
Coalition-Proof Mechanisms Under Correlated

Information

Huiyi Guo

Department of Economics, Texas A&M University

huiyiguo@tamu.edu

Preliminary Draft

Abstract

The paper considers two types of mechanisms that are immune from coalitional ma-

nipulations: standard mechanisms and ambiguous mechanisms. In finite-dimensional

type spaces, we characterize the set of all information structures under which every

efficient allocation rule is implementable via an interim coalitional incentive compat-

ible, interim individually rational and ex-post budget-balanced standard mechanism.

The requirement of coalition-proofness reduces the scope of implementability under a

non-negligible set of information structures. However, when ambiguous mechanisms

are allowed and agents are maxmin expected utility maximizers, coalition-proof imple-

mentation can be obtained under all most all information structures. Thus, the paper

sheds light on how coalition-proofness can be achieved by engineering ambiguity in

mechanism rules.

Keywords: Coalition-proofness; Ambiguous mechanism; Ambiguity aversion; Bayesian

(partial) implementation; Correlated information; Budget balance; Individual rational-

ity
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1 Introduction

In mechanism design theory, most canonical models assume that agents behave non-cooperatively.

However, there are many real-life environments, ranging from auctions, matching, to vot-

ing, where coalitional manipulation is a common practice. Hence, when agents can gain by

jointly manipulate their behaviors, focusing on individual incentives alone is not enough to

guarantee a mechanism designer’s desired outcome.

This paper studies two budget-balanced mechanisms that may be used to implement

efficient allocation rules in a way that is immune from coalitional manipulations: standard

mechanisms and ambiguous mechanisms. Specifically, what are the information structures

that guarantees implementability of every efficient allocation rules in every payoff envi-

ronment via an interim coalitional incentive compatible, individually rational, and budget

balanced mechanism? To answer this question, one must go beyond the independent belief

case. This is because of the well-known conflict between efficiency, incentive compatibility,

individual rationality, and budget balance under independent beliefs, even without the coali-

tion proofness constraint. In the independent private value environment, the recent work of

Safronov (2018) has obtained an optimistic result in implementing efficient allocation rule

via a generalized expected externality mechanism, which is coalitional incentive compati-

ble and budget-balanced. To go beyond the independent private value setting, the current

work adopts a duality approach, which is not used in the generalized expected externality

mechanism.

The interim coalitional incentive compatibility condition in this paper is based on three

features of the model. Firstly, the mechanism designer is not required to know what coalitions

can be formed. This is different from some papers in the literature assuming that a specific

coalition, for instance, the grand coalition, is the only non-trivial coalition to be formed.

Secondly, the mechanism designer may not know how members within a coalition transmit

their private information. Some works assume that coalition members can only communicate

with each other through their common knowledge. Alternatively, some assume that coalition

members interact through a third-party incentive compatible mechanism. From a robustness

point of view, Carroll (2019) points out that the designer may wish to consider the worst-
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case scenario where members in a coalition learn each other’s’ preference. Following this

spirit, the current paper allows coalition members to pool their private information and

to cooperate in the maximal possible manner. Thirdly, the paper allows members of a

coalition to make budget balanced contingent transfers within group to facilitate cooperative

deviations. Hence, our interim coalitional incentive compatibility condition requires that

no coalition, after pooling their private information, can find a joint (mis)report and a

within group transfer rule, so that each member is strictly better-off by following the group

manipulation. Given a transferrable utility set up, the condition essentially imposes that

no coalition can improve its members’ joint payoffs by misreporting its type profile, which

coincides with the one in Safronov (2018).

In the first main result, we characterize the set of information structures under which

all efficient allocation rules are implementable via interim coalitional incentive compatible,

interim individually rational, and ex-post budget balanced standard mechanisms. The infor-

mation structure guaranteeing implementability in this sense satisfies a Strong Identifiability

condition.

The Strong Identifiability condition is not a weak condition. When the coalition pattern

is rich, i.e., when many coalitions could emerge, the condition has a non-negligible bite over

the Convex Independence condition of Crémer and McLean (1988) and the Identifiability

condition of Kosenok and Severinov (2008), which are necessary and sufficient for the same

implementation question without coalition proofness concern. Hence, coalition proofness

cannot be prevented easily under standard mechanisms.

However, we show that coalition proofness can be very promising if the mechanism de-

signer can use ambiguous mechanisms and if agents are maxmin expected utility maximizers

as in Gilboa and Schmeidler (1989). In an ambiguous mechanism, the designer commits to

one standard mechanism, but she strategically tells agents that there are a few potential

mechanisms rules. Facing ambiguity, agents are assumed to make decisions based on the

worst-case expected payoff. Engineering ambiguity in mechanisms can help the designer in

obtaining higher revenue or achieving efficient outcomes, as has been established by a few

works, e.g., Bose and Renou (2014), Di Tillio et al. (2017), Guo (2018), Tang and Zhang

(2018). As in Guo (2018), since it is publicly known that the designer wishes to implement
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the surplus-maximizing allocation rule, which is often unique, the paper only allows the

designer to play with ambiguous transfer rules.

Specifically, in the second main result, we show that all efficient allocation rules are

implementable via interim coalitional incentive compatible, interim individually rational, and

ex-post budget balanced ambiguous mechanisms, if and only if the common prior satisfies a

Strong Beliefs Determine Preferences (SBDP) Property.

The SBDP property requires that for any non-grand coalition, its different type profiles

have distinct beliefs towards the distribution of the types of the complementary coalition,

and it is a strengthening of the Beliefs Determines Preferences in the literature. The SBDP

property is strictly weaker than the Strong Identifiability condition. Indeed, in any finite

dimension type space, the SBDP property holds for almost all priors. Hence, introducing

ambiguous mechanisms helps to extend the scope of implementability compared to unam-

biguous mechanisms.

Ambiguous mechanisms work in this paper as follows. When the SBDP property holds,

we can design an ambiguous mechanism with two features. Firstly, when a coalition truth-

fully reveals members’ private information, each mechanism rule in the ambiguous mech-

anism gives the coalition the same joint payoff. Namely, ambiguity does not affect the

coalition’s payoff on path. Secondly, when a coalition manipulates members’ information,

the coalition’s joint payoff becomes uncertain, which prevents ambiguity-averse agents to

deviate.

The fact that strategic engineering ambiguity helps the mechanism designer in obtaining

coalition proofness may be surprising. When a coalition is formed and tries to deviate from

truthful revelation, the paper allows for contingent transfers within the group. Hence, one

may postulate that ambiguity can be hedged against by a proper design of within-group

transfers. However, the second result shows that within-group transfers are not as powerful.

They may eliminate ambiguity associated with misreporting in some information structures,

but such structures belong to a set of measure zero. The systematic uncertainty that cannot

be hedged against guarantees coalition proofness.

The rest of the paper proceeds as follows. Section 2 reviews related literature. Section

3 introduces the environment. Section 4 characterizes the information structure so that
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all efficient allocations are implementable via coalitional incentive compatible, individually

rational and budget balanced mechanism. Section 6 overcomes the negative result in iSection

4 by allowing for ambiguous mechanisms. Sections 5 and 7 provide examples. Section 8

concludes the paper.

2 Literature Review

The current paper is related to three strands of the literature.

Firstly, the paper is related to the literature on first-best mechanism design under corre-

lated information.

The papers by Crémer and McLean (1985, 1988) initiate this strand of research by char-

acterizing the information structures that guarantee full surplus extraction. In particular,

Crémer and McLean (1988) have shown that full surplus extraction can be guaranteed as a

Bayesian Nash equilibrium if and only if the Convex Independence condition holds for all

agents. A few later papers study how weak/strong the conditions for full surplus extraction

are, among which, Neeman (2004) introduces an important necessary condition of Convex

Independence, the Beliefs Determine Preferences property. The characterization result of the

current paper is related to the Convex Independence and the Beliefs Determine Preferences

property. However, the current paper studies how a benevolent social planner implements an

efficient allocation rule via an individually rational and ex-post budget balanced mechanism

rather than how an auctioneer can extract the full surplus from all agents.

The implementation question in the paper is related to the works of Matsushima (1991,

2007), Aoyagi (1998), Chung (1999), d’Aspremont et al. (2004), McLean and Postlewaite

(2004, 2015) and Kosenok and Severinov (2008), among others. These papers obtain positive

results on implementating efficient allocation rules via individually rational or/and budget

balanced mechanisms beyond independent belief environments. In particular, Kosenok and

Severinov (2008) characterize the information structure so that all efficient allocation rules

are implementable via interim individually rational and ex-post budget balanced mecha-

nisms. The current paper builds on the methodology of these works, especially the one of

Kosenok and Severinov (2008), and studies the more demanding question that when there
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exists an coalitional incentive compatible, individually rational, and budget balanced mech-

anism to implement the efficient allocation rule.

Secondly, the paper adds to the literature on coalition proof mechanisms. Since Aumann

(1959)’s strong Nash equilibrium, the concern of coalition manipulations in games has at-

tracted economists’ attention. With asymmetric information, various approaches has been

adopted to study information transmission within a coalition.

One way is to assume that members in the coalition can pool their private information

perfectly. The fine core of Wilson (1978) adopts this model. So are the coalitional incentive

compatibility conditions of Chen and Micali (2012), Safronov (2018), among others. Requir-

ing a mechanism to be coalition proof when its members pool private information imposes

a relatively demanding requirement on the mechanism. However, the idea is consistent with

the robustness spirit as in Carroll (2019), since the worst-case scenario to a mechanism de-

signer is that agents can jointly manipulate information. The current paper adopts this

assumption as well. In terms of the question being studied, the current paper is most related

to Safronov (2018). He redesigns the expected externality mechanism in an independent

private value environment by having each coalition endogenizing the externality imposed on

the society. Thus, the new expected externality mechanism is not only interim incentive

compatible, ex-post budget balanced, but also interim coalitional incentive compatible. The

current paper goes beyond the independent private value environment, and explores which

information structures can guarantee coalition-proof implementation of efficient allocation

rules in all payoff environments, including interdependent value ones.

A few other papers provide interesting insights by modeling information transmission

differently, but their coalition proofness imposes weaker restrictions on institutions. Some

notions assume that coalition members can only use common knowledge, like the coarse core

of Wilson (1978) and the Bayesian coalitional rationalization of Luo et al. (2017). In addition,

some papers assume that coalition members can only communicate with each other through

a third-party mechanism so that the collusive term itself has to be incentive compatible. For

example, the works of Laffont and Martimort (1997, 1998, 2000), Forges et al. (2002), Che and

Kim (2006, 2009), Liu (2018) explicitly modeled the third-party intermediary mechanisms.

It is worth mentioning that agents can have correlated information in Laffont and Martimort
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(2000) and Che and Kim (2006), who have obtained negative and positive results on coalition-

proof implementation under their respetive setups. Similar to Che and Kim (2006), the

current paper delivers promising news on coalition-proof implementation. However, the

current paper does not assume that agents can only communicate via incentive compatible

mechanisms, nor it assume that the grand coalition is the only coalition that can be formed.

Thirdly, the paper connects closely to the literature on mechanism design with ambiguity-

averse agents.

Some papers in the literature explore how to engineer ambiguity in the mechanism rules

so that the performance of an ambiguous mechanism is better than a standard unambiguous

mechanism. Bose and Renou (2014) introduce an ambiguous communication device into the

mechanism, which generates ambiguous beliefs and enlarges the set of implementable social

choice functions. Di Tillio et al. (2017) design ambiguous allocation rules and transfer rules

to improve an auctioneer’s second-best revenue. Guo (2018) allows for ambiguity in transfer

rules and show that all efficient allocations are implementable via individually rational and

budget balanced mechanisms if and only if the Belief Determine Preferences property is

satisfied. Tang and Zhang (2018) allow for ambiguity in mechanism rules to implement

more social choice correspondences compared to a standard unambiguous mechanism. The

current paper introduces ambiguous mechanisms for a similar reason to above papers, i.e.,

to improve the performance of mechanisms. However, since the current paper focuses on the

issue of coalitional manipulations, it delivers the new message that ambiguous mechanisms

helps to guarantee coalition proof implementation under more information structures.

In some other papers, the mechanism is unambiguous and agents are assumed to hold

ambiguous beliefs about other agents’ private information exogenously. This strand of the

literature studies how ambiguous beliefs affects the design of an unambiguous mechanism and

how ambiguity may help or hurt the designer in implementing efficient outcomes or maximize

revenue. See, for example, Wolitzky (2016), Bose et al. (2006), Bose and Daripa (2009), Song

(2016), De Castro and Yannelis (2018), Lopomo et al. (2019). However, in the current paper,

agents do not hold ambiguous beliefs about other agents’ information. Instead, ambiguity in

this paper stems from the unknown mechanism rule, which differentiates the current paper

from these papers.
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3 Setup

We study an asymmetric information environment with n ě 2 agents. The set of all agents

is denoted by I and a generic element is i. A coalition S is a nonempty set of agents in I.

Each agent in i has a piece of payoff-relevant private information θi P Θi. We call θi agent

i’s type and Θi agent i’s type set. Let Θ denote
ź

iPI

Θi, which is called the type space.

For each coalition S, denote
ź

iPS

Θi by ΘS for simplicity. Assume that the cardinality of Θi,

denoted by |Θi|, satisfies 2 ď |Θi| ă 8. There is a common prior p P ∆pΘq on the type

space. We impose the full support assumption, i.e., ppθq ą 0 for each θ P Θ. For each

coalition S, let ppθSq represent the marginal distribution of p on θS. When agent i has type

θi, her belief is derived by updating p, and we denote the belief by pp¨|θiq, which is a vector

over Θ´i. The pair pΘ, pq is called an information structure.

Each agent i has a quasi-linear utility function uipa, θq ` b, where a P A is an element in

the set of all feasible outcomes and b P R is a monetary transfer. Notice that we allow the

utility function to have interdependent values.

An allocation rule q : Θ Ñ A is a plan to assign an outcome contingent on agents’

realized type profile. In this paper, a mechanism designer (MD) wishes to implement an

ex-post efficient allocation rule q, i.e., one such that

ÿ

iPI

ui
`

qpθq, θ
˘

ě
ÿ

iPI

ui
`

a, θ
˘

@a P A, θ P Θ.

A coalition pattern S is a collection of coalitions that can be formed. A maximal

coalition pattern is the collection all non-empty subsets of I. Under this coalition pattern,

all coalitions are permissible. Because of reasons such as geographic isolation or language

barriers, it may be of interest to consider some other coalition patterns. For instance, the

minimal coalition pattern is the collection all singletons of I, where no group of non-trivial

(non-singleton) coalition can be formed. Consider another example where I “ t1, 2, 3, 4u and

S “ tt1u, t2u, t3u, t4u, t1, 2u, t3, 4uu, agents 1 and 2 can talk to each other, agents 3 and 4

can also talk, but neither of the two pairs talk to the other pair. For simplicity of notation,

for each S, denote S˚ “ tS P S|1 ď |S| ă n´1u, the subset of S without the grand coalition,

and 8S “ tS P S|1 ă |S| ă n´1u, the subset of S without the grand coalition and singletons.
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Let K “ |S˚| and Ki “ |tS P 8S|S Q iu| for all i P I. When not specified, we assume the

mechanism designer knows the coalition pattern S of the agents.

4 Simple Mechanisms

In this paper, we follow Safronov (2018) to focus on direct mechanisms. A (direct) mecha-

nism is a pair pq, tq, where q is an allocation rule and t “ pti : Θ Ñ RqiPI is a transfer rule,

which defines a monetary transfer to agent i at each type profile. A mechanism is interim

incentive compatible (IC) if for all i P I, θ̄i, θ̂i P Θi,

ÿ

θ´iPΘ´i

rui
`

qpθ̄i, θ´iq, pθ̄i, θ´iq
˘

` tipθ̄i, θ´iqsppθ´i|θ̄iq

ě
ÿ

θ´iPΘ´i

rui
`

qpθ̂i, θ´iq, pθ̄i, θ´iq
˘

` tipθ̂i, θ´iqsppθ´i|θ̄iq. (1)

We assume that when coalitions are formed, members within a coalition can perfect learn

each other’s private information, transfer money within the coalition, and jointly manipulate

their reports to the designer. Hence, we need to consider a stronger notion of incentive

compatibility. Following Safronov (2018), a mechanism is said to be interim coalitional

incentive compatible (CIC) if

ÿ

iPS

ÿ

θ´SPΘ´S

ruipqpθ̄S, θ´Sq, pθ̄S, θ´Sqq ` tipθ̄S, θ´Sqsppθ´S|θ̄Sq

ě
ÿ

iPS

ÿ

θ´SPΘ´S

ruipqpθ̂S, θ´Sq, pθ̄S, θ´Sqq ` tipθ̂S, θ´Sqsppθ´S|θ̄Sq (2)

for all S P S and θ̄S ‰ θ̂S.

In this notion, we require that no coalition can pool and jointly manipulate private

information of agents within it to increase the aggregated utility derived from the posterior

belief. Without loss of generality, we focus on misreporting in pure strategies.

One underlying assumption is that agents in a coalition pool their private information.

This is a useful benchmark situation since pooling information helps the coalition to achieve

the highest efficiency level. This is also reasonable when agents can disclose private informa-

tion to each other. A few papers in the literature focus on the strategic interaction of agents
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within the coalition or assume that they interact with each other through a third-party in-

centive compatible mechanism, e.g. Che and Kim (2006). By doing so, these papers restrict

the set of feasible deviations that a coalition can take. The current paper enlarges the set

of possible deviations, and in this sense the coalition incentive compatibility notion in the

current paper is demanding.

The other underlying assumption is that agents in a coalition can write contracts to

redistribute wealth. In particular, when a coalition with type profile θS decides to report

θ1S (θS may or may not be equal to θ1S), they can use a balanced within-coalition transfer

rule, i.e., τ θS ;θ1S ” pτ
θS ;θ1S
i pθ´SqqiPS,θ´SPΘ´S satisfying

ÿ

iPS

τ
θS ;θ1S
i pθ´Sq “ 0 for all θ´S P Θ´S.

For convention, when S “ I, i.e., when ´S is an empty set, let τ
θS ;θ1S
i be an element in R

instead of a mapping from Θ´S to R. It is easy to show that a mechanism satisfies the CIC

condition, if and only if there does not exist a coalition S P S, two type profiles θ̄S, θ̂S, and

two balanced within-coalition transfer rules τ θ̄S ;θ̂S and τ θ̄S ;θ̂S , such that for all i P S,

ÿ

θ´SPΘ´S

ruipqpθ̂S, θ´Sq, pθ̄S, θ´Sqq ` tipθ̂S, θ´Sq ` τ
θ̄S ;θ̂S
i pθ´Sqsppθ´S|θ̄Sq

ą
ÿ

θ´SPΘ´S

ruipqpθ̄S, θ´Sq, pθ̄S, θ´Sqq ` tipθ̄S, θ´Sq ` τ
θ̄S ;θ̄S
i pθ´Sqsppθ´S|θ̄Sq.

A mechanism is ex-post budget balanced (BB) if for all i P I and θ P Θ,

ÿ

iPI

tipθq “ 0.

When the mechanism designer wishes to guarantee implementability of all efficient allo-

cation rules via coalitional incentive compatible and budget balanced simple mechanisms,

the key condition on the information structure is the Coalitional Identifiability. To give

an intuitive interpretation of the Coalitional Identifiability condition, we will introduce a

few notations first. This interpretation assumes that at most one non-singleton non-grand

coalition can emerge in the environment and manipulate members’ information jointly.1

Formally, consider a distribution ξ over 8S Y tHu, which is called a coalition emerging

probability. Recall that S P 8S is a non-singleton, non-grand coalition given a coalition

1In this paper, the grand coalition can jointly manipulate its members’ information. However, since the

paper focuses on implementation of ex-post efficient allocation rule, the grand coalition does not have a

profitable deviation. Hence, it is without loss to generality to focus on deviation of non-grand coalitions.
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pattern S. The notation ξpHq represents the probability that no non-trivial coalition is

formed. For S P 8S, ξpSq is the probability that coalition S is formed.

For each i P I, let σi : Θi Ñ ∆pΘiq be a mixed strategy of agent i in the direct mechanism.

For S P S, define σS “ pσiqiPS, the strategy profile of agents in S. When σipθiq has weight

one at θi for all θi P Θi and i P S, σS is said to be a truthful strategy profile of coalition S.

A truthful strategy profile is denoted by σ˚S.

For any S P S, let δS : ΘS Ñ ∆pΘSq be a strategy of coalition S after members in it

sharing private information. Intuitively, we can view δS as a strategy of a fictional agent with

type set ΘS. When δSpθSq has weight one at θS for each θS P ΘS, δSpθSq is a truthful strategy.

Notice that for a non-singleton S and type profile θS, σS is an independent distribution while

δSpθSq can be correlated. Let pδSqSPS be a profile of strategies of all coalitions in S. When

there exists S P S such that δS is not truthful, the profile of strategies pδSqSPS is non-truthful.

For S P S, the distribution generated by δS and σ˚´S is given by πpδS, σ
˚
´Sq, where

πpδS, σ
˚
´Sqpθq “

ÿ

θ̄SPΘS

ppθ̄S, θ´SqδSpθ̄SqrθSs.

Consider a distribution generated by the following strategy profile. Agent i joins each

non-singleton non-grand coalition S P S containing i with probability ξpSq and follows

strategy δS to report the type profile on behalf of the coalition S. In this case, agents

out of S truthfully report. Agent i abstains from any non-trivial coalition with probability

1´
ÿ

SP 8S,SQi

ξpSq and follows the strategy δi to report his own type. In this case, other agents

truthfully report. Hence, a probability distribution over Θ,

p1´
ÿ

SP 8S,SQi

ξpSqqπpδi, σ
˚
´iq `

ÿ

SP 8S,SQi

ξpSqπpδS, σ
˚
´Sq,

is generated.

These notations allow us to define the Coalitional Identifiability condition in an intuitive

way. The condition requires that for any coalition emerging probability ξ, any distribution µ

over Θ, and any profile of non-truthful strategies pδSqSPS , there exists an agent i who cannot

have generated µ by following pδSqSPS,SQi.
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Definition 1. The Coalitional Identifiability (CI) condition holds if there does not exist

a coalition emerging probability ξ P ∆p 8S Y tHuq, a distribution function µ : Θ Ñ R, and a

profile of non-truthful strategies pδSqSPS , such that for all i P I and θ P Θ,

p1´
ÿ

SP 8S,SQi

ξpSqqπpδi, σ
˚
´iqpθq `

ÿ

SP 8S,SQi

ξpSqπpδS, σ
˚
´Sqpθq “ µpθq. (3)

As the first main result of the paper, we characterize the information structure under

which coalitional incentive compatible and budget balanced implementation can be guaran-

teed.

Theorem 1. Given any information structure pΘ, pq, the following statements are equivalent:

1. The CI condition holds.

2. Any ex-post efficient allocation rule q under any profile of utility functions is imple-

mentable via an interim coalitional incentive compatible and ex-post budget-balanced

mechanism.

When the coalition pattern S is rich, the CI condition can be demanding. In fact, the

following corollary shows that no information structure can guarantee implementability of

all efficient allocation rules if the coalition pattern allows for two complementary coalitions.

Corollary 1. When there exist two non-empty sets S1
P S and S2

P S such that S1
YS1

“ I

and S1
X S2

“ H, the CI condition fails under all information structures.

According to Theorem 1 and the above result, as long as there exist two complementary

coalitions, there always exists an efficient allocation rule that cannot be implementable via

an interim CIC and ex-post BB simple mechanism. Hence, when the coalition pattern is

rich enough, it is impossible to guarantee implementability of all efficient allocation rules via

interim CIC and ex-post BB simple mechanisms. In particular, under the commonly adopted

assumption that all coalitions could be formed, i.e., S is the maximal coalition pattern, the

negative result holds, which calls for alternative approaches to solve the coalition-proof

implementation problems.

Corollary 1 can be viewed as a corollary of a canonical impossibility result in the liter-

ature. The canonical impossibility result claims that when n “ 2, under each information
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structure, there exists a profile of utility functions and an efficient allocation rule that is not

implementable via an interim incentive compatible and ex-post BB simple mechanism. See

d’Aspremont et al. (2004) for one reference. Notice that the canonical impossibility result

in the literature relies on the assumption that n “ 2 and does not require the interim CIC

condition imposed in the current paper. To prove Corollary 1, we can treat the two com-

plementary coalitions as two fictional agents. As in this two-agent problem, interim IC and

ex-post BB cannot be guaranteed, then the more demanding problem of interim CIC and

ex-post BB cannot be guaranteed in the multi-agent problem. For completeness, we provide

the proof in the Appendix.

We remark that in Theorem 1, the mechanism does not need to satisfy any participation

condition. One can consider imposing interim individual rationality (IR) condition, which

requires that the left-hand side of expression (1) is non-negative, or interim coalitional ratio-

nality (CR) condition, which requires that the left-hand side of expression (2) is non-negative.

It is possible to characterizes information structure under which interim CIC, ex-post BB,

and interim IR/CR mechanism exists. However, imposing any of the two conditions requires

a strengthening of the already demanding Coalitional Identifiability condition. Because of

this, we do not present the two additional results in this paper.

5 An Example of Coalition-Proof Simple Mechanism

Let I “ t1, 2, 3, 4u, where each agent i has a type set Θi “ tθ
1
i , θ

2
i u. The common prior p is

defined in the following table:

ppθq θ1
3, θ

1
4 θ1

3, θ
2
4 θ2

3, θ
1
4 θ2

3, θ
2
4

θ1
1, θ

1
2 0.05 0.05 0.1 0.05

θ1
1, θ

2
2 0.05 0.05 0.05 0.1

θ2
1, θ

1
2 0.1 0.05 0.1 0.05

θ2
1, θ

2
2 0.05 0.05 0.05 0.05

Let the feasible set of alternatives A “ tx0, x1, x2u, where x0 gives all agents zero payoffs

at all types. The payoffs of x1 and x2 are given in the table below.
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u1

`

x1, θ
˘

uj
`

x1, θ
˘

where j ‰ 1 u1

`

x2, θ
˘

uj
`

x2, θ
˘

where j ‰ 1

θ1 “ θ1
1 1 1 6 ´1

θ1 ‰ θ1
1 0 1 1 1

Notice that uipa, pθ1, θ´1qq “ uipa, pθ1, θ
1
´1qq for all i P I, a P A, θ1 P Θ1, and θ´1, θ

1
´1 P

Θ´1. Namely, given the allocation, agent 1’s type determines every agent’s payoff.

Suppose the mechanism designer wishes to implement an efficient allocation rule defined

by qpθ1
1, θ´1q “ x1 for all θ´1 P Θ´1, and qpθ1, θ´1q “ x2 for all θ1 ‰ θ1

1 and all θ´1 P Θ´1.

Notice that agent 1 is the dictator as his report determines the outcome.

We will consider two coalition patterns. Under the first coalition pattern, there exists

an interim CIC and ex-post BB simple mechanism to implement q. Under the second one,

there does not. This example also implies that not only the number of admissible coalitions

matter for the implementation result, but also what these coalitions are.

5.1 S “ tt1u, t2u, t3u, t4u, t1, 2u, t2, 3uu

In the Appendix, we verify that the CI condition holds under this coalition pattern. Thus,

q is implementable via an interim CIC and ex-post BB simple mechanism. We provide a

profile of utility functions, an efficient allocation rule, and a simple mechanism to implement

the allocation rule.

We can consider the following transfer rule t:

t1, t2, t3, t4 θ1
3, θ

1
4 θ1

3, θ
2
4 θ2

3, θ
1
4 θ2

3, θ
2
4

θ1
1, θ

1
2 -29, 107, -57, -21 0, -196, 0, 196 -15, 36, 216, -237 -69, 61, -257, 265

θ1
1, θ

2
2 28, 153, 0, -181 -44, -251, -44, 339 0, -80, 231, -151 72, 20, -116, 24

θ2
1, θ

1
2 378, -99, 20, -299 0, -296, 520, -224 -304, 225, -404, 483 -7, 0, 124, -117

θ2
1, θ

2
2 0, 180, -459, 279 -420, 524, 0, -104 0, -180, 0, 180 279, -386, 510, -403

We claim that the simple mechanism pq, tq satisfies the conditions of ex-post BB and

interim CIC.
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It is easy to verify the ex-post BB condition. For instance, at state θ “ pθ1
1, θ

1
2, θ

1
3, θ

1
4q,

BBpθ1
1, θ

1
2, θ

1
3, θ

1
4q :

ÿ

iPI

tipθq “ ´29` 107´ 57´ 21 “ 0.

One can check all the interim CIC constraints as well. Below we present the verification

of two constraints as illustration. First, consider whether type-θ1
1 agent 1 has the incentive

to misreport type-θ2
1. It is easy to show that

ICpθ1
1; θ2

1q : 1`
ÿ

θ´1PΘ´1

t1pθ
1
1, θ´1qppθ´1|θ

1
1q “ 1 ą 6`

ÿ

θ´1PΘ´1

t1pθ
2
1, θ´1qppθ´1|θ

1
1q « ´1,

which establishes ICpθ1
2; θ2

2q. Then, consider whether type-θ1
1 agent 1 and type-θ1

2 agent 2

can form a coalition and have the incentive to misreport type profile pθ1
1, θ

1
2q.

ICpθ1
1, θ

1
2; θ2

1, θ
2
2q : 1` 1`

ÿ

θ´1´2PΘ´1´2

rt1pθ
1
1, θ

1
2, θ´1´2q ` t2pθ

1
1, θ

1
2, θ´1´2qsppθ´3´4|θ

1
1, θ

1
2q « ´15

ą 6´ 1`
ÿ

θ´1´2PΘ´1´2

rt1pθ
2
1, θ

2
2, θ´1´2q ` t2pθ

2
1, θ

2
2, θ´1´2qsppθ´3´4|θ

1
1, θ

1
2q « ´32.

5.2 S “ tt1u, t2u, t3u, t4u, t1, 2u, t3, 4uu

According to Theorem 2 and Corollary 1, the WCI condition fails under this coalition pattern,

and thus there exists an efficient allocation rule that is not implementable via an interim

CIC and ex-post BB simple mechanism. In fact, the efficient allocation rule q defined above

is not implementable.

To see this, suppose by way of contradiction that there exists an interim CIC and ex-

post BB transfer rule φ to implement q. Then for each type profile θ P Θ, the ex-post BB

condition requires that

BBpθq t1pθq ` t2pθq ` t3pθq ` t4pθq “ 0.

For each type θ2, the interim CIC constraints of S “ t1, 2u require that

ICpθ1
1, θ2; θ2

1, θ2q
ÿ

θ3,θ4

rt1pθ
1
1, θ´1q`t2pθ

1
1, θ´1q´t1pθ

2
1, θ´1q´t2pθ

2
1, θ´1qsppθ3, θ4|θ

1
1, θ2q ě 5,

ICpθ2
1, θ2; θ1

1, θ2q
ÿ

θ3,θ4

rt1pθ
2
1, θ´1q`t2pθ

2
1, θ´1q´t1pθ

1
1, θ´1q´t2pθ

1
1, θ´1qsppθ3, θ4|θ

1
1, θ2q ě ´1.
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Any other interim CIC constraint with respect to S “ t1, 2u or S “ t3, 4u requires that

ICpθ̄S; θ̂Sq
ÿ

θ´SPΘ´S

rt1pθ̄S, θ´Sq ` t2pθ̄S, θ´Sq ´ t1pθ̂S, θ´Sq ´ t2pθ̂S, θ´Sqsppθ´S|θ̄Sq ě 0.

For each type profile θ P Θ, we multiply BBpθq by ppθ1, θ2qppθ3, θ4q´ppθq. For S “ t1, 2u

or t3, 4u and any pair of θ̄S ‰ θ̂S, multiply ICpθ̄S; θ̂Sq by ppθ̄Sqppθ̂Sq, which is positive

by the full support assumption. Then add up the weighted expressions. We will have

0 ě 4ppθ1
1qppθ

2
1q ą 0, a contradiction.

6 Ambiguous Mechanisms

In this section, we allow the MD to strategically enginering ambiguity in mechanism rules as

in Di Tillio et al. (2017), Guo (2018), and Tang and Zhang (2018). This will bring a positive

result to the question studied in previous sections.

In this paper, it is common knowledge that the MD wishes to implement the efficient

allocation rule q. Hence, the paper allows the mechansim designer to introduce ambiguity in

transfer rules only. Formally, an ambiguous mechanism is a pair pq, T q, where T “ tt “

pti : Θ Ñ Rqu is a set of potential transfer rules. The MD commits to the allocation rule

q and an arbitrary transfer rule t P T . She publicly announces q and the set of potentially

transfer rules T to agents and conceals the transfer rule q adopted.

Agents face two sources uncertainty. An agent merely knows the distribution of other

agents’ types, which can be interpreted as risk. An agent does not even know the distribution

under which the MD chooses the transfer rule, which we interpret as ambiguity. We assume

that agents have maxmin expected utility and evaluate his interim payoffs in the following

way:

min
tPT

ÿ

θ´iPΘ´i

rui
`

qpθq, θq
˘

` tipθqsppθ´i|θiq.

When a coalition is formed and an ambiguous mechanism is adopted, we allow coalition

members to make contingent payments to each other to hedge against both sources of un-

certainty. Accordingly, when agents within a coalition S share their private information θS

and jointly adopt reporting strategy δSpθSq in a direct mechanism (δSpθSq may or may not

be truthful reporting), a typical balanced within-coalition transfer rule can be denoted by
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τ θS ;δSpθSq “ pτ
θS ;δSpθSq
i : T ˆΘ´S Ñ RqiPS satisfying

ÿ

iPS

τ
θS ;δSpθSq
i pt, θ´Sq “ 0 for all t P T and

θ´S P Θ´S. In this case, agent i P S has MEU

U ipθS, τq ” min
tPT

ÿ

θ´SPΘ´S

ruipqpθS, θ´Sq, pθS, θ´Sqq ` tipθS, θ´Sq ` τipt, θ´Sqsppθ´S|θSq.

Remark 1. A balanced within-coalition transfer rule τ is efficient within the coali-

tion, i.e., there does not exist another balanced within-coalition transfer rule τ˚ such that

U ipθS, τ
˚
q ą U ipθS, τq for all i P S, if and only if the aggregated MEU is identical to the

maxmin aggregated expected utility, i.e.,

ÿ

iPS

UipθS, τq “ min
tPT

ÿ

iPS

ÿ

θ´SPΘ´S

ruipqpθS, θ´Sq, pθS, θ´Sqq ` tipθS, θ´Sqsppθ´S|θSq.

This allows us to consider the maxmin aggregated utility of the coalition instead of

treating each member’s MEU separately.

The ambiguous mechanism is said to satisfy the interim coalitional incentive compat-

ibility (CIC) condition, if there does not exist S P S, θ̄S P ΘS, τ “ pτi : T ˆ Θ´S Ñ RqiPS,

and a strategy of S denoted by δS : ΘS Ñ ∆pΘSq such that
ÿ

θ´iPΘ´i

τipt, θ´Sq “ 0 for all t P T

and θ´S P Θ´S, and for all i P S,

min
tPT

ÿ

θ̂SPΘS

ÿ

θ´SPΘ´S

rui
`

qpθ̂S, θ´Sq, pθ̄S, θ´Sq
˘

` tipθ̂S, θ´Sq ` τipt, θ̂S, θ´Sqsppθ´S|θ̄SqδSpθ̄Sqrθ̂Ss

ą min
tPT

ÿ

θ̂SPΘS

ÿ

θ´SPΘ´S

rui
`

qpθ̄S, θ´Sq, pθ̄S, θ´Sq
˘

` tipθ̄S, θ´Sqsppθ´S|θ̄Sq.

The ambiguous mechanism is said to satisfy the interim coalitional incentive com-

patibility (CIC) condition, if

min
tPT

ÿ

iPS

ÿ

θ̂SPΘS

ÿ

θ´SPΘ´S

rui
`

qpθ̄S, θ´Sq, pθ̄S, θ´Sq
˘

` tipθ̄S, θ´Sqsppθ´S|θ̄Sq

ě min
tPT

ÿ

iPS

ÿ

θ̂SPΘS

ÿ

θ´SPΘ´S

rui
`

qpθ̂S, θ´Sq, pθ̄S, θ´Sq
˘

` tipθ̂S, θ´Sqsppθ´S|θ̄SqδSpθ̄Sqrθ̂Ss (4)

for all S P S, θ̄S P ΘS, and strategy of S denoted by δS : ΘS Ñ ∆pΘSq.

Notice that when ambiguous mechanism instead of simple mechanism is adopted, focusing

on pure strategy deviations is no longer without loss of generality. Hence, we explicitly takes

into account the possibility of deviation with mixed strategy in the above definition.
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Ex-post budget balance (BB) of the ambiguous mechanism imposes that
ÿ

iPI

tipθq “ 0

for all θ P Θ and t P T . Namely, each potential transfer rule should be balanced.

Readers may wonder if agents are able to predict the transfer rule adopted by the MD.

In this problem, since the MD wishes to implement an ex-post efficient allocation rule q via

an ex-post BB ambiguous mechanism pq, T q, each transfer rule leads to the same highest

level of ex-post social surplus on path. Hence, agents cannot exclude any of the potential

transfer rules in T .

In fact, under the necessary and sufficient condition to guarantee interim CIC and ex-post

BB, one can further obtain a participation condition for free. We say the interim coalitional

rationality (CR) condition holds for the ambiguous mechanism, if

min
tPT

ÿ

iPS

ÿ

θ´SPΘ´S

rui
`

qpθq, θq
˘

` tipθqsppθ´S|θSq ě 0, @S P S and θS P ΘS.

When the above inequality holds for all singleton coalitions, we say the interim individual

rationality (IR) condition holds for the ambiguous mechanism.

Our necessary and sufficient condition, the Coalitional Beliefs Determine Preferences

condition, is a strengthening of the Beliefs Determine Preferences (BDP) property introduced

by Neeman (2004). It requires that for every coalition that can be formed, different type

profiles should lead to different posterior beliefs of other agents’ types. When the coalition

pattern in the minimal one, i.e., when only singleton coalitions can be formed, the CBDP

property reduces to the BDP property in the literature.

Definition 2. The Coalitional Beliefs Determine Preferences (CBDP) property holds

if for all S P S˚, there does not exist θS, θ
1
S P ΘS with θS ‰ θ1S such that

ppθ´S|θSq “ ppθ´S|θ
1
Sq, @θ´S P Θ´S. (5)

The CBDP condition is a weak condition. First, it is weaker than the CWI condition.

To see this, suppose the CBDP condition fails because there exists a coalition S P S˚ and

a pair of type profiles θ̄S ‰ θ̂S such that expression (5) holds. Let a profile of strategies

δ be identical with the truthful one except in δSpθSq. We require that δSpθSqrθ
1
Ss “ 1.

Furthermore, let µ “ p. Then it is easy to see that expression (3) holds and thus the CWI

condition fails. Second, the CBDP condition holds generically given any finite dimension of
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the type space Θ.2 This implies that among the set of all distributions over Θ, the one such

that the CBDP condition fails is a null set.

Now we are ready to present the second main result of the paper. The first two parts

of the theorem says that the CBDP condition is necessary and sufficient to guarantee the

implementability of all efficient allocation rules via interim CIC and ex-post BB ambiguous

mechanisms. The third part of the theorem says that under the CBDP condition, the

ambiguous mechanism further satisfies the interim CR condition.

Theorem 2. Given any information structure pΘ, pq, the following statements are equivalent:

1. The CBDP condition holds.

2. Any ex-post efficient allocation rule q is implementable via an interim CIC and ex-post

BB ambiguous mechanism.

3. Any ex-post efficient allocation rule q is implementable via an interim CIC, interim

CIR, and ex-post BB ambiguous mechanism.

When the mechanism designer does not know what the coalition pattern is, she wishes

to design an ambiguous mechanism that is coalition-proof under all coalition patterns. This

is equivalent to requiring implementability under the maximal coalition pattern. Under

this pattern, the CBDP condition also holds under almost all priors. Hence, in contrast to

the negative result in Corollary 1, ambiguous mechanisms bring a very promising result on

coalition-proof implementation, even though the coalition pattern is the maximal one or is

not known by the MD.

7 An Example of Coalition-Proof Ambiguous Mecha-

nism

Consider the negative example in Section 5.2. There does not exist an interim CIC and

ex-post BB simple mechanism to implement the efficient allocation rule q. However, we

2This result follows from Fact 1 in the Appendix of Kosenok and Severinov (2008).
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demonstrate that q is implementable via an interim CIC and ex-post BB ambiguous mech-

anism. Furthermore, the ambiguous mechanism can also satisfy the interim CR condition.

Consider the following transfer rule φ:

φ1, φ2, φ3, φ4 θ1
3, θ

1
4 θ1

3, θ
2
4 θ2

3, θ
1
4 θ2

3, θ
2
4

θ1
1, θ

1
2 -120, -120, 120, 120 -60, 0, 180, -120 60, 60, -60, -60 180, -120, -180, 120

θ1
1, θ

2
2 -180, 120, -60, 120 -60, 0, 180, -120 120, -120, 60, -60 0, 60, -90, 30

θ2
1, θ

1
2 60, 0, -60, 0 60, -120, 60, 0 -60, 60, 60, -60, -180, 120, -60, 120

θ2
1, θ

2
2 180, 0, -240, 60 60, 120, -120, -60 -120, -120, 240, 0 0, -120, 120, 0

Let the set of potential transfers be T “ tt1 ” φ, t2 ” ´φu.

Since each of the transfer rule satisfies the ex-post BB condition, the ambiguous mecha-

nism is also BB.

The interim CR condition holds in this problem. To see this, consider any coalition

S P S “ tt1u, t2u, t3u, t4u, t1, 2u, t3, 4uu with cardinality k. Notice that on-path, piq the

allocation rule q gives S an total ex-post utility of ka and piiq the total transfer received

by S has a zero expected value under each potential transfer rule. Thus, the CR condition

holds.

As an illustration, we compute the MEU of agent 1 with type θ1
1 and that of coalition

t1, 2u with type profile pθ1
1, θ

1
2q below.

Under transfer rule φ, the expected transfer received by type-θ1
1 agent 1 is 0.1p´120q `

0.1p´60q`0.2p60q`0.1p80q`0.1p´180q`0.1p´60q`0.1p120q`0.2p0q “ 0. By the definition

of T , we know that

CRpθ1
1q min

tPT
t1`

ÿ

θ´1

t1pθ
1
1, θ´1qppθ´1|θ

1
1qu “ t1` 0, 1´ 0u “ 1.

Under transfer rule φ, the expected transfer received by type-pθ1
1, θ

1
2q coalition t1, 2u is

0.2p´120´ 120q ` 0.2p´60` 0q ` 0.4p60` 60q ` 0.2p180´ 120q “ 0. By the definition of T ,

we know that

CRpθ1
1, θ

1
2q min

tPT
t2`

ÿ

θ´1

pt1 ` t2qpθ
1
1, θ

1
2, θ´1´2qppθ´1´2|θ

1
1, θ

1
2qu “ t2` 0, 2´ 0u “ 2.
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The interim CIC condition holds, because when any type-θS coalition S P S unilater-

ally deviating from truthfully revelation, one of the potential transfer rule in the ambiguous

mechanism gives the deviator a sufficiently large strictly positive interim value, and the

other transfer rule gives a sufficiently negative interim value. The transfer rule with neg-

ative interim value determines the MEU of misreport, which disincentize the agent from

misreporting.

As an illustration, we compute the MEU for type-θ1
1 agent 1 to report with strategy δ1

that that for type-pθ1
1, θ

1
2q coalition S to report with strategy δS.

The expected transfer received by type-θ1
1 agent 1 under transfer rule φ is

δ1pθ
1
1qrθ

1
1sr0.1p´120q ` 0.1p´60q ` 0.2p60q ` 0.1p180q ` 0.1p´180q ` 0.1p´60q ` 0.1p120q ` 0.2p0qs

`δ1pθ
1
1qrθ

2
1sr0.1p60q ` 0.1p60q ` 0.2p´60q ` 0.1p´180q ` 0.1p180q ` 0.1p60q ` 0.1p´120q ` 0.2p0qs

“ ´ 6δ1pθ
1
1qrθ

2
1s.

Hence, the MEU of following δ1 is

min
tPT
tδ1pθ

1
1qrθ

1
1sr1`

ÿ

θ´1

t1pθ
1
1, θ´1qppθ´1|θ

1
1qs ` δ1pθ

1
1qrθ

2
1sr7`

ÿ

θ´1

t1pθ
2
1, θ´1qppθ´1|θ

1
1qsu

“1 ď 1.

The expected transfer received by type-pθ1
1, θ

1
2q coalition t1, 2u under transfer rule φ is

δt1,2upθ
1
1, θ

1
2qrθ

1
1, θ

1
2sr0.2p´120´ 120q ` 0.2p´60` 0q ` 0.2p60` 60q ` 0.6p180´ 120qs

`δt1,2upθ
1
1, θ

1
2qrθ

1
1, θ

2
2sr0.2p´180` 120q ` 0.2p´60` 0q ` 0.2p120´ 120q ` 0.6p0` 60qs

`δt1,2upθ
1
1, θ

1
2qrθ

2
1, θ

1
2sr0.2p60` 0q ` 0.2p60´ 120q ` 0.2p´60` 60q ` 0.6p´180` 120qs

`δt1,2upθ
1
1, θ

1
2qrθ

2
1, θ

2
2sr0.2p120` 0q ` 0.2p60` 120q ` 0.2p´120´ 120q ` 0.6p0´ 120qs

“δt1,2upθ
1
1, θ

1
2qrθ

1
1, θ

2
2sp´12q ` δt1,2upθ

1
1, θ

1
2qrθ

2
1, θ

1
2sp´12q ` δt1,2upθ

1
1, θ

2
2qrθ

1
1, θ

2
2sp´48q

ďp1´ δt1,2upθ
1
1, θ

1
2qrθ

1
1, θ

2
2sqp´12q.

Hence, the MEU of following δt1,2u is

min
tPT
t
ÿ

θ1,θ2

tδt1,2upθ
1
1,θ

1
2qrθ1,θ2s

ÿ

θ´1´2

rpu1`u2qpqpθq,pθ
1
1, θ

1
2,θ´1´2qq`pt1`t2qpθqsppθ´1´2|θ

1
1,θ

1
2quu

ď2´ 6p1´ δt1,2upθ
1
1, θ

1
2qrθ

1
1, θ

2
2sq ď 2.
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In this example, if we enrich the coalition pattern to include all coalitions no more than

carnality 2, we can still implement q by adding more transfers to the ambiguous mechanism.

However, notice that the CBDP property fails to hold under the current information structure

when S includes a coalition with cardinality 2. For instance, to prevent coalition t1, 2, 3u

with type profile tθ1
1, θ

1
2, θ

1
3u from reporting tθ2

1, θ
2
2, θ

2
3u and vice versa, we need the following

two inequalities:

min
tPT
t
ÿ

θ4

rpu1 ` u2 ` u3qpqpθ
1
1, θ

1
2, θ

1
3, θ4q,pθ

1
1, θ

1
2, θ

1
3, θ4qq`pt1 ` t2 ` t3qpθ

1
1, θ

1
2, θ

1
3, θ4qsppθ4|θ

1
1, θ

1
2, θ

1
3qu

“1` 1` 1`min
tPT
t
ÿ

θ4

rpt1 ` t2 ` t3qpθ
1
1, θ

1
2, θ

1
3, θ4qsppθ4|θ

1
1, θ

1
2, θ

1
3qu

ěmin
tPT
t
ÿ

θ4

rpu1 ` u2 ` u3qpqpθ
2
1, θ

2
2, θ

2
3, θ4q,pθ

1
1, θ

1
2, θ

1
3, θ4qq`pt1 ` t2 ` t3qpθ

2
1, θ

2
2, θ

2
3, θ4qsppθ4|θ

1
1, θ

1
2, θ

1
3qu

“7´ 1´ 1`min
tPT
t
ÿ

θ4

rpt1 ` t2 ` t3qpθ
2
1, θ

2
2, θ

2
3, θ4qsppθ4|θ

1
1, θ

1
2, θ

1
3qu

min
tPT
t
ÿ

θ4

rpu1 ` u2 ` u3qpqpθ
2
1, θ

2
2, θ

2
3, θ4q,pθ

2
1, θ

2
2, θ

2
3, θ4qq`pt1 ` t2 ` t3qpθ

2
1, θ

2
2, θ

2
3, θ4qsppθ4|θ

2
1, θ

2
2, θ

2
3qu

“1` 1` 1`min
tPT
t
ÿ

θ4

rpt1 ` t2 ` t3qpθ
2
1, θ

2
2, θ

2
3, θ4qsppθ4|θ

2
1, θ

2
2, θ

2
3qu

ěmin
tPT
t
ÿ

θ4

rpu1 ` u2 ` u3qpqpθ
1
1, θ

1
2, θ

1
3, θ4q,pθ

2
1, θ

2
2, θ

2
3, θ4qq`pt1 ` t2 ` t3qpθ

1
1, θ

1
2, θ

1
3, θ4qsppθ4|θ

2
1, θ

2
2, θ

2
3qu

“0` 1` 1`min
tPT
t
ÿ

θ4

rpt1 ` t2 ` t3qpθ
1
1, θ

1
2, θ

1
3, θ4qsppθ4|θ

2
1, θ

2
2, θ

2
3qu

Notice that the two distribution over Θ4 pp¨|θ
1
1, θ

1
2, θ

1
2q and pp¨|θ1

1, θ
1
2, θ

1
2q are identical. Hence,

by adding the above two expressions, we have 3` 3 ě 5` 2, a contradiction.

8 Conclusion

The paper studies the information structure under which coalition proof, interim individu-

ally rational, and ex-post budget balanced mechanisms exist to implement ex-post efficient

allocation rules. The Strong Identifiability condition is necessary and sufficient condition to

guarantee the existence of such mechanisms. Compared to individually rational and budget

balanced implementation under a non-cooperative framework, coalition proofness may be
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difficulty to guarantee for a non-negaligle set of information structures.

However, by adopting ambiguous mechanisms, we prove that coalition proofness, indi-

vidually rational, and budget balance implementation can be guaranteed if and only if the

Strong Beliefs Determine Preferences property is satisfied. Among the set of all possible pri-

ors, the priors such that the SBDP fails is a null set. Hence, coalition proofness can usually

be guaranteed when ambiguous mechanisms can be used.

A Appendix

Proof of Corollary 1. Depending on the cardinality of S1 and S2, we discuss the following

three cases.

First, we consider the case that both S1 and S2 are non-singleton. Let the coalition

emerging probability satisfy ξpS1
q “ ξpS2

q “ 0.5. Define a joint distribution µ P ∆pΘq

by µpθq “ 0.5ppθS1qppθS2q ` 0.5ppθq for all θ P Θ. For S “ S1 or S2, let the strategy of

the coalition S be δSpθSqrθ
1
Ss “ ppθ1Sq for all θS, θ

1
S P ΘS. For S P S and S ‰ S1, S2, let

δSpθSqrθSs “ 1 for all θS P ΘS. Then, for i P S1,

0.5πpδi, σ
˚
´iqpθq ` 0.5πpδS1 , σ˚´S1qpθq “ µpθq.

A similar analysis applies to any agent i P S2.

Second, we consider the case that both S1 and S2 are singletons. This is the two-

agent framework. Let the coalition emerging probability satisfy ξpHq “ 1. Define a joint

distribution µ P ∆pΘq by µpθq “ ppθ1qppθ2q for all θ P Θ. For i “ 1, 2, let the strategy of

agent i be δipθiqrθ
1
is “ ppθ1iq for all θi, θ

1
i P Θi. Then, for i “ 1, 2,

πpδi, σ
˚
´iqpθq “ µpθq.

Third, we consider the case when S1
“ tju is a singleton and S2

“ Sztju is not (or vice

versa). Let the coalition emerging probability satisfy ξpS2
q “ 1. Define a joint distribution

µ P ∆pΘq by µpθq “ ppθjqppθ´jq for all θ P Θ. Let the strategy of agent j be δjpθjqrθ
1
js “ ppθ1jq

for all θj, θ
1
j P Θj and that for coalition S2 be δS2pθS2qrθ1S2s “ ppθ1S2q for all θS2 , θ1S2 P ΘS2

Then, for i P S1, i.e., i “ j,

πpδi, σ
˚
´iqpθq “ µpθq.
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For i P S2,

πpδS2 , σ˚´S2qpθq “ µpθq.

In all three cases, the CI condition fails under all information structures.

Lemma 1. The following two statements are equivalent.

1. The CWI condition holds.

2. There exists ψ : Θ Ñ Rn such that,

(a) for all θ P Θ,
ÿ

iPI

ψipθq “ 0;

(b) for all S P S˚ and θ̄S, θ̂S P ΘS with θ̄S ‰ θ̂S,

ÿ

iPS

ÿ

θ´SPΘ´S

rψipθ̂S, θ´Sq ´ ψipθ̄S, θ´Sqsppθ´S|θ̄Sq ă 0.

Proof. Before proving this lemma, we define two notations first.

For any S P S˚ and any pair of θ̄S, θ̂S P ΘS (θ̄S and θ̂S may be the same), we define a

vector pθ̄S ;θ̂S
below. This vector has n ˆ |Θ| dimensions and every dimension corresponds

to an agent in I and a type profile in Θ. For each i P S and θ´S P Θ´S, there is a unique

dimension of pθ̄S ;θ̂S
corresponding to agent i and type profile pθ̂S, θ´Sq. Let this dimension

of pθ̄S ;θ̂S
be ppθ´S|θ̄Sq. Thus, |S| ˆ |Θ´S| dimensions of pθ̄S ;θ̂S

are defined. Let all other

dimensions of pθ̄S ;θ̂S
be 0.

For each θ P Θ, define an n ˆ |Θ|-dimensional vector eθ below. Every dimension of eθ

corresponds to an agent in I and a type profile in Θ. Let the dimension of eθ that corresponds

to θ and any agent i P I be 1. In this way, n dimensions of eθ have been defined. Let other

dimensions of eθ be 0.3

3As an illustration, consider I “ t1, 2, 3u and Θi “ tθ1
i , θ

2
i u. List the elements of Θ in the fol-

lowing order:
`

pθ1
1, θ

1
2, θ

1
3q, pθ

1
1, θ

1
2, θ

2
3q, pθ

1
1, θ

2
2, θ

1
3q, pθ

1
1, θ

2
2, θ

2
3q, pθ

2
1, θ

1
2, θ

1
3q, pθ

2
1, θ

1
2, θ

2
3q, pθ

2
1, θ

2
2, θ

1
3q, pθ

2
1, θ

2
2, θ

2
3q
˘

.

For each vector pθ̄S ;θ̂S
or eθ, its first, second, and third block of eight dimensions corresponds

to agent 1, 2, and 3 respectively. According to the definitions, the vector ppθ11 ,θ
1
2q;pθ11 ,θ

2
2q is

p0, 0, ppθ1
3|θ

1
1, θ

1
2q, ppθ

2
3|θ

1
1, θ

1
2q, 0, 0, 0, 0, 0, 0, ppθ

1
3|θ

1
1, θ

1
2q, ppθ

2
3|θ

1
1, θ

1
2q, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0q. The vector

epθ11 ,θ
1
2 ,θ

2
3q is p0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0q.
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Statement 1 ñ Statement 2. We prove by contraposition again. By Motzkin’s

Transposition Theorem, there does not exist a transfer rule ψ satisfying the two conditions

in Statement 2 if and only if there exists a vector pbθqθPΘ and a non-zero vector pcθ̄S ;θ̂S
ě

0qSPS˚,θ̄S‰θ̂S such that

ÿ

θPΘ

bθeθ “
ÿ

SPS˚

ÿ

θ̄S ,θ̂SPΘS
with θ̄S‰θ̂S

cθ̄S ;θ̂S
rpθ̄S ;θ̂S

´ pθ̄S ;θ̄S s. (6)

Notice that both sides are vectors. By focusing on any agent i’s blocks in each of the two

vectors and adding up all elements in that vector, we know that
ÿ

θPΘ

bθ “ 0.

Define Ki “ |tS P 8S|S Q iu| for all i P I. Notice that
ÿ

θPΘ

ppθqeθ “
ÿ

θSPΘS

ppθSqpθS ;θS for all

S P S˚, we have

λK
ÿ

θPΘ

ppθqeθ “ λpK ´Kiq
ÿ

iPI

ÿ

θiPΘi

ppθiqpθi;θi ` λ
ÿ

SP 8S

ÿ

θSPΘS

ppθSqpθS ;θS (7)

for all λ ą 0 and K ą | 8S|.

Add expressions (6) and (7), where λ ą 0 is sufficiently large so that bθ ` λKppθq ą 0

for all θ P Θ, and λppθ̄Sq ´
ÿ

θ̂S‰θ̄S

cθ̄S ;θ̂S
ě 0 for each S P S˚ and θ̄S P ΘS. Hence, we have

ÿ

θPΘ

rbθ ` λKppθqseθ

“
ÿ

iPI

ÿ

θ̄i,θ̂iPΘi
with θ̄i‰θ̂i

cθ̄i;θ̂ipθ̄i;θ̂i `
ÿ

iPI

ÿ

θ̄iPΘi

rλpK ´Kiqppθ̄iq ´
ÿ

θ̂i‰θ̄i

cθ̄i;θ̂ispθ̄i;θ̄i

`
ÿ

SP 8S

ÿ

θ̄S ,θ̂SPΘS
with θ̄S‰θ̂S

cθ̄S ;θ̂S
pθ̄S ;θ̂S

`
ÿ

SP 8S

ÿ

θ̄SPΘS

rλppθ̄Sq ´
ÿ

θ̂S‰θ̄S

cθ̄S ;θ̂S
spθ̄S ;θ̄S . (8)

Then define µpθ̄q ”
bθ̄ ` λKppθ̄q

ř

θPΘrbθ ` λKppθqs
“
bθ̄ ` λKppθ̄q

λK
for all θ̄ P Θ, where the second

equality comes from the fact that
ÿ

θPΘ

bθ “ 0 and
ÿ

θPΘ

ppθq “ 1. The function µ : Θ Ñ R is a

distribution now.

Let the coalition emerging probability be ξpSq “
1

K
for all S P 8S and ξpHq “ 1´

| 8S|
K

.

Define the strategy for agent i P I by δipθ̄iqrθ̂is “
cθ̄i;θ̂i

λppθ̄iqpK ´Kiq
for any pairs of θ̄i ‰ θ̂i

and δipθ̄iqrθ̄is “ 1´

ř

θ̄i‰θ̂
cθ̄i;θ̂i

λppθ̄iqpK ´Kiq
for all θ̄i P Θi.

25



Define the strategy for any coalition S P 8S by δSpθ̄Sqrθ̂Ss “
cθ̄S ;θ̂S

λppθ̄Sq
for any pairs of

θ̄S ‰ θ̂S and δSpθ̄Sqrθ̄Ss “ 1´

ř

θ̂S‰θ̄S
cθ̄S ;θ̂S

λppθ̄Sq
for all θ̄S P ΘS.

The profile of strategies pδSqSPS˚ is non-truthful because the vector pcθ̄S ;θ̂S
ě 0qSPS˚,θ̄S‰θ̂S

is non-zero.

Hence, for each i P I, by focusing on agent i’s component of the vectors on both sides,

expression (8) implies that

p1´
ÿ

SP 8S,SQi

ξpSqqπpδi, σ
˚
´iqpθq `

ÿ

SP 8S,SQi

ξpSqπpδS, σ
˚
´Sqpθq “ µpθq, @θ P Θ,

which means that the CWI condition fails to hold.

Statement 2 ñ Statement 1.

We prove by contraposition. Suppose the CWI condition fails.

Then there exists a coalition emerging probability ξ, a distribution function µ, and a

profile of non-truthful strategies pδSqSPS , such that for all i P I and θ P Θ,

p1´
ÿ

SP 8S,SQi

ξpSqqπpδi, σ
˚
´iqpθq `

ÿ

SP 8S,SQi

ξpSqπpδS, σ
˚
´Sqpθq “ µpθq. (9)

This means that for all i P I and θ P Θ,

p1´
ÿ

SP 8S,SQi

ξpSqq
ÿ

θ̄iPΘi

ppθ̄iqδipθ̄iqrθisppθ´i|θ̄iq`
ÿ

SP 8S,SQi

ÿ

θ̄SPΘS

ξpSqppθ̄SqδSpθ̄SqrθSsppθ´S|θ̄Sq “ µpθq.

(10)

Notice that for all i P I and θ P Θ,

p1´
ÿ

SP 8S,SQi

ξpSqqppθiqppθ´i|θiq
ÿ

θ1iPΘi

δipθiqrθ
1
is`

ÿ

SP 8S,SQi

ξpSqppθSqppθ´S|θSq
ÿ

θ1SPΘS

δSpθSqrθ
1
Ss “ ppθq.

(11)

By subtracting expression (11) from (10), we know for all i P I and θ P Θ,

p1´
ÿ

SP 8S,SQi

ξpSqq
ÿ

θ̄i‰θi

rppθ̄iqδipθ̄iqrθisppθ´i|θ̄iq ´ ppθiqδipθiqrθ̄isppθ´i|θiqs

`
ÿ

SP 8S,SQi

ÿ

θ̄S‰θS

ξpSqrppθ̄SqδSpθ̄SqrθSsppθ´S|θ̄Sq ´ ppθSqδSpθSqrθ̄Ssppθ´S|θSqs

“µpθq ´ ppθq. (12)
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Define bθ “ µpθq ´ ppθq for all θ P Θ, cθ̄S ;θ̂S
“ ξpSqppθ̄SqδSpθ̄Sqrθ̂Ss for S P 8S and all

pairs of θ̄S ‰ θ̂S; cθ̄i;θ̂i “ p1 ´
ÿ

SP 8S,SQi

ξpSqqppθ̄iqδipθ̄iqrθ̂is for i P I and all pairs of θ̄i ‰ θ̂i.

From expression (12), we know that expression (6) holds. The fact that pδSqSPS˚ is a profile

of non-truthful strategies implies that the vector pcθ̄S θ̂SqSPS˚,θ̄S ,θ̂SPΘS with θ̄S‰θ̂S
is non-zero

and non-negative. By Motzkin’s Transposition Theorem, there does not exist a solution ψ

satisfying the two conditions in Statement 2.

Proof of Theorem 1. Statement 1 ñ Statement 2.

Since the CWI condition is satisfied, there exists an ex-post BB transfer rule ψ satisfying

the conditions in Statement 2 of Lemma 1. We define tipθq “Mψipθq for all i P I and θ P Θ,

where M ą 0 is sufficiently large such that

M r
ÿ

iPS

ψipθ̄S, θ´Sqppθ´S|θ̄Sq ´
ÿ

iPS

ψipθ̂S, θ´Sqppθ´S|θ̄Sqs ě

ÿ

iPS

ruipqpθ̂S, θ´Sq, pθ̄S, θ´Sqq ´ uipqpθ̂S, θ´Sq, pθ̂S, θ´Sqqsppθ´S|θ̄Sq (13)

for all S P S˚, θ̄S, θ̂S P ΘS with θ̄S ‰ θ̂S. Notice that such an M exists because

ÿ

iPS

ψipθ̄S, θ´Sqppθ´S|θ̄Sq ´
ÿ

iPS

ψipθ̂S, θ´Sqppθ´S|θ̄Sq ą 0.

The mechanism is ex-post BB, since ψ satisfies the ex-post BB condition. To verify

interim CIC, suppose a coalition S with type profile θ̄S wishes to misreport θ̂S jointly. By

pooling information with all members in the coalition and truthfully revealing the type profile

to the mechanism designer, the expected utility of the coalition’s aggregated payoff is

ÿ

iPS

uipqpθ̄S, θ´Sq, pθ̄S, θ´Sqqppθ´S|θ̄Sq `M
ÿ

iPS

ψipθ̄S, θ´Sqppθ´S|θ̄Sq. (14)

By pooling information with all members in the coalition and misreporting type profile

θ̂S ‰ θ̄S, the expected utility of the coalition’s aggregated payoff is

ÿ

iPS

uipqpθ̂S, θ´Sq, pθ̄S, θ´Sqqppθ´S|θ̄Sq `M
ÿ

iPS

ψipθ̂S, θ´Sqppθ´S|θ̄Sq, (15)

which is weakly lower the value of expression (14) as the choice of M satisfies expression

(13). Hence, the interim CIC condition holds, too.
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Statement 2ñ Statement 1. We prove by contraposition. Suppose the WCI condition

fails. Then by Lemma 1, there exists a vector pbθqθPΘ and a non-zero vector pcθ̄S ;θ̂S
ě

0qSPS˚,θ̄S ,θ̂SPΘS with θ̄S‰θ̂S
such that

ÿ

θPΘ

bθeθ “
ÿ

SPS˚

ÿ

θ̄S ,θ̂SPΘS
with θ̄S‰θ̂S

cθ̄S ;θ̂S
rpθ̄S ;θ̂S

´ pθ̄S ;θ̄S s. (16)

Fix one coalition S P S˚ and a pair θ̄S ‰ θ̂S such that cθ̄S ;θ̂S
ą 0. Then fix any agent

i P S for whom θ̄i ‰ θ̂i for the rest of the argument. Now we construct a profile of utility

functions and an ex-post efficient allocation rule q such that q is not implementable via an

interim CIC and ex-post BB simple mechanism.

Let A “ tx0, x1, x2u be the set of feasible outcomes. Outcome x0 gives all agents zero

payoffs under any type profile. The payoffs of outcome x1 and x2 are as follows, where

a,B ą 0 and B is sufficiently large such that

Bp1´ |S|´1
n´1

q
ÿ

CQi

ÿ

θCztiu,θi“θ̄i,θ
1
i‰θ̄i

cθC ;θ1C
ě a

ÿ

CQi

ÿ

θCztiu,θi‰θ̄i,θ
1
i“θ̄i

cθC ;θ1C
.

ui
`

x1, θ
˘

uj
`

x1, θ
˘

where j ‰ i ui
`

x2, θ
˘

uj
`

x2, θ
˘

where j ‰ i

θi “ θ̄i a a a+B a- 1
n´1

B

θi ‰ θ̄i 0 a a a

Consider the ex-post efficient allocation rule q defined by qpθ̄i, θ´iq “ x1 for all θ´i P Θ´i,

and qpθq “ x2 for all θi ‰ θ̄i and all θ´i P Θ´i.

For each θ P Θ, by BBpθq, the following equation should be satisfied:

ÿ

jPI

tjpθq “ 0.

For each coalition C P S and a pair of θC ‰ θ1C , we consider the three possible cases.

Case 1, when i P C and θi “ θ̄i. By ICpθC ; θ1Cq,

ÿ

jPC

ÿ

θ´CPΘ´C

rtjpθ
1
C , θ´Cq´tjpθC , θ´Cqsppθ´C |θCq ď ´a|C|´Bp1´

|S|´1
n´1

q`a|C| “ ´Bp1´ |C|´1
n´1

q.
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Case 2, when i P C, θi ‰ θ̄i, and θ1i “ θ̄i. By ICpθC ; θ1Cq,

ÿ

jPC

ÿ

θ´CPΘ´C

rtjpθ
1
C , θ´Cq ´ tjpθC , θ´Cqsppθ´C |θCq ď ´ap|C| ´ 1q ` a|C| “ a.

Case 3, any other situation. By ICpθC ; θ1Cq,

ÿ

jPC

ÿ

θ´CPΘ´C

rtjpθ
1
C , θ´Cq ´ tjpθC , θ´Cqsppθ´C |θCq ď ´a|C| ` a|C| “ 0.

Multiply BBpθq by ´bθ for each θ P Θ and ICpθC ; θ1Cq by cθC ;θ1C
for all coalition C P S˚

and each pair of θC ‰ θ1C . Then add up the expressions. This gives us

0 ď ´Bp1´ |S|´1
n´1

q
ÿ

CQi

ÿ

θCztiu,θi“θ̄i,θ
1
i‰θ̄i

cθC ;θ1C
` a

ÿ

CQi

ÿ

θCztiu,θi‰θ̄i,θ
1
i“θ̄i

cθC ;θ1C
ă 0.

This contradiction implies that q is not implementable via an interim CIC and ex-post BB

simple mechanism.

Lemma 2. When n “ 2 and S “ t1, 2u, the WCI condition fails under all information

structures.

Proof. Let pΘ, pq be an information structure. For each coalition i P I and types θi, θ
1
i P Θi,

let δipθiqrθ
1
is “ ppθ1iq. As 8S is an empty set, let the coalition emerging probability be ξpHq “ 1.

Define a distribution µ such that µpθq “ ppθ1qppθ2q for all θ P Θ. Then, it is easy to see that

for both i “ 1, 2 and any θ P Θ,

p1´
ÿ

SP 8S,SQi

ξpSqqπpδi, σ
˚
´iqpθq `

ÿ

SP 8S,SQi

ξpSqπpδS, σ
˚
´Sqpθq “ πpδi, σ

˚
´iqpθq “ ppθ1qppθ2q “ µpθq.

Hence, the CWI condition fails for pΘ, pq.

Proof. Let pΘ, pq be an information structure with n agents. Suppose S1, S2
P S satisfies

that S1
Y S2

“ I and S1
X S2

“ H. The n “ 2 case follows trivially from Lemma 2. Thus,

we assume that n ě 3. We discuss the following three cases.

Case 1: |S1
| ą 1 and |S2

| ą 1. We define the coalition emerging probability ξpS1
q “

ξpS2
q “

1

2
, and ξpSq “ 0 for any other S P 8S and S “ H. For S “ S1, S2, we define

δSpθSqrθ
1
Ss “ ppθ1Sq for all θS, θ1S P ΘS. Define δi as the truthful strategy for all i P I. Let

µpθq “ 0.5ppθS1qppθS2q ` 0.5ppθq. Thus, for each i P S1 and θ P Θ, we have

1

2
πpδi, σ

˚
´iqpθq `

1

2
πpδS1 , σ˚´S1qpθq “ µpθq.
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Similar analysis applies if i P S2. Hence, the CWI condition fails.

Case 2: |S1
| “ 1 and |S2

| ą 1. We define the coalition emerging probability ξpS2
q “ 1,

and ξpSq “ 0 for any other S P 8S and S “ H. We define δSpθSqrθ
1
Ss “ ppθ1Sq for S “ S1, S2

and all θS, θ1S P ΘS. Let µpθq “ ppθS1qppθS2q. Thus, for i such that S1
“ tiu and θ P Θ, we

have

πpδi, σ
˚
´iqpθq “ µpθq.

For i P I such that i P S2 and θ P Θ, we have

πpδS2 , σ˚´S2qpθq “ µpθq.

Hence, the CWI condition fails.

Case 3: |S1
| ą 1 and |S2

| “ 1. The analysis is symmetric to Case 2 and thus omitted.

To verify that under coalition pattern S “ tt1u, t2u, t3u, t4u, t1, 2u, t2, 3uu, the infor-

mation structure defined in the example satisfies the CWI condition, we first define a few

matrices.

For each S P S˚, we stack the row vectors pθ̄S ;θ̂S
´ pθ̄S ;θ̄S for all θ̄S, θ̂S P ΘS with θ̄S ‰ θ̂S

to form a matrix MS. Hence, for i “ 1, 2, 3, Mi is a 2 ˆ 64 matrix, and for S “ t1, 2u or

t2, 3u, MS is a 12ˆ 64 matrix.

Let matrix A correspond to the 2ˆ 16 submatrix formed by the first 16 columns of M1.

Similarly, let matrices B, C, and D correspond to the second 16 columns of M2, the third

16 columns of M3, and the last 16 columns of M4 respectively.

Let matrix E correspond to the 12 ˆ 16 submatrix formed by the first (or equivalently,

the second) 16 columns of Mt1,2u. Let F correspond to the second (or equivalently, the third)

16 columns of Mt2,3u.

Matrix Omˆk is a zero matrix of mˆ k dimensions.
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With the above notations, we can define the following two matices:

M “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

´D ´D ´D

A O2ˆ16 O2ˆ16

O2ˆ16 B O2ˆ16

O2ˆ16 O2ˆ16 C

E E O12ˆ16

O12ˆ16 F F

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

, M̃ “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

A O2ˆ16 O2ˆ16 O2ˆ16

O2ˆ16 B O2ˆ16 O2ˆ16

O2ˆ16 O2ˆ16 C O2ˆ16

O2ˆ16 O2ˆ16 O2ˆ16 D

E E O12ˆ16 O12ˆ16

O12ˆ16 F F O12ˆ16

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

To verify the CWI condition, we suppose by way of contradiction that the CWI condition

fails. According to the intermediate step in Lemma 1, this condition fails if and only if there

exists pbθqθPΘ and a non-zero vector pcθ̄S ;θ̂S
ě 0qSPS˚,θ̄S ,θ̂S with θ̄S‰θ̂S

such that

ÿ

θPΘ

bθeθ “
ÿ

SPS˚

ÿ

θ̄S ,θ̂SPΘS
with θ̄S‰θ̂S

cθ̄S θ̂S rpθ̄S ;θ̂S
´ pθ̄S ;θ̄S s. (17)

Notice that the first, second, third, and fourth 16 elements of
ÿ

θPΘ

bθeθ are the same. Let

β be the row vector corresponding to its first 16 elements. we know from expression (17)

that M̃TyT “ pβ, β, β, βqT has a non-zero solution y, which is a vector of 32 dimensions.

This further implies that MTxT “ O48ˆ1 has a non-zero solution x, which contradicts with

the fact that matrix M has rank 32.

Proof of Remark 1. The if direction is trivial. We establish the only if direction. Let τ

be efficient within the coalition. First, it is easy to see that

ÿ

iPS

U ipτq ď min
tPT

ÿ

iPS

ÿ

θ´SPΘ´S

ruipqpθS, θ´Sq, pθS, θ´Sqq ` tipθS, θ´Sqsppθ´S|θSq.

To prove that the equality holds, suppose by way of contradiction that ă holds instead.

Define a new within coalition transfer τ̂ such that

τ̂ipt, θ´Sq “
1

|S|

ÿ

iPS

ruipqpθS, θ´Sq, pθS, θ´Sqq ` tipθS, θ´Sqs ´ uipqpθS, θ´Sq, pθS, θ´Sqq ´ tipθS, θ´Sq

for each θ´S P Θ´S, i P S, and t P T . We thus have

ÿ

θ´SPΘ´S

ruipqpθS, θ´Sq, pθS, θ´Sqq ` tipθS, θ´Sq ` τ̂ipt, θ´Sqsppθ´S|θSq

“
1

|S|

ÿ

θ´SPΘ´S

ruipqpθS, θ´Sq, pθS, θ´Sqq ` tipθS, θ´Sqsppθ´S|θSq @t P T.
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It follows immediately that

ÿ

iPS

U ipτ̂q “ min
tPT

ÿ

iPS

ÿ

θ´SPΘ´S

ruipqpθS, θ´Sq, pθS, θ´Sqq ` tipθS, θ´Sqsppθ´S|θSq.

Hence, there exists a vector pciqiPS P R|S| such that
ÿ

iPS

ci “ 0 and ci ` U ipτ̂q ą U ipτq for all

i P S. Then define τ˚pt, θ´Sq “ τ̂pt, θ´Sq ` ci for all t P T and θ´S P Θ´S, we know that

U ipτ
˚
q ą U ipτq for all i P S. This contradicts with the supposition that τ is efficient within

the coalition.

Lemma 3. When the CBDP property fails, there exists a profile of utility functions and an

ex-post efficient allocation rule q, such that q is not implementable via an interim CIC and

ex-post BB ambiguous mechanisim.

Proof. When the CBDP property fails, there exists a coalition S P S˚ and a pair type profiles

θ̄S ‰ θ̂S such that pp¨|θ̄Sq “ pp¨|θ̂Sq. Assume without loss of generality that an agent i P S

has θ̄i ‰ θ̂i. Consider the feasible set of outcomes A, agents’ utility functions puiqiPI , and

the efficient allocation rule q in the proof of Theorem 1 except that 0 ă a ă n´|S|
n´1

B.

From ICpθ̄S; θ̂Sq, ICpθ̂S; θ̄Sq, we know the following two inequalities should hold:

a|S| `min
tPT
r
ÿ

jPS

ÿ

θ´SPΘ´S

tjpθ̄S, θ´Sqppθ´S|θ̄Sqs

ěa|S| ` n´|S|
n´1

B `min
tPT
r
ÿ

jPS

ÿ

θ´SPΘ´S

tjpθ̂S, θ´Sqppθ´S|θ̄Sqs,

a|S| `min
tPT
r
ÿ

jPS

ÿ

θ´SPΘ´S

tjpθ̂S, θ´Sqppθ´S|θ̂Sqs

ěap|S| ´ 1q `min
tPT
r
ÿ

jPS

ÿ

θ´SPΘ´S

tjpθ̄S, θ´Sqppθ´S|θ̂Sqs.

Adding the two expressions up and taking into account that pp¨|θ̄Sq “ pp¨|θ̂Sq, we have

a ě n´|S|
n´1

B, a contradiction.

Lemma 4. If the CBDP condition holds, then for any S P S˚ and θ̄S, there exists φθ̄S : Θ Ñ

Rn such that,

1.
ÿ

iPI

φθ̄Si pθq “ 0 for all θ P Θ,
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2.
ÿ

iPC

ÿ

θ´CPΘ´C

φθ̄Si pθC , θ´Cqppθ´C |θCq “ 0 for all non-grand coalition C Ď I and type profile

θC P ΘC;

3.
ÿ

iPS

ÿ

θ´SPΘ´S

φθ̄Si pθ̂S, θ´Sqppθ´S|θ̄Sq ă 0 for all θ̂S P ΘS such that θ̂S ‰ θ̄S.

Proof. Let the SBDP condition hold under the information structure. Suppose by way of

contradiction that there exists S P S˚ and θ̄S such that there does not exist a transfer

rule φθ̄S : Θ Ñ Rn satisfying the three conditions. By Motzkin’s transposition theorem,

there exists a vector paθ̄C q non-grand coalition C, θ̄CPΘC , vector pbθqθPΘ, and a non-zero non-negative

vector pcθ̂Sqθ̂S‰θ̄S , such that

ÿ

non-grand coalition C

ÿ

θCPΘC

aθCpθC ;θC `
ÿ

θPΘ

bθeθ “
ÿ

θ̂S‰θ̄S

cθ̂Spθ̄S ;θ̂S
, (18)

where the notations are defined in Lemma 1.

Step 1. Define cθ̄S “ 0. We want to prove that for each θ P Θ with cθS=0, i P S, j R S,

θ1i ‰ θi, and θ1j ‰ θj,

cθ1i,θSztiur
ppθ´S|θSq

ppθ´S|θ1i, θSztiuq
´

ppθ1j, θ´SYtju|θSq

ppθ1j, θ´SYtju|θ
1
i, θSztiuq

s “ 0.

Consider the following four type profiles pθi, θj, θ´i´jq, pθi, θ
1
j, θ´i´jq, pθ

1
i, θj, θ´i´jq, and

pθ1i, θ
1
j, θ´i´jq, and two agents i and j.

Since cθS “ 0, the vector
ÿ

θ̂S‰θ̄S

cθ̂Spθ̄S ;θ̂S
’s n dimensions corresponding to type profiles

pθi, θj, θ´i´jq or pθi, θ
1
j, θ´i´jq and agent i are equal to zero. Since j R S, this vector’s n

dimensions corresponding to any type profile and agent j are equal to zero.

For each θ̃ P Θ and coalition K Ď I, define

AKpθ̃q ”
ÿ

non-grand coalition CĚK

aθ̃C
ppθ̃q

ppθ̃Cq
.

For an agent k P I, denote Atkupθ̃q “ Akpθ̃q for simplicity. In addition, define

δijpθ̃q ” Aipθ̃q ´ Ajpθ̃q.

Hence, when θ̃ “ pθi, θj, θ´i´jq, or pθi, θ
1
j, θ´i´jq, we know that Aipθ̃q “ ´bθ̃ “ Ajpθ̃q,

which implies that

δijpθ̃q ”Aipθ̃q ´ Ajpθ̃q “ 0. (19)
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When θ̃ “ pθ1i, θj, θ´i´jq, or pθ1i, θ
1
j, θ´i´jq, we know that Aipθ̃q ´ cpθ1i,θSztiuq

ppθS, θ̃´Sq

ppθSq
“

´bθ̃ “ Ajpθ̃q, which implies that

δijpθ̃q ”Aipθ̃q ´ Ajpθ̃q “ cpθ1i,θSztiuq
ppθ̃´S|θSq

ppθ̃q
. (20)

By the definition of each δijpθ̃q, we know that

δijpθi, θj, θ´i´jq ´ δijpθi, θ
1
j, θ´i´jq ´ δijpθ

1
i, θj, θ´i´jq ` δijpθ

1
i, θ

1
j, θ´i´jq

“Aipθi, θj, θ´i´jq ´ Ajpθi, θj, θ´i´jq ´ Aipθi, θ
1
j, θ´i´jq ` Ajpθi, θ

1
j, θ´i´jq

´ Aipθ
1
i, θj, θ´i´jq ` Ajpθ

1
i, θj, θ´i´jq ` Aipθ

1
i, θ

1
j, θ´i´jq ´ Ajpθ

1
i, θ

1
j, θ´i´jq

“rAipθi, θj, θ´i´jq ´ Aipθi, θ
1
j, θ´i´jqs ` rAipθ

1
i, θ

1
j, θ´i´jq ´ Aipθ

1
i, θj, θ´i´jqs

` rAjpθ
1
i, θj, θ´i´jq ´ Ajpθi, θj, θ´i´jqs ` rAjpθi, θ

1
j, θ´i´jq ´ Ajpθ

1
i, θ

1
j, θ´i´jqs

“
ÿ

CĎIzti,ju

aθi,θj ,θC
ppθi, θj, θ´i´jq

ppθi, θj, θCq
´

ÿ

CĎIzti,ju

aθi,θ1j ,θC
ppθi, θ

1
j, θ´i´jq

ppθi, θ1j, θCq

`
ÿ

CĎIzti,ju

aθ1i,θ1j ,θC
ppθ1i, θ

1
j, θ´i´jq

ppθ1i, θ
1
j, θCq

´
ÿ

CĎIzti,ju

aθ1i,θj ,θC
ppθ1i, θj, θ´i´jq

ppθ1i, θj, θCq

`
ÿ

CĎIzti,ju

aθ1i,θj ,θC
ppθ1i, θj, θ´i´jq

ppθ1i, θj, θCq
´

ÿ

CĎIzti,ju

aθi,θj ,θC
ppθi, θj, θ´i´jq

ppθi, θj, θCq

`
ÿ

CĎIzti,ju

aθi,θ1j ,θC
ppθi, θ

1
j, θ´i´jq

ppθi, θ1j, θCq
´

ÿ

CĎIzti,ju

aθ1i,θ1j ,θC
ppθ1i, θ

1
j, θ´i´jq

ppθ1i, θ
1
j, θCq

“ 0.

From expressions (19) and (20), we further know that

δijpθi, θj, θ´i´jq ´ δijpθi, θ
1
j, θ´i´jq ´ δijpθ

1
i, θj, θ´i´jq ` δijpθ

1
i, θ

1
j, θ´i´jq

“ ´ cpθ1i,θSztiuq
ppθ´S|θSq

ppθ1i, θSztiu, θ´Sq
` cpθ1i,θSztiuq

ppθ1j, θ´SYtju|θSq

ppθ1i, θSztiu, θ
1
j, θ´SYtjuq

.

Hence, if we multiply both sides of the above expression by ppθ1i, θSztiuq, we have

cθ1i,θSztiur
ppθ´S|θSq

ppθ´S|θ1i, θSztiuq
´

ppθ1j, θ´SYtju|θSq

ppθ1j, θ´SYtju|θ
1
i, θSztiuq

s “ 0.

Step 2. Notice that θ´S and pθ1j, θ´SYtjuq only differ in one agent. For each θ P Θ with

cθS “ 0, by repeating the argument in Step 1 recursively, we know that for each pair of

θ´S ‰ θ1´S,

cθ1i,θSztiur
ppθ´S|θSq

ppθ´S|θ1i, θSztiuq
´

ppθ1´S|θSq

ppθ1´S|θ
1
i, θSztiuq

s “ 0.
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By the SBDP property, we know that cθ1i,θSztiu “ 0.

Step 3. Notice that θS and θθ1i,θSztiu only differ in one agent. Apply the argument of

Step 2 recursively, we can prove that cθ̂S “ 0 for all θ̂S ‰ θ̄S, which contradict the fact that

pcθ̂Sqθ̂S‰θ̄S is non-zero.

Proof of Theorem 2. Statement 2 ñ Statement 3. This direction is trivial.

Statement 3 ñ Statement 1. This direction follows directly from Lemma 3.

Statement 1 ñ Statement 2. Given any profile of utility functions and an ex-post

efficient allocation rule q, we define

ηipθq “
1

n

ÿ

jPI

ujpqpθq, θq ´ uipqpθq, θq.

Pick a sufficiently large constant M ą 0 such that

ÿ

θ´iPΘ´i

ruipqpθ̄i, θ´iq, pθ̄i, θ´iqq ` ηipθ̄i, θ´iqsppθ´i|θ̄iq

ě
ÿ

θ´iPΘ´i

ruipqpθ̂i, θ´iq, pθ̄i, θ´iqq ` ηipθ̂i, θ´iqsppθ´i|θ̄iq ´M
ÿ

θ´iPΘ´i

φθCi pθ̂i, θ´iqppθ´i|θ̄iq

for any i P I, pair of θ̄i ‰ θ̂i, non-grand coalition C, and θC P ΘC , where each φθC satisfies

the conditions stated in Lemma 4.

Let T “ tη `MφθC : C P S˚, θC P ΘCu. We verify that the ambiguous mechanism pq, T q

satisfies the conditions of interim CIC, interim CR, and ex-post BB.

We first establish the ex-post BB condition. For each t P T , t can be expressed as

η ` MφθC . Notice that both η and φθC satisfy the ex-post BB condition. Hence, t also

satisfies the condition.

To verify the interim CIC condition for a coalition S P S, consider a coalition S P S with

type profile θ̄S. After sharing their information within the coalition and truthful report their
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types to the MD, the maxmin aggregated expected utility of members in S is

min
tPT

ÿ

iPS

ÿ

θ´SPΘ´S

ruipqpθ̄S, θ´Sq, pθ̄S, θ´Sqq ` tipθ̄S, θ´Sqsppθ´S|θ̄Sq

“ min
CPS˚,θSPΘS

ÿ

iPS

ÿ

θ´SPΘ´S

r
1

n

ÿ

jPI

ujpqpθ̄S, θ´Sq, pθ̄S, θ´Sqq `MφθCi pθ̄S, θ´Sqsppθ´S|θ̄Sq

“ min
CPS˚,θSPΘS

ÿ

θ´SPΘ´S

r
|S|

n

ÿ

jPI

ujpqpθ̄S, θ´Sq, pθ̄S, θ´Sqq `
ÿ

iPS

MφθCi pθ̄S, θ´Sqsppθ´S|θ̄Sq

“
|S|

n

ÿ

jPI

ujpqpθ̄S, θ´Sq, pθ̄S, θ´Sqqppθ´S|θ̄Sq ě 0, (21)

where the first equality uses the definition of T , the second equality moves the summation

across i P S into the square bracket, and the third equality applies the ex-post BB condition

of each φθC . This establishes the interim CR condition.

To verify the interim CIC condition, we first notice that by ex-post efficiency of q, it

is impossible that the grand coalition can profit from deviating. Hence, it suffices to focus

on deviation of a coalition S P S˚. The maxmin aggregated expected utility for type-θ̄S

coalition S to adopt strategy δS is

min
tPT

ÿ

iPS

ÿ

θ̂SPΘS

ÿ

θ´SPΘ´S

ruipqpθ̂S, θ´Sq, pθ̄S, θ´Sqq ` tipθ̂S, θ´Sqsppθ´S|θ̄SqδSpθ̄Sqrθ̂Ss

ď
ÿ

iPS

ÿ

θ̂SPΘS

ÿ

θ´SPΘ´S

ruipqpθ̂S, θ´Sq, pθ̄S, θ´Sqq ` ηipθ̂S, θ´Sq `Mφθ̄Si pθ̂S, θ´Sqsppθ´S|θ̄SqδSpθ̄Sqrθ̂Ss

ď
|S|

n

ÿ

jPI

ujpqpθ̄S, θ´Sq, pθ̄S, θ´Sqqppθ´S|θ̄Sq

“min
tPT

ÿ

iPS

ÿ

θ´SPΘ´S

ruipqpθ̄S, θ´Sq, pθ̄S, θ´Sqq ` tipθ̄S, θ´Sqsppθ´S|θ̄Sq, (22)

where the first inequality comes from the fact that η `Mφθ̄S P T , the second inequality

follows from the choice of M , and the equality follows from expression (21). Hence, the

interim CIC condition holds.
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Crémer, J. and McLean, R. (1985). Optimal selling strategies under uncertainty for a dis-

criminating monopolist when demands are interdependent. Econometrica, 53(2):345–361.
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