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Abstract

Tullock’s (1971) Paradox of Revolution uses an Olsonian logic to conclude that revolu-
tions should not happen in large societies. Cantoni et al.’s (2018) Hong Kong Exper-
iment shows that, in sharp contrast to the literature that models protest as a coordi-
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these standing puzzles, and investigate its empirical implications. We show that when
the movement’s goal is modest, free-riding concerns dominate the citizens’ interactions,
making their actions strategic substitutes. By contrast, when the movement’s goal is to
topple the regime, coordination concerns dominate, and actions become strategic com-
plements. Moreover, with natural other-regarding preferences, some citizens participate
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1 Introduction

There are two standing puzzles in the literature on protests: Tullock’s (1971) Paradox of
Revolution, which is old and theoretical, and Cantoni et al.’s (2018) Hong Kong Experiment,
which is new and empirical. Tullock’s Paradox posits that (1) a successful revolution is just
a public good, and (2) societies are large and one person’s effect on the success of the rev-
olution is negligible, while participating in a revolution is costly, so that revolutions should
not occur. Nonetheless, revolutions happen. Cantoni et al.’s experiment shows that, in the
context of the Hong Kong Democracy Movement, potential protesters who were presented
with the information that others were more likely to protest, became less likely to protest—
actions are strategic substitutes. This result suggests that the strategic interactions among
potential protesters is a free-riding problem. However, based on anecdotal evidence, almost
all current models of protest frame the strategic interactions among potential protesters as a
coordination problem, so that when a citizen believes that others are more likely to protest,
he becomes more inclined to protest—actions are strategic complements. We propose a

model to address these puzzles, and investigate its empirical implications.

We adopt a collective action, regime change model. N citizens simultaneously decide
whether to protest. Citizens have private, correlated costs of protest, and the protest suc-
ceeds whenever the fraction of protesters exceeds a threshold, which captures the regime’s
strength. There are no selective benefits, so regime change is a public good. We are interested
in settings with large N. In contrast to the literature, players use the logic of pivotality. A
citizen revolts whenever he believes that the likelihood that he is pivotal in determining the
outcome is sufficiently large relative to his expected costs of protest. A key insight of our ap-
proach is to describe the strategic environment of protest as the mixture of the two extreme
cases of pure coordination (and hence always featuring strategic complements) and pure free-
riding (and hence always featuring strategic substitutes). As we will discuss below, this allows
us to simultaneously address both the Tullock’s Paradox and Cantoni et al.’s Hong Kong

Experiment, and to generate novel empirical predictions. The paper has three main results:



1. Tullock’s Paradox: We show that if each citizen values a fraction of each other
citizen’s payoffs, then with a finite or countably infinite number of citizens, there is a
unique monotone equilibrium in which some citizens with positive costs revolt. That is,
there is a threshold ¢* > 0 on private costs such that all citizens with costs below ¢* re-
volt. As society grows larger, the influence of a single individual declines, but his benefit
grows because he also cares about the payoffs of others. Thus, when the number of cit-
izens is very large, the overall effect may still favor participation even when it is costly.
Critically, we show that the likelihood that a citizen is pivotal in equilibrium falls at the
rate of 1/N. This implies that if a citizen’s payoff from successful protest takes the nat-
ural form of by+b, N, some citizens with positive costs protest even when NV is very large.
The form of by+b; NV is natural because it represents that each citizen values a fraction of
each other citizen’s payoffs from a successful protest. Different forms of other-regarding
preferences such as by + by N° or by + by N'/? are both difficult to interpret and have the

unrealistic prediction that, in large societies, either no one revolts or everyone does.

Caring for others has always been an integral part of protests and social movements.
Leaders who appeal to the people’s sense of justice and ask them to help making the
world a better place tap into these other-regarding preferences. Abraham Keteltas’s
1777 sermon, “God Pleads His Cause,” in the context of the American Revolution is

an example (Sandoz 1998, p. 579-605):

America will be a glorious land of freedom, knowledge, and religion, an
asylum for distressed, oppressed, and persecuted virtue. Let this exhilarat-
ing thought, fire your souls, and give new ardor and encouragement to your
hopes—you contend not only for your own happiness, for your dear relations;
for the happiness of the present inhabitants of America; but you contend for
the happiness of millions yet unborn. Exert therefore, your utmost efforts,

strain every nerve, do all you can to promote this cause.

2. Hong Kong Experiment: We show that free-riding incentives dominate and actions

become strategic substitutes if and only if the fraction of citizens needed for success is



below a threshold. Thus, when a regime is weak or when protest goals are modest (e.g.,
to voice dissatisfaction with corruption or to keep the movement alive rather than top-
pling the regime) as in Cantoni et al.’s (2018) Hong Kong Experiment, a citizen is less
likely to protest if he believes that others are more likely to protest. In contrast, when
a regime is strong and the goal is to topple the regime (e.g., the protests preceding the
1979 Iranian Revolution), a citizen is more likely to protest if he believes that others are
more likely to protest. The logic is that when success requires a relatively low fraction
of citizens to protest, when others become more likely to protest, a citizen believes that
he is less likely to be pivotal because there will likely be more than enough protesters.

That is, for “easy” goals, the free-riding element of strategic interactions dominates.

To convey the basic logic, suppose the protest succeeds whenever ¢ N out of N players
protest, with 1 < ¢N < N. If a citizen believes that each other citizen protests with
a probability p (which will be endogenous), then he knows the probability that he is

pivotal is proportional to p?V(1 — p)1—oN

. This probability is unimodal in p with a
maximum at p = ¢; when a citizen believes that others are more likely to protest (i.e.,
as p increases), his estimate of being pivotal, and hence his incentives to protest, first
rises and then falls. That is, both coordination and free-riding considerations co-exist.
This logic implies that when a regime is weak or when a movement’s goals are modest,
so that the fraction of protesters needed for success (¢) is small, free-riding is salient

and actions are strategic substitutes. By contrast, when a regime is strong and a move-

ment’s goals are grand, coordination is salient and actions are strategic complements.

. Strength of Weak States: We show that if prior beliefs are not very diffuse, for a
subset of parameters, when a regime grows stronger (g is larger), the regime is more
likely to collapse. The logic is that when a higher fraction of citizens are needed for
regime change, a citizen may believe that he is more likely to be pivotal, raising his
incentive to revolt; and this strategic effect can swamp the direct effect of having a
stronger regime. This is the potential strength of weak states: the very fact that
weak states can be easily overturned may so exacerbate the free-riding problem among

citizens that it makes those states more stable.



To establish our results, we use two key statistical properties, one from global games
(Morris and Shin 2003), and one from Bayes’ memoirs that is used in literature on large
elections (Good and Mayer 1975; Chamberlain and Rothschild 1981; Myatt 2015, 2017).
An analytical challenge is that, due to the logic of pivotality, net expected payoffs are non-
monotone. Therefore, the best response to a cutoff strategy need not be a cutoff strategy,
precluding the existence of cutoff equilibria. With correlated private costs, when a citizen’s
costs are low, he expects many others, too, to have low costs and revolt, reducing his expec-
tation of pivotality and with it, his incentives to act. When cutoff equilibria do not exist, one
has to search for more complex equilibria, e.g., equilibria in which a citizen revolts when his
costs are neither too high, nor too low, but rather are in a bounded interval (Chen and Suen
2017; Shadmehr and Bernhardt 2017). We show that the best response to a cutoff strategy
is also a cutoff strategy if and only if the noise in signals is not too small. This problem
does not arise in the simple and unrealistic case of independent private costs. However, we
establish in the Online Appendix that with uncorrelated costs, monotone equilibria in which
people with positive costs revolt exist only when (i) the noise is high, but not too high, and
(ii) a citizen’s payoff increases at the rate of VN with the size N of the group—a feature
that is hard to interpret. Finally, in the Online Appendix, we show that in revolution games
with uncertainty about post revolution payoffs and additive normal noise signal structure
(Bueno de Mesquita 2010; Shadmehr and Bernhardt 2011), the logic of pivotality precludes

monotone equilibria in large societies.

This paper is related to the literature on protests and revolutions (Bueno de Mesquita
2010, 2013; Shadmehr and Bernhardt 2011; Boix and Svolik 2013; Edmond 2013; Casper and
Tyson 2014; Guriev and Treisman 2015; Chen and Suen 2017; Egorov and Sonin 2017; Tyson
and Smith 2018). Given that selective material benefits are hard to justify in revolution set-
tings, models of revolution and protest explicitly or implicitly use psychological incentives
to circumvent Tullock’s Paradox. These rewards take two forms. Some papers posit selec-
tive “warm glow” benefits from participating in a successful revolution (Bueno de Mesquita
2010). Others posit expressive benefits by presuming that citizens derive psychological ben-

efits from participating in a revolution, regardless of whether or not it succeeds (Egorov and



Sonin 2017). Regardless of the validity of either of these theories,! neither the expressive
nor pleasure-in-agency approaches resolve Tullock’s Paradox; rather, they claim that it was
not a paradox in the first place. The pleasure-in-agency approach presumes that there are
selective (psychological) benefits, while the expressive benefits approach presumes that there
are no net costs in participating due to the psychological benefits of expressing one’s emo-
tions. Rather than circumvent Tullock’s Paradox, this paper accepts its assumptions, but
acknowledges that citizens also care about their fellow citizens, showing that with natural

other-regarding preferences, even in large societies, citizens participate in costly protest.

This paper is also related to the literature on voter turnout and costly voting (Palfrey and
Rosenthal 1985; Borgers 2004; Myatt 2015). However, in that literature, voting for all alter-
natives is costly, and costs are uncorrelated. A closer literature studies strategic and protest
voting in large elections with aggregate uncertainty (Razin 2003; Myatt 2007; Dewan and
Myatt 2007). Key shared features are the uncertainty about the aggregate turnout or candi-
date votes, and the application of asymptotic pivotality results from Good and Mayer (1975)
and Chamberlain and Rothschild (1981). The closest is Myatt (2017), in which citizens can
protest against their favored party by voting for a protest candidate. Citizens want enough
protest votes to change the party’s behavior, but not too much to lose the election. Thus,
there is an endogenous cost of protest vote because it may cause the party to lose. In both
papers, monotone equilibria do not exist if private signals are too informative. In contrast to
this paper, what matters in Myatt’s (2017) model is the ratio of the likelihood of pivotality
in one outcome rather than another. This together with payoff structure and Normal distri-

butions cause payoffs to be linear in signals and actions to be always strategic substitutes.

!Each of these approaches has a genealogy in social sciences that offers evidence for its validity. As
Morris and Shadmehr (2018) discuss, Wood’s (2003) notion of “pleasure in agency” captures the selective
psychological benefits that a citizen receives from participating in a movement that succeeds. Pleasure in
agency fits within the Tillyan theories of social movements, delineated in From Mobilization to Revolution
(Tilly 1978), in which individuals take into account the costs, benefits, and likelihood of success when
deciding whether to protest. In contrast, the expressive payoffs approach is an implication of Gurrian
psychological theories of revolution, delineated in Why Men Rebel? (Gurr 1971), which claims that citizens

use revolution to pursue a cathartic release of their grievances.



2 Benchmark: Standard Models of Revolution

To demonstrate the approach of the literature, we adapt the standard global game model in
Figure 1. A continuum of citizens, indexed by i € [0, 1], must simultaneously decide whether
or not to revolt. The payoff of a citizen who does not revolt is normalized to 0. A citizen who
participates in a successful revolution receives an exogenous “warm glow” payoff b > 0. A cit-
izen who revolts incurs a cost or receives expressive benefits, ¢;, where ¢; = 040 ¢;, and 6 and
¢;s are independent. Citizens share an improper prior that 6 is distributed uniformly on R,
and ¢; ~ F' with full support on R. The regime collapses whenever the fraction of revolters,

n, exceeds a threshold ¢ € (0, 1). This game is a special case of Morris and Shin (2003), where

outcome
n>q n<gq
revolt | b—c¢; | —c¢;
citizen 17
no revolt 0 0

Figure 1: Regime Change Game with Selective Benefits b > 0.

the net expected payoff from revolting versus not revolting grows in the fraction of players
who revolt. Actions are always strategic complements: a citizen is more likely to revolt if he
believes that others are more likely to revolt. As Morris and Shin (2003) show, without loss
of generality, we can focus on symmetric cutoff strategies in which a citizen revolts whenever
his cost is below a threshold c¢*. Given a regime’s strength 6, this strategy implies that the
fraction of revolters is Pr(c¢; < ¢*|6). Thus, a regime collapses whenever § < 6*, where
Pr(c; < ¢*|6*) = q. Now, given that a citizen’s belief must be consistent with strategies, a
citizen 7 believes that the regime collapses with probability Pr(6 < 6*|c;), and hence revolts
whenever his expected payoff exceeds his cost of revolt: Pr(0 < 0*|¢;) - b > ¢;. Thus, equi-

librium is characterize by a pair of thresholds, (c¢*,0*), that satisfy the consistency of beliefs



with strategies and the indifference condition of the marginal citizen with signal ¢; = ¢*:
Pr(c; < c*0*)=q and Pr(@ <0*|c;,=c")-b=c"

One can simplify the analysis by exploiting a key statistical property. When the prior is
uniform or the noise goes to zero, we have (Morris and Shin 2003): Pr(c; < é6 = 0) =

Pr(0 > 0|¢; = ¢) for all § and &2 This lets us write the above equations as:
F(C ):q and (1—F<C ))-b:c*.
o o

c=b(l—q) and *=c"—c Fq)=b(1—q) —0c F(q). (1)

Thus,

Proposition 1 formally states these standard results as well as the intuitive comparative

statics with respect to the regime’s strength q.

Proposition 1 Actions are always strategic complements. There is a unique monotone equi-
librium characterized by (c*,0%) given in (1). In equilibrium, o citizen revolts whenever his
signal is below c*, and the regime collapses whenever 0 < 0*. In particular, without warm
glow payoffs, only citizens with expressive benefits revolt: ¢*(b = 0) = 0. Moreover, when
the regime becomes stronger in the sense that more citizens must revolts for the regime to

collapse, then in equilibrium, both less citizens revolt and the regime is more likely to survive:
00* - oc*
dq  Oq

< 0.

3 A Model of Pivotal Revolutionaries

Although the standard model is simple and elegant, it neither addresses Tullock’s (1971)
Paradox of Revolution nor Cantoni et al.’s (2018) Hong Kong Experiment. Actions are al-

ways strategic complements, and without warm glow payoffs, only citizens with expressive

2To see this, note that when 6 is uniformly distributed, so that there is no prior information about it,
there is no difference between the signal ¢; and the fundamental §. Thus, we can think of 6 as a signal of ¢;:
0 =c;—o ¢;. Then, Pr(f > 0|c; = ¢) = Pr(c;i—o ¢; > 0lc; = ¢é) = Pr(%é > €;) = Pr(c; < ¢|0 = 6). It can be

shown that the same result is obtained with well-behaved distributions in the limit when the noise goes to zero.
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benefits protest. We propose an alternative model of protest to address these puzzles, while

maintaining as much of the standard model structure as possible.

Consider N+1 € N citizens, and assume that the revolution succeeds whenever the num-
ber of revolters exceeds gN for some g € (0,1). To ease exposition, we assume that ¢N € N.
For example, N = 3 and ¢ = 2/3 implies that ¢N = 2, and hence at least three out of the
total of four must revolt for the revolution to succeed. We will focus on large N. To preserve
similarity with the game analyzed earlier, we analyze the game represented in Figure 2. A
citizen who revolts incurs a cost or receives expressive benefit, ¢;, where ¢; = 60 + o ¢;, and
0 and ¢;s are independent. Citizens share an improper prior that 6 is distributed uniformly

on R, and ¢; ~ F, where F' is twice continuously differentiable with full support on R.

outcome

n > qN n < gN

revolt | w(N) — ¢ —¢;

citizen 17

no revolt | u(N) 0

Figure 2: Regime Change Game with Public Benefits u(N) > 0, with «/(N) > 0, where we

make the potential dependence of benefits on the total size of the society explicit.

We focus on symmetric equilibria in cutoff strategies, so that a citizen revolts if and only
if his signal is below a threshold. If other citizens take a cutoff strategy and revolt whenever

their signals are below ¢*, then a citizen ¢ with signal ¢; revolts if and only if:

u(N) /:OO (qjjv) (F (C; ‘9))qN (1 —F (C; 9))(1q)N pdf(0lc)) d6 > ci. (2)

The left hand side is citizen i’s payoff (V) times the probability that he assigns to being

pivotal. That is, the probability that exactly ¢/N other citizens revolt. A citizen j revolts
whenever ¢; < c*, but 7 does not observe c;. If he knew ¢, then he would believe that j revolts

with probability Pr(c; < c¢*|f) = F(<=2). Moreover, conditional on 6, each citizen’s decision



is independent of others, so that we can use binomial distribution. Thus, given 6, citizen

i would believe that he is pivotal with probability () (F (<5))"" (1 - F (<5%))"™".

g

But he does not know 6, and he has to estimate this probability given his signal c;.

Critically, the best response to a monotone strategy need not be monotone. As a citizen’s
signal increases, his beliefs that he is pivotal first rise, and then fall. But if the best response
to a monotone strategy is monotone, then all cutoff equilibria with associated cutoff ¢* are
characterized by the indifference condition of the marginal citizen whose signal equals the cut-
off. This indifference condition looks complex at first, and it seems that there can be multiple
equilibria. Remarkably, one can exploit two statistical properties to simplify the indifference

condition in two steps, showing that the equilibrium is unique and that is takes a simple form:

() () () e

— u(N) / 10 (qjjv) W (1 — )10V gy,

u(N)
T 14N 3)

These calculations make use of two key statistical properties from two literatures:

1. The first step (second equality) exploits a statistical property that is often used in global
games (Morris and Shin 2003; Morris and Shadmehr 2018). We used the same property in our
analysis of standard global game models of revolution, leading to equation (1). When either

the prior is very diffuse or the noise is very small, for any pair of thresholds 6 and ¢ we have:

Pr(9<é]ci:é):1—Pr(ci<é\é):1—F<6_9>. (4)

g

Now consider the marginal citizen with signal ¢; = ¢*. He does not know 6, and has a belief

about the probability that another citizen revolts. Applying (4) reveals that this belief is



uniform:

PT‘(F(C _9) < A
ag

C = c*) = Pr(ct—o FY(A) < 0lc; = )

- (c* — ¢t o FYA)

g

) (fom (4)
= A.

That is, from the perspective of the marginal citizen whose signal is exactly the cutoff,
the probability that another citizen revolts is uniformly distributed on [0,1]. That is, a
change of variable from 0 to u = F (%) —1— Pr(0 < le; = ¢*), allows us to write
du/df = —pdf (6 = 0A|cz = ¢*) for any i}

2. The second step (last inequality) in (3) is due to Bayes in The Doctrine of Chances
(Gillies 1987). To see that it is true, we use the argument of Chamberlain and Rothschild
(1981). Consider N + 1 random variables { X, X1, -+, Xy} with X; ~ iid U0, 1], and let x;
denote a realization of X;. Now, consider a random draw for each and rank them in the usual
order. First, observe that because these random variables are identical, the probability that
the realization zq is the ¢/N + 1st smallest is H#N: Each of the N 4 1 random variables are
equally likely to be the g/N + 1st smallest one. Next, observe that if we knew zy = u, then
the probability that z, was the ¢N + 1st smallest one would be (;X,) ut™ (1 —u)=ON: gN
draws must be lower than u (each happening with probability v) and the remaining (1—¢q)N
must be above u (each happening with probability 1 — u). Of course, we do not know that
ro = u. We have a uniform prior that X, is uniformly distributed between 0 and 1. Thus, to
calculate the overall probability that z( is the ¢ N + 1st smallest, we must integrate over those

probabilities. But this is exactly the integral above (3). Combining these two observations,

L
1+N-

we conclude that the integral must be

The analysis above assumed that the best response to a cutoff (monotone) strategy is
a cutoff strategy. This enabled us to fully characterize the equilibrium with the indiffer-
ence condition (3). But the logic of pivotality together with the correlated nature of costs
cause non-monotonicities that can preclude monotone equilibria. Suppose all citizens ex-

cept citizen ¢ take a cutoff strategy with cutoff ¢*. Then, citizen i’s net expected payoff

from revolting versus not revolting is generally non-monotone. As i’s signal ¢; increases, two
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Figure 3: The blue curve is the left hand side of (2), B(c¢;;¢*,0), and the red curve is the
45 degree line. In the left panel, the noise is small (o = 0.25) and the best response to
a monotone strategy with cutoff ¢* = 1 is non-monotone. In the right panel, the noise is
larger (0 = 0.4), and the best response to the monotone strategy with cutoff ¢* = 1 is a

cutoff strategy with cutoff ¢*. Parameters: ¢; ~ N(0,0), u(N) = N, g = 0.75, and N = 100.

conflicting economic forces arise: (i) the direct, non-strategic effect reduces i’s incentives to
revolt; but (ii) because costs are correlated, citizen ¢ believes that others will also reduce
their participation, and this can raise the likelihood that ¢ is pivotal, raising his incentives to
revolt. Figure 3 demonstrates. Despite these non-monotonicities, in the Online Appendix,
we show that when the noise in private signals is not too small, so that the second effect is

relatively weak, the best response to cutoff strategies of others is a cutoff strategy.

Finally, we turn to the equilibrium likelihood of regime change implied by the citizens’
equilibrium strategies. The likelihood of regime change is the probability that at least ¢/N +1
citizens revolt. Think of each citizen’s decision as a binary random variable X; € {0,1},
where X; = 1 corresponds to revolt. Thus, the regime collapses if and only if

N
» i
PPN

0 N
n(c*,0) >qgN < N

q.

Conditional on 6, in equilibrium, the likelihood that a citizen revolts (X; = 1) is F' (C*’g),

and these random variables are independent. Thus, by the Law of Large Numbers, as N

N X *
grows unboundedly, Z:Tlx goes to E[X;], which is F (£=2). Therefore, revolution succeeds

11



if and only if
0 < 0%, where 0* = lim c¢*(N) —oF~'(q).

N—oo

Proposition 2 Suppose the noise in private signals is not too small. Then there is a unique
equilibrium in symmetric finite-cutoff strategies, in which a citizen revolts if and only if his

private signal is below a threshold:
. _ u(N)
= .
1+N

In particular, ¢ does not depend on the regime’s strength q. Moreover, in the limit as

N — 00, the regime collapses if and only if:

* 7 U’(N) —1

Corollary 1 (Tullock’s Paradoz) If u(N) = by + 04N, with by > 0, then in the limit as
N — o0, ¢ = by > 0. That is, some citizens with positive costs of revolt participate in the

revolution.

We conclude that Tullock’s Paradox of Revolution is resolved in the sense that, with
natural of other-regarding preferences, even some of those citizens without expressive or
pleasure in agency payoffs will revolt. The nature of these other-regarding preferences is

simple: each citizen values each other citizen’s payoff as a fraction of his own payoff.

We now turn to Cantoni et al.’s (2018) Hong Kong Experiment, which shows that citizens’
actions can be strategic substitutes in protest settings. To analyze whether actions are strate-
gic complements or substitutes in equilibrium, let B(c;; ¢*) be a citizen i’s net expected benefit
from revolting versus not revolting when other citizens choose a cutoff ¢*—i.e., the left hand
side of equation (2). When ¢* is an equilibrium cutoff, we have B(c;; ¢*)—c¢; = 0 at ¢; = ¢*, be-
cause a citizen is indifferent between revolting and not revolting at the equilibrium cutoff. To
address Cantoni et al.’s (2018) Experiment, we want to know whether citizen i’s incentives to

revolt increase or decrease if all other citizens marginally raise their cutoff from ¢* in equilib-

rium. Thus, we need the sign of %}CFC*. In equation (7) of the Appendix we show that
. OB(ci;cr0) 1 (=S4 F ) .. u(N)
lim = — im ,
N—oc0 dc; o f(Ffl(q)) N—oo 1+ N

12



which, in turn, implies

lim 0B(¢y;¢*)

N—o0 oc*

_ i 2Blad)

« N—00 807:

c;=c c;=c*

Thus, we have:

Proposition 3 (Hong Kong Ezperiment) Suppose f(-) is strictly unimodal, with ¢, =
F(mode). At equilibrium, actions are strategic substitutes if ¢ < ¢, and strategic comple-

ments if ¢ > .

Proposition 3 shows that when the necessary fraction of protesters for a successful protest
is below a threshold (g,,), actions are strategic substitutes in equilibrium. That is, when
success is “easy,” free-riding dominates coordination considerations, and when a citizens be-
lieves that others are more likely to protest, he has less incentives to protest. The ease of
the success depends both on the regime’s strength and the goal of the movement. ¢ is lower
when the regime is relatively weak, or when the movement’s goals are modest, e.g., keeping

the movement alive rather than bringing about major changes.

Cantoni et al.’s (2018) Hong Kong Experiment analyzed the beliefs and behavior of a sam-
ple of students from the Hong Kong University of Science and Technology (HKUST) around
the July 1, 2016, protests. These protests were part of the annual July 1 protests, which have
been organized yearly since the British “handover” of Hong Kong to China in the late 1990s,
and grew in popularity in the early 2000s. The key goals were, “first, to denounce the per-
ceived corruption of Beijing-backed Chief Executive CY Leung. Second, to mobilize support
for democratic—especially the newly-established localist—political parties in the run-up to
the 2016 LegCo Elections” (Cantoni et al. 2018, p. 7), and to keep the movement alive and
set the stage for some future time when major democratization goals (e.g., democratic elec-
tion of the chief executive) could be achieved. Moderate protest goals correspond to lower
gs. For such settings, Proposition 3 suggests that the strategic interactions between poten-
tial protesters resemble classic free-riding problems—e.g., contributing to building a public

bridge, or providing public education. In contrast, when the regime is strong and goals are

13



grand, so that ¢ is high (e.g., during the months preceding the 1979 Iranian Revolution),

actions become strategic complements, and we fall into the realm of standard protest models.

4 The Strength of Weak States

To investigate what happens when the prior is not uniform, we specialize to normal noise sig-
nal settings, where the distributions of the prior and the noise are both Normal: 6 ~ N (0, 0¢)
and ¢; ~ #idN(0,0), with 6 and ¢; being independent. Let ¢(-) be the pdf and ®(-) be the
cdf of the standard normal distribution. Recalling that

1 0 — Bc; . O'g
0lc; ~ th =20
‘ 502¢<m> A

equation (6) becomes:
Y (N aN 1 ~1-gN J 1 =B ®1(u) _
u) [ () @™ a-w { ﬁ¢< Nr R ) Jol 1<u>>}. ®)

Because the prior is not uniform, the marginal citizen’s belief about the probability (con-

ditional on 6) that another citizen will revolt is not uniform,and we cannot obtain a simple
closed form solution as in (3), nor can we conclude that the equilibrium is unique in general.
Although this equation looks complicated, it significantly simplifies in the limit as N — oo,
using a result from Good and Mayer (1975) and Chamberlain and Rothschild (1981) that, as
N — oo, the term u? (1 — u)'=9V becomes very sharp at u = ¢, putting almost all weight
in a vanishingly small neighborhood of ¢q. This means that only the value at u = ¢ of any

continuous term that multiplies u?Y (1 — u)3=9V will matter:

: Lo _oouN) 1 I I ), _
]\}gnoo B(cuc,a,ao)—]\}gnooiJrNx\/B (\/&7 7 >/¢((I> q)).

Thus, if the best response to a monotone strategy is monotone (e.g., when the noise in

private signals is sufficiently large), then the equilibria are characterized by the solutions to

the indifference condition,

u(N) 1 (1-p)c @ '(q) _ o«
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Figure 4: Parameters: ¢ = 0.6, 0o = 1, u(N) = N, and N = 1000. Thus, ¢* = 11‘92 ~ 1.

Focusing on the case with u(N) = by + by N, there are generically either one or three equi-
libria. Critically, unlike the case with a uniform prior, now the equilibrium cutoff ¢* depends
on the regime’s strength q. However, in sharp contrast with existing models, for a subset of
parameters, more citizens revolt when a regime becomes stronger: c¢*(q) can be increasing
in g. The reason is the logic of pivotality. When a regime becomes stronger, the marginal
citizen with signal ¢; = ¢* believes that the likelihood that he is pivotal rises, increasing
his incentives to revolt. In fact, this strategic effect can swamp the direct effect so that the
overall likelihood of revolution increases with the regime’s strength:

oc* 00"

94 > 94 > 0.

Figure 4 illustrates an example of this phenomenon in a case where the equilibrium is unique.
This is the strength of weak states: when the state is weak, a citizen believes that he is more
likely to be pivotal and therefore he has more incentives to revolt; this strategic effect can

dominate, so that weaker states are more likely to survive.
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Online Appendix

Monotonicity of Best Responses

Recall that we must show the left hand side of (2), as a function of ¢;, crosses the 45 degree

line at a unique point and from above. It suffices to show that the slope of the left hand side

is less than 1. Using the same change of variables as in (3), u = F (C*g’e), the left hand side

of (2) can be written as:

¢, o) = u (N u™ —u(l—Q)Nf(%+F71(u)> u
Bese) = ) [ (01) a0 fEwy O

For the marginal citizen with ¢; = ¢, the distribution of u is uniform and the distribution

term simplifies to 1. For others, this distribution is not uniform in general, complicating the

analysis. Differentiating with respect to ¢; yields:

0B(c;; c*,0) LN N 1gn 1 1 (% —i—F_l(U))
B = u(N) /u_O (qN) u (1—u)( ) p =) du.

Using the result from Good and Mayer (1975) and Chamberlain and Rothschild (1981) that

let us simplify (5), we can provide a relatively simple characterization when N is large:

. OB(ci;c¢f0) Y (N gN (1—gn 1 ! (%"FFA(U))
i PG = a3 w0 o LR

_ lf/ (%—FF_I(Q)) im u ' N u™N (1 = )TN g
= o fE) A “V)/u:o (qN) (L= ) du.

fEE P e) o ulN)
f(E=Hq) — Now 14N

(7)

1
o

Thus, for sufficiently large o, the slope of B(c;; c¢*, o) is always less than one, and hence the

best response to a finite-cutoff strategy is a finite-cutoff strategy.



Uncorrelated Signals

The difficulties in ensuring the existence of monotone equilibria in our setting raise the ques-
tion of why we do not consider a setting with uncorrelated private signals, where we know that
the best response to a monotone strategy is monotone. One answer is that such a setting is
unnatural because costs must reflect some common factor, in which case a citizen’s cost real-
ization contains some information about the costs of others. More importantly, we show that
this setting offers a less natural resolution of the Tullock’s Paradox because (1) citizens must
care about others in such a way that their payoffs rise at the rate of v/N with the size of the
society N, and (2) to have an equilibrium in which citizens with positive costs participate, the

noise in private signals must be neither too large, nor too small. We next show these results.

Our setting is the same as before except that now, ¢; ~ iid F', where F(+) has full support
on R. The best response to a monotone strategy is clearly monotone: Higher ¢; only reduces
1’s incentive to revolt without changing his beliefs about others’ behavior. The equilibria are

characterized by the indifference condition:

u(N) (qz]vv ) F(e)™ (1= F(e) 0N = ¢, (8)

To investigate the number of equilibria, it is beneficial to do a change of variables z* = F'(¢*),
so that (8) becomes:

u(N) (q];fv) (2] [1 — 243 9N = p=Y(2), with 2* € [0, 1]. (9)

A key simple observation is that as N increases, the maximum of [2*]7V [1—2*]4=9N becomes
very sharp, even though the whole expression approaches zero. In fact, using the Sterling

approximation, one can identify the rate of convergence as N — oc:

() a-arre  ( () o

Because Sterling approximation is close even when N is small, (10) provides a good approx-

imation even for small N. The maximum of the estimated probability of pivotality (the left

hand side of the indifference condition (9)), which happens at z = ¢, approaches:

lim max

dim {(q]x) 2 (1 - z)“q)N} = Jlim \/% m (11)
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If u(N) does not depend on N or grows with N at a rate smaller than N'/2 then in
the limit, there is a unique equilibrium with limy_,o ¢*(N) = 0. Moreover, if u(N) grows
with N at a rate large than N'/2, then in the limit, there is a unique equilibrium with
limy o ¢*(IN) = co. Neither of these is appealing: In one case, only those who derive ex-
pressive benefit from revolting (and hence have a dominant strategy to revolt) will revolt; in
the other, everyone always revolts. Thus, the only potentially appealing case is one where
u(N) grows with N at the rate of N'/2. Although it seems arbitrary that u(N) grows at a
rate of N'/2 (more so than the case where u(NN) grows at the rate of N, which could reflect
that a citizen values each other citizen’s payoff as a fraction of his own), this could offer

some alternatives to ¢* = 0 or co. From (10),

by ;Z* =g
N V/27q(1—q)
w(N)=by+bVN = lim u(N) ( ) 2]V [1 — 2*]0-ON =
N—oo qN
0 2 # g

Figure 5 illustrates the left and right hand side of equation (8), which characterizes the
equilibrium, for a few cases of N, when ¢ = 0.75, and F' is the standard normal distribution.
Clearly, as far as IV is moderately large, there is always an equilibrium with ¢* =~ 0. In ad-
dition, because u(N) (q]jv) [2]%N [1 — 2*]=9N remains single-peaked, when o is very small,
there are multiple equilibria, all of which approach ¢* = 0 as N grows. When o is larger,
there are multiple equilibria, and two of which (while close to each other) are larger than zero
and do not approach 0. This implies that, when NNV is very large, the set of equilibria shrinks
to one around ¢* = 0 and two around some ¢* > 0. However, once ¢ is past a threshold, for
large N, any equilibrium with ¢* > 0 disappears, and we are left with ¢* ~ 0. In this sense,
the desired equilibria for large N are not robust: They only exist if ¢ has an intermediate
value. When o is either small or large, ¢* ~ 0 in all the equilibria for large N. When o
is just right, so that there is an equilibrium with ¢* > 0, as the regime becomes stronger,

citizens become more likely to join: ¢* is increasing in ¢. This last result reflects the logic of

pivotality, which derives the strength of weak states.



N=4x10? N=4x10°

o=1 o=1

Figure 5: The blue curve is the left hand side of the indifference equation (8), and the red
cure is its right hand side. The dashed line is (11). Parameters: ¢; ~ N(0,0), ¢ = 0.75,

by =2, by =0, N and o are shown on the graph.



Alternative Models of Revolution

Another class of games used in the literature on revolutions contains uncertainty about the
revolution payoff that is received when there is a regime change (Bueno de Mesquita 2010;

Shadmehr and Bernhardt 2011).

Common Value Payoffs. Consider the game in Figure 6 with a continuum of players,
indexed by i € [0,1]. The revolution succeeds whenever the fraction of revolters exceeds a
threshold ¢ € (0,1). The status quo payoff is 0. If the revolution succeeds, everyone gets 6,
and those who participated in a successful revolution, get an additional af, with o € (0, 1).
As before, a citizen i receives private signals x; = 6 + o ¢;, where 6 and ¢;s are independent.
Citizens share an improper prior that # is distributed uniformly on R, and ¢; ~ F with
full support on R. There is always an equilibrium in which no one revolts. We focus on
finite-cutoff strategies, where ¢ revolts if and only if z; > z*. Then, the regime collapses if

and only if 6 > 6*, where

* _ 9*
Pr(z; > 2*0") = 1—F<$ ) =g, so that z* = 0* + o0 F (1 —q). (12)
o
outcome
n>q n < q
revolt | (14 a)f — ¢ —c
citizen 7
no revolt 0 0

Figure 6: A common value version of the revolution model of Bueno de Mesquita (2010).



The indifference condition is:

5 = Pr(0> 0|z = 27)Ef|z; = a*,0 > 6°]
_ / 0 pdf (0]2*) do
0*
= / 0 % f (x 0_ 9) df (because the prior is uniform)
z*=z(0=0%) *
_ / (@ — 0 2) f(2) dz, Z:xae
F~1(1—q)
= / (x* — o0 2) f(2) dz (from equation (12))
= o' F(F (1 —q))— o F(F'(1 - q)) Eleile; < F' (1~ q)]
= (1-¢) (" -0 Elejle; < F71(1 = q)]).
Thus,
o= S Bl < F1—g)
= — —— 40 Elele —q)].
a (1-gq) !
(13)
o= £ L o (Blala < F'(1-q) - F'(1-q)}
a (1 o q) (22 .

The term o Ele;le; < F71(1 — q)] is decreasing in ¢, indicating a force that increases the
citizens’ incentives to revolt when the regime is stronger. This force stems from learning-
in-equilibrium incentives generated by common value payoffs: When the regime becomes
stronger so that citizens become more hesitant to revolt, the information content of their
actions is a better news of 8, and hence the expected revolution payoff conditional on regime
change is higher. However, when F' is logconcave (An 1998, p. 357), the curly bracket in
6* is increasing in ¢.> Thus, as the regime becomes stronger (q increases), 0* increases. The

analysis is far simpler in a private value setting, where a citizen’s payoft is his signal z; rather

3An, Mark Yuying. 1998. “Logconcavity versus Logconvexity: A Complete Characterization.” Journal

of Economic Theory 80: 350-69.



than the uncertain fundamental 6. Then, the indifference condition is:

c = Pr(@>0 ¢z, =2") ax”

= [1— Pr(z; >z"|0")] a x”

= (1—¢q) az" (from equation (12))
Thus,
1 1
x*zgl—q and H*Zx*—OF_l(l—Q):g—l_q—UF_l(l_Q) (14)

Proposition 1 The equilibria in finite-cutoff strategies are characterized by (x*,0%), so that
a citizen revolts whenever his signal is above x* and the regime collapses whenever 6 > 6*.
When the prior is uniform or the noise in private signals approaches zero, the equilibrium is
unique and is given by (18) for the common value and by (14) for the private value setting.

In both seltings, as the regime becomes stronger (q increases), the revolution is less likely.*

Pivotality. Now, consider the setting with NV + 1 players, which features the logic of piv-
otality. We show that for large N, with strictly unimodal distributions like Normal, the
best response to a finite-cutoff strategy is not a finite-cutoff strategy. Because revolting is
costly, 7 only revolts if he is pivotal, i.e., only if the number of revolters is ¢ N. Thus, i’s net

expected payoff from revolting versus not revolting is:

Pr(piv|xz;) Elu(0, N)|z;, piv] —c = / Pr(piv|0) uw(0, N) pdf (0|z;) db — c,
O=—o0

where piv denotes the event of ¢ being pivotal. We focus on symmetric monotone strategies,
so that a citizen revolts if and only of his signal exceeds a threshold: z; > x*. If the best
response to a monotone strategy was also a monotone strategy, then the equilibrium would
be characterized by the indifference condition of the marginal player whose signal is the exact
cutoff:

Pr(piv|x; = x¥) - Elu(8, N)|piv, z; = x*] = / Pr(piv|0) u(0,N) pdf (0|x; = z*) df = c.

0

=—00

4In the common value setting, when the prior is uniform, but the noise is not vanishingly small, we also

require that F' be logconcave as a sufficient condition.
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i (3) o (0] 0

Thus, focusing on u(6, N) = (by + b; N )6 to match the standard games of the literature, the

indifference condition that characterizes the equilibrium cutoffs is:

= e () (] R ()

! N
= / u(z* — o F7'(1 —u),N) ( ) ut™ (1 —u) =N dy
u=0 qN

(bo + by N) /ulo(x* — o FY1 = u)) (q%) N (1 — )0 gy,

large N
= b (z*—0 F (1 —-¢q)) (from Chamberlain and Rothschild (1981)).

Thus,

x*zi—i-UF’l(l—q).
b

Ignoring the directs costs of revolting, the net expected payoffs from revolting versus not

revolting for a citizen ¢ with signal x; is:

o (3) [ (] (0] ()

f (%;7:::* +F1 —u))
fFEA - )

- /u uet o P ) (q%) utV (1 — y)A-ON

=0

du

1

f (%%z* —I—F_l(l—u))

G

= (bo + b1N) /

u=0

(" —0o F7l1 - w)) (q]j\f> uiN (1— u)(l—Q)N

large N f :m%x* + F—l(l — Q)
~ by (z" -0 Fla - q)) ( F(F~1(1—q)) )

in equilibrium f (M)
o



In sum, we have established that if the best response to a cutoff strategy is indeed a cutoff
strategy, then there is a unique equilibrium with z* given above. Now, given this z* that
characterizes the strategies of other citizens, the net expected payoff from revolting versus
not revolting for a citizen ¢ with signal z; is:

f (2=

c X —-11,

JFH(1=q))

implying that ¢ revolts if and only if

(BT s rea-a

o

When f is strictly unimodal (e.g., Normal distribution), this expression does not have a
single-crossing property: Either there is no crossing and ¢ never revolts, or it has two cross-

ings and i’s best response is non-monotone.

Private Value Payoffs. Now, consider a private value payoff structure, so that a citizen
with signal z; receives u(x;, N). Then, mirroring the calculations for the common value case,

we have:

v = and 0" =a"—0 F(1—q) =1 —0 F'(1-q), (15)
1 1

where we recognize that, similar to our setting in the text, the fraction of citizens who par-

ticipate in a revolution does not change with the regime’s strength. Again, mirroring the



calculations for the common value case, we have:

B(z;2™) = /ej_oou(a:i,N)(q]Xf) [1—F<x*a_9>]q]\[ [F (x*g_g)](lq)N %f (%’;0) db

! N f(%ﬂr—l(l—u))

- : _ (-9
= [ e () o =t S

! N o (% F R —u))
= (bo 4+ b1N) /u_oxi (qN) ut™ (1 —u)I-ON ) du

s, )
fIF1 (1 —=q))
A G ) R

= by x; P —q) (in equilibrium, from (15)).

Recall that given other citizens’ cutoff strategy with associated cutoff x*, citizen ¢ with signal
x; revolts if and only if B(z;;2*) > c. Next, observe that B(0;2*) = lim,, o, B(x;;2*) = 0.

Thus, the best response to a finite-cutoff strategy is not a finite-cutoff strategy.
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