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Introduction

Goal

» We develop a CLT for network statistics,
1 n
= Xi, Xn, W, A),
- ; W )

where

» X; is a vector of homophilous attributes of node i,
> X,, = {Xl,...,X,,},

» W is the set of all other node attributes,

» A = [Aj] is the observed network on n nodes.

> A simple example is

(X, Xoy W, A) = 3 Ay
i

N)
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Introduction

Contributions

We derive conditions under which
d
\FZ i — E[vi]) = N(0,07).

A key high level condition for the large-network CLT for dynamic network
moments is (i) “stabilization” condition (e.g. Penrose (2007), Penrose
and Yukich (2005), and Leung (2018)) and (ii) bounded moments of ;.

We apply our results to

> nonparametric bounds on the average structural function of
dynamic network formation,

» network regressions (not today),

» treatment effects with network spillovers (not today).

We provide lower level conditions for “stabilization” in each application.

We also propose inference procedures for E[v;] (not today).



Introduction

Related Literature

Leung (2018), Menzel (2016): Law of large numbers for static models
with strategic interactions.

Estimation of subgraph and exponential random graph models: Boucher
and Mourifié (2015), Chandrasekhar and Jackson (2015).

Estimation of dyadic link formation without strategic network formation:
Dzemski (2014), Graham (2017).

Estimation static models of strategic network formation: Leung (2015),
Ridder and Sheng (2016)

Bayesian approaches: Christakis et al. (2010), Mele (2017).

Large matching models: Agarwal and Diamond (2017), Fox (2017),
Menzel (2016).

Dynamic network models: Kuersteiner and Prucha (2018, dynamic spatial
panels), Graham (2016, point identification, parametric)

Proof of CLT draws heavily from techniques in Penrose (2003) and
Penrose and Yukich (2001, 2003).
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Application to Dynamic Model
Setup and Object of Interest
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Main Result

41



Application to Dynamic Model Setup and Object of Interest

Dynamic Network Formation Model |

Notations:
» No:={1,...,n} is the set of nodes.
» Each node i is endowed with a type (X}, Z;).

» X; e RY: “position” of node i. It is a latent, continuously distributed,
time invariant characteristic.

» Zi .= (Zpo, ..., Zit): observed, potentially time varying attributes.
» Each node pair (/,j) are endowed with a random shock (j;.
Network on n nodes evolves from period t — 1 to t according to myopic

best-response dynamics: for every i,j € N,

Ao = L{V(r, HIX = Xl (g1, max Ak, t—1Ajk,t-1), Zit, Zit, Cije) > 0}.

Sij,t

Here,
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Application to Dynamic Model Setup and Object of Interest

Dynamic Network Formation Model Il

» V()
» V/(+) : is unknown.
» V/(-) is strictly monotonic in (j ;.
» homophily: V is decreasing in r, [ X; — X;].
» Homophily:
» Nodes homophilous (—r, 1| X; — X;|) in position.
» sparsity: r, — 0 at a certain rate.
» Examples: income, geographic location.
» Can also interpret more abstractly as positions in latent social
space, following latent space models (Hoff et al., 2002).

» Ajj,t—1 : captures state dependence.
> maxk Ai,t—1Ajk,t—1 : generates network clustering.

» Examples in literature include

6
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Application to Dynamic Model Setup and Object of Interest

Dynamic Network Formation Model Il

» risk-sharing networks in the rural Phillippines (Fafchangps and
Gubert, 2007)

» research partnerships in the biotechnology industry (Powell et
al, 2005)

» Graham (2016) discusses the policy implications of distinguishing between
incentives based on assortative matching (homophily) and those based on
strategic interactions.

> Network formation models are also useful for forecasting the effects of
counterfactual interventions ( Mele, 2017) and as selection models for
social interactions (Badev, 2013).
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Application to Dynamic Model Setup and Object of Interest

Initial Network

» Simple example: Ay follows dyadic regression model,
Ajo = 1{Vo(ry [I1X: = XjlI. Zio, Zjo, Cii0) > O} . (1)

> Interpret as random meeting process prior to creatation of social
connections.

» More generally, we can allow for strategic interactions similar to
dynamic model, except Sj;o depends on Ag, not a lagged network.
(Not today)
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Application to Dynamic Model Setup and Object of Interest

Application: ATE of Network Formation - |

» Goal: inference on ASF pu(s, z, z'), where
His.2.2) = [ 1{V(5.5.2,2.0) > 0}dF(5.0)

where F is the joint distribution of (r; | X; — X;|, Wj.¢).
» For notational simplicity, assume that V does not depend on (Zi, Z;t).
» Recall Sjj: = (Aje—1, maxk Ai,t—1Ajk,e—1).
» Examples of parameters of interests:

(i) (u(1,0)) — 1(0,0))/1(0,0) : nonparametric measure of state
dependence.
(i) (u(0,1)) — u(0,0))/u(0,0) : nonparametric measure of
transitivity.
» In general, these objects are not point-identified (e.g., Chernozhukov et
al. (2013)).



Application to Dynamic Model Setup and Object of Interest

Application: ATE of Network Formation - |l

» We follow the idea in Chernozhukov et al. (2013).

» Si(s) is the set of values of Sj; = (Sj,4, ..., Sij,7) for which the tth
component first equals s at time t.

» S(s) is the set of values of S; for which s is never reached between t; and

T.
> Define
Aj(s) = . 1{Sy € Se(s)} Ay, (2)
t=to+1
Pj(s) = 1{S; € S(s)}. (3)

» Chernozhukov et al. (2013) showed that
pue(s) < pls) < pru(s), (4)
for pue(s) = E[A;(s)] and pu(s) = pe(s) + E[Py(s)].

10/41



Application to Dynamic Model Setup and Object of Interest

Application: ATE of Network Formation - Il

» Using (4), we obtain the following upper and lower bounds on percentage
marginal effects:
pe(s’) — pu(s) _ pls’) = pls) _ pru(s') — pes)
Hu(s) 14(s) pre(s)

» We estimate the lower and upper bounds on the ASF using their scaled
sample analogs

fu(s) = = N Ags) and fuls) = () + - > Y Pi(s). (5)

i=1j#i i=1j#i

» Both fis(s) and [i,(s) can be written as averages
1 n
n 2

For example, for fi¢(s), ¥i = 3, Aji(s), a weighted degree of node i.
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Application to Dynamic Model Setup and Object of Interest

Application: ATE of Network Formation - IV

» We prove a CLT for general averages of node statistics {¢;}i—; of this
type under new restrictions on the model primitives that ensure weak
dependence.

» ATE of network formation: Fernandez-val and Weidner (2016) and Chen,
Fernandez-val and Weidner (2018) - parametric dense network formation
without network externality.
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Application to Dynamic Model Weak Dependence

Outline

Application to Dynamic Model

Weak Dependence
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Application to Dynamic Model Weak Dependence

Dependence Structure |

> For simplicity, we consider a two-period case, where to =0 and T =1,
and the node statistic is the degree in period 1, ¢; = Z,- Aj1.

» We consider asymptotics where T is fixed and network size n — 0.

> The key component in establishing asymptotics is understanding and
handling “dependence” between 1; and ;.

» An example:

13 /41



Application to Dynamic Model Weak Dependence

Dependence Structure |l

Figure: Dashed lines depict Ag, solid lines A;.

» Denote Ny, (i, K) is the K-neighborhood of node i in the network A;.
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Application to Dynamic Model Weak Dependence

Dependence Structure

> Evidently, 11 depends directly on Ny, (1,1) = {2,3,4,5}, but its actual
“dependency neighborhood” is larger due to strategic interactions.

» For example, consider the link Ai2,1. By the model specification, its
realization depends only on (X1, Z1), (X2, Z2), Ci2,1, and Ao, the latter
only through Na,(1,1) U Na,(2,1), which are those in the figure
connected by dotted lines to either node 1 or 2.

» Furthermore, if we were to remove all nodes from the network other than
those in Na,(1,1) U Na,(2,1), this would not change the set of links
formed by nodes 1 and 2 in Ao.

> It follows that Aj21 is invariant to the removal of
M\ (N (1,1) UNag(2,1)) from the network. The same reasoning applies
to A1k11 for k = 3747 5.
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Application to Dynamic Model Weak Dependence

Dependence Structure 1V

» The realization of %; is invariant to the removal of all nodes from the
model, other than members of the set

J=Na(b )V Nalh1), (6)

JENA (i,1)

which are all the nodes depicted in the figure.

> We call J; the relevant set for ;.

» Under a sparsity condition, the sizes of 1-neighborhoods are
asymptotically bounded.
— Hence, for any i, |Ji| = O,(1).

n

» Since J; effectively represents a dependency neighborhood, {¢;}/_; ought
to be “weakly dependent” (like a moving average in time series).

> We will show that 1; does satisfy one such notion, known as
“stabilization,” for which we can prove a CLT.
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Application to Dynamic Model Weak Dependence

Dependence Structure V

» Two crucial properties used in this argument are that T < o0 and the
initial conditions model has no strategic interactions.

> Finiteness of T is important.

» If T = oo, then even under sparsity, |J;j| = o a.s.

> In the general model, we accommodate the “long-run” T = oo case
by modeling the initial condition as a draw from a static strategic
network-formation model, which informally represents a draw from
the stationary distribution.

» Also, T < o0 is important because it justifies the claim used above
that potential links in Ap do not depend on the states of other
potential links in that network.

» With strategic interactions, potential links in Ay are now dependent,
so we require an additional weak-dependence condition that
controls the strength of strategic interactions.

17 /41



Main Result

Outline

Main Result
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Main Result

General Set up |

» Recall the general network formation model
Aje=1 {v (r;lux,- — X||, S, z,-t,zjt,g,-j,t) > o} .

> G = (G0 7))
» {(Xi, Zi)}ien and {Cjj}ijen are ~ i.i.d. and mutually independent.
> Xy = {Xf}?zl and W := {(ZHZJ:CU) : i7je~/\["}'

> For a universal constant x > 0, define the sparsity parameter
rn = (k/n)¥?, where d is the dimension of X;.

» X; are continuously distributed with density f.

18 /41



Main Result

Main Goal |

> We prove a CLT for statistics of the form

N X, W) = 30 €0 X, r X, W),
XeX,

where the node statistic £ has range R", specifically
02 (N X, W) — E[A(r, "X, W)]) =5 N(0,5)

as n— o0.
» In the dynamic model,

> Z,' = (Zio7 ey Z,‘T) and Cl'j = (C,‘j,o, ey CU,T)-
> Recall that the sample analogs of the ASF bounds are determined

by n~* Dy i, where ¥ = (Zj;ei AU(S),Z#,- Pi(s)).
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Main Result

Main Goal Il

» Write as (ry 2 X, ry 1 Xa, W, A), where A = (Ao, ..., A7) is the full
history of the network time series.

The first argument of v functions as the label i, since r, 1 X; is a.s.
unique to i given that positions are continuously distributed.

» Observe that A is a deterministic functional of r;1X, and W, since
positions only enter the model either directly through the
differences r; *||X; — X;|| or indirectly through attributes W.

» We can then define £(r; X, it X, W) = (r X, it X, W, A)
and

A X, W) = Z (X, 1 X, WL A).

XeXp

20 /41



Main Result

Stabilization Conditions |

Let X denote a generic element of A,.

Let Q(x, r) be the cube in R? centered at x with side length r.

Also for any H < RY, define

Wy = {(Zi,Z;,¢) - i,j € Na, ri 2 X, 17t X € HY.

We define Rg‘(r,,’lX7 rytX,, W) e Ry is a radius of stabilization for the

node statistic &(r, ' X, ry 1 X, W) if for any
H 2 Q(ry X, RE(ry 1 X, ry 10, W),

Er " X, X, W) = (' X 1 P X A H, Why)  as.

The radius of stabilization defines a “relevant set” of nodes

X N QrtX, Rz‘(rn_lX7 it X,, W)) (or more precisely, their
positions) such that the removal of nodes outside of this set does not
affect the value of the statistic &.
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Main Result

Stabilization Conditions I

» Given a radius of stabilization Rg‘, we say & is R?—exponentially
stabilizing if for some f, c,e > 0,

supP (R?(r,le, ot X, W) = r) < cexp{—cr}.

n>h

This implies Rz‘(rrle7 X, W) = 0,(1).

» Wesay € is Rg‘-externally stabilizing for radius of stabilization Rg‘() if for
all n, there exists R,(X) = 0 such that (a) R,(X) = O,(1), and (b) for n
sufficiently large,

Q (r;lx’,R;“(r;lx’,r;lx,,, W)) < Q(r X, Ru(X))
for all X’ € X, such that r, X € Q (r, " X', R¥ (r, ' X', r; ' X, W)) and

¢ (r,TIX/, r,:an A Q(r,TIXI, RX/)7 WQ(r,,’IX’,RX/))

# & (1 "X XA XD 0 QU X Rx) Woi o p ey ) (7)
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Main Result

Stabilization Conditions |

as., where Ry = RE(X', r, ' X, W).

> It states that removing the node positioned at X only affects an
asymptotically bounded number of other nodes’ statistics.

» The “affected” nodes are those positioned at X’ in part (b);

> the requirement r, ' X € Q (r, ‘X', RE (X', r; ' X,, W)) states that
X lies in the relevant set of X',

» (7) states that the node statistic of X’ is affected by the removal of
X.

» Whereas exponential stabilization limits the degree to which alters affect
the ego’s statistic, external stabilization limits the degree to which the
ego affects alters’ statistics.

> A radius of stabilization Rz‘ is increasing if for any n sufficiently large
and H € RY,

Rg(r,,_lx,r,,_lX,,, w) = Rz‘(r,,_lx,r,,_lX,, nH,Wy) as.
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Main Result

Stabilization Conditions IV

» This says that removing nodes can only shrink the radius of stabilization,
which will be trivially satisfied in our applications.
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Main Result

High Level Conditions |

The first is our main weak dependence condition.
» Stabilization - There exists an increasing radius of stabilization R"E“ such

that & is RZ‘—exponentiaIIy and -externally stabilizing.

» This implies that £(r; 1 X;, rr 2 A, W) will only depend on its arguments
through a “relevant set” of nodes J; € N, whose size has exponential
tails, uniformly in n.

> Relevant sets in our applications will consist of unions of the network
components of nodes in the K-neighborhood of i with respect ot a
certain latent network.

The remaining two assumptions are regularity conditions.

» Bounded Moments - sup, E[§ (r,TIX, X, W)a] < 0.

» Polynomial Bound - There exists ¢ > 0 such that for any n,
|E(X, rt X, W)| < cn€ ass.

25 /41



Main Result

Limit Variance |

Let Prr(x) be a homogeneous Poisson point process on RY with intensity

KF(x).
Let G € {{x,y}, {x}, &} for x,y e RY.
Let X denote a random, at-most countable subset of RY.

Conditional on X, we draw i.i.d. node-level attributes {Z(x") : x' € X}
and i.i.d. pair-level shocks {¢(x',y’) : x', ' € X} independently of the
attributes.

Let W*(X) = {(Z(x'), Z(y"),{(X,y) : X', y" € X}

The asymptotic variance will depend on node statistics of the form
§(X7Pnf(x) o G7 Ww)

Define the “add-one cost”

Zx = AN (Puro v (X} WP) = A (Pury, W) (8)

This measures the change in the network moments due to the addition of
a single node positioned at x.

26
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Main Result

Limit Variance |l

> Let
a= ~fE[Ex]f(x) dx,
> Define

2
(e

_ J E [g(x,mf(x>, W“D)?} f(x) dx

Rd
* HJ J (E [‘ﬁ(X:Pnf(x) Y {X7y}7 Woo)g(yvpﬁf(x) o {X7y}7 WOO)]
Rd JRd

-E [f(xupnf(x) Y {X}7 WOO)] E [f(y’Pﬁf(X) Y {y}’ WOO):I ) f(X)z dXdy'
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Main Result

Main Theorem

Theorem (CLT)

n—1/2 (/\(rn_l,)('n7 W) — E[/\(rn_an, w)]) 4N (o, o2 _ 042) .

Moreover, if =, has a non-degenerate distribution for any

x € supp(f), then o® > a?.
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Main Result

Proof Sketch

» Proof draws on several techniques for proving limit theorems for
geometric graphs (Penrose 2003, 2005, 2007; Penrose and Yukich,
2003).

» First prove CLT for “Poissonized” model, where we replace n with
N, ~ Poisson(n), independent of all other primitives.

» Poissonized model easier to work with because it possesses a
spatial independence property.

» Construct a martingale via spatial projections.

» Under the “stabilization” condition, we verify the regularity
conditions of the martingale CLT and the convergence to the
limit variance.

» In econometrics, Poissonization used to show convergence of
bootstrap empirical processes (der Vaart and Wellner, 1996).
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Main Result

Proof Sketch

» Then “de-Poissonize” and prove result for original process.

. . m " .. . P
» Poissonized model “close to” original model since N,/n — 1.

» However, Poissonization increases variance since
Var(n=Y/2N,) = 1.

> Need to subtract off appropriate term to obtain correct
asymptotic variance.

» Key high-level conditions for both steps are uniform moment
conditions and stabilization conditions, which formalize weak
dependence in this setting.
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Main Result

CLT for “Poissonized” Model |

Poisson Point Process: Xy, .

Step 1: Writing the moments as a martingale difference sequence using the

following spatial projection.

>

>

Let Q(x, r) be the cube centered at x with side length r.

Suppose that we partition the support of f into

QX1 )y eery @(Xkyy n)-

Observe that the number of the cubes, k,, is proportional to n.

Let F be the sigma field generated by elements of X}, that belong
in the set Q(x1,r) U ---u Q(xi, rn), where [ =1, ..., kn.

Let Fo be the trivial sigma field.
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Main Result

CLT for “Poissonized” Model Il

> Then by construction, we can represent the centered moments as a
telescoping sum

Nry * X,, W(Xn,)) — E(A(ry " X, W(X,)) Z&,

where
8y := E(A(ry ' X, W(Xn,)) | Fi) — E(A(ry ' Xn,, W( X)) | Fica).

By definition of d;, E(&;|Fj—1) =0 for all | =1,..., kn.
» Therefore, (8;, Fi)i=1,... .k, is @ martingale difference sequence with
respect to the filtration {F}/" .

32/41



Main Result

CLT for “Poissonized” Model IlI

Step 2: To establish the CLT of the Poissonized Model, we apply the martingale
difference CLT by verifying the following conditions:

1 2
E(- 1) 9
up (m f)<°° ©)
—1/2 _
T, Pl = o) o
1&
5 2,0 =, (11)
/=1

» Let Xy, be an independent copy of Xy, and Q = Q(xi, ra).
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CLT for “Poissonized” Model IV

» Define the resampling cost
Dy = Nry " X, W(Xn, ) (12)
~A (R ((\Q) 0 (X, 0 Q@)W ()
where
W' (Xn,) = {(Z(x), Z(y),C(x,¥)) : x, ¥ € (Xn,\Q) N (Xy, 0 Q1)}.
> This is the change in network moments from redrawing the
positions of nodes in the cube Q. It is quite similar to the add-one

cost =, defined in (8).
» Since X,’V" is an independent copy of Xj,, we have

5 =E(A|F) I=1,.. kn
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Main Result

CLT for “Poissonized” Model V

» To prove (9) and (10),

1 kn
supE(f max 5,2) sup — Z (67) < sup == max [Ai,L
n n

n 1<i<k, n N o1<I<k,

K
501 kn
—1/2 4 4
P (n 122)2" |6/] = e) < Z n2€4E[6,] < max E[A]].

n2e* 1<i<k,
I=1

We use the stabilization and boundedness assumptions to establish
uniform bounds on E[AZ] and E[A}].
» To verify (11), we first approximate d; by §;r = E[A, r | Fi], where
Ay r =Ny (Xn, 0 Qir), Wa, »)
At (B, 0 QUR\Q) N (Xn, N Q) Wc/a,,R)7

where Qg := Q(xi, Rr,) and
Wo, . = {(Z(x), Z(y), C(x,¥)) : x,y € (Xn, n Q) (X, nQLR\Q1)}-
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Main Result

CLT for “Poissonized” Model VI

> Note that A, r is the resampling cost under the locally restricted
Poisson process, Xy, N Q. Since

- 1Go o
25/ ;(5/ 5/R n;@,R g,
the required result (11) by showing
Jimlim E— Z |07 — o7 | =0, (13)
liafﬁff 0. (14)
i3

» For (13) these we use the stabilization and boundedness
assumptions.
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Main Result

CLT for “Poissonized” Model VII

» For (14) we show

kn

nIer;OVar <,17 ;6,{,;:) =0 foranyR, (15)
1

lim lim = Y E[57g] — 0”. (16)

n—o0 R—oo N
=1

» For (15), we use the spatial independence property that disjoint
subsets of a Poisson process are independent; that is, for A, B < R?
with An B =7,

E| ) 1{XcAuB}

XeXy,

—E| ) XcA|E| ) 1{XeB}

XeXy, XeXy,
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Main Result

>

>

De-Poissonization |

It can be shown that under an appropriate coupling that

™2 (N(ry " X, W(X,)) — E[A(ry " X, W(Xn,))])
= n V2 (N(ry Xy W) — E[A(ry " X, W)]) + 072 (N — n)ar + 0p(1).
(17)
The left-hand side is asymptotically A(0, 5), as previously discussed.

The second term of the right-hand side is asymptotically (0, a?) by the
well-known normal approximation of a Poisson random variable.

Since N, L X, (under the right coupling), we have the required result.
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Main Result

CLT of ATE of Dynamic Network Formation |

» Since S ; is finitely supported, there exist 5,Z, 2" such that
V(57 §7 27 2/7 C) = V(67 Sij,t, Zit7 th7 C) a.s. for any 57 C

» Moreover, since V is strictly increasing in its last component, we can
define V71(5,-) as the inverse of V/(6,5,2,7,-).

> Let <1N>< denote the complementary CDF of (j ;.

The key assumptions are
» Tail Condition: There exists a constant ¢ > 0 such that for § sufficiently
large,
e (V710,0) <™,
> For the other regularity conditions, let ®(-|x) be the conditional

distribution of Z; given X; = x and ®.(- | x) the conditional distribution of
Zi given X; = x.

Assume that
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Main Result

CLT of ATE of Dynamic Network Formation
I

(a) ®(z]x) is continuous in x for any z.

(b) For all t, there exists a distribution ®F that stochastically
dominates ®,(- | x) for all x.

(c) The density f of Xj is continuous and bounded away from zero
and infinity.

(d) V is continuous in its arguments, and (j; ¢ is continuously
distributed.

40 /41



Conclusion

We develop general CLT for network moments.

Primitive conditions for stabilization in dynamic model:
sparsity and weakly dependent initial network.

Other applications: network regression.

Work in progress: inference procedures.
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Sparsity - |

rp = (%)l/d and the tail condition of the distribution of (j; ; imply
G; is “sparse”” for any t.

> Due to finite support of S;;; and pj;, we can define 5 and p
such that V(§, D, (Sij, C/j,t) = V(Sij7t; Pij> 5,‘j, C,‘Lt) a.s.

» Since V is strictly increasing in its last component, we can
define V=1(8;;, ) as the inverse of V(5, 3, dj, ), that is,
v = V(iﬁ) 5/]7 V_1(6U7 V))

> Let ® denote the complementary CDF of (j; ..
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Sparsity - |l

Assumption (Tail Condition)

There exist constants c1, ca, € > 0 such that

®¢ (V71(6,0)) < cre™ 2.
Then,
725 jit] < ZPC,”>V (6;,0))

HJRJ e (V1(|x — x|, 0)) #f (x)?dx’ dx
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