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Abstract

We develop a model in which the net worth of the financial sector endogenously
determines the severity of household credit constraints. We use the model to quan-
tify the effect of several fundamental shocks on housing prices and mortgage debt.
Negative shocks to intermediary capital endogenously tighten credit constraints for
borrowers, leading constrained households to reduce their consumption and lever-
age. Relative to a model with exogenous credit constraints, the macroeconomic im-
portance of intermediary net worth is magnified through its equilibrium effects on the
leverage and consumption of households. We use our model to (i) compare recessions
driven by only by low productivity to those featuring a mortgage crisis, (ii) analyze
the real economic spillovers of a loss to intermediary capital, and (iii) show how a
growing demand for safe assets leads to many features of the housing boom of the

2000s and increases the vulnerability of the economy to financial crises.



1 Introduction

Between 2000 and 2006, mortgage debt of US households relative to GDP rose by forty
percentage points, with house prices rising in lockstep. This boom in the housing mar-
ket was accompanied by an increase in the size of the financial sector, a compression of
spreads on risky bonds, and a boom in debt-financed consumption. In the financial crisis
of 2007-2009, a drop in house prices was accompanied by a sharp reduction in the size
of the financial sector and the supply of credit, an increase in spreads on risky assets, the

risk free rate falling to 0, and a drop in consumption and output.

One common narrative of this episode, and of credit cycles more broadly, emphasizes
the fact that rising house prices allowed homeowners to borrow in order to consume, and
ascribes the recession to a fall in house prices and a reduction in consumption. Another
argues that the boom and bust in the economy were driven primarily by the financial
sector, with the recession being caused by a sharp drop in asset prices and credit supply
due to the financial crisis. A third blames the roots of the boom-bust cycle largely on
a scarcity of safe assets. The goal of this paper is to develop a quantitative framework
that is rich enough to study these narratives jointly and analyze the connections between
them.

Quantitative work on the importance of credit for both the boom and bust has made
considerable progress by taking the tightness of credit constraints that households face as
exogenous, and analyzing the effects of constraint relaxation during the boom or tighten-
ing during the downturn. However, we must develop a model in which the health of the
tinancial sector is related to the tightness of households’ credit constraints to study the
connections between the various narratives of the crisis. If there is a relationship between
the price of mortgage default risk and the leverage available to households, it may be at

the heart of how distress on Wall Street spills over to consumption on Main Street.

This paper develops a quantitative general equilibrium model in which the supply
of credit to borrowing constrained households depends on the risk taking capacity of
financial intermediaries. The households are in overlapping generations, with the con-
sumption of the young distorted by their inability to borrow against growing future labor
income, which cannot be pledged. Households choose how much housing to post as col-
lateral when borrowing from financial intermediaries, who themselves are constrained by
frictions in raising of outside equity. We develop a tractable model of household hetero-
geneity in which agents in each generation aggregate to a representative agent ex-ante de-

spite being heterogeneous ex post, using techniques similar to Constantinides and Duffie



(1996). The intermediaries supply riskless deposits to households, invest in mortgages,
and face a solvency constraint with both a market-based and a regulatory component.
Households choose from a menu of mortgages with different leverage, where all mort-
gages are competitively priced by the intermediary’s pricing kernel. This endogenous
leverage choise generalizes methods from a theoretical literature emphasizing belief dis-
agreement (Geanakoplos (2010), Simsek (2013)) and adapted to financial intermediation
by Diamond (2018), which has not appeared in quantitative work.

The model features a stochastic endowment of non-durables and housing, three gen-
erations of households which stochastically age in a perpetual-youth framework, and a
bank which provides mortgages and issues deposits and equity. The young and middle
aged are each endowed with a share of the economy’s output, with a larger share going
to the middle aged. Households are able to trade shares of their endowment within gen-
erations, but the only way to share risk between generations is through mortgage lending
from the bank. The bank faces a cost of issuing equity required to bear risk in its mortgage
portfolio. Mortgage leverage is determined endogenously by a borrower’s preferences
and the compensation the bank requires to bear default risk. Mortgage pricing depends
on the borrower’s income and wealth, mortgage leverage, and the bank’s equity capital.

We use our model to compare non-financial recessions driven by productivity with
housing crises, to understand the equilibrium effects of a drop in the equity capital of
intermediaries, and to analyze the effects of a growing demand for safe assets on the
financial system. Housing recessions in our model are caused by shocks to the cross-
sectional dispersion of house values, to which we refer to as “housing risk shocks”. In
our first results, comparing the two types of recessions, we find several key differences.
First, a productivity driven recession leads to an increase in the risk free rate, reflecting
high growth expectations as the economy returns to trend. In a housing crisis, the losses
of intermediaries” equity capital due to mortgage defaults impairs their ability to create
safe assets. The resulting scarcity of safe assets leads to a drop in the risk free rate, consis-
tent with the low rates during and after the 2008 financial crisis. Second, all households
have similarly sized drops in consumption in the productivity driven recession, while in
a housing crisis borrowing constrained young households face a disproportionate drop
in consumption. This is because young consumers must borrow in order to consume, and
intermediaries are less willing to bear the risk of lending to these risky borrowers after
their loss of equity capital in the housing crisis. Third, the impaired ability of interme-
diaries to bear risk also leads to a large increase in mortgage spreads and to a drop in
the leverage of all households in a household crisis, while the mortgage market is nearly

unaffected by a productivity driven recession.
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Next, we analyze the effects of a 30% drop in the equity capital of financial intermedi-
aries on the economy. This loss impairs the ability of the intermediary to bear risk, leading
to a shrinking of the intermediary’s balance sheet and an increase in the spread charged
on risky mortgages. This induces households to reduce their leverage. Because house-
holds cannot borrow as much against their houses, house prices experience a moderate
drop that reflects their reduced value as a form of collateral. In addition, because house-
holds now have safer mortgages, default rates drop sharply. The intermediary gradually
rebuilds its equity both through external issuance and retained earnings, which are high
due to the low risk and high risk premium of mortgages. As intermediary capital con-

verges back to its original level, all other variables gradually revert as well.

Finally, we consider the general equilibrium effects of a growing demand for safe as-
sets, considering both the effects during the credit and housing boom of the 2000s and the
following bust and crisis. As discussed by Bernanke (2005), Caballero and Farhi (2018),
and others, an increase in the demand for safe assets was a key macroeconomic feature
of the economy before the financial crisis. Relative to existing literature, our model al-
lows us to study the indirect effects of this growing demand on intermediary leverage
and risk taking, household leverage, consumption, and house prices. Along a range of
dimensions, we find that this increase in the demand for safe assets replicates features
of the pre-crisis lending boom. In particular, we find that the size of the financial sector,
the amount of mortage debt outstanding, the leverage of households, and the price of
houses increase. If we further allow for a (perceived or actual) reduction in the likelihood
of a housing risk shock, we can also generate a quantitatively small change in mortgage

spreads despite a large rise in borrower leverage.

We then study how the economy with inflated house prices and mortgage debt, fol-
lowing the elevated demand for safe assets, responds to a housing risk shock, which
causes more homeowners to default. Relative to an average economy drawn from the er-
godic distribution, our high-safe-asset-demand economy is more vulnerable to this shock.
The economy faces a sharp increase in mortgage defaults, which depletes the majority of
the financial system’s equity capital. This in turn induces banks to charge substantially
higher spreads on mortgage debt for any given leverage, and as a result households cut
back drastically on their mortgage leverage. Because our model connects household bor-
rowing constraints with intermediary risk taking capacity, this counterfactual provides a
rich illustration of how a growing demand for safe assets increases the size and riskiness

of the financial sector and therefore the severity of financial crises.



Related Literature. A key feature of research in macroeconomics and finance since the
2008 financial crisis is a new understanding of how financial frictions impact the overall
economy. A large and growing body of empirical research has documented the impor-
tance of house prices and credit supply for economic activity. ! Another recent body of
empirical work documents how distressed financial institutions reduced the supply of
credit to households and firms, contribution to a drop in output and employment.?

The quantitative macroeconomics literature after the housing boom has focused on
models with exogenous housing collateral constraints following Iacoviello (2005), such as
in Kiyotaki, Michaelides, and Nikolov (2011), Landvoigt, Piazzesi, and Schneider (2015),
Favilukis, Ludvigson, and Van Nieuwerburgh (2017), and Guerrieri and Lorenzoni (2017).
More recent work emphasized the importance of high household indebtedness and credit
frictions for the severity of the bust, for example Guren, Krishnamurthy, and McQuade
(2018) and Hedlund and Garriga (2018), or the relevance of household-level credit fric-
tions for the transmission of monetary policy and other aggregate shocks, e.g. Elenev
(2018), Wong (2018) and Greenwald (2018). Papers in this literature tighten or loosen
exogenous collateral, leverage, or payment to income constraints to simulate a boom or
bust. As pointed out by Justiniano, Primiceri, and Tambalotti (2017), among others, it is
necessary in such a framework to shock both households’ borrowing constraints and con-
straints on the supply of mortgages to explain movements in both the prices and quantity
of high leverage mortgages during the 2000-2006 housing boom.

Corbae and Quintin (2015) is the only paper we know in this literature where house-
holds choose the leverage of thier mortgage. They study a framework where households
face a menu of mortgage contracts offered by a risk-neutral lender subject to some exoge-
nous constraints and select endogenously into high and low leverage mortgages. To our
knowledge, ours is the first quantitative paper to model heterogeneous borrowers facing

a menu of leverage choices priced by constrained intermediaries in general equilibrium.

A separate research agenda in finance on intermediary asset pricing (He and Krishna-
murthy (2013), Adrian, Etula, and Muir (2014), He, Kelly, and Manela (2017)) has shown
empirically and quantitatively that the risk taking capacity of financial intermediaries is
a key driver of asset prices. This approach to asset pricing successfully explains prices
in a range of asset classes and is particularly important for pricing highly intermediated

! for example Mian and Sufi (2011), Mian, Rao, and Sufi (2013), Favara and Imbs (2015), Di Maggio, Ker-
mani, Keys, Piskorski, Ramcharan, Seru, and Yao (2017), Di Maggio and Kermani (2017), Adelino, Schoar,
and Severino (2016), and Foote, Lowenstein, and Willen (2016)

2 for example Chodorow-Reich (2014) Chodorow-Reich and Falato (2018) Benmelech, Meisenzalh, and
Ramcharan (2014) Ramcharan, Verani, and Van Den Heuvel (2016)



assets such as derivatives, bonds, and commodities (Haddad and Muir (2018)). Of par-
ticular relevance to our model is the empirical evidence (Gabaix, Krishnamurthy, and
Vigeron (2007), Hanson (2014)) that the pricing of mortgage risk is particularly sensitive
to the risk taking capacity of specialized intermediaries. Relative to this literature, our
contribution is to connect the pricing kernel of a constrained financial intermediary to the

leverage choices of the agents that borrow from it.

Finally, our paper provides a potential resolution to the question whether the boom-
bust episode was caused by loose credit constraints, or high expected future house prices
(Kaplan, Mitman, and Violante (2017)). In our framework, a large positive shock to the
demand for safe assets leads to a relaxation of credit constraints, and simultaneously puts
the economy on a path of rising house prices. This integrates the three narratives about
the origins of the financial crisis mentioned above, in a manner that depends crucially on
the role of financial intermediaries in our model as both mortgage lenders and creators of

safe assets.

2 Model

2.1 Income and housing endowment

Aggregate outputis Y; = Y,Y;, where Y, is the income trend and grows at the deterministic
rate g, i.e. Y; = Y;_1exp(g). Y} is the cyclical component and follows an AR(1) in logs

log(Y) = (1 — py)py + pylog(Yi—1) + &,

where ¢; is i.i.d. and normally distributed with mean zero.

The economy is endowed with a constant stock of housing capital H. Housing capital
produces housing services according to the linear technology

st =n(hy, Yr) = Yy,

and owners of housing capital need to spend fraction ¢y of the capital value on mainte-

nance each period.



2.2 Demographics and Preferences

The economy is populated a continuum of households in three generations: old, middle
aged, and young. Young and middle aged households respectively have probabilities 7r*
and 77 of becoming middled aged and becoming old, drawn i.i.d across households. Old
households live for one period. Each period, a measure one of new young households are
born and the same measure of old households die. The population of each generation is
constant, with measure % young, nLM middle aged, and 1 old households.

All households maximize expected utility with discount factor f and constant relative
risk aversion . Young and middle aged consume a non-durable numeraire consump-
tion good and housing services. Intraperiod preferences over both goods are represented
by a Cobb-Douglas aggregator with weight 6 on housing services. They further derive
utility from liquidity services provided by bank deposits. Old households derive utility
only from non-durable consumption and bequests paid to younger households. In addi-
tion, middle aged household discount their utility when old by an additional factor g°.
Househoulds maximize the expected value of a discounted sum of their period utility
across each period of their life.

2.3 Markets

Households have acess to competitive markets for housing, mortgages, bank deposits,
and bank equity. In addition, households within each generation are able to trade shares
of their endowment of labor income but not with agents from other generations. This
endowment pays in aggregate Y;" equal to Y; plus an additional term equal to losses due to
mortgage defaults that are not dead weight losses, with the income divided according to
the number of shares owned by each household. Agents are also able to frictionlessly rent
housing from other members of their own generation (though in equilibrium this rental
market will not be used and can be viewed as a tool for analytical tractability). Because
the rental markets for housing are segmented by generation, the equilibrium rental rate
for housing is different for agents of different generations. Bank equity is available only to

middle aged agents, while all agents face the same risk free interest rate on bank deposits.

In addition, agents of each generation face a menu of mortgage contracts offered by
a financial intermediary from which they can choose. Mortgages can only be held by
the financial intermediary, so households cannot buy them directly. These mortgages
are priced by the intermediary’s stochastic discount factor, which is influenced both by

the preferences of middle aged households who own its equity as well as the severity of
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financial frictions that distort its behaviour.

24 Problem of old generation

Households of the old generation are both with wealth w?, given by the payoff of the asset
portfolio they purchased when middle-aged. They divide their wealth into consumption

¢ and bequests BY in order to maximize their utility function

1 _ _
m((cg)l T+ ¢(BY)). @)
1
They optimally choose to consume ¢ = —+w? and bequeath BY = 70 yielding a
1+¢7 1+¢7

total amount of utility

2.5 Problem of middle generation

The middle aged obtain utility from consuming non-durables and housing as well as from
their holding of bank deposits. They begin the period with wealth w™ which they can
spend by consuming non-durables, renting housing, buying housing, investing in bank
deposits, or investing in bank equity. In addition they can take out a mortgage from the
bank collateralized by their house and can choose the loan to value ratio of the mortgage,
taking as given the menu of contracts offered by the bank. Their period utility function
depends on nondurable consumption cM, housing consumption sM and deposit holdings
dM as follows:
M\1—v

Mt st ) = (o= g BT

After the middle aged choose their consumption and investment, they face a probabil-
ity 7™ of becoming old (or otherwise remain middle aged) and also face an idiosyncratic

shock to the value of their housing. If they finished period t owning h units of hous-

M
t+1

random variable, drawn i.i.d. across households and across time. The variance of ef\frl

ing, they have at period t+1 eﬁlh units of housing, where €', ; is a mean one lognormal

evolves as a binary Markov chain. They choose whether to default on their mortgage
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after these shocks are realized. If they default, a fraction A of their wealth is lost. This lost
wealth is not destroyed but is added to dividend paid by the endowment agents own.
Each household chooses whether or not to default in order to maximize the amount of
wealth it has after its default decision. As a result, its wealth at time t+1 is the maximum
of its wealth if it defaults and its wealth if it does not default.

Denote the post-default-decision wealth of a middle-aged household by w™. This
is the only individual state variable. Denote all other state variables exogenous to the
household by Z;. Denote the vector of portfolio choices of the middle-aged by aM =
(KM, bM, dM, mM], where the elements of this vector are respectively the choice of hous-
ing, bank equity, deposits, and the face value of the mortgage. Let ¢™(aM)mM be the
amount the intermediary is willing to lend if the household chooses a portfolio M and
Mot

morteage face value of mM. is assumed to be homogenous of degree 0 in its
gag t - 9 g g

arguments, which will be derived below from the intermediary’s optimization problem.
The full problem of a middle-aged household is
VM@wM, 2,) = max  uM(cM,sM,aM)
C?A,St Ay
+B(1— TM)E, [max{vM(wﬁ'f, Zi), VM (@M, ztﬂ)}}

+ BEOTME [max{u® (), uC (w5}, )

subject to the budget constraint
M
t

1+1"t

— " (a")m}"

wi = M+ pMsM + M P — pMn(hM, Vi) + plbM + Jmi’

and the definition of next-period wealth for non-defaulters
Wi = (1= 6)Pryaef it + d' + 0 (pliy + xe0) — m”.

and for defaulters
wﬁf = (1=A) (@ +bM (i1 +x111)),

where x/ is the dividend per share paid by intermediaries to be defined below. Note
that middle-aged household discount the utility of becoming old by the additional factor
BP < 1. This additional discounting reflects that we view the utility of the old as being
spread over many future periods (retirement), even though we model their lifespan as

one period.



2.5.1 Characterization of the Middle Generation Problem

The following proposition provides the key result for characterizing the optimization
problem in (2).

Proposition 1. 1. The value function of the middle-aged has the form

Vi, 2 = otz S ®

where vM( Z;) only depends on aggregate state variables.

2. The choice vector [cf\A, stI, thI, bf\/[, df\/[, mf/l] is linear in individual wealth wfVI, conditional
on the agqregate state. As a result, the decisions made at time t by the middle aged generation
are the same as if they were a single agent who controlled all of their time t wealth.

3. Because the amount of housing owned and consumed by middle aged agents is linear in
wealth, the housing market only clears if every agent consumes precisely as much housing
as it owns. As a result, the allocation is the same as if the rental market did not operate.

Proof. See appendix. O

Proposition 1 has two key implications. First, although middle agent agents behave
like a representative agent in their consumption and portfolio choice, they are not in-
sured against the idiosyncratic shocks to the value of the houses they own. As a result,
only households who face a sufficiently bad idiosyncratic housing shock will choose to
default. The key to this combination of aggregating to a representative agent ex ante (nec-
essary for numerical tractability) and heterogeneity ex post (necessary to meaningfully
calibrate the model) is that agents face shocks which are multiplicative in the amount of
housing they own. As explained in Constantinides and Duffie (1996), this sort of mul-
tiplicative shock cannot be avoided by trading financial assets within the generation, so
agents choices naturally aggregate as if each middle aged household was a representative
agent in autarky.

Second, the mortgages given to all middle aged households are equally risky. Richer
middle aged households borrow more and buy more housing than poorer ones, but the
endogenously optimal degree of leverage is the same for all middle aged households.
This result (which is key for proving the aggregation proposition above) comes from the
fact that the mortgage pricing function q is homogenous of degree zero. That is, an agent

with twice as much housing, twice as much mortgage face value, and twice the financial



portfolio of another will be provided with twice as much of a loan by the intermediary.
The property of the mortgage pricing function is derived from the optimal behavior of the
financial intermediary below. Middle aged households default if and only if their wealth
(inclusive of the costs of default) will be higher than if they did not default. That is, they
default for any realization of €}, such that

(1 =AM @M+ bM(piyq + xe41)) > (1= 0n) Pryrefia i 4+ dMt + M (ply + xi41) — m}Y,

1
(" = AM@M + M (pf i + x141))) > €l

This relation defines a cutoff value éﬁl such that the middle aged default if and only if
their realized eﬁl is lower. The fact that this cutoff is the same for all middle aged agents,

regardless of how much wealth they have, is crucial for the model to aggregate tractably.

Corollary 1. There exists a default threshold éf\frl such that middle-aged with ef\frl < éf\frl default.

The aggregate default rate of the middle generation is Fg{ (éf\il).

2.6 Problem of young generation

Young households are similar to middle aged households, except that they will be paid
endowment income in the future, which cannot be pledged to agents outside of their gen-
eration. As a result, young households are effectively liquidity constrained. To allow for
tractable aggregation while preserving this liquidity constraint, we allow young house-
holds to trade shares of their endowment income with other young agents. However, all
endowment shares must be owned by some young household. If the young were able
to pledge their endowment income to other generations, they would sell some of it to

consume.

Young households receive a fraction v of the aggregate endowment at the beginning
of the period. The remaining fraction 1 — v is paid out to the newly middle-aged (those
middle aged who were young in the previous period). Young households trade shares
of an asset in unit supply that entitles to proportional payouts of the endowment vY}
while young, and (1 — v)Y;* when turning middle-aged. The shares expire upon turning
middle-aged. Newborn young are endowed with fraction 7t¥ of the asset. Denote the
"share price" of the asset by p). Note that this price is special in that it trades on a market
only availale to young households. That said, the problem of the young is most tractably
described by computing their wealth including this market value of their endowment,

since this yields a single state variable that determines their behavior. The wealth of
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newborn agents is

YO ™ (vY; + pi).

Like the middle aged, the young can also invest in deposits, buy and rent housing, and

take out a mortgage. Their period utility function is

Y vy L ryiee 1- (dy)l7
u(e),sf,di) = 1_7((0 (s + 9" —

Because the young may not be as safe of borrowers as the middle aged, the intermedi-
ary provides them a different amount of credit holding fixed their portfolio and mortgage
face value. Write the vector of portfolio choices of the young as af = [, m),d),y)].

We can now write the problem of a household in the young generation as

V¥ (w), 2) = max u¥(c),sf,d))
e ¥ Y

+B(1— " )E [max{VY(wt_Hd, Zi1), VY (w1, zm)}]

+ BrYEr [max{ VM ()M, Zp10), VM ™, 20000} )
subject to

dY
wy = +pi's) + Pkl +pin) —pin(hf,Yr) —q" (a} )m}(+1—|frf'

Next-period wealth while remaining young is, for defaulters and non-defaulters, re-
spectively,
A *
wi! = (L= A @+ WY+ pla),

and
YY,nd
w, = (1—- (5H)Pt+1€t+1ht mi +df +n) (VY + Pt+1)

respectively. € 11 1s an idiosyncratic multiplicative shock to the value of a young house-
hold’s housing that is i.i.d. across households and time. The variance of e}ﬂrl changes over
time and is driven by the same binary Markov chain as €} ;. Note that like the middle
aged, the young lose a fraction A of their wealth when they default, and these losses are
similarly paid out in proportion to the holders of shares of the economy’s endowment
rather than destroyed. For young that turn middle-aged, these expressions are

w = (1= A) (@ + 5 (1= )Y + BR)),
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and
w " = (1= 6u)Praefl b —mi +df + 3 (1= )Y/ + BS).

(@)
t+1°

gregation, we assume that this bequest is paid in proportion to the ownership of the en-

Young that turn middle-aged get bequests from old households, B To maintain ag-
dowment shares 777. Note that the young generation is exposed to both aggregate shocks
(which will affect the prices of assets it owns) as well as to an idiosyncratic shock to the
value of the housing it owns. This idiosyncratic shock cannot be insured against, and
those young households with the worst shocks to their housing will chose to default on
their mortgages.

2.6.1 Characterization of the Young Generation Problem

Since young households can trade shares to their endowment income with each other, we
can show that the savings and consumption choices of the young are equivalent to one of
a representative young household.

Proposition 2. 1. The value function of the young has the form

(5)

where v¥ (Z;) only depends on aggregate state variables.

2. The choice vector [c} s}, hY,d},m},n)] is linear in individual wealth w), conditional on
the aggregate state. As a result, the decisions made at time t by the young generation are the

same as if they were a single agent who controlled all of their time t wealth.

3. Because the amount of housing owned and consumed by young agents is linear in wealth, the
housing market only clears if every agent consumes precisely as much housing as it owns.
As a result, the allocation is the same as if the rental market did not operate.

Proof. See appendix. O

Proposition 2 has direct implications for the optimal default decisions of young house-
holds, which is analogous to proposition 1 for middle-aged. The young choose to default
if and only if their wealth is higher than if they did not default. This occurs if

12



(1- AY) (dY + 17 ( +1 + Pt+1)) > (1— 5H)Pt+1€2/+1ht mt + dY + 17 ( +1 + Pt+1)
(6)

and

(1= AN+ (1=v)Yi) > (1= 0m)Praefiahy’ —my +df + i (1—v) Yy, + BZy)
)

respectively if the household stays young or becomes middle aged. These inequalities
each hold if € 1 and eM 1, are sufficiently low, proving the following proposition.

Y)Y Y.M
€111, €01

; ﬁ, and young transitioning to middle-aged with eM < e’

The aggqregate default rate at time t+1 of the young at time t is

Proposition 3. There exist default thresholds (€ ) such that young tmnsitioning to

young with €t+1 < € default.

t+1 ’

(1 — ") (&) + B (& ).

Proof. See appendix. O

Proposition 3 highlights the difference between the default behavior of the young and
the middle-aged. The default decision depends on total beginning-of-period wealth,
which combines liquid wealth obtained from last period’s asset portfolio and labor in-
come. Since young transitioning to young receive different income than young transi-
tioning to middle-aged, they have different default thresholds.

2.7 Financial Intermediary

The financial intermediary is a publicly traded firm in a competitive financial market that
maximizes the market value of its equity, which is owned in equilirium by the middle
aged generation. It makes mortgages and issues deposits and equities backed by these
mortgages. The intermediary starts period t with inside equity e;. It must pay a dividend
Te; each period, so that it does not save its way out of financial constraints over time.
It can raise outside equity I; at a cost C(I, Yt) = %Itz Further, the intermediary faces a
regulatory capital constraint that its inside equity can never be less than some fraction e of

13



the value of its assets, ensuring its deposits are riskless. Its mortgage lending is financed
by the inside equity it does not pay out, newly issued equity, and deposits.

Mortgages provided by the intermediary are priced competitively, so that the inter-
mediary makes zero economic profits from each loan. The present value of cash flows
paid by a borrower (valued with the intermediary’s pricing kernel) therefore determines
how much the intermediary is willing to lend. This is true for mortgages at any degree
of leverage and made to any household, so borrowers naturally face a menu of mortgage
contracts from which to choose. If M{,t 41 1s the intermediary’s pricing kernel (derived in
the appendix) at time t for valuing cash flows paid at time t+1, a mortgage that pays J;,
will induce the intermediary to lend [,, at time t equal to

I = Et(MtI,tH‘Sm)-

Note that the cash flows an intermediary receives from a mortgage depend both on the
mortgage’s face value as well as the portfolio choices of the borrower, since these endoge-
nously affect the borrower’s incentives to default. A mortgage made to a borrower with
portfolio txi and face value m]t has present value ¢/ (tx{)m{, for j = Y, M, which intermedi-

aries determine based on the expected payoff of the mortgage.

Although the intermediary could in principle make loans with arbitrary amounts of
leverage, the aggregation results derived above drastically simplify the intermediary’s
problem. We can assume that the intermediary only makes mortages optimally selected
by households from the menu of mortgage contracts offered by the intermediary. The
intermediary then only optimizes over the total face value N} and N of mortgages lent
to each generation. The law of large numbers then implies that all idiosyncratic risk in
the payoffs of mortgages made by the intermediary diversifies away.

Based on corollary 1, the payoff to one dollar of face value of this portfolio for the

middle generation is

Et(eM |€M < éf\il)Pt—Hh{VI

L ;o (8

PMy =1-FM@EM,) + EMEM)(1— )1 —dn)

where a fraction ¢ of the house value is lost when a house of a defaulting borrower is
repossessed. Of these losses, a fraction FPWL are resource losses to the economy, in the
form of nondurables spent on recovering the value of the home. The remaining share of

the losses are added back to the payment Y;" of the aggregate endowment payoff.

Similarly, from proposition 3, for the young generation the per-dollar of face value
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payoff is

Y
Py = (1— ) (1= FS(@10) + 7Y (1 — FY(E) + (1 - &) (1 — 6) 0

t

[(1—n VEr(e¥[e” < & X)FY () + nVEr(eM]eM < el MYFM (e fff)}. )

The intermediary is fully owned by middle-aged households and discounts its net div-
idend accordingly. Its inside equity at the start of a period is the value of its mortgage
portfolio minus its payments to depositors.

err1 = NPl + NMPM, — Dy (10)

The budget constraint of the intermediary is

. D
(I=T)er+ 1 = C(I Ye) + 5 +trt = N/q" (&) + NMg™(a),. (11)
Let Mffrl be the stochastic discount factor of the middle aged, who own the intermediary’s

equity and price it according to their consumption Euler equation. The full optimization
problem of the intermediary is

Vl(et, Zt) = max Té; — It + Et [Mﬁlvl(é‘t.’_l, Zt—l—l)} , (12)
I;,Dy, NM,NY

subject to the budget constraint (11). The regulatory capital constraint requires that the
intermediary’s leverage is at most ¢ for all possible states at time ¢ + 1. Denote the current
state by Z; and all possible future states conditional on the current state as z;1| Z;. Then

the solvency constraint leads to the following set of constraints in ¢
erp1 > 8 NYPY (ze41) + 2V NMPM(z441) Ve 1| 20
or equivalently
(1= )NYPY (ze41) + (1 = E")NMPY(241) > D Vzi14| 20

At time t, it suffices to impose the constraint for the worst possible aggregate state in
t + 1: if the solvency condition is binding for the worst possible payoff of the mortgage
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portfolio, it will be slack for all higher payoff realizations. This implies that we can define

z; = argmin NYPY (z¢41) + NMPM(z,11),

zi11| 2t

and impose a single constraint at time ¢
(1= 2)N/P¥ (z) + (1 - @ )NMPY(z,) > Dr. (13)

This regulatory capital constraint is only occasionally binding. If the intermediary is suf-
ficiently well capitalized, it has a precautionary incentive to save because of the risk of
the constraint binding in the future.

The following proposition verifies what was assumed above about mortgage pricing
in order to show that households in each generation make decisions equivalent to those
of a representative agent. It follows simply from the fact that there is some pricing kernel
that prices mortgages and is therefore general and robust.

Proposition 4. The morigage pricing functions g (oci) for j =Y, M are homogeneous of degree

zero in the wealth of borrowing households, w), j = Y, M.

Proof. Suppose a household of generation j chooses a portfolio zx{ and mortgage face value
m]t Let 25{ be the cash flows paid by this borrower to the intermediary. If the borrower
multiplied each element of its portfolio and its mortgage face value by a constant k>0, the
intermediary would get cash flows repaid of k5] The intermediary is therefore willing to

lend ¢/ (ka] )(kmt) = Et(MftHk(Sm) = kEt(M{tHém) = g/ (a}) (km}). This implies ¢/ (ka}) =

g (o). O

Inspection of the expression in (8) and (9) shows that mortgage payoffs only depend on
the default thresholds (e}ﬁ, (—:Zf{[, ef\frl) and the inverse mortgage leverage ratios P; 1 h] / mt
From the aggregation results in propositions 1 and 2, these objects are independent of bor-
rower wealth. Intuitively, mortgage pricing depends on mortgage leverage, and the ratio
of housing to total wealth. Since all households choose to invest equal shares of wealth in
housing and mortgage debt, these ratios are the same for all borrowers within a genera-

tion.
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2.8 Equilibrium and Aggregation

Aggregation. Denote the total beginning-of-period liquid wealth of young that remain
young as

%
WY = (1— ) | (1= L) (= sm)Eile e > el M IPmY —mily)

-

home equity of non-defaulters

+ (1 G )) (@l +vY +p))

other wealth—def. penalty

The home equity of the non-defaulters depends on the conditional expectation E vy [€Y |e¥ >
é}/’y], which is the average realization of the idiosyncratic house price shock conditional
on not defaulting. We define the aggregate wealth of the young that turn middle-aged as

_>
WM =¥ | (1= FLE™) (1= m)EdleYIe” > & MPhy — m)y)

home equity of non-def.

+ (1= AYEM (M) (aMy + (- v)Y; + BO) /)

(& J/

other wealtl?jdef. penalty
Then the aggregate wealth of the young generation is
%

WY =2 (vY; 4 pl) + W)Y,

The first term is the endowment income newly-born households receive. The second
term is the liquid wealth of previous young and depends on the default decision. Further

defining
W = (1= (M) (1= 8m)EileM]eM > eM|Phity —mi ) + (1 - AMEM(eM)) wh,
the aggregate wealth of the middle generation is

%
WM =WIM L WM,
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Finally, the aggregate beginning-of-period wealth of the old is

%
WP = tMWM,

The rebate terms U{, j =Y, M,O, consist of bankruptcy costs that are not resource costs
to the economy, and monetary default penalties. The total bankruptcy costs are
Uf = ey |EX(M)EeM]eM < eM]ni,
+ (1= MM B €Y < & ]+ EM(e M) Br[eMleM < & M)) 1y |,
CDWL o gDWL

and a fraction of these are true resource costs. The remaining fraction 1

consists of factor payments to the actors involved in the bankruptcy process and is rebated
to households.

Monetary default penalties are
U} = AY (1= 7 )FE @ Yol ™+ AYEM (M) (Y dM ) + (1= v)Y7 + BP) + AMEM (eM)we.

The sum of both rebate terms, U; = (1 — ¢P"E) UE + U}, is included in the payoff of the
endowment along with the output of the economy Y3, so the total payoff is Y = Y; + U;.

Equilibrium. Market clearing for mortgage debt requires that intermediaries purchase
the full portfolio of mortgages of both borrowing generations:

Y Y
Nt :mt,

NlM = m{w .
Market clearing for housing capital requires that
n +mM = A,
and the rental market needs to clear within each generation

Y Yv

M _ My
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Market clearing for intermediary liabilities requires

D; = df +dM,

M =1.
Shares to the endowment income of the young are in unit supply such that

n =1
Finally, market clearing for non-durables requires that

Y, =c +cM+Q+C(l, V) + P,

An equilibrium is a set of prices and allocations such that all 3 generations and the inter-
mediary solve their optimization problems above (equations 1,2,4, and 12) and all mar-
kets clear. The behavior of each generation depends on their own wealth as well as on
prices common to all agents, and the behaviour of the intermediary depends on its initial
inside equity. These prices are also influenced by the cyclical output shock Y; and the
binary shock to the distribution of idiosyncratic house price shocks. Because the wealth
of all agents sum up to the total wealth in the economy, we need only track three endoge-
nous state variables WtY , WtM and ¢; in addition to the two exogenous state variables in

Markovian equilibrium.

3 Calibration and Solution Method

3.1 Parameterization

We calibrate the model to annual U.S. data. Table 1 lists the parameter values. As indi-
cated in the table, several parameters are directly set to external estimates. The remaining
parameters are chosen jointly so that simulated moments from the model’s stationary

distribution match a set of corresponding moments in the data.

Growth Rate and Productivity shocks. We calibrate the trend growth rate and produc-
tivity shocks based on real disposable income per capita from 1929-2017. The annual
growth rate is exactly 2%. The standard deviation and autocorrelation of the cyclical

HP-filtered series are 2.7% and 45%, respectively. We convert the continuous AR(1) pro-
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Table 1: Parameter choices

Parameter Value Target Data Model
TFP
Growth rate g 0.02 Average growth rate income p.c.
Income shocks std.dev. Al 0.027 Std. dev. HP-filtered income p.c.
Income shocks AC oY 0.45 Autocorrelation HP-filtered income p.c.
Preferences
Risk aversion (1/1ES) 0% 2 standard
Patience B 0.9 Avg. real rate on 3-month treasuries 90bp  130bp
Weight on housing 0 0.16 Housing wealth/income (SCF) 2.14 211
Liquidity preference M pM 0.02 Liquidity premium KV] 70bp 78bp
Liquidity preference Y Py 0.002 Money-like assets of young/income (SCF)  0.13 0.13
Life-cycle
Transition prob Y sl 0.14 Wealth/income young (SCF) 1.6 1.68
Transition prob M ™ 0.25 Wealth/income middle-aged (SCF) 52 5.63
Income share of young v 0.32  Consumption share young (Wong) 0.32 0.31
Discount of old Be 0.15 Wealth old/ wealth middle-aged (SCF) 0.18 0.18
Bequest parameter ¢ 35 Consumption share old (Wong) 0.11 0.12
Housing and mortgages
Forced maintenance o 0.025 Housing depreciation (BLS)
Idiosyncratic shock std.dev YM o2 0.22  Foreclosure rate (%) 1.7 14
Idiosyncratic shock std.dev YM ¢ 0.25 Foreclosure rate, crisis (%) 4.8 52
Trans. prob. 02 — ¢ Iip 0.05 % periods in housing recession 0.2
Trans. prob. o} — o2 Iy 0.2 Duration (years) housing recession 45
Recourse after default Y AY 0.015 LTV of young (SCF) 0.65 0.62
Recourse after default M AM 0.005 LTV of middle-aged (SCF) 0.40 0.39
Foreclosure loss to bank ¢ 0.3 Charge-off rate mortgages (%) 0.5 0.6
Foreclosure DWL fraction FbWL 0.5 Anenberg & Kung (2014)
Intermediary
Capital requirement e 0.01 Basel requirement Agency MBS
Capital requirement e¥ 0.08 Basel requirement Mortgage Loans
Target payout ratio T 0.1 Effective payout rate (Baron) 7.3 4.6
Equity issuance cost X 200 Equity issuance rate (Baron) 3.5 52

Parameters without corresponding data and model moments in the two rightmost columns are set directly
based on external data. All other parameters are jointly chosen to match the target moments listed in the table

as closely as possible.
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ductivity process to a 3-state Markov chain using the Rouwenhorst (1995) method. The
average endowment per year is normalized to 1, as is the fixed housing stock H.

Preferences and Life-Cycle. Risk aversion is set to a standard value of 2. We choose
the discount factor beta to match the deposit rate in the model to the annualized real
yield of 3-month treasury bills, from 1951-2017, which is 0.9%. Several preference and
life-cycle related parameters are chosen to match moments from the Survey of Consumer
Finances (SCF). We compute means for the target moments from SCF waves between
1995-2016 using SCF sampling weights, and calculate averages of the means to arrive at
a single target moment. Following Wong (2018), we categorize households by age of the
household head, with the young being 25-34 years of age, the middle-aged between 35-64,
and the old 65 and older. We set the weight on housing in the Cobb-Douglas consumption
aggregator to 0.16 to match the average housing wealth-to-income ratio of middle-aged
households in the SCF, which comes out to 2.1. We pick the preference parameter ™ to
match the liquidity premium estimated by Krishnamurthy and Vissing-Jorgensen (2012)
of 70 bp for the middle-aged.? For young households, we choose ¢! to match the ratio of
liquid wealth-to-income for young households from the SCF of 13%.

The probabilities of transitioning from young to middle-aged, and from middle-aged
to old, are set to match the aggregate ratio of wealth over income for young and middle-
aged households in the SCF, respectively.* The transition parameters also have implica-
tions for the population mass of households in each age group. However, as this aspect
of the model is somewhat stylized, we choose to match the intergenerational wealth dis-
tribution rather than age or wealth at the level of individual households. The share of the
aggregate endowment received by the young, v, is set to 33% to match the consumption
share of the young, which Wong (2018) estimates to be 32% of aggregate consumption.
Similarly, we choose the bequest utility parameter to match the consumption share of the
old at 12%, also as reported by Wong (2018). Naturally, the middle-aged consume the
remaining 56%. To match both consumption of the old, and their wealth relative to that

of the middle-aged, we allow for the additional discount factor B°.

Housing and Mortgages. We set the forced maintenance of housing i to match depre-
ciation of residential fixed assets based on the BEA fixed asset tables. Idiosyncratic house

3We calculate the liquidity premium in the model as the difference of a counterfactual risk free rate that
does not provide any liquidity services and the deposit rate.

4To be clear, we do not match the average of the wealth-to-income ratio of individual households. Rather,
we compute the ratio by dividing the total wealth of all sample households in the respective age group by
their total income.
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price dispersion follows a two-state Markov Chain with transition matrix I', with state 0
indicating normal times, and state 1 indicating elevated housing risk. The probability of
staying in the normal state in the next year is 95% and the probability of staying in the
crisis state in the next quarter is 80%. Under these parameters, the economy spends 80%
of the time in the normal state and 20% in the high housing risk state, and the average
duration of the high risk state is 4.5 years. These transition probabilities are independent
of the aggregate endowment state. The low uncertainty state has 7.9 = 0.22 and the
high uncertainty state has 7,,; = 0.38. We use the same values for idiosyncratic housing
risk of young and middle-aged households. These numbers allow the model to match
an average mortgage default rate of 1.4% per year unconditionally and of 5.4% per year
in housing recessions, which are periods defined by low endowment growth and high
housing risk. In the data, the average mortgage foreclosure rate is 1.7% unconditionally,
and peaks at 5% in 2011.°> Combined with a foreclosure loss for banks of 30%, the model
generates a loss-given-default rate of 40%, and thus an overall loss rate on banks” mort-
gage portfolio 0.6% unconditionally and 2.4% in housing recessions, in line with data on
charge-off rates on residential loans at US banks for the 1991-2017 period.

Given the housing risk parameters, we choose the pecuniary default penalties A¥ and
AM to match mortgage leverage of young and middle-aged households in the SCF. Hold-
ing fixed other parameters, households choose lower leverage at a higher level of A. A
value of AY = 1.5% delivers young leverage of 63%, and AM = 0.5% gives middle-aged
leverage of 40%.

Intermediary. We set the equity capital requirements for the intermediary sector based
on Basel risk-weighted regulatory requirements for mortgage assets. Since mortgages of
young households are far riskier than those of middle-aged borrowers in equilibrium,
we assign 100% risk weight to these assets, which combined with a simple equity ratio
requirement of 8% yields &' = 0.08. We calibrate the capital requirement for middle-age
mortgages, which are close to risk-free, to the risk weight of GSE-issued mortgage backed
securities of 20%, yielding e" = 0.016.5 We calibrate the remaining two parameters of the
intermediary objective based on evidence in Baron (2018). We set T to match the effective
payout rate of banks, and y to target the equity issuance rate, both measured as a fraction
of book equity.

SData are from Mortgage Bankers Association for 1979-2017.
®These capital requirements for portfolio mortgages and agency MBS have not changed since Basel I
regulations.
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3.2 Solution Method

We solve the model numerically using a global projection method. The two aggregate
exogenous state variables of the economy are the cyclical component of the endowment,
and the time-varying cross-sectional dispersion of idiosyncratic housing shocks. Both
shocks are jointly approximated by a discrete-time Markov chain. The model features
four endogenous aggregate state variables, which span the wealth distribution across the
different optimizing agents. They are aggregate wealth of the young, middle-aged, and
old, and intermediary equity. Since the wealth of all agents has to add up to aggregate
tradable wealth, we only need to keep track of any three of these four endogenous state

variables when computing the model.

The solution technique involves approximating the unknown functions that character-
ize the equilibrium of the economy over the domain of the state variables. The Appendix
summarizes the set of equations and unknowns that fully characterize the equilibrium.

For details on the solution method, see Elenev, Landvoigt, and Van Nieuwerburgh (2018).

4 Results

After computing the solution, we perform a long simulation of the model, and compute
moments of the ergodic distribution. We further analyze the response of endogenous
model variables to the exogenous aggregate shocks, and in particular highlight the dif-
ference between regular productivity-driven recessions, and “housing recessions” that
feature both low endowment realizations and high house price shock dispersion. Finally,
we consider the effects of two unanticipated shocks, (i) an increased demand for safe

assets produced by intermediaries, and (ii) a (perceived) reduction in housing risk.

4.1 Properties of Ergodic Distribution

Borrowers. Table 2 report means from the ergodic distribution of the model. Young
households own 28% of the total housing stock, while the middle-aged generation own
the remaining 72% (lines 1 and 2). Even though the middle-aged own more housing, they
have significantly less mortgage debt, with a LTV ratio of 39% (line 4), as compared to 63%
for young households (line 4). Since the middle-aged also hold the majority of deposits
issued by banks, as well as bank equity, they are substantially wealthier than the young
(lines 4-5). Both types of households face the same idiosyncratic housing risk. Therefore,
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the young have much higher default risk as result of higher mortgage leverage: the aver-
age mortgage default rate of young borrowers is 3.26%, whereas it is only 0.18% for the
middle-aged (lines 6-7). Why do young households take on so much higher leverage than
the old, despite facing the same amount of mortgage risk? This is because young house-
holds are financially constrained, in the sense that they expect greater income and wealth
in future life-cycle phases. This bond-like, nontradable wealth they will receive in the
future induces them to hold a much riskier portfolio than the middle-aged, materializing
in greater mortgage leverage (see e.g. Yao and Zhang (2005)).

The average default rate for lenders holding a diversified portfolio of young and middle-
aged mortgages is 1.36%, which results in an effective loss rate on mortgage assets of
0.57% (lines 9-10). How do leverage and defaults vary of the business and housing cy-
cle? Leverage of both types of borrowers is highest in regular recessions, as default risk
in those periods is not much higher than during expansions, and households use their
home equity for consumption smoothing. In particular, young household leverage rises
to 67.5% in regular recessions. During housing recessions, leverage of all borrowers de-
clines as default rates spike, and lenders raise interest rates. The default rate of middle-
aged households rises to 1.2% on average, while that of young borrowers jumps to 12.3%.
As a result, the average default rate rises to 5.5%, and intermediaries make credit losses

of 2.3% of their portfolio per year in housing recessions.

Banks. Total mortgages assets are roughly equal in size to endowment income at 0.96
(line 12). Banks fund on average 6.75% of their assets with equity (line 13), and the re-
maining fraction with deposits, implying a total average deposit base of 0.89 (line 11).
About 45% of bank equity represents a precautionary buffer that banks hold to satisfy
their solvency constraint (line 14); i.e., the remaining 55% of equity are needed to satisfy
the regulatory capital requirement. The banking sector shrinks substantially during hous-
ing recessions: mortgage assets and deposits decline by almost 14% and 13%, relative to
their unconditional average. The equity ratio drops down to 3.8%, as banks suffer large
losses. However, due to fast households deleveraging, banks do not need to quickly build
up their equity buffer in housing recessions. This is because the difference between the
current state (a housing recession), and the worst possible state for which the solvency
constraint would bind (continuing housing recession) is small. In contrast, during expan-
sions and regular recessions, banks need to hold a much bigger equity buffer on top of the
regulatory requirement to be able to satisfy the solvency constraint if a housing recession
hits.

24



Table 2: Means of ergodic distribution

Uncond. ‘ Exp. Rec. Housing Rec.
Households
1. Housing Y 0.279 0.280  0.275 0.270
2. Housing M 0.721 0720  0.725 0.730
3. Leverage Y 62.90% | 62.97% 67.50% 60.49%
4. Leverage M 38.99% | 39.01% 41.88% 37.43%
5. Deposits Y 0.041 0.043  0.040 0.035
6. Deposits M 0.852 0.874 0.877 0.752
7. Default rate Y 3.26% 1.25%  2.71% 12.30%
6. Default rate M 0.18% 0.00%  0.01% 1.24%
9. Default rate (dollar weighted) 1.36% 048%  1.04% 5.45%
10. Loss rate (dollar weighted) 0.57% 0.19%  0.40% 2.39%
Intermediary
11. Total deposits 0.894 0917 0916 0.787
12. Total mortgage assets 0.964 0.994 0.994 0.831
13. Equity ratio (% of assets) 6.75% 7.36%  7.46% 3.80%
14. Equity buffer (% of equity) 45.02% | 53.22% 50.35% 6.22%
15. Fraction solvency constr binds ~ 90.88% | 100.00% 67.91% 89.88%
16. Net payout rate 2.85% 4.36%  4.30% -5.34%
17. External equity EER 0.92% 0.89%  0.89% 1.07%
18. Internal equity EER 7.91% 7.94%  6.12% 11.39%
Prices
19. House Price 2.114 2175  2.032 1.904
20. Deposit rate 1.37% 1.09%  5.15% 1.54%
21. Convenience yield 0.78% 0.75%  0.69% 0.93%
22. Mortgage spread Y 2.69% 230%  2.33% 4.77%
23. Mortgage spread M 0.07% 0.06%  0.09% -0.03%
24. Mortgage Y EER 1.24% 1.32%  1.00% 1.56%
25. Mortgage M EER 0.00% 0.03%  0.05% -0.23%
Welfare

26. Consumption Y 0.288 0.292 0.275 0.278
27. Consumption M 0.539 0.545 0.524 0.521
28. Consumption O 0.118 0.119 0.112 0.115
29. Consumption gr vol, Y 3.07% 2.81%  2.60% 2.74%
30. Consumption gr vol, M 2.25% 2.09%  1.94% 2.11%
31. Bankruptcy DWL 0.002 0.001 0.001 0.006
32. Issuance DWL 0.002 0.002  0.002 0.002
33. Housing maintenance 0.053 0.054 0.051 0.048

The table reports averages from a long simulation (10,000 periods) of the benchmark model. First column:

unconditional average, second column: expansions (high or average endowment), third column: regular

recessions (low endowment), and fourth column: housing recessions (low endowment, high housing risk
1

oz).
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These equity dynamics are reflected in the fraction of periods during which the inter-
mediary’s solvency constraint is binding (line 15). It is binding 100% of expansions years,
since during these periods banks expand lending, and the transition into a housing reces-
sion is relatively unlikely. Expansions are periods of high payouts to shareholders (line
16), with a payout rate of 4.36%. The constraint is sometime slack during regular reces-
sions, as lending during those periods contracts, and banks only suffer moderate losses.
The equity buffer drops to only 6.2% in housing recessions, with the constraint binding
in 90% of housing recession periods. In these periods, banks raise new equity, reducing

the payout rate to -5.34% to recover from mortgage losses.

While the external expected excess return (EER) to bank equity is relatively low at
0.92% (line 17), the internal EER is much higher at 7.9%. The difference shows that
making mortgage loans to young households, while borrowing “cheap” deposits from
middle-aged is a very profitable business for banks. However, due to the equity-related
frictions, there is a large wedge between internal and external equity. Forward-looking
profit opportunities for banks become largest during housing recessions, with the EER
on internal equity rising to 11.4%. This reflects countercyclical risk compensation: once
the economy has arrived in a housing recession, recovery of house prices and mortgage
debt to normal levels involves a large expansion of banking. During the recovery from
housing recession, young households that were forced to deleverage have high demand
for mortgage debt, and banks can earn large excess returns going forward (line 24).

Prices. The model generates substantial house price fluctuations, close to the volatility
of aggregate house prices in the data. House prices are 13% lower during housing re-
cessions than during expansions (line 19). The deposit rate is countercyclical (line 20),
a feature our model has in common with other endowment economies that have mean-
reverting shocks and agents with a low intertemporal elasticity of substitution: during
recessions, agents expect higher income in the future and would like to move this future
income to the present, reducing savings demand. To clear the deposit market, the inter-
est rate needs to rise. Interestingly, the interest rate rises by much less during housing
recessions than during regular recessions. This is because in housing recessions deposit
supply by banks also shrinks. The convenience yield contained in deposit rates is 0.78%
on average (line 21), and rises in housing recessions when deposits become scarce. Mort-
gage spreads for young households are much higher at 2.7% than those of middle-aged
households at 0..07%, primarily due to large differences in risk (lines 22-23). At 1.24%,
almost half of the mortgage spread for the young is a risk premium (line 24). The risk

premium on young mortgages is highest during housing recessions.
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Consumption. The consumption distribution reflects the income and wealth distribu-
tion between generations (lines 26-28). Consumption fluctuations are mainly driven by
endowment shocks, with aggregate consumption in regular and housing recessions being
roughly equal. Larger deadweight losses from bankruptcies in housing recessions are off-
set by less expenditure on housing maintenance due to lower house prices (lines 31, 33).
While consumption growth of the young is more volatile than endowment income (3.07%
vs. 2.7%), middle-aged consumption growth vol is lower (2.25%). The young prioritize

asset accumulation though levered exposure to housing over consumption smoothing.

4.2 Response to productivity and housing risk shocks

Next, we will examine the how the economy reacts to endowment (productivity) and
housing risk shocks. Figure 1 shows impulse response functions to a pure negative en-
dowment shock (blue) and the combination of a negative endowment shock and a hous-
ing risk shock (red). By construction, the blue and red lines coincide in the top left panel
of Figure 1. However, as can be seen from the second panel in the top row, housing risk
spikes during housing recessions, and reverts to normal levels over ten years on average.”
Consumption of agents is primarily driven by endowment shocks, and the differences in

consumption responses are small.

However, as can be seen in the bottom right panel, housing recessions cause a large
reallocation of housing capital from young to middle-aged borrowers. This is mainly
due to a strong wealth effect: young households have much greater exposure to house
price risk than middle-aged households due to their high leverage. As house prices drop
in housing recessions, young households lose more wealth than middle-aged, and sell
housing capital.

We can see the large drop in house prices during housing recession in the top left
panel of figure 2. While households increase leverage in regular recessions, they reduce
leverage in housing recessions. Despite the sharp deleveraging of young borrowers, the
mortgage spread they face spikes during housing recessions, while it remains flat in reg-
ular recessions. Middle-aged households reduce leverage so aggressively relative to the
baseline that their equilibrium mortgage spread declines. The difference in responses
of young and middle-aged households highlights the differing degrees of financial con-
straints the two generations face. Young households have large exposure to housing risk

and low wealth. When mortgage borrowing becomes more expensive, they are not only

7Recall that o is a two-state Markov chain with the average duration of a high-housing-risk episode
being 4.5 years.
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Figure 1: Regular vs. housing Recession (part 1)
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Blue: regular recession, Red: housing recession. The generalized IRF plots are created by simulating the
economy 10,000 times for 25 years, and plotting the average path of variables. The simulations are initial-
ized at the ergodic distribution of the endogenous states, the mean income level, and in the low-housing-
risk state 7. . The plots indicate deviations from the unconditional path in levels.

forced to delever, but also shed housing capital. The more wealthy middle-aged are less
affected by reduced mortgage borrowing. They simply re-optimize their portfolio to be
less levered, and buy housing capital cheaply from the young. As house prices recover,
the earn large returns. During regular recessions, the deposit rate exhibits the typical
properties of the riskfree rate in an endowment economy: it rises sharply to increase sav-

ings demand. However, the rate drops in housing recessions.

The reason for this difference can be seen in figure 3. In housing recessions, the mort-
gage default rate (top left) and the loss rate on the mortgage portfolio of banks (top mid-
dle) spike sharply, and then drop back quickly as consequence of households delever-
aging. Bank equity is depleted by more than 50% relative to its baseline level following
these losses (bottom middle). The banking sector shrinks, reducing both assets (top right)
and liabilities (bottom left) sharply as a result. The recovery of bank equity takes sub-
stantially longer than the mean-reversion of the shocks due to equity issuance costs. The
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Figure 2: Regular vs. housing Recession (part 2)
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Blue: regular recession, Red: housing recession. The generalized IRF plots are created by simulating the
economy 10,000 times for 25 years, and plotting the average path of variables. The simulations are initial-
ized at the ergodic distribution of the endogenous states, the mean income level, and in the low-housing-
risk state 7. . The plots indicate deviations from the unconditional path in levels.

net dividend paid by banks (bottom right) remains low for more than 15 years following
the initial shock during a housing recession, reflecting the slow build-up in equity. The
dynamics of the banking sector are in stark contrast to regular recessions, during which

bank equity and dividends increase, and the banking sector expands slightly.

4.3 Bank equity, leverage, and housing booms

The results of the previous section suggest that the interaction between household lever-
age and constrained credit supply from intermediaries is a powerful amplification mech-

anism in housing recessions.

Role of bank equity. To further isolate the effect of bank equity capital as state variable
on equilibrium dynamics, we analyze the effect of an unanticipated reduction in internal
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Figure 3: Regular vs. housing Recession (part 3)
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Blue: regular recession, Red: housing recession. The generalized IRF plots are created by simulating the
economy 10,000 times for 25 years, and plotting the average path of variables. The simulations are initial-
ized at the ergodic distribution of the endogenous states, the mean income level, and in the low-housing-
risk state 7. . The plots indicate deviations from the unconditional path in levels.

bank equity, similar in magnitude to the losses banks suffer in a housing recession.

Figure 4 illustrates the pure effect of a loss in bank equity. In the initial period, there
is an unanticipated drop in bank equity by approximately 30% (bottom left), a somewhat
smaller drop than what banks experience in housing recessions. Having less equity to
back deposits, banks need to raise mortgage rates, and households need to cut back on
borrowing. Total mortgage debt declines by roughly 1/3 of the decline in housin reces-
sions. House prices also fall, albeit by a much smaller magnitude than during housing
recessions. As house prices drop by less, there is only a smaller wealth effect for young
households, and less reallocation of housing capital from young to middle-aged, which

in turn is consistent with the smaller drop in house prices.

Overall, figure 4 shows that the bank balance sheet effect has quantitatively large ef-

fects on credit supply and household leverage. It also clarifies that the deep fall in house
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Figure 4: Effect of reduction in bank equity
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The generalized IRF plots are created by simulating the economy 10,000 times for 15 years, and plotting the
average path of variables. The simulations are initialized at the ergodic distribution of the exogenous and
endogenous states. The plots report the evolution of variables in levels.

prices during housing recessions (figure 2) is mainly caused by the combination of low
income and high housing risk shocks. These shocks jointly diminish the viability of
mortgage borrowing for young households, forcing them to shed housing capital to the

middle-aged, who in turn have a lower marginal valuation of housing.?

Increased demand for safe assets. To which extent can greater demand for intermedi-
ation services in our model explain a boom in housing and mortgage debt? To answer
this question, we simulate the economy for a specific sequence of shocks. The simulation
starts at the ergodic distribution of all state variables. Then the economy experiences two
unanticipated shocks: (i) an increased demand for safe assets, implemented as a higher

8Interestingly, it is the combination of both shocks that causes large housing recessions in the model. A
pure housing risk (i.e. second moment) shock, has effects similar to the unanticipated reduction in bank
equity in figure 4. As discussed above, a pure endowment shock does not lead to a contraction of the
banking sector.
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marginal valuation of deposits (¥, ™), and (ii) a lower transition probability to a high
housing risk state. After these shocks, the economy experiences average endowment in-
come and the low-risk housing state for 6 consecutive years (a highly likely sequence of
shock realizations to occur). In year 7, the exogenous state switches to low endowment
and high housing risk, i.e., a housing recession. After that, the simulation progresses
stochastically for 8 more years as the economy recovers.

Figure 5: Housing boom and bust
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The generalized IRF plots are created by simulating the economy 10,000 times for 15 years, and plotting the
average path of variables. The simulations are initialized at the ergodic distribution of the exogenous and
endogenous states. All simulations have the same sequence of shocks for the first seven years, which are
six years of average endowment and low housing risk realizations, followed by a housing recession (low
endowment, high housing risk) in year seven. The plots report the evolution of variables in levels.

Figure 5 shows the response of the economy to this sequence of shocks. The blue line
considers only an increase in the demand for deposits, calibrated such that the deposit
rate drops to zero. The red line considers in addition a reduction in the probability of
transitioning to the high housing risk state by 3% (from .05 to .02). Both shocks have a
strong positive effect on house prices and mortgage debt, triggering a credit-fueled hous-

ing boom. House prices rise by 17% and mortgage debt almost by 30% in the simulation
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with both shocks. As banks expand lending, they need to build up equity to satisfy their
solvency constraint; however, perception of lower risk (red vs. blue line) causes them to
build up a smaller equity buffer. The combination of both shocks leads to an endogenous
relaxation of leverage constraints on households, causing a significant build-up of risk in
the system. When the housing risk shock hits in year 7, the mortgage default rate spikes
at 15%, almost doubling compared to a “standard” housing recession in the IRF plots of
tigure 3. House prices and mortgage debt almost completely fall back to the pre-boom
levels during the ensuing crisis. Bank equity plummets, and both types of households
aggressively delever. Young borrower leverage drops below its pre-boom level, while

middle-aged leverage only stays elevated.

Figure 6: Housing boom and bust
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The generalized IRF plots are created by simulating the economy 10,000 times for 15 years, and plotting the
average path of variables. The simulations are initialized at the ergodic distribution of the exogenous and
endogenous states. All simulations have the same sequence of shocks for the first seven years, which are
six years of average endowment and low housing risk realizations, followed by a housing recession (low
endowment, high housing risk) in year seven. The plots report the evolution of variables in levels.

Figure 6 shows that both the boom and the bust cause a reallocation of housing capital

and wealth from young to middle-aged households. Even though young households
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increase leverage and housing wealth during the boom, they reduce their consumption
of housing due to the strong rise in housing prices. The middle-aged profit most from
the rise in all asset values as they hold most the economy’s wealth. Consequently, they
increase consumption of both housing and non-durables. Interestingly, the bust leads
to a further reallocation of housing from the constrained young to the wealthy middle-
aged. The two bottom right panels illustrate the effect on mortgage spreads: despite the
large rise in default risk of young households during the boom period, mortgage spreads
only rise very little when both shocks are considered (red line). This is consistent with
the view that mortgage spreads during the housing boom only imperfectly incorporated
the increased riskiness of mortgages, as for example argued in Justiniano, Primiceri, and
Tambalotti (2017).

5 Conclusion

The key feature of our model is that the supply of credit to borrowing constrained house-
holds depends on the risk taking capacity of financial intermediaries. As a result, when
tinancial intermediaries are distressed, constrained households endogenously choose to
reduce their mortgage leverage and must cut back on their consumption. This connection
between the health of the financial sector and real economy gives us a novel propogation

mechanism for shocks to the financial system.

In our first quantitative counterfactual, we find that an increase in mortgage defaults
inhibits the ability of intermediaries to create safe assets and thereby leads to a low in-
terest rate. In addition, the depletion of intermediary equity due to these losses lead to
deleveraging and a reduction in consumption by the most constrained households, as
well as a drop in house prices due to their reduced collateral value. We also find in a
second similar exercise that an exogenous reduction in the equity capital of intermediary
leads to an increase in mortgage spreads, a decrease in mortgage leverage, a decrease in
the consumption of the most constrained households, and a reduction in house prices.
Finally, we use our model to show that a growing demand for safe assets leads to many
teatures of the housing and credit boom of the 2000s and increases the severity of future
tinancial crises after a shock to mortgage default. In particular we find that an increase in
the demand for safe assets induces intermediaries to expand their balance sheet and make
riskier loans, which induces households to borrow more and boosts the consumption of
constrained households. However, after an increase in mortgage defaults, this increased

size and riskiness of the financial sector leads to a more severe drop in household lever-

34



age, consumption of constrained households, and house prices.

Broadly speaking, our model implies that shocks to intermediary capital emphasized
by the intermediary asset pricing literature building on He and Krishnamurthy (2013)
cause a negative credit supply shock that induces households to delever and consume
less as emphasized by the literature following Mian and Sufi (2011). Our model therefore
has a novel transmission mechanism of distress from Wall Street to Main Street, because
leverage is endogenously determined. Going forward, we hope to enrich the general
equilibrium effects of this transmission mechanism by making several features of our
model endogenous. First, the fact that we have an endowment economy does not let us
consider effects on output. Second, adding nominal rigidities would allow us to study ad-
ditional mechanisms by which aggregate demand can affect output, which may feed back
onto the health of the financial sector. Third, our current model of mortgage borrowing
misses the fact that mortgages are long term and can only be refinanced when homeown-
ers have sufficient home equity. Finally, liquidity constraints both for households and
financial intermediaries can allow us to study aspects of the crisis ranging from banking
panics to liquidity driven defaults on mortgages.
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A Model

A1 Proofs
A.11 Proposition1

In order to use variables that are stationary if the economy grows at a trend rate g, we
renormalize the choices (cM,sM,dM, mM) as well as prices (P;, p!), and the bank dividend
xl. The rent pM, interest rate ¢, and housing and equity shares (hM,bM) are stationary
variables along such a balanced growth path. This gives first order conditions that are
more conveniant for computation, and the validity of our proof does not require us to

assume such a stationary equilibrium exists.

Thus the full problem of the middle-aged along a balanced growth path (i.e., detrended
by Yt) is

M\1—6 (M6 1—7
VMM 2) = max \GEDTIET) tp(dlM_)l,Y”

cM,sM aM 1—7
+ B(1 — 7")E; [Gl_”Ymax {VM(w?jIr’fd, Zi1), VM(wﬁ’f, Zii1) H

t 7t
+ BreME: |61 max {uC (w1, Zi0),uC (@), Z0) } | (14)

subject to the budget constraint

M

d
wit = +prst + 1 (P — o) + pib + e — g () mY

and the definition of next-period wealth for non-defaulters

M

fw My I ny
+ by (priq + xe41) — ol

w7 =(1- 5H)Pt+1€t+1ht G

t+1

and for defaulters

dM
Wﬁf = (1= AL +bM(pfg + xi1)),

G
where we have defined the growth factor G = exp(g).

Denote the savings of a middle-aged household by

M

d
St =W (P = pt") + pibt + e — g (i
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Further define the portfolio return conditional on defaulting and not defaulting, respec-

tively, as
wM’j
M/j . t+1 ;g
Rt—l—l_ S—M, ]—d,nd,
t
where

Mnd ~ N B A
RH{Z =G(1- ‘SH)PtJrleMlhiM — "+ dM + G(P{H + xtI—H)bi{\A

M,d 3 7
R/ = diw + G(P%Jrl + xtI+1)b£VIr

and we have defined quantity portfolio shares /M = pM/SM pM — pM/SM M —
dﬁVI/SM, and n%fw = m{VI/SfVI.
The usual results for Cobb-Douglas utility functions imply that the optimal expendi-

ture on non-durable and housing services consumption are

et =(1-0)(w" — s, (15)
=l — s, (16)
Ot

We conjecture that the value function on the right hand side of equation 14 has the

form
VM (M, 2,) = oM(z) W

as in (3), where v™(Z;) only depends on aggregate states exogenous to the individual
household. We want to then show that the value function must also take this form on
the left hand side of 14. That is, we show that the Bellman operator of the middle aged
household’s problem maps functions that are homogenous of degree 1 — <y to functions
that are homogenous of degree 1 — 1.

This allows us to rewrite the value function as

oMz 1—y B
VM(wM, 2) = max O ,;) (th—sfM) + (ST AM(2y),
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where we defined the portfolio choice problem per dollar of savings

dAM)l—'y
AM(z) = @)
(21) MY
(RM,nd)lfry (RM,d)lfry
+ BE; | max { T o - ” (TMC(Z11) + (1 — TM)oM(Z,41))
(17)
subject to the budget constraint
iM
L= 0" (P = o) + pib o+ - — ™ (@) (18)

o\ 1=
and where @M (Z,;) = ((1 — )1 <piM> ) . The last term of the portfolio budget con-
t

straint (18) uses the property that the mortgage price 4 (&) is homogeneous of degree

zero, conditional on the conjectured value function.

Taking the first-order condition with respect to SM and solving, we get

M _ ((1—y)AM(Z)V/7 N
Sy = @M(zt)l/v +((1— «Y)AM(Zt))l/,th ) (19)
:B&r(zt)

Equation (19) implies that all middle-aged households save the same fraction of their

wealth, with this fraction given by BM(Z;).
Reinserting this solution for SM into the value function gives
M\1—v
VM(wf\/I’ Zt) _ (wt )

oMz (1-BM(2)) T+ (1 Az (2017

This confirms the conjecture from (3) with
1—y
oM(z) =Mz (1-BM(2)) +(1-1AM(Z)BY(Z)' . (0)

Note that equation (20) is a recursion in v™( 2;), since AM(Z;) depends on the expectation
of UM ( Zt+1 ) .

Since the optimization problem in (17) is independent of individual wealth, all middle-

aged households choose the same portfolio and savings shares, irrespective of their level
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of wealth.

A.1.2 Proposition 2

As for the middle-aged, choices (c,s), m),d)) grow at the trend rate g. Shares 77 of the

endowment income are stationary.
Thus the detrended problem along the BGP of a household in the young generation is
Y\1-60 /.Y \0)\ =7 Y\1—
p 08 Lt
VY(wf, 2) = max ((e)~"(st)°) + 1,b< )
et st ' om ) 1= 1=
+B(1— nV)E, [G1_7max {VY( WX, Z00), VY (w5, th)H

4 Zi), VM M, Zt+1)}] ,

+ B'E, [GHmax {VM(

i1 t+1
subject to
Y Y | LYY YNLY Y YN, Y df
wp =c¢f +prsp + (Pr—pp )b —q (ap )my +1+7’t’

Y
t+1

time. Next-period wealth conditional on defaulting is

and where €/, ; is an idiosyncratic default penalty that is i.i.d. across households and

%
yyd d
Wi = Et +(1-A) Yy 41T Pt+1)’7t /

dY
! = L+ A=A A=Yl

Next-period wealth conditional on not defaulting is

Y Y
YY nd m d;
wt+1n = (1- 5H)Pt+1€z+1h2( - Gt + = G + (VY + P2(+1)’72(r
YM,nd m} df v Y
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Denote the savings of a young household by

Y
1+

S =h (P —p{) + +uipl =" (@))m

Further define the portfolio return conditional on defaulting and not defaulting, respec-
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tively, as

R

Ykj _ t+1
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t

for j = d,nd and k = Y, M, where
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and we have defined quantity portfolio shares 1} = kY /SY,dY = dY/SY, m) = m)/S!,
and 7} /S .
The usual results for Cobb-Douglas utility functions imply that the optimal expendi-

ture on non-durable and housing services consumption are
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as in (4), where v¥(Z;) only depends on aggregate states exogenous to the individual
household.

This allows us to rewrite the value function as

oY (z 1—y
VM(w), Z;) = max ©(2) (w}” — SZ) + (SHI-7AY (2y),

sy 1—7
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where we defined the portfolio choice problem per dollar of savings

dAY)l—'y
AY(Z;) = max (t—
(Z1) 2 v
(RYY,nd)l_'y (RYY,d)l—'y
+ B(1 — ¥)E; [max { tirl_ — t1+1_ y 0¥ (2141)
(RYM,nd)l—'y (RYM,d)lfy
+ pr'Er [max{ T e, O E) (23)
subject to the budget constraint
Py Y 1y Y Y Y (AY\ Y
1=h (Pr—pf)+ + i pr —q (& )i (24)

1+Tt

o\ 17
and where @Y (Z;) = ((1 —9)1-? (%) ) . The last term of the portfolio budget con-
t

straint (24) uses the property that the mortgage price q¥ (a)) is homogeneous of degree
zero in household wealth and savings, conditional on the conjectured value function,

such that ¥ (&)) = g¥(«)), see also proposition 4.

Taking the first-order condition with respect to S} and solving, we get

Y _ (1—q)AY(2)V7 y
St - S@Y(Zt)l/’)/ + ((1 — IY)AY(Zt))l/'th . (25)
:B;r(zt)

Equation (25) implies that all young households save the same fraction of their wealth,
with this fraction given by BY (Z;).

Reinserting this solution for SY into the value function gives
g t g

a)' 1

Vil 2) = G2 |ev(z (1-8Y(20) T+ (- mAY (@082

This confirms the conjecture from (4) with

1—y

0"(21) = 0"(2) (1-BY(2))  +(1-7)AY(Z)B" (20", (26)

Note that equation (26) is a recursion in v ( Z;), since AY (Z;) depends on the expectation
of UY (Zt+1)-
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Since the optimization problem in (23) is independent of individual wealth, all young
households choose the same portfolio and savings shares, irrespective of their level of
wealth.

A.1.3 Proposition 4

Proposition 4 was proven in the main text taking as given the stochastic discount factor
of the intermediary. In this proof, we derive the intermediary’s stochastic discount factor
from its optimization problem. As above, we normalize all variables to grow at a rate
G = exp(g) each period so that the first order conditions we derive are consistent with a
balanced growth path. The proof does not assume this balanced growth path exists, but
this provides expressions useful for the numerical solution of the model. The detrended

value function is

VI(et, Zt) = max Ter — It — Kltz + Et [GMﬁlvl(etH, Zt+1)i| ,
1Dy, N) ,NM 2

subject to the budget constraint

_ D
(1—7)es + 1t — C(I1, Yi) + 7 +trt = N'q"(a}) + NMgM(a}"),

the transition law for equity
er11 = <NtY,Pt¥|—1 +NMPY, - Dt) /G,
and the regulatory capital constraint for the worst-payoff state next period
Dy < (1= 8)N/P¥(z) + (1 = 2" )NMPY(z,). (27)

The regulatory capital constraint is effectively an endogenous leverage constraint.

The Lagrangian form of the problem, with Lagrange multiplier ! on the (occasion-

ally binding) regulatory capital constraint and multiplier x/ on the intratemporal budget
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constraint, is

max  te; — I; + E; [GMt Myl (N,_Y P, + NMPM, — Dt) /G, zm)}
I;,Dy,NY ,NM

4 [Dr = (1= NP () - (1 - eM)NMPM(z,) |

X Dy
f (L=t = S 20— (N (o) NI )|

Assets held by the intermediary have value for two reasons. First, their payoff in the worst
aggregate state loosens the regulatory capital constraint of it is binding. Second, assets
provide wealth in the future, which is valued by a stochastic discount factor determined
by the intermediary’s shadow value of equity. Taking the FOC for issuance I;, the shadow

value of internal funds is ,
I _
Y

Hence, the marginal value of equity is

oVi(e, Zy)
aet

1 —
:T+(1—T)K{:T+1 XTI'
— Xl

We define the intermediary’s shadow value SDF (which captures only this second

source of value) as

1-71
M{Jrl = Mi{\—/{—l(l —Xlt) (T+ m) .

Letting ! = ul (1 — xI;) be a renormalization of the Lagrange multiplier on the con-
straint (27), the FOCs for deposits and loans are

1

1+r = pi +E [MHJ (28)
(af) = uiPM(z,) +Ei [Mt—i—l’PH—l} (29)

V() = wPY(z) + B [ ML Pl - (30)

The first-order conditions (29) and (30) define the mortgage pricing functions faced

by borrowers, ¢/ (« ) which depend on mortgage payoffs P/ . From the definitions of

t+1°
these payoffs in (8) and (9), it is clear that they depend on borrower choices through

the inverse mortgage leverage ratio Pt+1hi / mi, and default thresholds which depend on
jnd
t+1
1 and 2, these payoffs are homogeneous of degree zero in borrower wealth. Individual

choices through ratios of non-default to default wealth w/’, ;/ wt 't1- Then by propositions
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borrowers choose identical portfolio shares of wealth, thus keeping these ratios indepen-
dent of wealth levels.

A.2 Characterization of Portfolio Problems
A.21 Middle-aged

First-order conditions. The structure of the portfolio choice problem in (17) clarifies that
there is a single default threshold for middle-aged éi\frl, i.e. it does not depend on whether
the households stays middle-aged or turns old. Attaching the Lagrange multiplier 2 to
the portfolio budget constraint (18), the first-order condition for the portfolio shares of

deposits is

Wy — ) ey = gy 4 B [ (000 (2000) + (1 - )M (210
t
( / o (R 1M, () + EM. 1 (M) (1 - A)(Rﬁf)-v)] , (1)
t+1
and for bank equity it is
(ot — 2T CED ity — B, [(M0°(Z010) + (1= 7)o (2010))

t

(Phir + xii1) (/M (R (€)M, 1 (€) + FM 1 (e8f1) (1 - /\)<Rff¥f)7>] : (32)

Housing and mortgages only pay off in the non-default case. Further, the mortgage
price g™ (hM, mM) depends on both choices, and households internalize the effect of their
choices on this price. Thus the first-order condition for mortgages is

agM (&)

Gy et =
t

i

,BEt (nMUO(Zt+1) + (1 — ﬂM)UM(Zt+1)) /: (Ri\i’{‘d(e))_'dee]\’/g_H (6) , (33)

€11
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and for housing we get

M(p, _ oM _ %0 (&) oy

fit" (Pt — py ahg\/j i)

ﬁEt (TIMZ)O(Zt+1)+(1_TIM)Z)M(Zt+1))(1_(SH)pt+1 [M (R?{I’_/?d(e))_’deé\l/{+l(€) ,
€11

(34)

SDF of representative household. Since the solution to the optimization problem of
middle-aged households scales in wealth (see Proposition 1), we can construct the stochas-
tic discount factor of a representative middle-aged household. To do so, first note that the

growth of wealth of any middle-aged household, conditional on the default decision, is

given by
M,j MpM,j M Mj_ M
wyy  SPR; B (Zf)Rt+1wt _ BM(Z )RMJ
M M M - U
Wy Wy Wy

for j = nd,d. Thus the SDF conditional on not defaulting is

M Mndy —
MM,nd_ (B (Zt)RH?) 7

t+1 Z]M(th)

(AM00(Zi0) + (1= 2M)oM(20)), (39)

and the SDF of defaulters is

(BM(Z)R1) "

?)M(Zt)

MMA — g

i (M0 (Z141) + (1 = PM)oM(21)),

The default threshold is

1
(1= 6p) PryrhM

éﬁl = (mt = A(dM + bfw(pfﬂ + X¢41)))

Then the SDF for discounting payoffs that do not depend on the default decision (deposits
and bank equity) is

* Mond - M,d
MM, = / M () (€) + E2H(EM) (1 — AM)M LY. (36)
€

t

Excess return equations. We can use the definition of the SDF in (35) and (36) to write
the first-order conditions (31) — (34) more compactly. First, we note that the multiplier ﬁiw
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is the marginal value of wealth per dollar of savings, which using (3) and (19) implies

At = (@) B M(Zy).

Dividing both sides of the first-order conditions by this expression gives

e = St @B (20) 7+ M) @7)
pr — gy (&) = [Mﬁl(pt—&-l + xt+1)} (38)
g™ (@) + gl (&) = pE: [EM(@) MY (39)
P — o' — mt'qp" (&) = BE; [FeM YMM (1 — ‘SH)Pt—I—l} (40)

Note that equations (37) — (40) only characterize the relative portfolio shares of assets
that middle-aged household invest in. To fully characterize the complete savings and
portfolio choice problem of the middle generation, we can reduce these equation to three
excess return equations by first defining the effective returns to mortgage borrowing and

housing
1
RM - ’
S CURRT D
and
R _ G (1 - 5H)Pt+1
e P — ot — Mg (&)’

and the return to bank equity

I I
Pir1 T X

~M_ M/ AM\’
—myq, (‘Xt )

M
Rt+1e = GPI
t

and deposits
1+7r;

— (U ro)mayt (")

Ry = 1

Then the excess return restrictions are

0= ( A (deBM(Z1))~ "Ry 4+ B [Mt+1(Rt+1 4 — R e)] (41)
[ (& )Mf\:{fd(Rtﬂ n— RY h)] (42)
[ M (e )M?j—{lthJrl »— MYLRM e] : (43)
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Jointly with the optimal savings choice (19) and the recursive definition of the value
function (20), these equations fully characterize the dynamic problem of the middle-

generation.

Mortgage pricing function derivatives. To compute the effective returns on all assets,
we need to calculate the derivative of the mortgage pricing function g™ (aM) with respect
to the elements of &M. The first step is to differentiate the payoff function (8) with respect
to these portfolio choices. We first define the home equity per dollar of mortgage debt of

the marginal defaulter after bankruptcy losses

w (=81 = 5P hMel,

€ = L.
+ mg\/{
Then we get

oPMy _ fAENDE FMEM (1 )1 _5H)Et(€M|eM < &M )Py hM

— t ’
omM (1= 6p) Pyt S (mi")?
OPy 1-¢ (% oy Gr(E)?
anM = (1-0n)Pr11 L /0 €Fet1(€) = fer+1(8¢4) (= o) Prah¥ |’

M aM A\ M

Pty _ (M) €t
ot T (1= 6) Py T
aPtIYIH = —for(eM )éi\iﬁ‘M(P{H + Xt41)
M ST (1 )Py M

For any argument ¢ of the mortgage pricing function 4™ we have that

aqM(“iw)_ IaPM(Zt) I aPtA«/IH
ot My TR Mia—

Together with the first order conditions above, this characterizes the portfolio choice prob-
lem.
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A.22 Young

SDE. We can construct the SDF of the young conditional on the default decision j = nd, d
and on the transition status k = Y, M similar to the middle-aged as

vkj  ,(BY (Z)Rﬁf) v/(Z141)

Mt+1 - IB UY(Zt)

Hence the SDF for assets that only pay off in the non-default state, namely housing

and mortgages, is

Youd _ ®  YMnd YY,nd
Mt+nl - nY/éy/ Mt+1n ( )dF t+1( )+(1_7(Y) [Y MH—ln ( )Fet+1( ) (44)

11 €t+’1

and the SDF of defaulters is
Y, nd YM,d YY,d
MY =7 Y(1—-AYFY t+1(€t+l )Mtﬁ +(1—-7)(1-A")FY t+1(€t+1)Mt+1 .

The SDF for discounting payoffs that do not depend on the default decision or the age
transition (deposits) is

Yud 4 prvd
My = M+ M. (45)

We can also construct SDFs for discounting the endowment payoff that condition on the

age transition status, but not on the default decision

t+1
Yk
€11

Mk = <1—nY>“'<—”<nY>“’<—M][ MIFM (e)dFE, 1 (e) + (1 — AVEY (e b )M,

(46)
fork =Y, M.

First-order conditions. The portfolio problem of the young is analogous to that of the
middle-aged. Using the SDF definitions in (44) and (45), the first-order conditions are

-l = S B (20) T+ p @)
7" (&) + i gy (&) = BE: M7y (48)
P~ pzf i gy (8)) = BBe [ M (1~ 61 Prya | (49)
pl — gy (&) = PE; [ Y+ pia) F MM =) Y + Bto+1)] (50)

52



Again as for the middle-aged we can reduce the system of Euler equations (47) — (50)

to three excess return restrictions

» Y nd
0= vYébZt) (@Y BY(20) TRY, 1 4+ BEs [MYARY, 1 — MYZRY, ] (51)
Y nd
0 = BE; [Mt-ﬁ (R%rl m Rt+1 h)] (52)
Y nd
0 = BE; [Mt+nl RYL — MR, — MR 17] (53)

where we have defined the effective returns to mortgage borrowing and housing for
young households as

and
(1 —6H)Prq

Py —pf —miq) (&))

and further the effective return to deposits

Y
Ripip=6G

R 1+
ST (g )i ) (&))

and to endowment shares fork =Y, M

VY1 + P}/H
pi —miqy (&)
(I =v)Yia + B
pi — ) Ty y@y)

Rt+1 N

R'M

t+1 17

Mortgage pricing function derivatives. To compute the effective returns on all assets,
we need to calculate the derivative of the mortgage pricing function g¥ (&)) with respect
to the elements of &). The first step is to differentiate the payoff function (9) with respect
to these portfolio choices. We first define the home equity per dollar of mortgage debt of

the marginal defaulter after bankruptcy losses

Ayy (1 - 6)(1 - 5H)Pt+1hzéz—zl

-1
t+l ,
my
and
éYM o (1 _é)(l_éH)Pt_Hht €t+1 1
1 = -y ,
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Then we get

P}, fia A Piah
_ , —F 1 (1=8)(1—dn) X
oml  (1—0op)Peahy (m)?
IPY pr 106 B
5P FY _ et+1 ,
oY ( #) P | Fepa m!  (1—06y)Prah)
8732;1 _ _]?Y /\Y
odY (1 — o) Priah)”
) +11;
BPtAﬁl _ _;Yt i A
o Y (1= 0n)Peahf

where we use the auxiliary functions

Y Y (M <YM\ AYM YN Y (=YY \AYY
feri1 =T for1(€0)é0 + (L =70 fe i1 (81110,
YM

Y Y ét+1 M Y éfyfl Y

B =n [ erat+ =) [Terl(e)

2% Y M [ 2YMyAYM [ <YM\2 Y\ £Y ZYY \AYY (=YY \2
fe,t+1 =TT fe,t+1(€t+1)€t+1(€t+1) +(1-m )fe,t+1(€t+l)€t+l(€t+l) ’

by Y Y My 2 ol Yy £Y (S \AYY Y
fera = o@D (1= v)Yeur + BPy) + (1= ") foy 1 (858 (VY + pia).
For any argument ¢ of the mortgage pricing function g¥ we have that

apy(Zt) 8732;1] ‘

99" ()
t 50 HE [ Mia—y;

ol

_ 1
— It

Together with the first order conditions above, this characterizes the portfolio choice prob-
lem.
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