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A Recursive Formulation of (1a)

In our numerical simulations, we use a recursive representation of the Judd (1985) econ-
omy. The two constraints in the planning problem feature the variables C;_1, k¢, Ct, k;y1
and c;. This suggests a recursive formulation with (k;, C;_1) as the state and ¢; as a control.
The associated Bellman equation is then

V(kC-) =C>Or(r;9(>j<)eA{u(C) +U(C) + BV (K,C)} (15)
c+C+k+g=Ffk)+(1-0)k
pU'(C)(C+K)=U'(C_)k
c,C, k' > 0.

Here, A is the feasible set, that is, states (ko, C_1) such that there exists a sequence {k; 1, C:}
satisfying all the constraints in (1) including the transversality condition. Att = 0, cap-
ital ko is given, so there is no need to impose pU’(Cy)(Co + k1) = U’'(C_1)ko. Thus, the
planner maximizes V' (ko, C_1) with respect to C_;. If V is differentiable, the first order
condition is

Vc(k(), C_l) =0.

Since one can show that iy = V¢ (kt, C;_1)U" (C_1)ky, this is akin to the condition py = 0
in equation (2a).*!

41 Alternatively, we may impose that Ry is taken as given, with Ry = R} for example, to exclude an initial
capital tax. In that case the planner solves

max {u(co) +yU(Co) + BV (k1,Co)}

k1,c0,Co
subject to

Co + k1 = Roko
co+Co+ky = f(ko) + (1 — (5)k0
Co, CO/kl Z 0.

This alternative gives rise to similar results.



B Proof of Proposition 3

The proof of Proposition 3 consists of three parts. In the first part, we provide a few
definitions that are necessary for the proof. In particular, we define the feasible set of
states. In the second part, we characterize the feasible set of states geometrically. The
proofs for the results in that part are somewhat cumbersome and lengthy, so they are
relegated to the end of this section to ensure greater readability. Finally, in the third part,
we use our geometric results to prove Proposition 3. Readers interested only in the main
steps of the proof are advised to jump straight to the third part.

B.1 Definitions

For the proof of Proposition 3 we make a number of definitions, designed to simplify
the exposition. A state (k,C_) as in the recursive statement (15) of problem (1la) will
sometimes be abbreviated by z, and a set of states by Z. The total state space is denoted
by Z.1 C R3 and is defined below. It will prove useful at times to express the set of
constraints in (15) as

1/0
K'=x—C_ (%) (16a)
1/0
c=cC_ (%) (16b)
1/(c-1)
/(o) (g) <x < fl)+(1-dk—g, (160)

where x = k' + C replaces ¢ = f(k) + (1 — )k — g — x as control. In the last equation,
the first inequality ensures non-negativity of k' while the second inequality is merely the
resource constraint. Substituting out x, we can also write the law of motion for capital as

K = %%C” — C, which we will be using below.

The whole set of future states z’ which can follow a given state z = (k, C_) is denoted
by I'(z), which can be the empty set. We will call a path {z;} feasible if (a) z; 11 € T(z;) for
all + > 0, which precludes I'(z;) from being empty; and (b) if the transversality condition
holds along the path, B'C; “k;1 — 0. Similarly, a state z will be called feasible, if there
exists a feasible (infinite) path {z;} starting at zy = z. In this case, z is generated by {z;}.
Because z; € I'(z), we also say z is generated by z1. A steady state z = (k,C_) € R? is
defined to be a state with C_ = (1 — B)/Bk. For very low and high capital levels k, steady
states turn out to be infeasible, but all others are self-generating, z € I'(z), as we argue
below. Similarly, a set Z is called self-generating if every z € Z is generated by a sequence
in Z. Denote by Z* (= A in the notation above) the set of all feasible states. An integral
part of the proof will be to characterize Z*.

It will be important to specify between which capital stocks the economy is moving.



For this purpose, define ko and k8 > k¢ to be the two roots to the equation

k= Fk)+(1 —5)k—g—%k. (17)

=F(k)

Demanding that k8 > k, is tantamount to specifying F'(k8) < 1/ < F'(k;). Equation
(17) was derived from the resource constraint, demanding that capitalists’ consumption is

at the steady state level of C = %k and workers” consumption is equal to zero. Equation

(17) need not have two solutions, not even a single one, in which case government con-
sumption is unsustainably high for any capital stock. Such values for g are uninteresting
and therefore ruled out. Corresponding to k, and k%, we define C; = (1 — B)/Bk; and
C8 = (1 — B)/BKkS as the respective steady state consumption of capitalists. The steady
states (kg, C¢) and (k8, C8) represent the lowest and highest feasible steady states, respec-
tively. The reason for this is that the steady state resource constraint (17) is violated for
any k ¢ [kg, k8].

As in the Neoclassical Growth Model, the set of feasible states of this model is easily
seen to allow for arbitrarily large capital stocks. This is why we cap the state space for
high values of capital, and we take the total state space to be Z,; = [0, k] x R for states
(k,C_), where k = max{kmax, ko } and k = kmax solves k = f(k) + (1 — )k — g. This way,
the set of capital stocks that are resource feasible given an initial capital stock of ko must
necessarily lie in the interval [0, k], so the restriction for k is without loss of generality for
any given initial capital stock kg. Note that with this state space, the set of feasible states
Z* is also capped at k in its k-component.

We now characterize the geometry of the set of feasible states Z*. The results derived
there are essential for the actual proof of Proposition 3 in Section B.3.

B.2 Geometry of Z*

For better guidance through this section, we refer the reader to figure 5, which shows the
typical shape of Z*. The main results in this section are characterizations of the bottom
and top boundaries of Z*. We proceed by splitting up the state space, Z,; = [0,k] x R,
into four pieces and characterizing the feasible states in each of the four pieces.

Define
5Pk for 0 < k < kg
Wg(k) = K 1/0 _
Co(£) " forkg <k <K

Sk for 0 <k < k8
wd (k) = /o i,
cs ()" forks<k<k,



Figure 5: The state space of the Judd (1985) planning problem.

(kg/ Cg) ,’/

Note. This figure shows the two-dimensional state space of the Judd (1985) model. The entire state space is
denoted by Z,;;, which includes the feasible set Z* (between the two red curves), and all sets Z; (separated
by the blue curves). The point (k*, C*) is the zero-tax steady state. Showing that this is the qualitative shape
of the feasible set Z* is an integral part of the proof of Proposition 3

and split up the state space as follows (see figure 5)

P
Z “
U {k > kg, wg(k) < C_ <wd(k)}U{k>ky, C_ >wS(k)}.
Zs Z

Lemma 1 characterizes the feasible states in sets Z; and Z,.
Lemmal. Z*NZ; = Z* NZp, = @. All states with k < kg or C_ < wg(k) are infeasible.
Proof. See Subsection B.4.1. O

In particular, Lemma 1 shows that all states with C_ < wg(k) are infeasible. Lemma
2 below complements this result stating that all states with w¢(k) < C_ < w8(k) (and
k > k) in fact are feasible, that is, lie in Z*. This means, {C_ = wg(k), k > k,} constitutes
the lower boundary of the feasible set Z*.

Lemma 2. Z3 C Z*, or equivalently, all states with wg (k) < C_ < w8(k) and k > kg are feasi-
ble and generated by a feasible steady state. Moreover, states on the boundary {C_ = wg(k), k >
kq} can only be generated by a single feasible state, (kq, Cq). Thus, there is only a single “feasible”
control for those states, c > 0.

Proof. See Subsection B.4.2. O

Lemma 2 finishes the characterization of all feasible states with C_ < w8 (k). What
remains is a characterization of feasible states with C_ > w38 (k), or in terms of the k —
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C_ diagram of Figure 5, the characterization of the red top boundary. This boundary is
inherently more difficult than the bottom boundary because it involves states that are not
merely one step away from a steady state. Rather, paths might not reach a steady state at
all in finite time. The goal of the next set of lemmas is an iterative construction to show
that the boundary takes the form of an increasing function @(k) such that states with
C_ > w8(k) are feasible if and only if C_ < (k).

For this purpose, we need to make a number of new definitions: Let ¢(k,C_) = (k +
C_)/C%. Applying the ¥ function to the successor (k’, C) of a state (k, C_) and using the
IC constraint (1c) gives ¥ (k',C) = B~'k/C%, a number that is independent of the control
x. Hence, for every state (k,C_) there exists an iso-i curve containing all its potential
successor states.

In some situations it will be convenient to abbreviate the laws of motion for capitalists’
consumption and capital, equations (16a) and (16b), as k’(x,k,C_) and C(x,k,C_).

Finally, define an operator T on the space of continuous, increasing functions v :
kg, k] = R4, as,

To(k) = sup{C_ | Ix € (0, F(k)] : v(K'(x,k,C_)) > C(x,k,C_)}, (18)

where recall that F(k) = f(k) + (1 —6)k — g, as in (17). The operator is designed to
extend a candidate top boundary of the set of feasible states by one iteration. To make
this formal, let Z()) be the set of states with C_ > w8(k) which are i steps away from
reaching C_ = w8 (k). For example, Z(®) = {C_ = w8(k)}. Lemma 3 proves some basic
properties of the operator T.

Lemma 3. T maps the space of continuous, strictly increasing functions v : [kg, k] — Ry with
¢(k,v(k)) strictly decreasing in k and v(ky) = Cq, v(k8) = C8, into itself.

Proof. See Subsection B.4.3. O

Lemma 4 uses the operator T to describe the sets Z(),

Lemma 4. Z() = {w8(k) < C_ < T'w8(k)}. In particular T'wS (k) > Tiws (k) > w8 (k) for
P>

Proof. See Subsection B.4.4. O

The next two lemmas characterize the limit function @(k), whose graph will describe
the top boundary of the set of feasible states.

Lemma 5. There exists a continuous limit function @ (k) = lim;_., T'w8 (k) = Tw@(k), with
w(ky) = Cg and w(kS) = C8. All states with C_ = w(k) are feasible, but only with policy
c=0.

Proof. See Subsection B.4.5. O
Lemma 6. No state with C_ > w(k) (and kg < k < k) is feasible.

Proof. See Subsection B.4.6. O



Finally, Lemma 7 shows an auxiliary result which is both used in the proof of Lemma
6 and in Lemma 9 below.

Lemma 7. Let {k;11,C;} be a path starting at (ko, C_1) with controls c; = 0. Let kg < ko < k.
Then:

(a) If C_q = w(ko), (kt11,Ct) — (kS,C8).
(b) IfC_1 > w(ko), (k+1,Ct) # (K8, C8).
Proof. See Subsection B.4.7. O

B.3 Proof of Proposition 3

Armed with the results from Section B.2 we now prove Proposition 3 in a series of inter-
mediate results. For all statements in this section, we consider an economy with an initial
capital stock of kg € [kg, k]. We call a path {k;;1,C¢} optimal path, if the initial C_; was
optimized over given the initial capital stock kg. Analogously, we call a path {k;.1,C;}
locally optimal path, if the initial C_; was not optimized over but rather taken as given at
a certain level, respecting the constraint that (ko, C_1) be feasible. If {k; 1, C;} is a locally
optimal path, with control ¢;,1 at some point {k;1,C:} we say this control is optimal at
{ki1+1,Ct}. Notice that along both optimal and locally optimal paths, first order condi-
tions are necessary, as long as paths are interior; they need not be sufficient, in the sense
that there could be multiple optima that satisfy our characterization below.

The first lemma proves that the multiplier on the capitalists” IC constraint explodes
along an optimal path, and at the same time, workers’ consumption drops to zero.

Lemma 8. Along any optimal path, ¢; — 0.

Proof. Let {k;11,Ct} be the optimal path. Suppose first the optimal path hits the boundary
of the feasible set Z* at some finite time. Given that no path can hit the k = k boundary
after t = 0, and given Lemma 2 this means the path hits the top boundary—the graph of
w—after finite time. Lemma 5 showed that along that boundary, the control is necessarily
zero, ¢ = 0.

Now suppose the optimal path is interior at all times. In that case, the first order
conditions are necessary. Using the notation from problem (1a) the necessary first order
conditions are equations (2a)—(2d). In particular, the one for y; states

= (U_ +1)+ !
fren = OKpt1 Boki 10t

From Lemma 1 we know that «;,1 = k;11/C; is bounded away from co. Since yy = 0 by
(2a) and ¢ > 1, it follows that y; > 0 and y; — oo. To show that ¢; — 0, suppose to the
contrary that ¢; /4 0. In this case, there exists ¢ > 0 and an infinite sequence of indices
(t5) such that c;, > ¢ for all s. Along these indices, the FOC for capital (2d) implies

1
w'(er)(f'(ke) +(1=0)) = Zu'(c—1) +  Ulen-1) - (P — pe-1),
——r B —— —— ———
<u'(c) >0 bounded away from 0  >const-p,_1—+00



and so ki, — 0 for s — oo, which is impossible within the feasible set Z* because it violates
k > kg (see Lemma 1). This proves that also for interior optimal paths, ¢; — 0. O

Lemma 8 is important because it shows that workers” consumption drops to zero.
Together with the following lemma, this gives us a crucial geometric restriction of where
an optimal path goes in the long run.

Lemma 9. The set of states where ¢ = 0 is an optimal control is the top boundary, the graph of .
It follows that an optimal path approaches either (kg, Cy) or (k8,C8).

Proof. First, we show that any state in the interior of Z* can be generated by a path with
positive controls ¢ > 0. Any state in the interior of Z* is element of some 7\ i < o0, and
can thus reach the set {C_ < w8(k)} \ {(kg, Cg), (k8,C8)} in finite time. From there, at
most two steps are necessary to reach a interior steady state (kss, Css) with ke < kss < k8
and hence positive consumption css > 0. Note that such an interior steady state can
be reached without leaving the interior of the feasible set, since by Lemmas 2 and 7,
hitting the upper or lower boundary once means convergence to a non-interior steady
state. This proves that any state in the interior is generated by such an interior path,
with positive controls ¢ > 0.

Now take an interior state (kg, C_1). We prove that any optimal control at that state is
positive. Suppose to the contrary, ¢y = 0 is an optimal control at (ko, C_1). This means,
(ko,C_1) is generated by a locally optimal path {k;;1,C;}, where (k1,Cp) is precisely
linked to (ko, C_1) using control ¢y = 0, or equivalently, xo = F(kg). Since (ko,C_1) is
interior, any state (k'(%o,ko, C_1), C(%o, ko, C_1)) with slightly positive controls, that is,
%o < F(ko), has to be feasible too. Therefore, we find the following first order necessary
condition for local optimality of ¢g,**

u'(c1)

u'(co)

(f (ki) +1—6) > %Jrvo(m ~ o),

where the inequality is there due to the (implicit) boundary condition c¢g > 0. This condi-
tion can only be satisfied if c; = 0 as well. We can iterate this logic: If (k1, Cp) is interior, it
must be that c; = 0 is optimal at (kp, C1). If (k1, Cp) is not interior, then it must be on the
top boundary of Z*, that is, on the graph of @,* where it has policy ¢ = 0 forever after.
This proves, by induction, that if any interior state (k, C—) has ¢ = 0 as an optimal policy,
any locally optimal path starting at (k, C_) with ¢ = 0 as initial optimal policy must have
¢ = 0 forever, yielding utility #(0)/(1 — ). This, however, contradicts local optimality
of such a path: We showed above that any interior state (ko, C_1) is generated by a path
with strictly positive controls. Therefore, any optimal control at an interior state (ko, C_1)
is positive.

Finally, notice that states (k, C_), k > k, along the bottom boundary of Z* only admit
a single feasible control, which is positive (see Lemma 2). Thus, by Lemma 5, the set

“Note that hitting the right boundary at k = k (other than with ko) is of course not feasible due to
depreciation.

43 A locally optimal path still satisfies the first order conditions (2b)~(2d), just not (2a) which comes from
the optimal choice of C_;.

#0n the lower boundary of Z* (excluding (kg, Cg)), a policy of ¢ = 0 would not be feasible, see Lemma 2.
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where ¢ = 0is an optimal control is precisely the top boundary {(k, C_) |k € [k, k], C_ =
w(k)}. It follows that an optimal path either hits the boundary of Z* at some point, in
which case it converges either to (k¢, Cg) or (k8,C$) (by Lemma 7), or it remains interior
forever and thus (by Lemma 8) approaches the set {c = 0} of all states where ¢ = 0 is an
optimal control, that is, the graph of @.*> Then it must share the same limiting behavior
as states in the set {¢ = 0}.%° By virtue of Lemma 7, it can then either converge to (kg, Cy)
or (k8,C8). O

Lemma 10. If an optimal path {k;;1,C:} converges to (k8,CS), then the value function V is
locally decreasing in C at each point (k;11,Cy), for all t > T, with T large enough.

Proof. Let x; = F(k;) — ¢t and consider the following variation: Suppose that at a point
T, (k7+1,Cr) is not at the lower boundary (in which case it cannot converge to (k$,C3)
anyway) and that ¢; < F(k;) — F’ (kt)kt forall t > T.*” For simplicity, call this T = —1. Do
the perturbation C 1=C_1—¢ ko=ko but keep the controls c; at their optimal level for
(ko,C_1), thatis é; = c;. Denote the perturbed capital stock and capitalists’ consumption
by IActH = ki1 + dkiy1 and C; = C; + dC;. Then the control x changes by dx; = F/dk;
to first order. We want to show that dk;; 1 > 0 and dC; < 0 for all t > 0, knowing that
dC,1 = —eand dko =0.
From the constraints we find,

—_— / —
dkiiq :F’(kt)dkt—idq 1+ 1 G Flki) = F (ke ke ik > 0
>0 ~ NV
N >0 >0
P— / PE—
dc, = Stgc, LG Ek) = Flkki—ci
Ci O X ki
<0 <0

Using matrix notation, this local law of motion can be written as

dkt—H o Elt+bt —dt dkt
ien N —by  d; ACi_1 )’

with ay = F'(kt), dt = C¢/Cy_1, by = lgF(kt)*F];Ekt)kﬁct. Close to (k8,C¢), this matrix has

g Xt

4By the Maximum Theorem, the control ¢ is upper hemicontinuous in the state, so its graph is closed.
Hence, if along a path {k;;1,C;} it holds that ¢; — 0, then {k;;1,C;} necessarily approximates the set
{c = 0}, in the sense that the distance between {k;,1,C;} and the set shrinks to zero (or else you could take
a subsequence {ky, 41, Cy,, Cy, } in the graph of ¢ whose limit is not in the graph, contradicting the graph
being closed).

46The formal reason for this is as follows: Suppose the optimal path {k; 1,C;} did not share the limit-
ing behavior of the set {¢ = 0}, that is, suppose the path had a convergent subsequence {k,,11,Cp,} —
{k*,C*} € {c = 0} \ {(kg, Cy), (k8,C8)}. Suppose k* € (kg,k8), the case k* > k$ is analogous. Because
w(k*) > %k*, h(ky,+1,Cr,) is eventually strictly decreasing in f (see logic around equation (30)) and con-

verges to h(k*,C*). But convergence of /i (ky, 41, Cy,) implies C* = %k*—a contradiction.

47Such a finite T > 0 exists for two reasons: (a) because c; — 0; and (b) because F(k) — F'(k)k which is
positive in a neighborhood around k = k¢ since k8 was defined by F(k8) = k8/B and F'(k8) < 1/p.
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d =~ 1. Suppose for one moment that a was zero; the fact that 2 > 0 only works in favor
of the following argument. With a = 0, the matrix has a single nontrivial eigenvalue of
b 4 d, which exceeds 1 strictly in the limit, and the associated eigenspace is spanned by
(1,—1). The trivial eigenvalue’s eigenspace is spanned by (d,b). Notice that the latter
eigenvector is not collinear with the initial perturbation (0, —1), implying that dk, > 0
and dCo < 0. Hence, koo > koo = k8 and Coo < Coo = C5.

But notice that to the bottom right of (k%,CS8), the new point is interior, which im-
plies a continuation value strictly larger than u(0) /(1 — B) (see proof of Lemma 9). More
formally, this means there must exist a time T' > 0 for which the continuation value
of (kpry1,Cr) is strictly dominated by the one for (kg 1, Cpv), that is, V(kpy1,Cp) <
V (kr141,Crr). Because all controls were equal up until time T”, this implies that V (k7 1, Cr) <
V(kr41, Cr — €) for € small (Recall that we had set T = —1 during the proof). Thus, the
value function must increase if Cr is lowered, for a path starting at (kr1, Cr), for large
enough T. This proves that the value function is locally decreasing in C at that point. [J

And finally, Lemma 11 proves Proposition 3.
Lemma 11. An optimal path converges to (kg, Cg).

Proof. By Lemma 9 it is sufficient to prove that an optimal path does not converge to
(k8,C8). Suppose the contrary held and there was an optimal path converging to (k8,C3).
By Lemma 10, this means that the value function is locally decreasing around the optimal
path (k;41,C¢) for t > T, with T > 0 sufficiently large. Consider the following feasible

variation for t = —1, O, ey T, ét = Ct(l — det),i%prl = kt+1, xAt = Xt — Ctdet where48
1G\
dey = (1 — ——t> dey 1. (19)
o Xt

Observe that (19) is precisely the relation which ensures that the variation satisfies all
the constraints of the system (in particular (16b) of which (19) is the linearized version).
Workers’ consumption increases with this variation by dc; = Cide; > 0. Therefore, the
value of this path changes by

T
dv =Y B'u'(ct)des +B7" (V(kr 11, Cr — Crder) — V(kry1,Cr)) >0,
&,—/ >0,byljermma 10
>0

which is contradicting the optimality of {k;;1, C;}. An optimal path converges to (kg, Cy).
]

48Notice that x; = C; + ki11 > C; by definition of x, and ¢ > 1. Hence this expression is well defined.



B.4 Proofs of Auxiliary Lemmas
B.4.1 Proof of Lemma 1

Proof. Focus on Z; first and consider a state (k1, Co) € Z;, thatis, k; < kg and Cp > %kl.

Suppose (k1, Cy) was feasible, and as such generated by a path of states {(k;11, Ct) }+>o0,
each of which compatible with (16a)-(16c). We now show by induction the claim that
(ktx1,Ct) € Z1 and kyp1 < BF(k¢) for any + > 0. This will lead to a contradiction
since BF (k) is a concave and increasing function with BF(0) < 0 and smallest fixed point
BF(ky) = kq. Thus, any sequence of capital stocks {k; 1} satisfying ki1 < BF(k;), start-
ing at any ky < kg, necessarily drops below zero in finite time, contradicting feasibility.

Pick a point (k;, C;_1) of the sequence and assume (k;, C;_1) € Z;. Then, x4 =
ki1 + Ct < F(k¢) by (16¢), and so

Bri1 )\ 1 G
kiv1 = xp41 — G K < Bxii1 Bk < Bxiy1 < BF(kt), (20)

>Bxpy1/ke

where in the first inequality we used the fact that fx;,1/k: < BF(k:)/ks < 1 which holds
since k¢ < kg; and in the second inequality we used that C; 1 > %kt. Building on (20),
the fact that k;11 < Bx;41 proves that

=Py, 1)

Ct =xp01 — k1 >

To sum up, this implies that k;1 < BF(k;) < k¢ and that C; > 17Tﬁkt+1, so (ki11,Cr) € Z3.

Moreover, k;11 < BF(k¢). This proves the aforementioned claim and hence the desired
contradiction. No state in Z is feasible.

Now consider a state (kj,Cy) € Zp. Again, suppose it was generated by a path of
feasible states {(k;41,C¢)}. Define h(k,C_) = k/CY for any state (k, C_). The proof idea
is to show the claim that (k;11,C;) € Z, for all t and that h(ks41, Ct) is strictly increasing
and diverges to 4-oco. Since k;; is bounded from above by k, this will mean that C; —
0. Moreover, k;+1 is bounded away from zero since feasibility requires BF(k) > 0 and
BF (k) turns negative for k sufficiently close to zero. Lemma 12 below proves that this
combination of convergence of C; to zero and k;;1 bounded away from zero violates the
transversality condition.

We now prove the aforementioned claim by induction. Take a state (k¢, C;—1) € Zp
from the sequence. By construction of Z, it holds that C;_; < wg(kt), or in particular,
(Ce—1/Cq)7 < kt/kg.* Notice that if the next state in the sequence, (k¢;1,C;), satisfied

C > %ktﬂ, we must have (k;,1,C;) € Z; which is infeasible according to the above.”

#This inequality even holds if k; < kg because there, Cg(k¢/kg)'/? > (1 — B)/Bk:. To see this recall that
Cg = (1—B)/Pkg and so Cg (ki /kg)'/7/((1 = B)/Bke) = (ki /kg)Y/ 71 > 1, where we used ¢ > 1.

0Note that if C; > (1 — B)/Bkis1, then ki1 < kq. The reason is as follows: The constraints (16a) and
(16b) can be rewritten as ki1 = (C;/Cy—1)" ki/B — Cr. Because (C;_1/Cq)” < ki/kg, this implies that
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Therefore, C; < %kt+1. Then,

ki1 ki1 ke ki
h(kiy1,Ct) = = = > h(k, Ci—1), 22
—,_1 -
>

which, together with C; %ktﬂ implies that both (k;11,C¢) € Zp and h(k;yq,Ce) is
strictly increasing in ¢. To show that h(k;11, C;) diverges to +oo, suppose it were the case
that h(k1, Ct) converged to some H > 0. Using (22), convergence of h(k;1,C¢) would
imply that k¢ 11/ (B(kt+1 + C¢)) — 1, or equivalently that k;1/C; — /(1 — B). Since
ki+1 is bounded away from zero (see argument in previous paragraph), this can only be

the case if (k;11,C;) converges to a feasible steady state,®! that is some (k, %k) with

ke < k < k8. However, as (k;+1,Ct) € Z, for any t, it is the case that (C;/Cq)” < kiy1/kg,
or,

h(kes1, Co) > hike, Cg) = sup h(k,(1— B)/Bk),

kg <k<kg

where the equality follows because k/((1 — B)/pk)? is decreasing in k. This shows that
h(k;41,Ct) — oo and hence completes the proof by contradiction. No state in Z; is feasible.
O]

Lemma 12. Suppose that C; — 0 and ky4q bounded away from zero for a given path of states
(k¢11, Ct). Then, this path is not feasible.

Proof. Suppose the path (k;;1,C;) is feasible. In particular, this necessitates that the IC
condition BU'(Ct)(Ct + k1) = U'(Cy_1)kt and the transversality condition /U’ (Cy ) ks 11 —
0 hold. We back out (after tax) interest rates from the allocationas Ry = U'(C;_1) / (BU'(Cy)).
Thus we can recover the capitalists” per period budget constraint C; 4 k;11 = Rk, and,
using the transversality condition, also present value budget constraints starting at any
given time ty > 0,

> 1
Y =——Ct = Rysky,, (23)
t=tgy Rfo,t

where we denote Eto,t = Ryy41- - Rt. Also, by construction of R, consumption can be
expressed as

Ct — ‘B(t_tO)/a (Eto,t)l/g Cto- (24)

Define K = inf; k;+1 > 0 and K = sup, k;1 > 0. Using the per period budget constraints,
we then have

_ Gtk ke

o k¢ — k

kit1 > (Ci/Cq)”kg/P — Ci. Note that the right hand side of this inequality is increasing in C; as long
as it is positive (which is the only interesting case here). Substituting in C; > (1 — B)/Bk;+1, this gives
kiv1 > (kiy1/kg)” kg/B — (1 — B)/Pkis1. Rearranging, ki 1/kg > (ki11/kg)?, a condition which can only
be satisfied if k; 1/kg < 1 (recall that o > 1).

>INotice that, if k¢ 1/CY — H > 0and k;,1/Ct — B/(1 — B) then convergence of k;,1 and C;;1 them-
selves immediately follows.

Ry
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and similarly,

— k K
Riyr > L > = (25)

Combining (23), (24) and (25), we find
1 —(2-1/0)

1 (K/K)
0 Rto

kt _1_181/0

2 - —(1-1

Z lB(t fo)/(T (Rto,i’) ( /(7) Cto S Cto

t=tq N ~\~ 4
<(k/K)""9

Since ty was arbitrary, this implies that k; — 0, leading to the desired contradiction. Thus,
the path (k;11, C;) cannot be feasible. O

B.4.2 Proof of Lemma 2

Proof. Consider a state (k,C_) with wg(k) < C_ < w8(k) and k > k;. In particular,
C_ < (1—B)/Bk, (C=/Cq)” > k/kg and (C_/C8)” < k/k8.>% The idea of the proof
is to show that in fact such a state can be generated by a steady state (kss, Css) (With
Css = (1 —B)/Bkss and kg < kss < k8). By definition of k¢ and k8, such a steady state is
always self-generating.

Guess that the right steady state has kss = (BC_ /(1 — ﬁ))a/(a_l) k=11 and Cy =
(1 — B)/Bkss. 1t is straightforward to check that this steady state can be attained with
control x = (Css/C_)%k/p. This steady state is self-generating because k; < ks < k8,
which follows from (C_/Cq)? > k/kgy and (C_/C8)7 < k/k8. Finally, the control x is
resource-feasible because C_ < (1 — )/ Bk and thus,

1| (£5¢) o

= - | ) << f(k)+(1-0)k—g,

| =

where the latter inequality follows from the fact that k; < k < k& and the definition of kg
and k8. This concludes the proof that all states with wg (k) < C_ < w3(k) and k > kg are
teasible.

Now regard a state on the boundary {C_ = wq(k),k > k¢}, so we also have that
C_ < (1—B)/Bk> Such a state is generated by (kss, Css) = (kg,Cq). Moreover, the
unique control which moves (k,C_) to (k¢,Cg) is x < k/B < f(k) + (1 —6)k — g, orin
terms of ¢, ¢ > 0.

To show that (kg, C ) is in fact the only feasible state generating (k,C), let (k',C) be a
state generating (k,C_). If k' < kg, then (K, C) is not feasible by Lemma 1, and if k" = kg
only (kg, Cq) generates (k, C_). Suppose k' > kq. Then, C < (1 — B)/pk’,>* and so we can

>2These inequalities hold for all k > kg. The proofs are analogous to the proofs in footnotes 49 and 53.

53This holds because C— = wg (k) = Cq(k/kg)/7 and thus C_/((1 — B)/Bk) = (k/kg)¥/ 771 < 1.

>This holds because by the IC constraint (1c), (k' + C)/C7 = kg/ Cg or equivalently (k' + C)/C =
1/(1—B) (C/Cq)?. Thus, letting k = k'/C, (k +1)x” = (1 —B)~1- (B/(1 — B))” - (k' /kq)”. Since the right

12



recycle equation (22) to see h(k’,C) > h(k,C_). Because h(k,C_) = h(k, C;) however,
this implies that h(k',C) > h(kg, Cy), or put differently, C < wq(k’). Again by Lemma
1 such a (k’,C) is not feasible. Therefore, the only state that can generate a state on the
boundary {C_ = wg(k), k > ke} is (kg, Cq), and the associated unique control involves
positive c. [

B.4.3 Proof of Lemma 3

Proof. Let V (V) be the space of all continuous, weakly (strictly) increasing functions v :
kg, k] — Ry with ¢(k, v(k)) weakly (strictly) decreasing in k, and v(kg) = Cg, v(k8) = C8.
For these functions, T is well-defined since for small values of C_, k'(F(k),k,C_) tends
to F(k) € (kgk]. Moreover, the supremum in (18) is attained for all k € [k, k| since the
set of C_ in (18) is closed and bounded. We next show that (a) instead of considering
all possible controls x, it is sufficient to consider x = F(k); and (b) instead of looking for
C_ that satisty the inequality in (18), it suffices to look for solutions to the corresponding
relation with equality. This will allow us to write

To(k) = max{C_ | v(k'(F(k),k,C_)) = C(F(k),k,C-)}, (26)
The formal arguments behind these two steps are:

(a) Fix k € [k, k] and v € V. Suppose the supremum in (18) is attained by C_, with
control xg < F(k). Define @, c_:[0,F(k)] = R by

D, rc (x) = 1/) (K'(x,k,C-),C(x,k, C—)),_ilj (K'(x,k,C-), v(K'(x,k, C_)))J (27)

constantin x decreasing in x

and notice that v(k’(xg, k,C_)) > C(xp,k, C_) is equivalent to @, -_(xg) > 0. Since
®,  c_(x) is weakly increasing in x due to v € V, @, (F(k)) > Dyic_ (x0) and
so v(k'(F(k),k,C_)) > C(F(k),k,C_). Therefore, focusing on controls x = F(k) is
without loss in (18).

(b) Now argue that equality (rather than inequality) is without loss in (18). Suppose
the supremum were attained by C_ with control x = F(k) and strict inequality,
v(K'(F(k),k,C-)) > C(F(k),k,C_). Since both sides of this inequality are contin-
uous in C_, it follows that slightly increasing C_ still satisfies the inequality and
hence C_ could not have attained the supremum in the first place.

Notice also that the equation v(k'(F(k),k,C_)) = C(F(k),k,C_) can never have
more than one solution since raising C_ weakly decreases the left hand side and
strictly increases the right hand side.

hand side is increasing in «, the fact that K > kg tells us that x > /(1 — ), which is what we set out to
show.

13



Now we argue that T maps V into V. Take v € V. To show Twv is continuous and strictly
increasing, define first the auxiliary function ¥, : k¢, k] x Ry — R by

¥, : (k,C_) = (K (F(k),k,C_),C(F(k),k C_))

N J/

Va inkan?dr\‘ inC_

— ¢ (K (F(k),k,C_),0(K'(F(k),k,C-))) .

\,inkanE/ inC_

The function ¥, is continuous and consists of two terms: The first term is equal to 8~k /C7,
using the definition of 1, and hence strictly increasing in k and strictly decreasing in C_.
For the second term, recall that

1/0
K (F(k),k,C_) = F(k) (1 —C (ﬁ) )

is strictly increasing in k and strictly decreasing in C_, and v is such that ¢(k,v(k)) is
weakly decreasing in k. Thus, the second term is weakly decreasing in k and weakly in-
creasing in C_. Putting both terms together gives us that ¥, (k, C_) is continuous, strictly
increasing in k, and strictly decreasing in C_. We can rewrite Tv as

Tu(k) = C— where C_ is the unique number with ¥, (k,C_) = 0.

Since Y, is continuous, strictly increasing in k, strictly decreasing in C_ and admits a
unique solution C_ = Tv(k) to the equation ¥,(k,C_) = 0, it follows that Tv(k) is con-
tinuous and strictly increasing.>

To prove that k — (k, Tv(k)) is strictly decreasing, pick k1 < ky in [kg, k]. Suppose
P(ky, To(ky)) < p(kp, Tv(ka)). Since Tv(k) is strictly increasing, it follows that

kl kz k1 l—o kZ -
_ ke .
To(k)”  To(ka)® ~ To(k ) + To(k1) Tolky)? To(ky)' =7 <0

(ke To(k;)) —p(ky, To(k2))

Defining k; = k'(F(k;), k;, Tv(k;)) and C; = C(F(k;), k;, Tv(k;)), we find

, o,k Lk ,
ylla, 1) = Bl s < B e = POk o) (28)

This, however, implies that Tv(k,) cannot have been optimal: Pick an alternative con-
sumption level C, _ as C; — = Tov(ky)(ky/kq)'/7, which exceeds Tv(k,) by (28). Moreover,
pick the policy xo = F(kp), which is feasible, x, < F(k2). Since k1/To(k;)” = k2/C§ _ by
construction, it follows that (k’(x, k2, Ca,—), C(x2,k2,Ca,—)) = (k}, C1), which lies on the

5This is a fact that holds more generally: If I;, I, C R are intervals and f : I; x I, — R is continuous,
strictly increasing in x, and strictly decreasing in y with the property that for each x there exists a unique
y*(x) s.t. f(x,y*(x)) = 0, then y*(x) must be continuous and strictly increasing in x.
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graph of v. Hence Tv(k;) cannot have been optimal and so ¢(k, Tv(k)) is decreasing in k.
Finally, we prove that Tv(ky) = C,. Note that k' (F(kg), kg, Cg) = kg and C(F(kg), k¢, Cg) =
Cy. Because k' (F(kg), kg, C) is strictly decreasing in C_ and so k' (F(kg), ke, C—) < kg for
C_ > Cq (for k < kg, v(~k) is not even defined), this implies that Tv(k;) = Cg, concluding
the proof that T(V) C V. O

B.4.4 Proof of Lemma 4

Proof. Note that any state (k, C_) reaches the space {C_ < v(k)} in one step if and only
if C_ < Tov(k) (provided that v satisfies the regularity properties in Lemma 3). Thus, by
iteration, Z() = {w8(k) < C_ < T'w8(k)}. Because Z()) D ZU) for i > j, it holds that
Tiw (k) > Tiws (k). O

B.4.5 Proof of Lemma 5

Proof. The existence of the limit lim;_,, T'w8 (k) is straightforward for every k (monotone
sequence, bounded above because for large values of C_, k'(F(k),k,C_) < kq for any k).
It can easily be verified that w€ € V. Thus, using Lemma 3, @ must be weakly increasing,
w(ky) = Cq, w(k¥) = C8, and p(k, w(k)) must be weakly decreasing. To show @ € V,
suppose now that @ were not continuous. Then, there would have to be two arbitrarily
close values of k, k; < k, with a significant gap between TNwé (k1) and TNw8(ky) >
TNw$ (kq) for some large N. Since k'(...) and C(...) are both continuous, k; and k, can be
chosen sufficiently close so that

K = K (F(ky), ki, TNwE (k1)) > K (F(kp), ko, TNwS (kp)) = kb,

yet the inequality is reversed for C(...), C; = C(F(ky), k1, TNw8 (k1)) < C(F(ky), kp, TNwé(kp)) =
C,. However, this contradicts the definition of TN w8 since both pairs (k}, C1) and (k}, Cy)
have to lie on the graph of the same increasing function TN~!w8 but the latter is to the
top left of the former. Therefore, @ is continuous and @ € V.

Applying Dini’s Theorem, the convergence of T"w¢ to @ is also uniform, and by inter-
changing limits we find that

(K (F(k), k, (k) = lim T8 (K (F(K), k, T"*1ws (K)))
= lim C(E(k),k, T" w8 (k)) = C(E(k), k, w(k)), (29)

n—oo
and thus, by the representation of T in (26), @ = Tw®. This also means that @ < V,s0 @
is strictly increasing and ¢ (k, @(k)) strictly decreasing. Hence, for any given k, the only
feasible policy at point (k, @(k)) is x = F(k) (or equivalently ¢ = 0) since for any feasible
policy x, @y i 5(x) (x) from (27) needs to be non-negative; but by @ € V and (29), Dk (k)
is strictly increasing with @ ; 5 (F(k)) = 0, so x = F(k) is the only feasible policy. [

5 A subtlety here is that Z() D Z() only holds because states in the set {C_ = w3 (k)} is “self-generating”,
that is, if a path hits the set {C_ = w8 (k) } after j steps, it can stay in that set forever. In particular, it can hit
the set after i > j steps as well. This explains why Z() D z0),
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B.4.6 Proof of Lemma 6

Proof. Define h as before, h(k’,C) = k'/C”. Fix a state (k1,Co) with Cy > w@(kq). First,
consider the case Cy > (1 — B)/Bki and suppose it were generated by a feasible path
{(kt+1,Ct) }. As an intermediate result we now establish that C; > (1 — )/ Bk;;1 along
such a path. We do this by distinguishing the following two cases:

(@) If k1 < kS, this follows directly from C; > @(kiy1) > (1 — B)/Pkty1. The former
inequality holds by construction of @,” the latter by Lemma 4.

(b) If instead ks, > k&, it must be the case that k, 1 > k€ for all s < t as well.”®® But
then, using that x; < F(k¢) < k¢/p for k; > k8,

ki1 xi ki/B B
Mo 1< 1=
G G Ci1 1-p

We use our intermediate result as follows (still for the case Cy > (1 — )/ Bk1). Consider

ki ki1

kit1
h(kiiq,Cr) = = < h(ks, Ci_q). 30
( t+1 t) C;T C;T,1 ,B(kt+1+Ct) ( tr -t 1) ( )
1
<

If h(ks11, Ct) converges to zero, then either k; 1 — 0 or C; — oo (in which case k¢11 — 0
by the law of motion for capital and the fact that k; < k). Such a path is not feasible
because then F(k;.1) drops below zero in finite time (see the proof of Lemma 1 for a
similar argument). Hence, suppose h(k;;+1,Ct) — b > 0. Then, k;q/(B(kt+1 +Cr)) — 1,
so the path must approximate the steady state line described by {(k,C_)|C_- = (1 —
B)/Bk}. Because C; > w(k; 1) along the path, (k;;1, C¢) must be converging to (k8, CS).

Next we show that this convergence is still true if we take c; to be zero. Suppose there
were times with ¢; > 0. Then, define a new path {(IActH, Ct) }, starting at the same initial
state (kq, Cp) but with controls ¢; = 0. Observe that

h(kii1,Cr) = (i1, Cr) — CL77 = B W(ks, Cio1) — h(ke, Coq) " D/ (BF (ky))~ (D70

A 1/c0
kiy1 = F(ke) — <—h(§f(§21)) ,

%71f it were violated, Cy < T'@(k1) = @(k;) by construction of @. This would contradict our assumption
that Cy > ZD(kl)

®The reason for this is that for any state (k,C_) with k < k€ and C. > w@(k) we have that
kK = K(x,k,C-) < k8 for any control x < F(k). First, if ¢(k',C) > 9(k8,C8), then the curve
{(K'(x,k,C-),C(x,k,C-)), x > 0} and the graph of @ necessarily intersect at a state k with capital less
than k8. The intersection is unique since ¥ (k, @(k)) is strictly increasing. Since C— > w(k) it cannot
be that k = k'(x,k,C_) for a feasible x < F(k) and therefore, any k'(x,k, C_) with a feasible x < F(k)
is necessarily less than k < k8. Second, if y(k/,C) < (k8,C8), that is, k/C7 < k&8/(C8)?, then

1/ 1/
K < F(k)—C_ (%U‘)) " < F(k8) - C8 (ﬁFIgS)) L
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where the first equation is increasing in h(k;, C;_1) for the relevant parameters for which
h(ky1,Ci) > 0, and similarly the second equation is increasing in F(k;) if k1 > 0. By
induction over ¢, if h(k;, C;_1) > h(k;, C;_1) and k; > k; (induction hypothesis), then,
because F(IAq) > x4,

ki1, Co) > B ks, Coq) — h(ke, Co—1) "D/ (Bxy) "D/ = h(kyiq, Cr)

1/0
o 2 Flki) - (h(if(gf)n) '

confirming that ki > k; and h(k;, C;_1) > h(ki, C;_1) for all t. Given that h(k;q,C;) —
h > 0, either <I%t+1, (ft> — (k8,C8) as well, or {(lActH, CH} converges to some steady state

between k, and k$. The latter cannot be because of C; > @(k;11) along the path. But
the former is precluded by Lemma 7 below. This provides a contradiction, proving that a
state (k1, Cp) with Cy > @(kq1) and Cp > (1 — )/ Bk1 cannot be feasible.

Now, consider the case Cy < (1 — B)/pkj. Due to Cyp > @(k;), this can only be the case
if k; > k8. Again, suppose (kq,Cp) were generated by a feasible path {(k;y1,Ct)}. Given
the first half of this proof, if at any point (k;,1, C;) lies above the steady state line, we have
the desired contradiction. Therefore, suppose C; < (1 — )/ Bk;1 for all ¢. In that case,

ki1 ki ki1
h(kiiq,Cr) = = > h(ky, Ci_q).
1
>

Note that h(k41, Ct) is bounded from above, for example by k(ke, Cq) (because all states
below the steady state line with & equal to h(kg, C;) are below the graph of w$ and thus
below @ as well). So, h(k;;1,Ct) converges and k;11/(B(ki+1 + C¢)) — 1. The state ap-
proximates the steady state line. Because the only feasible steady state with below the
steady state line but above the graph of @ is (k8, C8) it follows that (k;1,Cs) — (kS,C3).
Following the same steps as before, it can be shown that without loss of generality, con-
trols c; can be taken to be zero along the path. By Lemma 7 below this is a contradiction,
concluding our proof that no state (k1, Cy) with Cy > @(kq) is feasible. O

B.4.7 Proof of Lemma 7

Proof. We prove each of the results in turn.

(a) Notice that c = 0 takes any state on the graph of @ to another state on the graph of @
(because Tw = ). Suppose k1 < k3 (the case k1 > k3 is analogous). Then, no future
capital stock k11 can exceed k8. Because if it did, there would have to be a capital
stock k € (kg, k8) with k' (F(k),k, w(k)) = k8, by continuity of k — k'(F(k),k,@(k)).
But this is impossible by definition of k8. Thus, along the path, C; > (1 — B)/ Bk 41

By definition of k8, F(k8) = k& + C&, and so, F(k) < k8 + C8 for k < kS.

17



(b)

and so h(k41, Cy) is decreasing. As h(kq, Cg) > h(k,w(k)) forallk > kg% this means
(kt—HI Ct) — (kg, Cg).

For simplicity, focus on the case kg < k3. Again, the case kg > k& is completely
analogous. Suppose (k;1,Ct) were converging to (k8,C$). Note that at k8, F(k)/k
is decreasing.61 Thus, there exists a time T > 0 for which the capital stock kr is
sufficiently close to k¢ that F(k)/k is decreasing for all k in a neighborhood of k¢
which includes {k;};>7. Let {k;;1,C;} denote the path with ¢; = 0, starting from
(kr,@(kt)). We already know that {k; 1, C;} does indeed converge to (k8, C8) from
the first part of this proof. Also, observe that both (k;;1,C;) and (k;,1,C;) have
controls ¢; = 0 here, unlike in the proof of Lemma 6.

In the remainder of this proof, we denote the “zero control c = 0” laws of motion for
capital and capitalists” consumption by Li(k,C_) = k'(F(k),k,C_) and Lc(k,C-) =
C(F(k),k,C—) (only for this proof). Since F(k)/k is locally decreasing, it follows
that dLy/dk > 0, dLy/dC_ < 0and dLc/dk < 0, dLc/dC— > 0. This implies that
because Cy_1 > @(k7) (which must hold or else Cy < @(ky) by construction of @),
C; > C; and ki1 > I%Hl for all t > T. Moreover, borrowing from equation (22), we
know that

1 1 1/0 1
h(kii1,Cr) = h(ks, Ci—1) (B - (h(kt, Ct—1)> (,BF(kt))l_l/‘7> ,

which implies that by induction h(k;;1,Cr) < h(lActH, Ct), that is,

log h(kit1,Crir-1)

t—1 1 1 1/c0
= logh(kt,Cr_1) + lo ——( )
ghikr, Cra) SZO 8\ B~ \hlkris Cria1))  (BEC kT+ ))I-1/7

( ) t—1 1 1 1/0
< log h kT, CT_1 + lo - — ( ~ Y )
& s;) & B \h(krys, Cris—1) (BE( kT+s yi-1/e

= IOg I’Z(IACH_T, ét—l—T—l) —|—10gh(kT, CT—l) logh

As t — oo, this equation yields

log h(k8,C8) < logh(k8,C8) +logh(kr, Cr_q) — logh(kr,Cr_1),

*fkT(CT 1—Cr71)<0

which is a contradiction. Therefore, (k¢11, Ct) /4 (k8,CS). O

80Note that @ (k) > wg(k) and h(k,wg(k)) = const, see Lemmas 1 and 2 above.
®1This holds because F/(k8) < 1/p and F(k8) = 1/Bk8, and so % F(k)/k < 0.
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C Numerical Method

To solve the Bellman equation (15) we must first compute the feasible set Z*. We restrict
the range of capital to a closed interval [k, k] with k > ke. This leads us to seek a subset

Z*k © Z* of the feasible set Z*. We compute this set numerically as follows.

Start with the set Z ;) defined by C. = %k and k € [k k|. This set is self generating

and thus ZZ‘O) C Z*k. We define an operator that finds all points (k, C_) for which one
can find ¢, K/, C satisfying the constraints of the Bellman equation and (k/,C) € Z ?0)' This
gives a set ZZ‘l) with ZE*O) C ZZ‘l). Iterating on this procedure we obtain ZE‘O), ZZ‘l), Zz‘z), e
and we stop when the sets do not grow much. We then solve the Bellman equation by
value function iteration. We start with a guess for V that uses a feasible policy to evaluate
utility. This ensures that our guess is below the true value function. Iterating on the Bell-
man equation then leads to a monotone sequence Vj, Vj, ... and we stop when iteration n
yields a V;, that is sufficiently close to V;,_1. Our procedure uses a grid that is defined on a
transformation of (k, C_) that maps Z* into a rectangle. We linearly interpolate between
grid points.

The code was programmed in Matlab and executed with parallel ‘parfor’ commands,
to improve speed and allow denser grids, on a cluster of 64-128 workers. Grid density
was adjusted until no noticeable difference in the optimal paths were observed.

D Proof of Proposition 4

As in Appendix B we use the notation that F(k) = f(k) + (1 — 0)k. The derivatives of S

evaluated at some time 7 are denoted by S;; = %% and S; g, = giRTt, fort > 1.

Define the following object,

dWT /_ / / T/_l
Wwr = Ak = Z ﬁT Tu (CT/)(F (kT/) — RT/) ( H S],SR5> ’ (31)
+1

T>1+1 s=1+1

which corresponds to the response in welfare W;, measured in units of period 7 utility, of
a change in savings by an infinitesimal unit between periods 7 and 7 + 1. Now consider
the effect of a one-time change in the capital tax, effectively changing R; to R; 4+ dR in
period t. This has three types of effects on total welfare: It changes savings behavior in
all periods T < t through the effect of R; on S:. It changes capitalists” income in period
t through the effect of Ry on R¢k;. And finally it changes workers” income in period t
directly through the effect of Ry on F(k;) — R¢ky. Summing up these three effects, one
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obtains a total effect of

t—1
AW =} B 'wr Sr,r,dR
— N——
change in savings in period T<t
+ wy S[,tkth —u’(ct) kth
—— —
change in savings in period ¢ change in workers’ income in period ¢

The total effect needs to net out to zero along the optimal path, that is,

1 t—1
wSpr—u'(cp) = —— 2 BT WS g, (32)

By optimization over the initial interest rate Ry, we find the condition
a)()SLoko — ul(Co)kQ =0. (33)

This shows that S;p > 0 and so wy € (0,0). By their definition (31), the w- satisfy the
recursion

we =1 (cr41) (F'(key1) — Req1) + BS1r41Rr 41w 11

Since it is easy to see that R, 1 > 0 for all 7,% it follows that w; is finite for all T. Then,
due to the recursive nature of (32), if wr > O for T < ¢,

1 t—1

wiSpp—u'(cr) = —— Y B! wr Ser, > 0.
’ k — ANt
tr=0 <0 SVO

In particular, using the initial condition (33), this proves by induction that
wiSry—u'(ct) >0 forallt > 0. (34)

Now suppose the economy were converging to an interior steady state with non-positive
limit tax (either zero or negative), that is, Ay = F'(kt) — Ry converges to a non-positive
number, ¢; — ¢ > 0 and S; Ry — S;R > 0. It is immediate by (31) that if A; converges to
a negative number, then w; must eventually become negative—contradicting (34). Hence
suppose A; — 0. Distinguish two cases.

Case I:  Suppose first that BS;R > 1. Thus, [1{_;(BS1sRs) is unbounded and diverges
to co. Then, because wy is finite, we have that the partial sums in the expression for wy

62QOtherwise capital would be zero forever after due to S(0,...) = 0, a contradiction to the allocation
converging to an interior steady state.
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coming from (31) have to converge to zero,

T’—l
= Y. Bu'(co)(F'(ky) — (BS1sRs) — 0, asT — .
1

T>71+1 5=

Hence,

-1

T

wr = <H(,BSI,SRS)) wr — 0,
s=1

contradicting the fact that w; is bounded away from zero by u’(c)/S;. Therefore, BS;R >

1 is not compatible with any interior steady state. (This argument does not use the fact

that we focus on A; — 0.)

CaselIl: Suppose fSiR < 1. In this case, we show convergence of w to zero directly. Fix
€ > 0. Let 7 be large enough such that S;;R; < b for some b < 1 and that |u'(c/)An| <
€(1 —b). Then,
lwe| <) € LT T = e
T=1+1

Again, this contradicts the fact that w; is bounded away from zero by u/(c)/S;.
This concludes our proof, establishing that the capital tax 7; = A/ F'(kt) must con-
verge to a positive number at the interior steady state.

E Derivation of the Inverse Elasticity Rule (4) and Proof of
the Corollary

Derivation of the Inverse Elasticity Rule. In this section, we continue using the nota-
tion and results of Section D. Consider equation (32). Because BS;R < 1, w; converges
to

__ B / /
w = W(F (k) — R)u'(c).

We make the additional convergence assumption

t

Wt kt_ ad _
Y B T—Tk Tes, R, — Y B Tesr € [—00,00], ast— oo, (35)
=1 Wkt =1

which amounts to first taking the limit of the summands as t — oo, and then taking the
limit of the series, instead of considering both limits simultaneously. Under this order of
limits assumption, we can characterize the limit of equation (32) as t — oo,

u' L w7k
Sit— ( Z =t i €S, R - (36)

J/
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Distinguish two cases according to whether w = 0 or w # 0. First, if w = 0, or equiv-
alently the limit tax 7 is zero, then (36) reveals that ) 2> ; B~ "€g 1 is either plus or minus
infinity. Therefore, the inverse elasticity formula holds in this case as both sides of (4)
converge to zero.

Second, if w # 0, then by taking the limit of (32) as t — oo and using the condition
(35), we find

u'(c ©
SI_ ():_Z,B T€S,T/
=1

w

which can be rewritten as

BSIR
1—-BS/R

1

(F'(k) —R)—R = _W(F(k) —R) ; B "tleg .

Note that F/(k) — R = %R. Therefore, we can rearrange the condition to

BSIR  1-T 1 i
1—BSIR T — 1-BSIR~

1— BRS;
1+ y32 B lesy

This is precisely the inverse elasticity formula (4).

ﬁ*T+1€S’T

= T =

Proof of the Corollary. Notice that by Proposition 4 the limit tax rate is positive, 7 >
0, conditional on convergence to an interior steady state. If now the inverse elasticity
formula implies a negative tax rate, then either the regularity condition for the inverse
elasticity rule is not satisfied or the allocation does not converge to an interior steady
state.

F Infinite Sum of Elasticities with Recursive Utility

In this section, we prove the result that the infinite sum ) 22 ; B~ "eg r does not converge
for any recursive utility function that is locally non-additive.

More specifically, we consider the capitalist’s optimization problem as in Section 2.3,
just with recursive preferences as in Section 3.1, with U = c. In particular, the capitalist’s
utility is characterized by the recursion V; = W(C, Vi), assuming W is twice continu-
ously differentiable and strictly increasing in both arguments. Analogous to our analysis
in Section 3.1, we define B(c) = Wy(c, V(c)) as the steady state discount factor along a
constant consumption stream yielding steady state utility V(c¢) = W(c, V(c)).

Any such recursive utility function naturally yields an optimal savings function a; ;1 =
S(Rtat, Rey1, . ..). Fix now constant interest rates R and a steady state of the capitalist’s
optimization problem (a,c, V). Let B = Wy(c,V(c)) = B(c) the discount factor in that

specific steady state. Define €5 = %Réfllongli' The following proposition characterizes the

behavior of the infinite sum ) 3> ; B~ "€g 7.
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Proposition 12. Suppose capitalists have recursive preferences represented by (5a) (see Section

3.1, with U = c). Then, if the discount factor is locally non-constant, B/(c) # 0, the series
YT B Tes . does not have a finite limit as T — oo,

Proof. We first compute the elasticities €5 ; and then prove that the infinite sum does not
have a finite limit. To compute €g -, we consider an agent with the recursive preferences
introduced above, who is at a steady state (a,c,V) given a constant interest rates R. Note
that because utility is strictly increasing in a permanent increase in consumption at the
steady state, we have g = Wy € (0,1).

The conditions for optimality are then,

Vi =W (Rear — ay41, Vit1)
We (Rear — a1, Vig1) = RepaWy (Reay — api1, Vi) We (Re1@i1 — a2, Vigo)

The first equation is the recursion for utility V; and the second equation is the Euler equa-
tion. In particular, note that the latter implies that SR = 1 at the steady state. Linearizing
these equations around the steady state (denoted without time subscripts) yields,

Wy dVii1 = —WcRday + Wedag 1 +dVi — WeadRy (37)

and

(RWcWyc — RWee — Wee) dagy1 + Wee dago — (WyWe + Weea) dRpyq
+ (Wey — RWcWyy) dViq1 — Wey dVigo
= (R*WcWyc — WeeR) dag + (RWeWyca — Weea) dR;,  (38)
where all derivatives are evaluated at the steady state ((R — 1) a, V). To save on notation,

we define w = Wyc — BWcec/We € R, which is a term that will appear multiple times
below. We solve (37) and (38) by the method of undetermined coefficients, guessing

dagr = wAda+a ) B0 AR+ (39a)
=0
dV; = WeRday + (Wea) Y BT dR; . (39b)
=0

The form of equation (39b) is what is required by the Envelope condition. We are left to
find A and the sequence {0:}, where 6 = B~ "eg, for T > 1, is exactly the sequence
of elasticities were are looking for. Substituting the guesses (39a) and (39b) into (38), we
obtain an expression featuring da;, da;q, da;y» and dRy4+ for T = 0,1,.... Setting the
coefficient on da; to zero gives a quadratic for A,

@A+ (—(1+ Rjw+ (R—1)B(c)) A+ R =0, (40)

Note that the solution of this equation can never be zero, i.e. A # 0. Also, if El(c) =0,

23



the term in parentheses simplifies to — (1 + R)w and the solutions are just A = w~! and
A=w 'R

Setting the coefficient on dR; to zero gives

0o = BwA.
Similarly for dR;1 we find after various simplifications,
01 = wA (B — 1)+ A (Ba~! + (1- p)B (o))
and for dR;;; after some more simplifications
0 = wAbr_1 + A (1—B) B (c), (41)

for T = 2,3,.... The result then follows from this expression: If El(c) # 0, the sum
Zzzl B Tesc = Zzzl : cannot converge. To see this, consider

T T T-1 T _
Y 0c =01+ ) 0c =01+ Y, wAbr+ Y A1 - B)B (c).
=1 =2 =1 =2

If the left hand side of this equation converged to some limit ® € R, the right hand side
of this equation would diverge since the last sum diverges (while all other terms would
remain finite). Therefore, Y"I_; B~ "es ; cannot converge to a finite limit. O

G Linearized Dynamics and Proof of Proposition 5

A natural way to prove Proposition 5 would be to linearize our first order conditions in
(2), and to solve forward for the multipliers y; and A; using transversality conditions,
arriving at an approximate law of motion of the form

()= (e ) =1l e)
Ct Ci1 Ci1—C" )7

To maximize similarity with Kemp et al. (1993), however, we do not take that route; rather
we start with the continuous time problem, derive its first order conditions and linearize
them around the zero tax steady state. The problem in continuous time is

max/ e P (u(cy) +yU(Cy)) dt
0
s.t. ¢t + Ct -|—g + kt = f(kt) — (Skt

.G (flk) o o
Ct—?(kt ) kt ol-.
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Let p; and g; denote the costates corresponding respectively to the states k; and C;. The
FOCs are,

1C
up(ct) = prcr + qt(;k—:

= ppr = pu(F () = )+ i — g (k) = 9)

s . / . 1 f(kt)_ _ﬂ_
gt = pqe — yU'(C) Qta( R P)

Just like Kemp et al. (1993), we require the two transversality conditions to hold,
lime *'q;C; =0 and lime *'pik; = 0. (42)
t—oco t—oc0

Denote the 4-dimensional state of this dynamic system by x; = (k¢ Ct, pt,q¢) and its

unique positive steady state (the zero-tax steady state) by x* = (k*,C*, p*,q*). The lin-
earized system is,

Xp = J(xt — x%), (43)
where | is a 4 x 4 matrix with determinant
g SR () p?
det] = (1—0) W) o (44)
>0

Its eigenvalues can be written as,

2 1 1/271/2
A1_4:gi [(g) —%(i§<)(2—4det]> } ) (45)
e p/(e) ~ U(C)  fIEE)
=L — . 4
X o u//(c*)k* u//(c*) ( 6)
There are two “£” signs in (45). In the remainder, we number eigenvalues according
to those two signs in (45): A; has ++, A» has +—, A3 has —+, and A4 has ——. For

convenience, define v* by v* = u/(c*) /U’ (C*).

In general, a solution x; to the linearized FOCs (43) can load on all four eigenvalues.
However, taking the two transversality conditions into account restricts the system to
only load on eigenvalues with Re(A;) < p/2. In Lemma 13 below, we show that this
means the solution loads on eigenvalues A3 and Ay4.

Lemma 13. The eigenvalues in (45) can be shown to satisfy the following properties.
(a) It is always the case that

ReAy > Redy > p/2 > ReAy > ReAs.
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(b) If o > 1, then det ] < 0, implying that
ReA; = A1 > p > Redy > p/2 > Redy > 0 > A3 = ReAs. 47)
In particular, there is a exactly one negative eigenvalue. The system is saddle-path stable.
(c) Ifoc <landy < %, thendet] > 0and § < 0, implying that
ReA1,ReAy > p > 0 > ReAy, ReAs. (48)

In particular, there exist exactly two eigenvalues with negative real part. The system is
locally stable.

(d) If o < 1and v > %, the system may either be locally stable, or locally unstable (all
eigenvalues having positive real parts).

Proof. We follow the convention that the square root of a complex number 4 is defined as
the unique number b that satisfies b?> = a and has nonnegative real part (if Re(b) = 0 we also
require Im(b) > 0). Hence, the set of all square roots of a is given by {+b}. We prove the
results in turn.

(a) First, observe the following fact: Given a real number x and a complex number
b with nonnegative real part, it holds that Re <\/x + b> > Re <\/x — b) 63 From

there, it is straightforward to see that ReA; > ReA, and ReAdy > ReAs. Finally
ReAdy > p/2 > ReAy holds according to our convention of square roots having
nonnegative real parts.

(b) The negativity of det ] follows immediately from (44). This implies

U R [

and so (47) holds, using monotonicity of Rey/x for real numbers x.

(c) The signs of det ] and J follow immediately from (44) and (46). In this case, —6/2 &
1/2Re (52 — 4det])"/* > 0 proving (48).

(d) This is a simple consequence of the fact that if det ] > 0, then either

—6/2+1/2Re (5% — 4det])"/? > 0, or —6/2 +1/2Re (62 — 4det )" < 0, where
under the latter condition the system is locally unstable. O

83To prove this, let b denote the complex conjugate of b and note that Re (\/x + b) is monotonic in the

real number x. Then, Re (\/m) = Re (\/m) = Re ( x—b+ (b+ b)> > Re (\/H) where

b+ b = 2Re(b) > 0 and monotonicity are used.
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H Proof of Proposition 6

In this proof, we first exploit the recursiveness of the utility V to recast the IC constraint
(7) entirely in terms of V; and W(U, V’). Then, using the first order conditions, we are
able to characterize the long-run steady state. Throughout this section, we denote by X;
the derivative of quantity X with respect to z, evaluated at time t. To save on notation, we
define f(k,n) = F(k,n) 4+ (1 — é)k.

Let By = ;;(1) Wys. Using the definition of the aggregator in (3) this implies that
Vet = BtWuler and Vi = B WiyUye. Thus the IC constraint (7) can be rewritten as

Y BeWur(Uerer + Unny) = WiroUeo (Roko + RS%) , (49)
=0

and the planning problem becomes

max V)
{Vh,eemi,Ro}

s.t. Vt = W(U(Ct, Tlt), VtJrl) (50)
RC (6), IC (49), R; > 1.

To state the first order conditions, define foreach t > 0, A;11 = ﬁ %M Yoo o BsWus(Uescs +

U,sns) and By = % Yoo a(ﬁaszxu“’) (Uescs + Uysns). Let vy be the present value multiplier
on the Koopmans constraint (50), ;A the present value multiplier on the resource con-
straint (6), and p the multiplier on the IC constraint (49). As stated in the proposition,
we assume that the capital tax bound R; > 1 is not binding eventually, say from period
T onwards. The first order conditions for V;.1, ¢, s, and k11 (in that order) are for each

t > T given by

—Vt+ V1 A1 =0
— v Wy Uet + HWLIt (uct + Ucc,tct + unc,tnt) + ,uBtuct = At
VW Une — Wi (Ut + Ucn e + Upneng) — Bl = At fur
—At+ AWyt frep1 = 0.

Suppose the allocation converges to an interior steady state in ¢, k, and n. Then U; and
V: converge, as well as their first and second derivatives (when evaluated at ¢, k¢, and
nt). Similarly, the representative agent’s assets a; converge to a value a, which can be
characterized using a time ¢ + 1 version of the IC constraint,

a = lim asy1 = lim (WUt+l uct+113t+1Rt+l)71 Z ,BSWUs(ucsCs —+ Unsns)
t—o0 t—o0 s—f+1
= ((1 = B)UR) " (Ucc+ Uyn),

where B = B(V) = Wy € (0,1) (see footnote 30). Using this expression, we see that A; 1,
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which can be written as,

Wuv ¢
Wy

W B o0
At+1 = (uctct + Untnt) + % lBt*}}l Z ﬁswus(uC5C5 + u”sns),

s=t+1

J/

NV
Wutr1Uetr1Rer1ai01—WylcRa

converges as well, to some limit A,

%I(Ucc + Uyn) + [%VWUUCRa

_ ( 1&[5 Bu + 5V> %WUUCRa — @wuucm — A (51)

where we defined fx = Wyx and X = U, V. Similarly, we can show that B; converges to
some finite value B. Taking the limits of quantities in the first order conditions above, we
thus find a system of equations for multipliers v, u, A¢,

Aty —

— Vi + Vi1 + A =0 (52a)
U u B 1
e (1 G ) i~ =
U u B
it p (1 4ty &’;”) gy == wi h (520)
A+ AcBfi = 0. (524d)

Substituting out A; from (52d) using (52a) and (52b), we find

Bfi-1= 1t —1= - TU

A1 At

UA. (53)

We now move to the two main results of this section. First, we show that steady state
capital taxes are zero. Second, we show that steady state labor taxes are also zero, unless
B’ (V) = 0, when preferences are locally additive separable.

Lemma 14. At an interior steady state, capital taxes are zero, i.e. Bfy = 1.

Proof. If A = 0 or p = 0 the result is immediate from (53). Suppose instead that A # 0
and p # 0. Then, (52a) implies that v; and hence A; diverges to 400 or —co. Then again,
Bfi = 1 follows from (53).%* ]

We move to our second result.

Lemma 15. At an interior steady state, labor taxes are zero, i.e. T" =1+ Ulf}n =0ifB'(V) #0
and a > 0.

%4Notice that A; — 0 requires u = 0 by (54), so the optimal allocation is first best to begin with, implying

Bfi = 1.
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Proof. By combining equations (52b) and (52c) we find an expression for 7",

Mt =u

Wuly, (UCCC 4 Upen . Ucne _ unnn) ’ (54)

f n uc uc un un
Uece

Note that by normality of consumption and labor the term in brackets is negative, = +

UL”[CC” - uﬁzc — uﬁ’;” < 0. It is immediate from (54) that 7" = 0 if A; diverges to either +oco

or —0.% Suppose Ay —+ A € R. We distinguish whether 4 = Oor u # 0. If 4 = 0,
the economy was first best to start with, and the labor tax must be zero at any date,
including at the steady state. If 4 # 0, convergence of A; (equivalent to convergence of
V) necessitates that A = 0, using (52a). But then (51) contradicts our assumptions that
preferences are not locally additively separable, f'(V) # 0, and steady state assets are
positive a > 0. O

I Proof of Proposition 7

In this section, we prove Proposition 7. The proof is organized as follows. In Section 1.1
we introduce the planning problem, derive and discuss the first order conditions, and
define the largest feasible level of initial government debt b. Section 1.2 then focuses on
parts A and B (i) of Proposition 7. Finally, Section 1.3 proves the bang-bang property and
parts B (ii) and C of Proposition 7.

I.1 Planning problem and first order conditions

As in the statement of the proposition, we fix some positive initial level of capital kg > 0.
The problem under scrutiny is

V(bp) = max /OO e P (u(cy) —ov(ny)) dt (55a)
{etnikeri} J0O
1
¢t = Ctg_ (T’t — p) (55b)
ct+8+ kt = f(kt, 1’lt) — Ok (55¢)

/ e Pt (' (cr)er — 0’ (ne)ny) dt > ' (co) (ko + bo) (55d)
0

¢t >0,n >0,k >0, >0
where recall that u(c) = ¢! =7 /(1 — ¢) and v(n) = n'*¢/(1 + ), { > 0. In the entire anal-

ysis in this section, we write value functions such as V' (bg) without explicit reference to ko
since we treat kg as fixed. The current-value Hamiltonian of this optimal control problem

05Gince Ay — A # 0 and p is constant over time, v; and thus also A; have a well-defined limit in [—oc0, 00].
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with subsidiary condition (55d) (see, e.g., Gelfand and Fomin, 2000) can be written as

H(c,k;n,r; A, n,u) = Pyu(c) — Pyo(n) +170}7 (r—p)+A(f(k,n)—dk—c—g), (56)

where we defined ®, =1+ u(1+ ) and &, = 1+ u(1 — o) with pu being the multiplier
on the IC constraint; and where we denoted the costates of consumption and capital by
7t and A, respectively. Notice that 7; < 0 or else r; = oo were optimal, violating the
resource constraint. Problem (55a) implies the following first order conditions for the
controls {ng, 1},

D0 (n¢) = Af(ke, 1) (57a)
—0 if 7, <0

57b

”{emm)ﬁm:a (57b)

the following laws of motion for the costates,
Nt — PNt = Utg + At — Dyu' (ct) (57¢)
A= (p—11)A (57d)
and the following optimality condition for the initial state of consumption cy,
o = —poey” (ko + bo)- (57€)

In equation (57d) we defined the before-tax return on capital as r; = f(k¢, 1) — 6. The
conditions (57a)—(57e), together with the constraints (55b)—(55d) and the two transversal-
ity conditions

E%Eﬂhh:o (57f)
%i_r)r(} e*ptiytct =0 (57g)

are sufficient for an optimum if we are able to establish that the planning problem (55a)
is a concave maximization problem, or can be transformed into one using variable trans-
formations.

The first order conditions (57a)—(57e) (though not the transversality conditions (57f)
and (57g)) are necessary at an optimum since interiority is ensured by the imposition
of Inada conditions; that is, with the exception when that optimum is also maximizing
the subsidiary constraint, which is the IC constraint in our case (see Gelfand and Fomin,
2000). More specifically, the above first order conditions are not necessary when the opti-
mum to (55a) achieves the supremum in

1

e tn oo [ s o
ce ki
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subject to the two other constraints (55b) and (55c). We deliberately formulated (58) in
a way to define b as the highest level of by for which there can possibly exist a feasible
allocation. Notice that b € [—o0, 00|, allowing for b = —c0 if no feasible allocation exists at
all (which might happen if g is very large), and b = co if there exists a feasible allocation
for any value of by.

Since in the case that by = b the supremum in (58) is attained, there are still necessary
tirst order conditions the allocation satisfies, namely the ones corresponding to (58). These
are exactly the same as (57a)—(57e) after substituting un; for ; and uA; for A4, and then
dividing by u and setting 4 = oco. This replaces ®, by (1 — ¢) and ¥, by (1+ ) in
(57a)—(57¢), leaves (57d) unchanged and alters (57e) to 79 = —oc, o-1 (ko + bo).

One additional remark about the setup in (55a) is in place. We stated an inequality
IC constraint (55d), corresponding to a non-negative multiplier . This is without loss of
generality in our setup, since at any optimum, # will indeed be non-negative: From the
first order condition (57e), we see that our assumption of positive initial private wealth,
ko 4 bo > 0, together with the non-positivity of 7o means that u > 0.

1.2 Proof of parts A and B (i)

Our proof in this subsection proceeds in three steps. First, we characterize the space
of solutions to a restricted planning problem, in which the length T of capital taxation
is restricted to be infinity. Then we use these insights to prove that T = oo is in fact
optimal in the unrestricted planning problem for levels of initial debt by € [b, b] (with non-
empty interior if ¢ > 1). Finally, we show that for all by < b there are feasible policies
with T < co. Throughout, we assume that o > 1, as is assumed in parts A and B (i) of
Proposition 7.

15 step: The restricted problem. We start by studying a restricted planning problem,
where we restrict ourselves to the case of indefinite capital taxation (at its upper bound).
Effectively, this implies that r; = 0 for all t and the path of ¢; is entirely characterized
by cp and (55b). To characterize this restricted problem, it will prove useful to define
the minimum discounted sum of labor disutilities, henceforth effective disutility from labor,
needed to sustain this path {¢;} as

i = mi " et dt 59
9(co) {I;f:,lkr:}/o e Po(ny) (59a)
s.t. coe P/t + g+ ky = f ke, ny) — k. (59b)

We prove important properties of the effective disutility ¥ and the optimal control prob-
lem (59a) in Lemma 16.

Lemma 16. The function 9 : Ry — Ry is strictly convex, strictly increasing and continuously
differentiable at any co € Ry . It satisfies 3(0) > 0. Moreover, for any cog > 0, there exists a
unique solution {n%°,k*} and a costate of capital {A°}. Upon defining c¢° = coe /7" it holds
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that, {c{°, n°, k°, A} — (¢, n®,k®, A*), where

=0
FOR®, 1) = 6k 4 ¢ (60a)
fe(k®,n%) =p+0 (60b)
o' (1) = A £, (K%, n®). (60c)

In particular, the transversality condition lim_,co e P'A°kS® = 0 holds and
#(co) = / e~/ . (60d)
0

Proof. The proof has 4 steps: First, we prove existence and uniqueness of the solution
to a “bounded” version of the optimal control problem (59a) with bounds on n; and k;.
Second, we characterize the optimal paths (k{°, n;°) of this problem. Third, we show
that increasing the bounds on k; and #n; makes the bounded problem equivalent to (59a).
Finally, we establish that the claimed properties of 7.

First step. For this step, relax the constraint (59b) to be an inequality “<” and intro-
duce upper bounds k > 0 and 7 > 0 on k and n. Using the definition of k* and n® in
(60a)—(60b), pick k > max{ko, k*} and pick 7 large enough so that 7 > n® and so that
ko > 0 is feasible at time t = 0.°® This means the problem is given by

¥(cg) = min /oo e Plo(ny)dt (61a)
{Tlt,kt} 0

s.t. coe P+ g+ ki < f(ki, ny) — Ok
kf € [OI%]I ny € [Olﬁ]

This problem is clearly a strictly convex minimization problem (strictly convex objective
and a convex constraint), even without bounds on k and n, and therefore at most admits
a single solution. A straightforward application of Seierstad and Sydsaeter (1987, Section
3.7, Theorem 15) to the optimal control problem (61a) reveals that there always exist paths
{n$°,k°} that attain the minimum in (61a).”

Second step. We now study the long-run properties of the solution to the problem (61a).
Before we dive into the details, we note that k¥ > 0 and n* > 0 are uniquely determined
by (60a) and (60b) due to the Inada properties of fi(-,n) and the fact that f/k > fi. A®
follows from (60c). At each point where k; < k and n; < 7, the necessary first order
conditions corresponding to (61a) are given by

v'(ny) = Atfulke, n) (62a)
A=Al —70), (62b)

66k0 >0 ifff(k(),ﬁ) —0kg—g—co > 0.
67This relies on our choice of # which ensures that ico > 0, so even for low values of kg there exist
admissible paths {n;, k; }.
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Figure 6: Phase diagram characterizing the solution to the restricted problem (59a).
n=0

I 1 k=0

A
“

where A; denotes the costate of k;. Notice that n; is continuous, as an immediate conse-
quence of (62a) and of the fact that both k; and A; are continuous. Also note that (62a)
implies A; > 0, meaning our relaxation of the resource constraint (59b) to an inequality
was without loss of generality. Using the resource constraint (59b) and (62a)—(62b), we can
derive an ODE system entirely in terms of #n; and k;, consisting of the resource constraint
(59Db) itself and of

n +c
(@"‘“t)—tzp"‘(l—ﬂét)fs—lxtg 3
n¢ kt

where oy = a(ki/n;) = %. We can also abbreviate the ODEs as k = k(k, n,c;) and

n = n(k,n,c;). Define the two sets

Ar = {(k,n) |n(k,n,c;) >0, k(k,n,c;) > 0}

By = {(k,n)|n(k,n,c) <0, k(k,n,ct) <0}.

To illustrate these sets, note that for large t, c; ~ 0, we can draw the phase diagram that
corresponds to the ODE system. This is done in Figure 6 for the Cobb-Douglas case where
ay = const. In that figure, A; is the top right area, while B; is the bottom left area. We now
argue that the state (k¢, n;) can never be in A; for any ¢, and never be in B; for large t. If
for any t, (k¢, nt) € A4, ny can be lowered to achieve ki = 0 at all times, clearly improving
the objective. If there does not exist a time s such that (k¢ n;) ¢ B for t > s, then it must
be that asymptotically (k¢ n;) € B; for all sufficiently large t. But in that case, k; — 0,
contradicting feasibility (since government spending is positive, ¢ > 0). Therefore, it
must be that (k{°, n3°) — (k*,n®).

Note that the optimal costate A7* can be computed using the first order condition for
labor, (62a). Due to the steady state convergence of the system, the transversality condi-
tion lim;_,e e P*A°k$° = 0 naturally holds.

Third step. We now show that there exists a sufficiently large bound 7 such that the
solutions of the problem without bounds, (59a) and the problem with bounds (61a) coin-
cide. This is the case if there exists a 77 such that n;° < 7 at the optimum at all times ¢.
Assume the contrary held, that is, no matter how large 7 is, at the corresponding optimal
path, which we denote by (k°(7), n3° (7)) to emphasize the dependence on 7, there exist
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times t where n{°() = 1. Since n{°(#) can never approach 7 from below (this would
require (k¢, n¢) € Ay), it must be that there exists a time s > 0 such that n{°(77) = 7% for any
t € [0,s] and any arbitrarily large 7. It is straightforward to see that this lets k°(77) grow
unboundedly large, in particular leading to (k°(7), n° (1)) € As—a contradiction. This
completes our proof that problem (59a) admits a unique solution, which approaches the
steady state (k*°, n>) asymptotically.

Fourth step. In our final step, we derive the claimed properties of @. First, since the
objective is strictly convex, 7 is strictly convex. It is also strictly increasing since the con-
straint tightens with larger ¢o. (0) > 0 follows directly from g > 0. For differentiability,
pick any & € R, and denote the associated optimal path for capital by {k*}. Follow-
ing the logic in Benveniste and Scheinkman (1979) we can define a strictly convex and

differentiable functi = e N (ke coe /ot £ g4 ke oke) dt wh
ifferentiable function w(cp) = [ e 7 (t,coe +g+k°+ t) t where

N(k,y) = f(k,-)~!(y) is the level of labor needed to fund output y > 0 given capital
k > 0. By contsruction, w(éy) = v(&y) and w(cy) > v(cp) locally around ¢y.%® This implies
that @ is differentiable at any ¢y € R with derivative®

(] / [e]
¥ (co) = / e—oro/on_OUE) 4y (63)
(<o) 0 fu(k®, ni)

This formula for the derivative of @ is equivalent to (60d) after expressing the former in
terms of A; using the first order condition for labor (62a). This concludes our proof of
Lemma 16. [

The effective disutility 7(cg) is convenient since in the original planning problem (55a),
labor disutility appears in present value terms both in the objective as well as in the IC
constraint (55d). Moreover, due to the assumption of power disutility, both present values
are essentially 7(co) up to a constant factor. The restricted version of the original planning
problem (55a) can now be simply written as restricted problem

(op

Voo (bo) = max u(co)— — 9(co) (64a)
co>0 Y

e = (1 0)0(co) 2 g (ko + bo). (64b)

We obtained (64a) from the original problem (55a) by requiring that T = oo and using the
definition of @. We characterize the restricted problem (64a) in the following lemma.

Lemma 17. There exists a level of initial debt b € R such that a solution to the restricted
planner’s problem (64a) exists if and only if by < b'. Foreachby < b, there is a unique optimum
c(by) € R and for each by < b’ there is a unique multiplier u™(by) € [0,00) on the IC
constraint (64b) such that

q)uu’(co)% — @, (co) = —opcy (ko + bo), (65)

8The expression for w is obtained by substituting the resource constraint (59b) into the objective (59a).
%Notice that the derivative must be finite since @ is strictly convex and finite-valued for any ¢y € R
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for co = ¢§’(bo), 4 = u®(bo). Finally, there exists some b* < b such that u®™ : [b*,b) —
0, 00) is a continuous and strictly increasing bijection.

Proof. First, notice that the IC constraint of the restricted planning problem, (64b), can be
rewritten as o
Co; — (1 + C)Cgﬁ(CO) > ko + bo. (66)

Observe that this is a convex constraint, as its left hand side is strictly concave. It is also
strictly increasing at cg = 0 and diverges to —oo for large co.”’ Therefore, there exists an
interior maximum at some ¢ > 0. By definition, ¢y = ¢ is the only value that is compatible
with the IC constraint if by = b, where we defined

b’ = maxcol — (1+2)c5a(co) — ko (67)
co>0 p

The maximizer ¢ is then characterized by the first order conditions

%5—‘7 = (14 0)oe '8(c) + (14 )7 (2). (68)

For any by > b the set of feasible cg compatible with the IC constraint (64b) is empty, so
the restricted planning problem (64a) has a solution precisely when by < b

An advantage of writing the IC constraint as in (66) is that it allows us to see that
the restricted problem (64a) has a strictly concave objective with a convex and bounded
constraint set. The objective attains its unconstrained maximum at some ¢* € (0,00)

satisfying u’' (c*)% = 7'(c*). We can show that ¢* > € since the objective is increasing at c,

u'(@)= -9 () = (14 Q)oc 'a(c) + 7' (¢) > 0,

where we used the first order condition for ¢, (68). Define b* = c*% — (14 ¢)c*d(c*) — ko,
so that c* lies in the constraint set (64b) if and only if by < b*—or in other words, the
constraint holds with equality for any by > b*. We next show that there exists (a) a
strictly decreasing (and hence continuous) bijection ¢ : [b*,b) — (Z,c*] and (b) a strictly
increasing (and hence continuous) bijection u* : [b*,b) — [0, 00) such that ¢®(by) is the
unique solution to the strictly concave problem (64a), and constraint (64b) has Lagrange
multiplier 1% (by), for any by € [b*, ).

Take any ¢y € (c,c*]. Clearly, ¢ is optimal with Lagrange multiplier  when ini-
tial debt is by if the three objects co, u, by satisfy the first order condition of the prob-
lem—which can easily be seen to be given by (65)—and the constraint (64b). By sub-
stituting out by from (65) using the constraint, the first order condition can be expressed

"ONote that for o = 1, (66) reads co(% — (14 0)3(co)) > ko + by and by positivity of kg + by and mono-
tonicity of 7, this means that % — (14 2)9(0) > 0 (which is exactly equal to the derivative of the left hand
side of (66) at ¢y = 0).
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as function of y,

§= P _CO (CO) . = M(cp).-
(1 +C)acg 74+ (14 0)cfd' (co) —a/p

For ¢y € (c,c*], the denominator is positive and strictly increasing in ¢y, approaching
0 for cp \, ¢; while the numerator is strictly decreasing and non-negative, with a zero
at ¢ = ¢*. This defines a strictly decreasing bijection M : (¢,c*] — [0,00). From the
constraint (64b), we see that

b() = C()% — (1 + g)Cgﬁ(Co) — ko = B(C())

which, by definition of b’ and ¢, defines a strictly decreasing bijection B : (¢,c*] — [b,b).
It follows that for any by € [b,b'), the unique solution to (64a) is given by ¢®(by) =
B~1(bp), with associated multiplier 4> (by) = M(B~1(bp)). This concludes the proof. [

We finished our characterization of the restricted planning problem and are now ready
for the second and main part of the proof of Proposition 7.
2" step: Optimality of T = oo in the unrestricted problem. Before we proceed to
prove the optimality of T = oo in the unrestricted problem, we establish that b’ is not just
the upper bound of possible initial debt in the restricted planning problem, but equal to
b, the one in the unrestricted planning problem (55a).

Lemma 18. Let by € R and o > 1. The constraints (55b) (55¢), (55d) define a non-empty set

for {ct, ny, ki, vt} if and only if by < b In particular, b = b'. Moreover, if bp = b then capital is
necessarily taxed at the maximum, T = oco.

Proof. It suffices to show that the constraint set in the original problem is empty for by >

b, and that T = oo is necessary for by = b". We show both by proving that any by > b is
infeasible with if capital is not taxed at its upper bound in all periods.

Hence fix some by > b and assume it was achievable without T = co by {ct, ng, ke, 14}
Then, it must be that 7; > 0 on some non-trivial interval, and the path of consumption
is described by the Euler equation (55b), as always. Let the initial consumption value be
co and denote by ¢; the path which starts at the same initial consumption ¢y = co but
keeps falling at the fastest possible rate —p /¢ forever, corresponding to T = co. Similarly,
define by 7; the path for labor which keeps k; fixed but satisfies the resource constraint
with consumption equal to &. Clearly, 71; < n; for all t and 71y < n; on a positive-measure
set of times t. Because the left hand side of (55d) is weakly decreasing in ¢; and strictly
decreasing in n;, this strictly relaxes the IC constraint. Hence,

[T et ear— [T e ttanat > 6 ko + bo)
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Notice, however, that for T = oo, we can do even better by optimizing over labor (not
necessarily keeping capital constant, see (59a)), leading to

c%“’% — (1+0)a(éo) > &7 (ko + bo)-

By definition of b in (67) this is a contradiction to by > b'. Therefore, b is equal to the
highest sustainable debt level in the original problem, b, and can only be achieved with
T = oo. [

Our next lemma establishes that the unrestricted problem (55a) is a strictly concave
maximization problem with convex constraints. This will be helpful when proving unique-
ness in Lemma 20 below.

Lemma 19. Suppose ¢ > 1. The unrestricted problem (55a) can be transformed into a strictly
concave maximization problem with convex constraints, using variable substitution. Therefore,
any optimum of (55a) is unique when o > 1.

Proof. We rewrite (55a) in terms of the two variables u; = u(c¢;) € (—00,0) and v; =
v(ny) € [0,00) instead of ¢; and n;. We only consider the case ¢ > 1; the case ¢ = 1 is
analogous. For ¢ > 1, the substitution yields

Vi(bo) = /w Pt (4, — ) dt 69
(bo) amax ), e " (ur — vy) (69)

th Z (0'— 1)£1/lt
(0
(1= )™ gk < f (kn (14800 079)) — ok

Aw5ﬁ<u—awr—a+5w»mz<u—aww”“*Nm+ww

ur < 0,v; >0,k > 0.

We made two additional simplifications in (69): We incorporated the inequality for the
control r; > 0 in the Euler equation constraint (55b); and the (strictly convex) resource
constraint was relaxed to be an inequality, which is without loss of generality since by
(57a) we know that its Lagrange multiplier, the costate of capital A, is necessarily posi-
tive at any optimum. Since the resource constraint binds and is strictly convex, all other
constraints in (69) are also convex and the objective is linear, this planning problem can
at most have a single solution. And, (57a)-(57e), (57f), (57g), (55b)—(55d) are sufficient
conditions to find this solution. O

Our next lemma finally establishes the optimality of T = oo in the unrestricted prob-
lem (55a).

Lemma 20. Suppose o > 1 and define b = (u*) ! ( ! ) with ™ as in Lemma 17. Indefinite

o—1

capital taxation is optimal in the Chamley problem (55a) if and only if by € [b, D).
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Proof. As a consequence of Lemma 19, the unrestricted planning problem (55a) can be
transformed into a strictly concave maximization problem with convex constraints. This
implies that the first order conditions (57a)—(57e), together with transversality conditions
(57f), (57g), and constraints (55b)—(55d) are in fact sufficient to characterize the unique
optimum of the unrestricted planning problem (55a). In this proof we guess a solution
and verify the sufficient conditions in a first step. In a second step, we prove that any
bp < b does not imply positive long run capital taxation, where T < oco. Throughout the
proof, we focus on by < b since we know from Lemma 18 that initial debt of b requires
indefinite capital taxation.

First step: Let by € [b, b). We now construct an allocation {c;, 1y, k;, 7} and multipliers
{At, ¢}, u that satisfy all the sufficient conditions. We define ¢y = ¢*°(by) as in Lemma 17;
given co, {ct, n, ki}y = {c°,n°, k°} and Ay = P, - AP with notation as in Lemma 16;
= u>®(bp) as in Lemma 17; 19 = CDMM/(C())% — ®,7'(cp) (which is negative since &, < 0
by construction of y) and #; as solution to the ODE (57c) with initial condition 7. The
tirst order conditions (57a)—(57d) are satisfied by construction and by the fact that the
allocation {n{°, k°, A{°} satisfies (62a) and (62b). The first order condition for initial con-
sumption (57e) is equivalent to (65) in Lemma 17. The Euler equation constraint (55b) is
trivially satisfied by construction of {c;}. The resource constraint holds for {c°, n{°, k°}
(see (59b) and Lemma 16) and therefore also for {c, n¢, k; }. Due to the fact that {n{°, k{°}
solves (59a) and ¢; = cge ?/7*, the IC constraint (55d) can be seen to be equivalent to (64b)
and hence is satisfied since cyp was chosen to be ¢*(bp). Finally, Lemma 16 implies that
the transversality condition for capital, (57f), holds. And, concluding the second step, the
transversality condition for consumption, (57g), holds since

e Ptyicy = coe” OO/, — —co/t e PTG\ dt + cquuu’(co)%e_gt — 0. (70)

and by this expression it also follows that 7; < 0 at all times t. The second equality in (70)
builds on an integral version of the law of motion of 77;, which we obtained by combining
(57¢) with our definition of 7y as ®,u’ (co)5 — ®,7'(cp) and the expression for 7' (cp) in
(60d) from Lemma 16. It will become important in the second step below that (70) also
reveals the limiting behavior of 7; itself: lim;_ 0 77: = —o0 but lim¢_,co e Py = Oy’ () %.

Second step: We proceed by contradiction. Suppose by < b gave rise to indefinite cap-
ital taxation (at the maximum rate). Then, reversing the logic of the first step, it must be
the case that the allocation {c;, n¢, k;} is also optimal in the labor disutility minimiza-
tion problem (59a) with multipliers A® = %U)Lt, given cp; and cp and u must be op-
timal given by in the restricted planning problem (64a), that is, ¢p = ¢*(bp) and u =
1= (bg) < % Since the first order condition (57e) is necessary, it must then be the case
that 79 = &1’ (co)§ — P, 7' (cp) by comparing it to (65). Equation (70) thus holds as in the
second step, implying lim;_, e P17y = Py’ (co)5 which now is positive since ®, > 0, a

contradiction to the optimality of capital taxes. O

3" step: Feasibility of finite capital taxation for all by < b. We now move to the third
and last part of this section. Here, we establish:
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Lemma 21. For any initial government debt level by < b, there are implementable allocations
with nonzero capital taxation for only a finite time, T < oo.

Proof. Fix by < b and fix the allocation {c%°,n%°,k%°} that is optimal among all allocations
with indefinite capital tax. By construction, this allocation satisfies the restricted problem
(64a). We now explicitly construct an allocation {¢, i, Izt} for which there is no capital tax,
¢ = L(rf — p)éy, after time some time T < oo but that is feasible—satisfying constraints
(55b)—(55d)—with initial debt by — €, for € > 0 arbitrarily small. First, we describe the
allocation for all times t > T. Consider

yzero taX(l’e) =  max /TOO e—P(t—T) (u(Ct) — v(nt)) dt

{ctmiki st
st.cr+9+ ki = f k¢, ny) — ks
kr =k
¢t >0,n >0,k >0

which is the social planning problem of a standard neoclassical growth model with power
utilities in consumption and labor, and a Cobb-Douglas technology (i.e. zero labor and
zero capital taxes). It is known that such a model has optimal paths {c}, n}, ki } that mono-
tonically converge to a unique positive steady state (c¢*, n*, k*). This implies that {n} } is
bounded from above by 71(k) = max{n*,n(k)} where n(-) denotes the (continuous) pol-
icy function for labor supply. Moreover, the undistorted Euler condition holds along the
path for consumption {c}}. Also, it is well known that the consumption policy function
c(k) of this problem is continuous and strictly increasing, with c(k) > 0 for any k > 0. Fix
k = k. Since k% converges to a positive limit K > 0 but ¢* — 0 (see Lemma 16), it is the
case for sufficiently large T that c(k) > ¢%. Focus on such T. Also let 71 = sup, 71(k$®) < oo
be an upper bound for labor (which by construction is uniform in T). Notice that 7 < co
since k}° converges to some k* > 0.

Now construct the paths {&, 7is, k:} by piecing together {c$°, n$°,k°} for t < T and a
zero-tax path {c}, n}, k}}, starting with k7. = k¥, for t > T. By design, the capital stock is
continuous at t = T and consumption jumps upwards at t = T.”! Using this construction,
the allocation satisfies the resource constraint at all periods, and the Euler equation with
equality for t > T. Also,

/ e Pt (u' (¢°)cf® — 0 (n°)nf) dt — / e Pt (u'(er)er — o' (fiy) i) dt =

0 0

/ e Pt (' (c§)cs® — ' (¢} )c}) dt+/ e P (v (nf)nf — o' (nf*)n®) dt . (71)
T T

~—
S T

~—
<ePTu!(cF)c¥

=18

7IWe think of this as a very high capital subsidy for a very short amount of time (which would definitely
not be violating any capital tax constraints). If one prefers to avoid this simple limit case, one could easily
smooth out this jump over some very small interval. This makes no difference whatsoever for the argument
that follows.
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As e PTu/(c¥)c¥ — 0 both terms in (71) approach zero. This is why for T sufficiently
large, [5° e P! (u'(¢)¢; — o' (fiy)fi;) dt approaches u'(y)(ko + bo). Thus, for any € > 0,
there exists a T such that the allocation {¢;, i;, Izt} is implementable without capital taxes
after time T, for initial debt by — ¢,

/O e (0 (6)E — o (n)iig) db > ' (&) (ko + bo — €)

which is what we set out to show. This proves that for any by < b, there exists a feasible
(but not necessarily optimal) path with only a finite period of positive capital taxation. [

Summary This concludes the proof of parts A and B (i) of Proposition 7. For part A, we
proved (i) in Lemma 18, (ii) in Lemma 20 and (iii) in Lemma 21. Part B (i) was shown in
Lemma 18.

1.3 Proof of the bang-bang property and parts B (ii) and C

We proceed in three steps. We first establish a transversality condition that is necessary
at any optimum (in general, transversality conditions are not necessary). Then, using this
transversality condition, we derive the “bang-bang” property of capital taxes. Notice that
previous proofs of this property relied on the assumption that indefinite capital taxation is
not optimal, which we showed is not the case. The bang-bang property lets us summarize
an optimal capital tax plan by the date T € [0, 00| at which capital taxes jump from the
upper bound T to zero. In the final step, we prove parts B (ii) and C, thatis, T < oo if
either o < 1 oro = 1and by = b.

15! step: A necessary transversality condition.

Lemma 22. Let {ct, ny, ke, 1+ } be a solution to problem (55a), with multipliers {A¢, ye, u}. If 35 >

0such that c; = cse Pt=5)/7 forall t > s, then the transversality condition for consumption (57g)
holds.

Proof. We first establish that under the conditions of the lemma, {k;, n;} converges to a
positive steady state. If ¢; = cse P=5)/7 then {kt, n¢ }+>s must be minimizing the stream
of labor disutilities (61a) given initial capital ks and initial consumption ¢;. Therefore,
{ki,ne} — {k*,n*}, using the notation from Lemma 16.

Thus, there exists some large enough 77 > 0 such that

f(kt,ﬁ) — 5kt —Ct— 9> 0 (72)

for all £. Since the time ¢ controls maximize the time  Hamiltonian H; (see (56)), we then
have for any 7

e PH(Dyu(é) — Pyo(n)) + e_Ptmé%(—p) + e PIA(f (ki 71) — 0k; — & — g) < e P'H; — 0
(73)
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where the left hand side is the present value Hamiltonian with controls r; = 0 and n; = 7,
and the right hand side is the present value Hamiltonian with optimal controls r¢, n; (both
along the optimal path for c;, k;). The right hand side converges to zero following Michel
(1982). Notice that in (73), e P! (D, u(ct) — Ppo (7)) — 0. Suppose lim inf;_,o e Pi1ic; were
negative. Then, according to (73) it would have to be that

limsup e P A(f (ki ) — 6kt — ¢ — g) < htminfe_ptﬂtaép <0
—00

t—o0

contradicting (72). This means the transversality condition for consumption (57g) holds.
O

2" step: The bang bang property. We move to the first main result of this subsection.

Lemma 23. A solution to problem (55a) is of the form that the capital tax T; binds at the upper
bound for some time T € [0, 00| and is equal to zero thereafter.

Proof. Let {ct, nt, ki, 11} be an optimal allocation solving (55a), for some initial debt by €
R. Let {At, 7, u} be a set of multipliers such that allocation and multipliers satisfy the
necessary first order conditions for the case b < b, (57a)—(57¢) and constraints (55b)—(55d).
Our proof is analogous if b = b. We first show that if ; < T on some non-trivial interval,
then 7; = 0 on that interval. Second, we prove that ; = 0 at all times after that interval
as well. The proof utilizes the fact that once 7; = 0, it must not only be that r; > 0 at that
time (or else the r; > 0 constraint would be binding); but also that r; > 0 for all future
times. We formally prove this fact in Lemma 24 below.

First, suppose 7; < T for some non-trivial interval t € [sg,s1]. Then, by (57b), rs > 0
and 7; = 0 on that interval. Hence, by (57¢), Ay = ®,u'(¢;). Taking logs and dif-
ferentiating implies an undistorted Euler equation of the agent. Therefore, 7; = 0 for
t € [so,s1]. Second, suppose there is a later time where capital taxes are positive, that is
s' = inf{t > s1 | < 0} < oo. Observe that, between t = s; and t = s/, both u/(c¢) and
At grow at the common rate p — 1}, so Ay = ®yu'(cy). For any t > s', u'(c;) still grows
at least as fast as A, and, by definition of s/, for a positive-measure set of times f after s/,
u'(ct) grows at the faster rate p > p — r{ since 7y < 0 and 7z = T for those t. Therefore,
for any t > s/, ®,u'(c;) > Ay By (57¢), this means 7y < #; (0 + £), or in other words,
m < 0and ¢ = cs/e‘P(t‘S/)/‘T for t > s’. Moreover, limsup, ., e‘Ptmct < e‘Ps/ns/cS/ <0,
contradicting Lemma 22. This concludes our proof of Lemma 23. O

Lemma 24. If T, = 0 for s > 0, then r; > O and ), > 0 for all s" > s.

Proof. For convenience we introduce R; = f(k¢, nt). R has the following law of motion,

g+
ki

(G+a0B; g =p+ (L+ 00+ E5% — AL I(RY) ~ R,

which was obtained by log-differentiating the first order condition of labor (57a) and com-

bining it with the resource constraint (55c). Here, oy = ;&2—% as before, B; = %, and
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h(x) = fi(1,-)"1(x). Observe that i : R — R is strictly increasing and bijective. Since
R depends implicitly (through a and p) and explicitly on k¢, Ry, and c;, we also write
Rt = R(k, R, C).

Our proof of this lemma proceeds in two steps. First, we show an auxiliary result,
namely that whenever

(kt, R, ct) € A={(k,R,c)|R <6, R(k,R,c) <0},

for some time t = fy, then (k¢, Ry, ¢;) € A for all later times t > fy too. Second, we
establish the result stated in the lemma.

First step. To prove the auxiliary result, it suffices to consider points (k¢, Ry, ¢;) at the
boundary of A and study whether the flows induced by the differential equation point to
the inside of .A. There are two kinds of boundary points. If Ry = J, it trivially holds that
%Rt < %5 = 0. Suppose now that R(k¢, Ry, ¢;) = 0 and ask whether %R(kt, Ry ) <0.
Generally, whenever (k¢, Ry, c;) € A, it is straightforward to see that

k_ fkn) g+er _p

ARPASC ALY S S ) 74

Tk 0T 270 @)
Moreover, ¢; = —gct since rj = Rt —¢6 < 0. The fact that k; is increasing and c¢; is
decreasing mean that

Crap IR Ly g R A8 e e iy ry <0
PPEURy T dt VPt R T dt ke gt ’ /
<0 =0

establishing the auxiliary result.

Second step. Suppose T; = 0 for some s > 0. The fact that r; > 0 follows directly
from the constraint (1 — 7;)r¥ = rs > 0. Let s’ = inf{t > s|r < 0} and suppose s’ < oo.
Since r} is continuous and differentiable, this means that r;k, = 0 and %rf li—¢ < 0, orin
terms of Ry, Ry = § and Ry < 0. Applying the auxiliary result, (k, Rt,c;) € A for any
t > s'. Moreover, ky — oo due to (74) at all times t > s’. This is in sharp contradiction
to Lemma 16 (which applies here using kg as initial capital stock since ¢; = —£¢; for all
t > s'. Therefore rf > 0 forall t > s. O

3" step: Finite capital taxation T < oo in parts B (ii) and C.
Lemma 25. Ifeither o < 1or o = land by < b, then T < oo.

Proof. If either c < 1oro =1and by < b, then ®, > 0 for any y > 0.72 In the following,
we prove that this is incompatible with T = oco. By contradiction, suppose it were the
case that there exists an optimal allocation {c, 1y, k¢, 7+ } with T = o0, ie. ¢; = coe P/,
Applying Lemma 22, (k¢ n;) — (k®,n®). In particular, r; — p > 0 following the def-
inition of (k*,n*) in Lemma 16. Now, ®,u(¢;) grows at rate p while A; only grows at

21f by = band o < 1, then as we explain in Section I, @, can be taken to be (1 — ¢), and thus is positive
here.
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rate p — r; < p. Therefore, there exists some finite time s such that A; < ®,u’(c¢) for all
t > s. Using law of motion of 7, (57c), this means 77y < 7 (0 + £) for all t > s and so
limsup, . e Pyicr < e P55 < 0, contradicting Lemma 22. O

Summary. This concludes our proofs of the bang bang property (Lemma 23) and parts
B (ii) and C (Lemma 25).

J Proof of Proposition 8

We proceed by providing an explicit solution to the first order and transversality condi-
tions to problem (55a) with zero government spending and certain combinations of ko, bo.
We do so in two steps. First, taking ko as given, we find paths {c¢, 1y, ki, 7+ }, {Ae, ¢ }, p and
a level of initial debt by which together satisfy all first order conditions, transversality con-
ditions and constraints, with the one exception that #; need not necessarily be negative.
In a second step, we choose kg such that y > 1/(¢c — 1) which will ensure that ; < 0 at
all times t.

The reason this construction is analytically tractable is that along the optimum, c;, 14, k¢
will all fall to zero at the exact same growth rate, which needs to equal £ by the Euler
equation (55b). At the same time, r; = 0 (since T = o0). Taken together, to find the solution
for a given ko, it is necessary to find co, ng, {At, ¢}, 4, bo. Again, we use the previous
notation ®, =1+ u(l —c) and &, =1+ u(1+ 7).

First step. We conjecture that ¢; = coe /%, n; = nge /%, ky = koe /%, 1y = 0, Ay =
Aoe =%/t The Euler equation (55b) obviously holds. The resource constraint (55¢c) is
satisfied iff

co = f (ko, TZ()) — 0ko + gko (75)

The IC constraint (55d) is satisfied iff

o 1 1+
by = co— — Tni T — k. 76
0 T o (T+Q)p o 00 ! 76)

The first order condition for labor (57a) and the costate A; (57d) hold iff
filko,mo) = ¢E +p+6 77)
and

(I)Ul’lg = /\Ofn (ko, 1’[0). (78)

Given ko, (77) pins down ng, (75) cp, and (76) bp. The law of motion of #; (57c) and the
associated transversality condition (57g) are satisfied iff
Ao

- _ —go/ot . 9 —0 ot
Nt o (0 +€)p/0_€ + pCIDMCO e’ (79)
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Notice that (57b) holds, i.e.nj; < 0, as long as @, < 0, requiring 4 > —=5. The transversal-
ity condition for capital (57f) obviously holds.

It remains to determine Ao, 7o, and u subject to (79) (att = 0), u > = 1, (78), and the
first order conchtlon for ¢y (57e). For exposmonal reasons, define the initial labor tax as

TO =1- ”0 0 /w*. Then, we can solve for y as

Té+0’+€
(7((1 —T(f)’g—gw* — 1) —(1+7Q)

§— (80)

Notice that whenever i € [-1;,00), Ag > 0 s given by (78) and 179 < 0is given by (79) (at
t = 0). So the last step in our construction is to determine whether there are levels for kg
for which p € [-1, ).

Second step. The only object on the right hand side of (80) that depends on ko is T,

and 7§ is a strictly decreasing function of kg € [0,0), with 7§ — 1asky — 0 and 7§ —

—co0 as kg — o0. Moreover, y is increasing in 7§ € (—oo,1] and has a pole at T(f pole =

ow*ng/co—0
ow*ny/co+1+¢

k to be the value of ko corresponding to TO .- Putting the mapping from ko to 7§ and the

< 1, where it rises to +oo from the left. For 7y = 1, u = —1 < 0. We define

one from 7§ to y together, we find a functlon ]/t(ko) with the properties that

“I/l(k()) <0 for ky<k
(ko) >1/(c—1) for ko€ (kK]
u(ko) <1/(c—1) for ko >k,

where k = infy > {ko > k| u(ko) < alj} € (k, oo]. This proves that for ky € (k, k], there

exists a debt level by (ko) for which the quantities c;, 1, k; all fall to zero at equal rate —p /o
and the sufficient optimality conditions of the problem are satisfied.

K Proof of Proposition 9
First, we show that the planner’s problem is equivalent to (13). Then we show that the

functions ¢(T) and 7(T) are increasing, have ¥(0) = 7(0) = 0 and bounded derivatives.
The planner’s problem in this linear economy can be written using a present value
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resource constraint, that is,
max /0 Vet (u(cs) —o(ny)) dt (81)
s.t.¢ > cl((l—r)r -p)
/Oooe_ Her — whny)dt + G = ko

/Ooo e P (1 —)u(er) — (1+Q)v(ny)] dt > ' (co)ao,

where G = fooo e "tedt is the present value of government expenses, ko is the initial
capital stock, ag is the representative agent’s initial asset position, and per-period util-
ity from consumption and disutility from work are given by u(c;) = ¢}~7/(1 — ) and
o(n;) = n; "¢/ (14 7). Note that we assumed ¢ > 1. The FOCs for labor imply that given
o,

ny = nge” (" PIME, (82)

An analogous argument to the bang-bang result in Appendix ?? implies the existence of
T € [0,00] such that ; = T for t < T and zero thereafter. In particular, the after-tax (net)
interest rate willbe r; = (1 —T)r* = 7fort < Tand r; = r* for t > T. Then, by the
representative agent’s Euler equation, the path for consumption is determined by

o—F

Cy = Coe_T

r*(;f (t_T)Jr (83)
Substituting equations (82) and (83) into (81), the planner’s problem simplifies to,
max 1p1(T)u(co) — l[J3U(Tl0) (84)
T,co,fi

s.t. ho(T) (x*) 'eo + G = ko + paw*ng
P1(T)u' (co)co — 30’ (ng)ng = x*u'(co)ao,

whete pu(T) = £ (1 —eX7) 4e 47, ya(T) = & (1— ) e, g = (14 52)

andx—"lr-l—g,)( —r + £, % = r* + &7, Notice that £ > x* > x.
Now normalize consumptlon and labor

‘. ><>|><

c= i (T)V Do/ x* "= zp;/(”g)no/ (X*)(l—a)/(l—i—C)

and define an efficiency cost ¢(T) = p(T)yy(T)V/ D — 1, a Capital levy 7(T) =1 —

¥1(T)~/(@=1), and the present value of wage income wn = w 4)5/ 100y, Here, we note
that by deflmtlon Y is bounded away from infinity and T is bounded away from 1. Then,
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we can rewrite problem (84) as
max u(c) —v(n)
T,cn
st. (14+¢(T))c+ G =ko+wn
u'(c)e—d' (n)n= (1 —1(T))u'(c)ao,
which is what we set out to show. Notice that ¢1(0) = ¢»(0) = 1 and so (0) = 7(0) = 0.

Further, given our assumption that o > 1, ¥1(T) and 7(T) are increasing in T. To show
that ¢/ (T) > 0, notice that, after some algebra,

A 20 e (o) (o),

which is true for any T > 0 because § > x. Therefore, ¢'(T) > 0, with strict inequality
for T > 0, implying that ¢ (T) is strictly increasing in T.
Now consider the ratio of derivatives,

lrb/(T) + (140)/(c—1) < le 7701 )
1/) 1/J1 (0 —1) 2= P2y +1

Notice that ¥1(T) € [1,x*/x] and ¢»(T) € [x*/X, 1], so both are bounded away from
infinity and zero. Further, the ratio ¢, /4] is also bounded away from infinity, 5 /4] =

— L= (0T € [-1/(0 — 1),0], implying that ¢/ (T)/7/(T) is bounded away from co.

L Proof of Proposition 10

The planning problem is given by

sup Y Blu(cy) (85)
{Ct,Ct,kt+1} t=0

ct+ Cr + kt_|_1 = f(kt) + (1 — (S)kt (86)

Z BICI ™7 = Cy 7. (87)

First, note that ap must be positive or else the IC constraint (87) cannot be satisfied (recall
that ¢ > 1). Second, note that there exists a unique solution Cy(¢) to the equation

Cipog' 7 + Co = ag

for any ¢y, ¢ > 0, and that Co(¢) — 0 as ¢ — 0. We now use this to construct a sequence
of feasible paths {Ct(n)}‘t";o, n=20,1,... with Ct(n) uniformly converging to 0 as n — oo.
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Take any sequence {Cfo) }22  that satisfies (87). Define

n) Co(e™) t=0
G =
P"C, t>0
for some ¢ € (0,1), o = Cy7(ap — Cp). By construction, Ct(n) — 0 uniformly and the
supremum in (85) approaches the maximum of the planning problem of a standard neo-
classical growth model,

max i Btu(cy)

{crCrkea} 1=
Ct + kt—|—1 = f(kt) + (1 — 5)kt

The way {Cfn)} was constructed in this proof, it suggests an implementation via a wealth
tax 71 = Ry/R] — 100%. Analogous to this construction, a wealth tax approaching 100%
in any period would implement the same allocation. This also shows that only a single
period of unconstrained taxation is necessary to implement the supremum.

M Proof of Proposition 11

As in Section 2, labor supply is inelastic at n; = 1. Denote the capitalist’s initial wealth by
ag = Roko + Rgbo. The planning problem is then

max 3 Bu(c 88a
o max t;ﬁ (ct) (88a)
Cry1 > CiY7 (88b)
ct+Cr+ ki = f(kt) + (1 — 5)kt (88¢)
Y BU(Cy)Cr = U'(Co)a. (88d)

t=0

The necessary first order conditions for C; and ¢; in problem (88a) are

BY 7 — B i1 = A — @,U'(Cr) (89)
u'(c) = M (90)
BY 1o = Ag — @, U’ (Co) — poCy” ag 91)

where we defined @, = (1 — ). Here, y is the multiplier on the IC constraint (88d), A; is
the multiplier of the resource constraint (88c)—which is positive by (90)—and 7; denotes
the costate of capitalists’” consumption C;. If 77 < 0, constraint (88b) is binding. Also, it
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follows from (88d) that
0Cy " tag = oCyt - U'(Co)ag = o Cy 1 - Y BHU'(Cy)Cy > (0 — 1)U'(Cy),
t=0

where the inequality is obtained by dropping all terms with t > 0 from the infinite sum
and observing that ¢ > ¢ — 1. Using this inequality, (91) implies that » must be positive
and ®, < 0.

Suppose now there existed a period T > 0 where constraint (88b) is slack. In that case,
nt = 0 and (89) becomes fort = T + 1

U’ (Cri1) = A1 — B 7141 > 0

contradicting &, < 0. Therefore, (88b) binds in all periods, or equivalently, R; = 1 for all
t.
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