − γ(1− γ)
1− ρ

2
s2

t

−γδt − (1− γ)δ∗t + t.i.p.,

where we use st = yt − y∗t , and yt − ct = (1− γ)st, y∗t − ct = −γst, noting that st = −s∗t . Note
that a second-order approximation of the price-dispersion term

∆t = α

(
1

ΠH,t

)−σ(1+ση)

∆t−1 + (1− α)

1− α
(

1
ΠH,t

)1−σ

1− α


σ(1+ησ)

σ−1
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leads to

E0

∞

∑
t=0

βt∆t ≈ E0

∞

∑
t=0

βt σ

2k
π2

t ,

which is approximately a second order transform of inflation. Thus, the joint/global wel-
fare function used for studying the Cooperation regime and also the Sustainable Cooperation
regime, can be approximated up to the second order as

−E0

∞

∑
t=0

βt
[

γδt + (1− γ)δ∗t + γ
ρ + η

2
y2

t + (1− γ)
ρ + η

2
(y∗t )

2 + γ(1− γ)
1− ρ

2
s2

t

]
,

= −1
2

E0

∞

∑
t=0

βt


γσ
k π2

t +
(1−γ)σ

k (π∗t )
2

+γ (ρ + η) y2
t + (1− γ) (ρ + η) (y∗t )

2

+γ(1− γ)(1− ρ) (yt − y∗t )
2

 .

This corresponds to (6) in Section 3 (if we set countries to the same size,γ = 1/2) or (23) in
Section 5.

A.2.2 Non-cooperation

Domestic instantaneous welfare is

C1−ρ
t

1− ρ
−

Y1+η
H,t

1 + η
∆t,

≈ ct +
1− ρ

2
c2

t − yt −
1 + η

2
y2

t − δt + t.i.p.,

= −(1− γ)st +
1− ρ

2
c2

t −
1 + η

2
(ct + (1− γ)st)

2 − δt + t.i.p., (36)

Similarly, for the Foreign country we have

(C∗t )
1−ρ

1− ρ
−
(
Y∗F,t
)1+η

1 + η
∆∗t ,

≈ c∗t +
1− ρ

2
(c∗t )

2 − y∗t −
1 + η

2
(y∗t )

2 − δ∗t + t.i.p.,

= γst +
1− ρ

2
c2

t −
1 + η

2
(ct − γst)

2 − δ∗t + t.i.p., (37)

Note that each approximation includes the log-linear term of st. The linear terms in the ap-
proximated welfare induce spurious welfare evaluation in the LQ framework. The correct LQ
approximation must be derived with a purely quadratic welfare function (Kim and Kim, 2003,
2007; Benigno and Woodford, 2005, 2012; Benigno and Benigno, 2006; Fujiwara and Teranishi,
2013). We need to substitute out the linear terms of st. For this purpose, we approximate the
NK Phillips curve up to the second order.
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Second order approximation of the NK Phillips Curve. By following Benigno and Benigno
(2006), the second order approximation of the NK Phillips curve leads to

kE0

∞

∑
t=0

βt (ηyt + ρct − p̃H,t + µt)

≈ K0 −
k
2

E0

∞

∑
t=0

βt (ηyt + ρct − p̃H,t + µt) ((2− ρ)ct + ηyt − p̃H,t + µt)

−σ (1 + η)

2
E0

∞

∑
t=0

βtπ2
t .

where p̃H,t = log(PH,t/Pt) = log P1−γ
H,t Pγ−1

F,t = (γ− 1)st and K0 is given and under the timeless
perspective, assumed to be zero (Benigno and Woodford, 2005, 2012). Therefore, we can have
the approximated condition:

E0

∞

∑
t=0

βt (ηyt + ρct + (1− γ)st + µt)

= −1
2

E0

∞

∑
t=0

βt (ηyt + ρct + (1− γ)st + µt) ((2− ρ)ct + ηyt + (1− γ)st + µt)

−σ (1 + η)

2k
E0

∞

∑
t=0

βtπ2
t .

Similarly for the Foreign Phillips curve, we have

E0

∞

∑
t=0

βt (ηy∗t + ρct − γst + µ∗t )

= −1
2

E0

∞

∑
t=0

βt (ηy∗t + ρct − γst + µ∗t ) ((2− ρ)ct + ηy∗t − γst + µ∗t )

−σ (1 + η)

2k
E0

∞

∑
t=0

βt (π∗t )
2 .

From these approximations, we have the linear terms replaced by quadratic terms:

E0

∞

∑
t=0

βtst = − 1
2 (1 + η)

E0

∞

∑
t=0

βt [(η + ρ) ct + (1− γ) (1 + η) st + µt]×

[(2− ρ + η) ct + (1− γ) (1 + η) st + µt]−
σ

2k
E0

∞

∑
t=0

βtπ2
t

+
1

2 (1 + η)
E0

∞

∑
t=0

βt ((η + ρ) ct − γ (1 + η) st + µ∗t )×

[(2− ρ + η) ct − γ (1 + η) st + µ∗t ] +
σ

2k
E0

∞

∑
t=0

βt (π∗t )
2 . (38)
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By substituting (38) into (36), and after tedious calculations, we have

V0 = −E0

∞

∑
t=0

βtUt

= −1
2

E0

∞

∑
t=0

βt


γ (η + ρ)

(
yt − 1−γ

γ(η+ρ)
µt

)2
+ γσ

k π2
t

+γ(1− γ)(1− ρ)(yt − y∗t )
2

+(1− γ) (η + ρ)
(

y∗t +
1

η+ρ µ∗t

)2
+ (1−γ)σ

k∗ (π∗t )
2

 .

This corresponds to (4) in Section 2. Similarly we can derive (5) as well.

A.3 Remarks: Time-0 vs. timeless welfare measures

Timeless within-country policy commitment and welfare. In the last section, when deriving
the second-order accurate approximation of the original welfare functions, we had followed
Benigno and Benigno (2006) and assumed the timeless perspective on policy commitments (see
also Benigno and Woodford, 2005, 2012). Specifically, this perspective refers to the commitment
of each country’s policymaker to its policy plan (including its initial policy), and with respect
to all agents’ expectations. This is assumed in each regime that we consider: Cooperation,
Non-cooperation, and Sustainable Cooperation.

Algebraically, this assumption was imbedded in the steps when we eliminated linear terms
earlier, in order to combine second-order approximations of equilibrium conditions with second-
order utility-function derivations. The resulting welfare function for each country would have
contained a linearly separable term involving agents’ date-0 expected total welfare conditional
on particular transitions of past outcomes that would taken their beliefs to that state and point
in time. We had subsumed such a term as K0 in the previous section. The reason we can do
so is that—as detailed in Benigno and Benigno (2006)—each policymaker ties its hands with
respect to his date-0 policy and merely continues it from the history generated by the same
plan (from some infinite past) preceding the current policymaker. Thus, we can focus on time-
invariant policy functions enforcing each regime’s policy plan, or equivalently, their respective
time-independent characterizations of policy trade-offs in (9)-(10) for the case of Cooperation,
(11)-(12) for the regime of Non-cooperation, and, (15)-(16) for that of Sustainable Cooperation.

This notion of timeless within-country commitment by policymakers to continue with past
plans, while being used to derive the date-0 and state-contingent welfare functions (4) and
(5), should not be confused with another notion of timelessness when evaluating these welfare
functions. Next, we discuss two ways of evaluating the welfare functions (4) and (5), depending
on the purpose that these methods will serve.

Conditional (time-0) and unconditional (timeless) welfare measures. In the paper, we uti-
lized two different welfare metrics depending on the question at hand: One, if we are only
interested in a decomposition into the components comprising the welfare outcome within a
particular regime, then we can evaluate welfare with respect to the ergodic and unconditional
distribution of a given policy regime’s equilibrium. By doing so, we would have addition-
ally built into the measured welfare outcome an infinitely (in practice, sufficiently) long history
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of within-country commitment policy outcomes. For practical purposes in the paper, we call
this implementation the welfare metric under the timeless perspective, or simply, the unconditional
welfare measure. In the paper, this welfare metric, respectively for Home (7) and Foreign (8), is
used in the decompositions in Figure 2 on page 18, and, Figure 6 on page 29.56

Two, the unconditional welfare metric under the timeless perspective would not be so use-
ful when we are comparing relative welfare outcomes across different policy regimes. That
is because given each regime’s equilibrium outcome, the corresponding implementation of an
unconditional timeless-perspective welfare measure would be with respect to an ergodic dis-
tribution likely to be different from another regime’s or equilibrium’s outcome. Hence, we can
only compare welfare outcomes from different equilibria/regimes if these welfare measures
are conditioned on the same initial state vector. This, we label the time-0 conditional welfare
measure. In the paper we also call this the stochastic steady-state welfare measure. In this model,
we condition them on the same initial natural states, and in terms of output this would be
y−1 = y∗−1 = 0.57

B LQ Framework: Alternative Policy Regimes

In this appendix, we derive equilibrium policy trade-offs for the three regimes considered. We
also discuss the computation procedure for the Sustainable Cooperation equilibrium’s func-
tional operator problem. This is a problem solving for nonlinear functions despite the under-
lying model is the LQ framework presented in Section 2. For comparability we also solve the
Cooperation equilibrium and the Non-cooperation equilibrium using the same technique, de-
spite this being a regular LQ Markov-perfect equilibrium problem.58

B.1 Equilibrium policy trade-off characterizations

In this section, we will derive the FONCs in each Cooperation, Non-cooperation and Sustain-
able Cooperation regime.

56Recall that (7) and (8) are unconditional expected utility functions decomposable into their respective uncondi-
tional variance arguments. This facilitates additional insights into the mechanism of the model. (See the discussions
around Figure 2 on page 18, and, Figure 6 on page 29 in the paper.) In our numerical implementation of these mea-
sures, economies under each regime are simulated over very long periods and only the outcomes in the last 200
periods (i.e., 50 years in the quarterly model) are used when we calculate the variances of these variables in the
functions EV and EV∗.

57However, there will be another auxiliary state variable ν, interpretable as the (relative) pseudo-Pareto weight,
when one considers the Sustainable Cooperation regime later. (This variable is non-existent in the other two regimes
of Cooperation and Non-cooperation.) In this case, we also need to start the Sustainable Cooperation equilibrium
outcome off at some point for the initial auxiliary state ν−1, apart from setting the same initial natural state, y−1 =
y∗−1 = 0, when comparing this regime’s stochastic steady-state welfare measure with the other regimes’. In the paper we
consider two possible cases: In the baseline setting we have v−1 = 1/2, which is the deterministic steady state of the
model and is the same as the time-invariant Pareto weight in the Cooperation regime. Also, this is the convention
in defining a Ramsey equilibrium steady state value (King and Wolman, 1999; Khan et al., 2003). We also consider
v−1 being equal to the stochastic steady state of the model, i.e., its asymptotic upper bound (in short we called it
“u.b.”) in a particular Sustainable Cooperation equilibrium, but this does not change our results. Note that even
though we adopt the LQ approximation, the deterministic and stochastic steady state values are different due to the
occasionally binding sustainability constraints.

58Computing the Cooperation equilibrium is a straight forward application of computing the Sustainable equi-
librium; therefore we did not show it here.

SA.13 — B



B.1.1 Cooperation

We consider the following maximization problem:

max [λV0 + (1− λ)V∗0 ] ,

where

V0 = −E0

∞

∑
t=0

βtUt

= −1
2

E0

∞

∑
t=0

βt


γ (η + ρ)

(
yt − 1−γ

γ(η+ρ)
µt

)2
+ γσ

k π2
t

+γ(1− γ)(1− ρ)(yt − y∗t )
2

+(1− γ) (η + ρ)
(

y∗t +
1

η+ρ µ∗t

)2
+ (1−γ)σ

k∗ (π∗t )
2

 ,

and

V∗0 = −E0

∞

∑
t=0

βtU∗t

= −1
2

E0

∞

∑
t=0

βt


(1− γ) (η + ρ)

(
y∗t −

γ
(1−γ)(η+ρ)

µ∗t

)2
+ (1−γ)σ

k∗ (π∗t )
2

+γ(1− γ)(1− ρ)(y∗t − yt)2

+γ (η + ρ)
(

yt +
1

η+ρ µt

)2
+ γσ

k π2
t

 ,

and λ ∈ [0, 1] is a constant parameter, subject to

πt = βEtπt+1 + kµt + k [(ρ + η)yt + (1− γ)(1− ρ)(yt − y∗t )] ,

and
π∗t = βEtπ

∗
t+1 + k∗µ∗t + k∗ [(ρ + η)y∗t − γ(1− ρ)(yt − y∗t )] ,

where k = k∗ = (1− α) (1− αβ) / [α (1 + ση)]. When λ = γ, it reduces to the Cooperation
regime (γ = 1/2 in the case of symmetric country size). When λ 6= γ, it reduces to the λ-
Pareto-cooperation regime considered in Section 4.3.
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The FONCs are

∂yt : −2λγ (η + ρ)

(
yt −

1− γ

γ(η + ρ)
µt

)
− 2λγ(1− γ)(1− ρ)(yt − y∗t )

−2(1− λ)γ (η + ρ)

(
yt +

1
η + ρ

µt

)
+ 2(1− λ)γ(1− γ)(1− ρ)(y∗t − yt)

+k(ρ + η + (1− γ)(1− ρ))φt − k∗γ(1− ρ)φ∗t = 0,

∂y∗t : −2λ(1− γ) (η + ρ)

(
y∗t +

1
η + ρ

µ∗t

)
+ 2λγ(1− γ)(1− ρ)(yt − y∗t )

−2(1− λ)(1− γ) (η + ρ)

(
y∗t −

γ

(1− γ)(η + ρ)
µ∗t

)
− 2(1− λ)γ(1− γ)(1− ρ)(y∗t − yt)

+k∗(ρ + η + γ(1− ρ))φ∗t − k(1− γ)(1− ρ)φt = 0,

∂πt : −2γσ

k
πt − φt + φt−1 = 0,

∂π∗t : −2(1− γ)σ

k∗
π∗t − φ∗t + φ∗t−1 = 0.

We define µ̃t = (λ− γ)µt and µ̃∗t = (λ− γ)µ∗t . Then, The first two equations are solved for

φt =
2γ

k
yt −

2γ

k
[η + ρ + γ(1− ρ)]µ̃t − γ(1− ρ)µ̃∗t

γ(1 + η)(ρ + η)
,

φ∗t =
2(1− γ)

k∗
y∗t +

2(1− γ)

k∗
[η + ρ + (1− γ)(1− ρ)]µ̃∗t − (1− γ)(1− ρ)µ̃t

(1− γ)(ρ + η)(1 + η)
.

The Cooperation equilibrium policy trade-off conditions are summarized as

−σπt = yt − ζ̃t − (yt−1 − ζ̃t−1),

−σπ∗t = y∗t − ζ̃∗t − (y∗t−1 − ζ̃∗t−1),

where ζ̃t =
[η+ρ+γ(1−ρ)]µ̃t−γ(1−ρ)µ̃∗t

γ(1+η)(ρ+η)
and ζ̃∗t = − [η+ρ+(1−γ)(1−ρ)]µ̃∗t−(1−γ)(1−ρ)µ̃t

(1−γ)(ρ+η)(1+η)
.

Note that, when λ = γ, µ̃t = µ̃∗t = ζ̃t = ζ̃∗t = 0 ∀t holds and the equilibrium conditions
reduce to:

−σπt = yt − yt−1,

−σπ∗t = y∗t − y∗t−1.

B.1.2 Non-cooperation

For the Home country, the FONCs are

∂yt : −2γ (η + ρ)

(
yt −

1− γ

γ(η + ρ)
µt

)
− 2γ(1− γ)(1− ρ)(yt − y∗t )

+k(ρ + η + (1− γ)(1− ρ))ϕ1,t − k∗γ(1− ρ)ϕ2,t = 0,

∂y∗t : −2(1− γ) (η + ρ)

(
y∗t +

1
η + ρ

µ∗t

)
+ 2γ(1− γ)(1− ρ)(yt − y∗t )

+k∗(ρ + η + γ(1− ρ))ϕ2,t − k(1− γ)(1− ρ)ϕ1,t = 0,

∂πt : −2γσ

k
πt − ϕ1,t + ϕ1,t−1 = 0,
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The first two equations are solved for

ϕ1,t =
2γ

k
yt −

2γ

k
1− γ

γ

(η + ρ + γ(1− ρ)) µt − γ(1− ρ)µ∗t
(η + ρ)(1 + η)

,

ϕ2,t =
2(1− γ)

k∗
y∗t +

2(1− γ)

k∗
(η + ρ + (1− γ)(1− ρ)) µ∗t − (1− γ)(1− ρ)µt

(η + ρ)(1 + η)
.

For the Foreign country, the FONCs are

∂yt : −2γ (η + ρ)

(
yt +

1
η + ρ

µt

)
+ 2γ(1− γ)(1− ρ)(y∗t − yt)

+k(ρ + η + (1− γ)(1− ρ))ϕ∗1,t − k∗γ(1− ρ)ϕ∗2,t = 0,

∂y∗t : −2(1− γ) (η + ρ)

(
y∗t −

γ

(1− γ)(η + ρ)
µ∗t

)
− 2γ(1− γ)(1− ρ)(y∗t − yt)

+k∗(ρ + η + γ(1− ρ))ϕ∗2,t − k(1− γ)(1− ρ)ϕ∗1,t = 0,

∂π∗t : −2(1− γ)σ

k∗
π∗t − ϕ∗2,t + ϕ∗2,t−1 = 0.

The first two equations are solved for

ϕ∗1,t =
2γ

k
yt +

2γ

k
(η + ρ + γ(1− ρ)) µt − γ(1− ρ)µ∗t

(η + ρ)(1 + η)
,

ϕ∗2,t =
2(1− γ)

k∗
y∗t −

2(1− γ)

k∗
γ

1− γ

(η + ρ + (1− γ)(1− ρ)) µ∗t − (1− γ)(1− ρ)µt

(η + ρ)(1 + η)
.

The Non-cooperation equilibrium policy trade-off conditions are obtained as

−σπt = yt − ξt − yt−1 + ξt−1,

−σπ∗t = y∗t − ξ∗t − y∗t−1 + ξ∗t−1,

where

ξt =
1− γ

γ

(η + ρ + γ(1− ρ)) µt − γ(1− ρ)µ∗t
(η + ρ)(1 + η)

,

ξ∗t =
γ

1− γ

(η + ρ + (1− γ)(1− ρ)) µ∗t − (1− γ)(1− ρ)µt

(η + ρ)(1 + η)
,

are the variables related to the terms of trade externality. When γ = 1/2 in the case of symmet-
ric country size, we have

ξt =
(1 + ρ + 2η) µt − (1− ρ)µ∗t

2(η + ρ)(1 + η)
,

ξ∗t =
(1 + ρ + 2η) µ∗t − (1− ρ)µt

2(η + ρ)(1 + η)
.
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B.1.3 Sustainable Cooperation

Set up the Lagrangean in Period 0 as

L0 = −E0

∞

∑
t=0

βt {γUt + (1− γ)U∗t

+φt (−πt + βEtπt+1 + kµt + k [(ρ + η)yt + (1− γ)(1− ρ)(yt − y∗t )])

+φ∗t (−π∗t + βEtπ
∗
t+1 + k∗µ∗t + k∗ [(ρ + η)y∗t − γ(1− ρ)(yt − y∗t )])

+ψt

[
−Et

∞

∑
s=t

βs−tUs −W(yt−1, y∗t−1, τt)

]
+ ψ∗t

[
−Et

∞

∑
s=t

βs−tU∗s −W∗(yt−1, y∗t−1, τt)

]}
,

= −E0

∞

∑
t=0

βt {ΨtUt + Ψ∗t U∗t

+φt (−πt + kµt + k [(ρ + η)yt + (1− γ)(1− ρ)(yt − y∗t )])− φt−1πt

+φ∗t (−π∗t + k∗µ∗t + k∗ [(ρ + η)y∗t − γ(1− ρ)(yt − y∗t )])− φ∗t−1π∗t

−ψtW(yt−1, y∗t−1, τt)− ψ∗t W∗(yt−1, y∗t−1, τt)} ,

where Ψt = Ψt−1 + ψt and Ψ∗t = Ψ∗t−1 + ψ∗t given Ψ−1 = γ and Ψ∗−1 = 1− γ.
The FONCs are

∂yt : −2Ψtγ (η + ρ)

(
yt −

1− γ

γ(η + ρ)
µt

)
− 2Ψtγ(1− γ)(1− ρ)(yt − y∗t )

−2Ψ∗t γ (η + ρ)

(
yt +

1
η + ρ

µt

)
+ 2Ψ∗t γ(1− γ)(1− ρ)(y∗t − yt)

+k(ρ + η + (1− γ)(1− ρ))φt − k∗γ(1− ρ)φ∗t

−βEt {ψt+1D1W(yt, y∗t , τt+1) + ψ∗t+1D1W∗(yt, y∗t , τt+1)} = 0,

∂y∗t : −2Ψt(1− γ) (η + ρ)

(
y∗t +

1
η + ρ

µ∗t

)
+ 2Ψtγ(1− γ)(1− ρ)(yt − y∗t )

−2Ψ∗t (1− γ) (η + ρ)

(
y∗t −

γ

(1− γ)(η + ρ)
µ∗t

)
− 2Ψ∗t γ(1− γ)(1− ρ)(y∗t − yt)

+k∗(ρ + η + γ(1− ρ))φ∗t − k(1− γ)(1− ρ)φt

−βEt {ψt+1D2W(yt, y∗t , τt+1) + ψ∗t+1D2W∗(yt, y∗t , τt+1)} = 0,

∂πt : −2γσ

k
(Ψt + Ψ∗t )πt − φt + φt−1 = 0,

∂π∗t : −2(1− γ)σ

k∗
(Ψt + Ψ∗t )π∗t − φ∗t + φ∗t−1 = 0.
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Normalizing with Ψt + Ψ∗t , we have:

−2γ (η + ρ) yt − 2γ(1− γ)(1− ρ)(yt − y∗t )

+k(ρ + η + (1− γ)(1− ρ))φ̃t − k∗γ(1− ρ)φ̃∗t

+2(νt − γ)µt − βEtΞt+1 = 0,

−2(1− γ) (η + ρ) y∗t + 2γ(1− γ)(1− ρ)(yt − y∗t )

+k∗(ρ + η + γ(1− ρ))φ̃∗t − k(1− γ)(1− ρ)φ̃t

−2(νt − γ)µ∗t − βEtΞ∗t+1 = 0,

−2γσ

k
πt − φ̃t + ztφ̃t−1 = 0,

−2(1− γ)σ

k∗
π∗t − φ̃∗t + ztφ̃

∗
t−1 = 0.

where φ̃t = φt/(Ψt + Ψ∗t ), φ̃∗t = φ∗t /(Ψt + Ψ∗t ), νt = Ψt/(Ψt + Ψ∗t ), zt = (Ψt−1 + Ψ∗t−1)/(Ψt +

Ψ∗t ), and

Ξt+1 :=
ψt+1

Ψt + Ψ∗t
D1W(yt, y∗t , τt+1) +

ψ∗t+1

Ψt + Ψ∗t
D1W∗(yt, y∗t , τt+1),

Ξ∗t+1 :=
ψt+1

Ψt + Ψ∗t
D2W(yt, y∗t , τt+1) +

ψ∗t+1

Ψt + Ψ∗t
D2W∗(yt, y∗t , τt+1).

Then, the first two equations are solved for

φ̃t =
2γ

k
yt −

2γ

k
[η + ρ + γ(1− ρ)]ϑt − γ(1− ρ)ϑ∗t

2γ(1 + η)(ρ + η)
,

φ̃∗t =
2(1− γ)

k∗
y∗t +

2(1− γ)

k∗
[η + ρ + (1− γ)(1− ρ)]ϑ∗t − (1− γ)(1− ρ)ϑt

2(1− γ)(ρ + η)(1 + η)
.

where ϑt := 2(νt − γ)µt − βEtΞt+1, ϑ∗t := 2(νt − γ)µ∗t + βEtΞ∗t+1. Note that either of the
sustainability constraints binds at a time. Then we have

ϑt = 2(νt − γ)µt

−βEt

{
(z−1

t+1 − 1) [It+1D1W(yt, y∗t , τt+1) + I∗t+1D1W∗(yt, y∗t , τt+1)]
}

︸ ︷︷ ︸
=Ξt+1

,

ϑ∗t = 2(νt − γ)µ∗t

+βEt

{
(z−1

t+1 − 1) [It+1D2W(yt, y∗t , τt+1) + I∗t+1D2W∗(yt, y∗t , τt+1)]
}

︸ ︷︷ ︸
=Ξ∗t+1

.

The indicator function It = 1 when the sustainability constraint in Home country is binding in
period t; It = 0 otherwise. The Sustainable Cooperation equilibrium policy trade-off conditions are
summarized as

−σπt = yt − ζt − zt(yt−1 − ζt−1),

−σπ∗t = y∗t − ζ∗t − zt(y∗t−1 − ζ∗t−1),
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where

ζt =
[η + ρ + γ(1− ρ)]ϑt − γ(1− ρ)ϑ∗t

2γ(1 + η)(ρ + η)
,

ζ∗t = − [η + ρ + (1− γ)(1− ρ)]ϑ∗t − (1− γ)(1− ρ)ϑt

2(1− γ)(ρ + η)(1 + η)
,

ζt−1 =
[η + ρ + γ(1− ρ)]ϑt−1 − γ(1− ρ)ϑ∗t−1

2γ(1 + η)(ρ + η)
,

ζ∗t−1 = −
[η + ρ + (1− γ)(1− ρ)]ϑ∗t−1 − (1− γ)(1− ρ)ϑt−1

2(1− γ)(ρ + η)(1 + η)
.

Note that ϑt = 2(νt − γ)µt − βEtΞt+1, ϑ∗t = 2(νt − γ)µ∗t + βEtΞ∗t+1, ϑt−1 = 2(νt−1 − γ)µt−1 −
βΞt and ϑ∗t−1 = 2(νt−1 − γ)µ∗t−1 + βΞ∗t . There are no expectational operators in front of Ξt and
Ξ∗t , as they are the result of optimization in period t.

When γ = 1/2, we have

ζt =
(1 + ρ + 2η)ϑt − (1− ρ)ϑ∗t

2(1 + η)(η + ρ)
,

ζ∗t = − (1 + ρ + 2η)ϑ∗t − (1− ρ)ϑt

2(1 + η)(η + ρ)
,

ϑt = (2νt − 1)µt − βEtΞt+1,

ϑ∗t = (2νt − 1)µ∗t + βEtΞ∗t+1.

B.2 Computational procedure

The initial guess of the functions is set as h(0)x (s−1, τ) for x = {π, π∗, V, V∗, Ξ, Ξ∗} on each grid
point (s−1, τ) ∈ Y2 × (0, 1) × M2 × (M∗)2. In each iteration i = 1, 2, ..., given the functions
h(i−1)

x (s−1, τ) whose values are defined on each grid point (s−1, τ), first we assume the sustain-
ability constraints are slack. That is, z(s−1, τ) = 1, ν(s−1, τ) = ν−1 and Ξ(s−1, τ) = Ξ∗(s−1, τ) =

0. Then the relevant equations are solved

π = βĥ(i−1)
π,u (y, y∗, ν−1) + kµ

+ k [(ρ + η + (1− γ)(1− ρ)) y− (1− γ) (1− ρ) y∗] ,

π∗ = βĥ(i−1)
π∗,u (y, y∗, ν−1) + k∗µ∗

+ k∗ [(ρ + η + (1− γ)(1− ρ)) y∗ − (1− γ) (1− ρ) y] ,
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where

π = −σ−1 [y− ζ − (y−1 − ζ−1)] ,

π∗ = −σ−1 [y∗ − ζ∗ − (y∗−1 − ζ∗−1)] ,

ζ =
[η + ρ + γ(1− ρ)]ϑ− γ(1− ρ)ϑ∗

2γ(1 + η)(ρ + η)
,

ζ∗ = − [η + ρ + (1− γ)(1− ρ)]ϑ∗ − (1− γ)(1− ρ)ϑ

2(1− γ)(ρ + η)(1 + η)
,

ζ−1 =
[η + ρ + γ(1− ρ)]ϑ−1 − γ(1− ρ)ϑ∗−1

2γ(1 + η)(ρ + η)
,

ζ∗−1 = −
[η + ρ + (1− γ)(1− ρ)]ϑ∗−1 − (1− γ)(1− ρ)ϑ−1

2(1− γ)(ρ + η)(1 + η)
,

and

ϑ = 2(ν−1 − γ)µ− βĥ(i−1)
Ξ,u (y, y∗, ν−1),

ϑ∗ = 2(ν−1 − γ)µ∗ + βĥ(i−1)
Ξ∗,u (y, y∗, ν−1),

ϑ−1 = 2(ν−1 − γ)µ−1,

ϑ∗−1 = 2(ν−1 − γ)µ∗−1,

for (y, y∗, π, π∗) using a non-linear optimization routine. Then the candidate values of welfare,
(V, V∗) are also obtained by

V = −U(y, y∗, π, π∗, µ, µ∗) + βĥ(i−1)
V,u (y, y∗, ν−1),

V∗ = −U∗(y, y∗, π, π∗, µ, µ∗) + βĥ(i−1)
V∗,u (y, y∗, ν−1),

where

U(y, y∗, π, π∗, µ, µ∗) = γ (η + ρ)

(
y− 1− γ

γ

1
η + ρ

µ

)2

+
γσ

k
π2

+γ(1− γ)(1− ρ)(y− y∗)2

+(1− γ) (η + ρ)

(
y∗ +

1
η + ρ

µ∗
)2

+
(1− γ)σ

k∗
(π∗)2 ,

U∗(y, y∗, π, π∗, µ, µ∗) = (1− γ) (η + ρ)

(
y∗ − γ

1− γ

1
η + ρ

µ∗
)2

+
(1− γ)σ

k∗
(π∗)2

+
1
2
(1− ρ)(y∗ − y)2

+γ (η + ρ)

(
y +

1
η + ρ

µ

)2

+
γσ

k
π2.

Also, ĥx,u(s) = ∑u′ P(u′|u)hx(s, u′, u) where x = {π, π∗, Ξ, Ξ∗, V, V∗}, and the hx functions are
approximated using three-dimensional splines for s ∈ Y2 × (0, 1), which may be off the grid
points.

Then we proceed to check if the sustainability constraints are binding with the candidate
values of welfare, (V, V∗). W(y−1, y∗−1, τ) and W∗(y−1, y∗−1, τ) are also numerically obtained
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with the projection method (see the end of this section). Note that only the Home or Foreign
constraint is binding at a time and there are two possible cases, (i) the Home constraint is
binding or (ii) the Foreign constraint is binding.

• (i) When the Home constraint is binding, V ≤W(y−1, y∗−1, τ): The relevant equations are
solved

π = βĥ(i−1)
π,τ (y, y∗, ν) + kµ

+ k [(ρ + η + (1− γ)(1− ρ)) y− (1− γ) (1− ρ) y∗] ,

π∗ = βĥ(i−1)
π∗,τ (y, y∗, ν) + k∗µ∗

+ k∗ [(ρ + η + (1− γ)(1− ρ)) y∗ − (1− γ) (1− ρ) y] ,

W(y−1, y∗−1, τ) = −U(y, y∗, π, π∗, µ, µ∗) + βĥ(i−1)
V,τ (y, y∗, ν)

where ν = 1− z(1− ν−1), z ∈ (0, 1),

π = −σ−1 [y− ζ − z(y−1 − ζ−1)] ,

π∗ = −σ−1 [y∗ − ζ∗ − z(y∗−1 − ζ∗−1)] ,

ζ =
[η + ρ + γ(1− ρ)]ϑ− γ(1− ρ)ϑ∗

2γ(1 + η)(ρ + η)
,

ζ∗ = − [η + ρ + (1− γ)(1− ρ)]ϑ∗ − (1− γ)(1− ρ)ϑ

2(1− γ)(ρ + η)(1 + η)
,

ζ−1 =
[η + ρ + γ(1− ρ)]ϑ−1 − γ(1− ρ)ϑ∗−1

2γ(1 + η)(ρ + η)
,

ζ∗−1 = −
[η + ρ + (1− γ)(1− ρ)]ϑ∗−1 − (1− γ)(1− ρ)ϑ−1

2(1− γ)(ρ + η)(1 + η)
,

and

ϑ = 2(ν− γ)µ− βĥ(i−1)
Ξ,τ (y, y∗, ν),

ϑ∗ = 2(ν− γ)µ∗ + βĥ(i−1)
Ξ∗,τ (y, y∗, ν),

ϑ−1 = 2(ν−1 − γ)µ−1 − β(z−1 − 1)D1W(y−1, y∗−1, τ),

ϑ∗−1 = 2(ν−1 − γ)µ∗−1 + β(z−1 − 1)D2W(y−1, y∗−1, τ),

for (y, y∗, π, π∗) and (z, ν). Note that the latter is now endogenously solved.

• (ii) When the Foreign constraint is binding, V ≤ W∗(y−1, y∗−1, τ): The relevant equations
are solved

π = βĥ(i−1)
π,τ (y, y∗, ν) + kµ

+ k [(ρ + η + (1− γ)(1− ρ)) y− (1− γ) (1− ρ) y∗] ,

π∗ = βĥ(i−1)
π∗,τ (y, y∗, ν) + k∗µ∗

+ k∗ [(ρ + η + (1− γ)(1− ρ)) y∗ − (1− γ) (1− ρ) y] ,

W∗(y−1, y∗−1, τ) = −U∗(y, y∗, π, π∗, µ, µ∗) + βĥ(i−1)
V∗,τ (y, y∗, ν)
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where ν = zν−1, z ∈ (0, 1),

π = −σ−1 [y− ζ − z(y−1 − ζ−1)] ,

π∗ = −σ−1 [y∗ − ζ∗ − z(y∗−1 − ζ∗−1)] ,

ζ =
[η + ρ + γ(1− ρ)]ϑ− γ(1− ρ)ϑ∗

2γ(1 + η)(ρ + η)
,

ζ∗ = − [η + ρ + (1− γ)(1− ρ)]ϑ∗ − (1− γ)(1− ρ)ϑ

2(1− γ)(ρ + η)(1 + η)
,

ζ−1 =
[η + ρ + γ(1− ρ)]ϑ−1 − γ(1− ρ)ϑ∗−1

2γ(1 + η)(ρ + η)
,

ζ∗−1 = −
[η + ρ + (1− γ)(1− ρ)]ϑ∗−1 − (1− γ)(1− ρ)ϑ−1

2(1− γ)(ρ + η)(1 + η)
,

and

ϑ = 2(ν− γ)µ− βĥ(i−1)
Ξ,τ (y, y∗, ν),

ϑ∗ = 2(ν− γ)µ∗ + βĥ(i−1)
Ξ∗,τ (y, y∗, ν),

ϑ−1 = 2(ν−1 − γ)µ−1 − β(z−1 − 1)D1W∗(y−1, y∗−1, τ),

ϑ∗−1 = 2(ν−1 − γ)µ∗−1 + β(z−1 − 1)D2W∗(y−1, y∗−1, τ),

for (y, y∗, π, π∗) and (z, ν).

After checking binding constraints, calculate (Ξ, Ξ∗) following the binding pattern of the con-
straints:

Ξ =


(z−1 − 1)D1W(y−1, y∗−1, τ) if I(s−1, τ) = 1,

(z−1 − 1)D1W∗(y−1, y∗−1, τ) if I∗(s−1, τ) = 1,

0 otherwise.

Ξ∗ =


(z−1 − 1)D2W(y−1, y∗−1, τ) if I(s−1, τ) = 1,

(z−1 − 1)D2W∗(y−1, y∗−1, τ) if I∗(s−1, τ) = 1,

0 otherwise.

Once we finish solving the relevant equations at each grid point, the functions h(i)x (s−1, τ) =

{xs−1,τ}(s−1,τ)∈S×T for x = {π, π∗, V, V∗, Ξ, Ξ∗} are updated.
The algorithm is summarized as follows:

1. Set the initial guess of the functions h(0)x (s−1, τ) where x = {π, π∗, V, V∗, Ξ, Ξ∗} on each
grid point (s−1, τ) ∈ Y2 × (0, 1)×M2 × (M∗)2 = S× T.

2. In each iteration i = 1, 2, ..., given the functions h(i−1)
x (s−1, τ) and on each grid point

(s−1, τ):

(a) Assume the sustainability constraints are slack, and solve the equilibrium conditions
for (y, y∗, π, π∗). Note that z = 1 and ν = ν−1. Once the relevant equations are
solved, the candidate values of welfare, (V, V∗), are also obtained.
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(b) Check if the sustainability constraints are binding with the candidate values of wel-
fare. If the Home (or Foreign) constraint is binding, set V = W(y−1, y∗−1, τ) (or
V∗ = W∗(y−1, y∗−1, τ)) and re-solve the equilibrium conditions for (y, y∗, π, π∗) and
(z, ν).

(c) Calculate (Ξ, Ξ∗) following the binding pattern of the constraints.

3. Update the functions h(i)x (s−1, τ) = {xs−1,τ}(s−1,τ)∈S×T for x = {π, π∗, V, V∗, Ξ, Ξ∗}.

4. Iterate 2-4 until the functions converge at each grid point, i.e.,
∥∥∥h(i)x (s−1, τ)− h(i−1)

x (s−1, τ)
∥∥∥ <

ε, where ‖·‖ is the uniform norm and ε is a very small real number.

Non-cooperation W(y−1, y∗−1, τ) and W∗(y−1, y∗−1, τ) are also numerically obtained with the
policy function iteration method. Let s−1 = (y−1, y∗−1), τ = (µ, µ∗, µ−1, µ∗−1) be a vector of
endogenous and exogenous variable each and x = hx(s−1, τ) be the policy functions where
x = {y, y∗, π, π∗}. A similar policy function iteration algorithm above (but the state space is
different as there is no ν−1) is used to compute the policy functions. In Step 2 in the above
algorithm, the equilibrium conditions are solved

π = βĥ(i−1)
π,τ (y, y∗) + kµ

+ k [(ρ + η + (1− γ)(1− ρ)) y− (1− γ) (1− ρ) y∗] ,

π∗ = βĥ(i−1)
π∗,τ (y, y∗) + k∗µ∗

+ k∗ [(ρ + η + (1− γ)(1− ρ)) y∗ − (1− γ) (1− ρ) y] ,

where

π = −σ−1 [y− ξ − (y−1 − ξ−1)] ,

π∗ = −σ−1 [y∗ − ξ∗ − (y∗−1 − ξ∗−1)] ,

ξ =
1− γ

γ

(η + ρ + γ(1− ρ)) µ− γ(1− ρ)µ∗

(η + ρ)(1 + η)
,

ξ∗ =
γ

1− γ

(η + ρ + (1− γ)(1− ρ)) µ∗ − (1− γ)(1− ρ)µ

(η + ρ)(1 + η)
,

ξ−1 =
1− γ

γ

(η + ρ + γ(1− ρ)) µ−1 − γ(1− ρ)µ∗−1

(η + ρ)(1 + η)
,

ξ∗−1 =
γ

1− γ

(η + ρ + (1− γ)(1− ρ)) µ∗−1 − (1− γ)(1− ρ)µ−1

(η + ρ)(1 + η)
,

for (y, y∗, π, π∗). Once the relevant equations are solved, the value functions are also obtained
by

W = −U(y, y∗, π, π∗, µ, µ∗) + βĥ(i−1)
W,τ (y, y∗),

W∗ = −U∗(y, y∗, π, π∗, µ, µ∗) + βĥ(i−1)
W∗,τ (y, y∗).

Note that ĥx,τ(s) = ∑τ′ P(τ′|τ)hx(s, τ′) where x = {π, π∗, W, W∗} are approximated by using
two-dimensional splines for s ∈ Y2 conditioned on τ.
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