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Section VIII contains additional results on the paper. Section IX gives much more detail on the
Mirrlees model. Section X contains proofs not included in the main paper. The online appendix to
the NBER working paper version of this paper (Farhi and Gabaix (2019)) contains further proofs.

VIII Additional Results

VIII.A Complements on Optimal Tax with Heterogeneous Agents
VIII.A.1 Calibration: Optimal Ramsey Tax with Heterogeneous Agents

Here we provide details on the calibration done in Section I1.A.
With heterogeneous agents, the misperception is distributed as a 2-point distribution with the

following properties:

o 1 with probability p

a with probability 1 —p

with a € [0, 1], and

E[m" =px 1+ (1 —p)xa=0.25
E[(m")? =p x 14 (1 — p) x a® = 0.25% + 0.13.

These equations are satisfied at p = .1877 and a = .0767. We then take equation (64), with
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where 7, € {p, (1 —p)} is the fraction of agents of each type. Assume values 1 —1 = A = 1.25% and
1; = 1. Then, under the case with heterogeneity (p = .1877 and a = 0767) we have ;7 = 0.0729,
or 7.29%. Under homogeneity with the same average misperception m/ .25 for all agents,
= 20.3%, for a ratio .203/.0729 = 2.78. When the taxes are fully salient, so m? = 1 for all
agents then the optimal tax is 1.27%, giving a ratio .0127/.0729 = .174.

|;‘*

VIII.A.2 Nudges vs. Taxes with Redistributional Concerns

Jointly Optimal Nudges and Taxes We normalize p = 1. Agent h has utility u"(c) =
aheh— L (chy2 . . .
o+ #, so that 8" = 4" and " (7', TX”‘) =a" - (th + Tth). We investigate the optimal

joint policy using both nudges and taxes on goods c¢. One can show that

0’L
0Ty

= —UE [(A—+"(1—m"))n"].

As a result, if 4 = X so that there are no revenue raising or redistributive motives, then taxes and
nudges are substitutes. Taxes and nudges are complements if and only if £ [()\ — ~h (1 — mh)) nh} <
0. Nudges and taxes can be complement if social marginal utility of income " and nudgeability
n" are positively correlated. Loosely speaking, if poor agents (with a high v") are highly nudge-
able, then taxes and nudges can become complements, because in that case, nudges reduces the
consumption of poor nudged agents, thereby improving the redistributive incidence of the tax. We

next state the exact values of taxes and nudges, in the case y* = \.

Proposition 17 Assume v* = X. Then jointly optimal nudges and tazes are given by the following
formulas

_ B[] E [rHm"] — E [y'm" | B[]
E[(n")* E [( "2 — (E[y"m*))’ ’
E [ X,h h] E [ ] [ X,hmh} E [nhmh] |
E [(")2) E [(m")?] — (E [n*m"])*

X:

The more powerful the nudge is for high-internality agents (the higher is E [ Xoh h} keeping
all other moments constant), the more optimal policy relies on the nudge and the less it relies
on the tax (the higher is y, the lower is 7). Symmetrically, if the better perceived is the tax by
high-internality people (the higher is E [7X"m"]), the more optimal policy relies on the tax and
the less it relies on the nudge.

The more heterogeneity there is in the perception of taxes (the higher is E [(m")?], holding all



other moments constant), the less targeted the tax is to the internality /externality, and, as a result,
the lower is the optimal tax 7, and under certain conditions, the higher the optimal nudge y.*¢
Similarly, the more heterogeneity there is in nudgeability (the higher is E [(nh)ﬂ, holding all other
moments constant), then lower is the optimal nudge y, and, under similar conditions, the higher is
the optimal tax 7.

In the general case, we assume heterogenous welfare weights with [E hh} =\

Proposition 18 The optimal tax and nudge satisfy

E [fyh (nh)z] E [)\TX’hmh — aw/q,} —E [yhnhmh} E [)\TX’hnh}

T pr—
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The proof is in the online appendix to Farhi and Gabaix (2019).

VIII.A.3 Attention as a Good: Proof of Proposition 10

In this subsection we normalize the pre-tax price to 1.

Optimal Taxes with Endogenous Attention: The Case of Small Taxes Given attention
m (1), the perceived tax is 7° (1) = Tm (1), and demand is ¢(7) = y (1 —¢¥m (1) 7). We assume

that attention comes from an optimal cost-benefit analysis:
_ 1 2 2
m (1) = arg max—§wy7' (I1—=m)"—g(m).

The first term represents the private costs of misunderstanding taxes, —%wy (1 — 78)2, while the
term —g (m) is the psychic cost of attention, g (m) (see Gabaix (2014)). The planner’s problem is
max, L (1) with

L(7) = —gym? (1) 7* — Ag (m (7)) + Ary,

where A = 1 in the “optimally allocated attention” case and A = 0 in the “no attention cost in
welfare” case. In the “fixed attention” case, m (7) is fixed with m’(7) = 0, and g (m) = 0. The

optimal tax satisfies

L' () = =pym (7) 7 (m (1) + 7m’ (7)) — Ag' (m (7)) m (7) + Ay = 0.

46The condition is E [TX’hmh} E [(77")2} >E [TX’hT]h] E [nhmh] It is verified if n*, m", 75" are independent.



In the “optimally allocated attention” case, we use the agent’s first order condition ¢’ (m (7)) =
Yy (1 —m (7)) and A = 1, and the optimal tax is

My
m (7')2 +7m/ (1)

In the “no attention cost in welfare case,” A = 0, the optimal tax is

7m0 = AfY ) (43)

m (7‘)2 +7m (T)m’ (1)

When attention is fixed, the optimal tax is

omr _ MY 44
m (1) (44)

Proposition 19 In the interior region where attention has an increasing cost (tm (7)m/ (1) > 0),
the optimal tax is lowest when attention is chosen optimally and its cost is taken into account in wel-
fare; intermediate in the “no attention cost in welfare” case; and largest with fixed attention—r™* <

7m0 < pm

When attention’s cost is taken into account, the planner chooses lower taxes 77* < 7™ to

47

minimize both consumption distortions and attention costs.*” Plainly, the tax is higher when

attention is variable than when attention is fixed—this is basically because demand is more elastic
0
then (—25¢ =« (m (1) +7m’ (1))).

VIII.B Other Extensions
VIIL.B.1 Endogenous Social Cost of Public Funds

Our treatment of the basic Ramsey problem is for a given value of the social cost of public funds .
Here we briefly show how to account for the potential endogeneity of A. For simplicity, we confine
ourselves to the case of a representative agent.

We assume that the government solves the following planning problem:

max -y . : '_ — (pi + m)ci(m) | +V(G), (45)

subject to the revenue constraint G = " | 7;¢;(7;), where V(G) is a concave function of spending
on public goods. The social cost of public funds is then given by A = V/(G) where G is computed

47The example allows to appreciate the Slutsky matrix with or without constant attention. The Slutsky matrix

with constant m has S1cl\m = w = —¢pem, while the Slutsky matrix with variable m has S = W =

—e(m+71m’ (11)).



at the optimum.
Consider the limit of small taxes (i.e., for small V' (0) — ). Up to the first order, optimal taxes

are still given by equation (17) but now A is endogenously given by

V()
oy V(O) o, e

i=1 ;m3?

(46)

The exogenous A case arises when the marginal utility of government spending is constant so that
V”(0) = 0. The more inattentive agents are to taxes, the less costly it is for the government to
raise a given amount of revenues, the more the government spends on public goods, and the higher
the taxes that it decides to set.

When there is decreasing marginal utility of government spending (V”(0) < 0) , the marginal
utility of government spending is lower for any given level of government spending, and so the
government sets lower taxes, raises less revenues, and spends less on public goods whether or not
there is inattention, compared to the case where the marginal utility of government spending is
constant. Interestingly, in this case, at the optimum, the social cost of public funds A, which
is equal to (V'(G) — v)/V'(G), decreases with inattention. This indicates that just like in the
exogenous A case, the government still raises more revenues and spends more on public goods when

agents are more inattentive (but less so than in the exogenous A case).

VIII.B.2 Tax Instruments with Differential Saliences

We elaborate on a remark we made at the end of Section IL.LE. As an extreme example, consider
again the basic Ramsey example outlined above, and assume that the two tax systems with salience
m and m’ can be used jointly. Consider the case where there is only one agent and only one (taxed)

good. With m’ > m, we get
0=A\=7)c+ [M+~(7—7)|mS", 0=A—9)c+ M+ —7)|m'S",

where 7° is the total perceived tax arising from the joint perception of the two tax instruments.
This requires A = v and with 7° = 0. In other words, the solution is the first best. This is because

a planner can replicate a lump sum tax by combining a tax 7 with low salience m and a tax —7.7

m’'—m
m/

with high salience m’ > m, generating tax revenues 7 per unit of consumption of the taxed
good with no associated distortion. This is an extreme result, already derived by Goldin (2015). In
general, with more than one agent and heterogeneities in the misperceptions of the two taxes, the

first best might not be achievable.



VIII.B.3 A Different Budget Adjustment Rule

The specific formulation of misperception that we have used in this section assumes that the budget
adjustments required when agents misperceive taxes are all absorbed by the consumption a good
(good 0) with a constant marginal utility. This renders these adjustments relatively painless.

We now explore a variant which increases their costs. We assume that the budget adjustments
are concentrated on a “shock absorber” good with a sharply decreasing marginal utility. This
increases the distortionary costs of non-salient taxes and reduces optimal taxes in a way that we
characterize precisely below. Of course, it is difficult to know a priori which good is the “shock
absorber” good (or set of goods) — this is one more place where more empirical evidence is needed
to address a behavioral enrichment of the traditional model. It could be some luxury goods (e.g.
some restaurant meals), or perhaps more pessimistically investments that can be postponed, e.g.
health investments. Our purpose here is only to show how this possibility matters for the results.

When perceived prices ¢; are different from the true prices g;, some adjustment is needed for the
budget constraint. Let us study a different rule, where a certain good n (“the last good”, imagining

a temporal order) bears the brunt of the budget adjustment (it’s a “shock absorber”). This leads

to
*(q,q°,w) = " (q°,w) fori#n (47)
1 .
" (q,q°,w) = o <w - (q,qs,w)> : (48)

This is: for all goods but the last one, the consumer only pays attention to perceived prices. Only
for the last one does she see the budget constraint.*® We shall see in the next proposition that we

can also write

1
™ (q,q°,w) =c""(¢°,w) — —(g—q°) - " (¢°,w), (49)

i.e. actual consumption of good n is planned consumption ¢™" (g*, w) minus the adjustment for the
surprise (q — q°) - ¢ (¢°,w) in the actual cost of the goods i < n that have been purchased before
good n.

For completeness, we record the Slutsky matrix properties of those rules. (Here we consider the

income-compensated matrix S¢).

Proposition 20 (With the “last good adjusting for the budget” rule) Consider the model above,
with attention m; to price j. Evaluating at q° = q, the marginal propensity to consume out of
wealth isn’t changed:

0uwc; (q,q° w) = Ducf (g w). (50)

48Chetty, Looney and Kroft (2009) consider such a rule in a 2-good context. Gabaix (2017) considers such a rule
when doing dynamic programming, and the last good is “next period wealth”.




However, the Slutsky matriz S;; is changed as follows:

n

1 :
Sii = S;m; + <8wcz — —1i:n) (1—m;)d, (51)
where S}, is the rational Slutsky matriz.

A Simple Particular Case We next present a simple particular case. Utility is separable,
u(c) = >0 yui () with u) (cp) = 1, u (¢;) = ci_l/wi for i = 1,...,n — 1 and the “shock absorber”
good n has constant marginal utility of v/, (c,) =1—-v < 1ifc¢, >1and 1 +p > 1ifc, < 1.9 We
call ;> 0 the marginal distortionary cost of budget adjustment. Goods 0 and n cost $1, and they
are untaxed.

The agent chooses his consumption of goods cy,...,c,—1 based on the perceived prices ¢ =
14 m;7; and the rest of his money is spent on the last good. Specifically, the demands are a follows.
For goods i = 1,...n— 1, ¢; = (¢¢)™¥ (as the consumer solves v’ (¢;) = ¢). The demand for
n1(gs

good 0'is cg = w — 3217 (¢¢)" ™% — 1, as the consumer plans to consume ¢; = (¢f)~ " for all good

1=1,...,n—1, and 1 of good n. Once goods 0 through n — 1 have been purchased, the remaining
disposable income for good n is ¢, = w — 2?:_01 qiCi.

Then (as derived shortly) he optimal tax on good i < n is as in (16), replacing A by

_A—(1-N(1-m)p
= (=N I—m)u

A, (52)
A direct consequence is that the optimal tax 7; is lower than in the baseline case and is decreasing
in p, particularly for less salient taxes with a small m;. Indeed, the measure of the social marginal
cost of public funds A; is decreasing in the marginal distortionary cost of budget adjustment pu
(recall A < 1), coincides with its baseline value of A when p = 0, and is lower than A for all x> 0.
Furthermore p enters the formula through the p(1 — m;) so that these effects are particularly
pronounced when attention m; is low.

We next proceed in greater detail. We take a particular case, which is particularly tractable.
There are n — 2 goods, and good n is the “shock absorber” good. The price of goods 0 and n is
normalized to 1. There’s no tax on goods 0 and n, for simplicity.

Utility is:

u (o, -, Cn) = Co + Zul (i)
i=1

49The level of v is unimportant provided it is between 0 and 1.



Good 0 has marginal utility of 1, which absorbs income effects, so v,, = 1. Hence, 7% = q — %= is:

Vw

=0
o= qg—qfori=1,..n-1
™= 14 (cn)

forc;=¢ (¢) for 1 <i<mnand ¢, =c,+ >, , (¢ — @) (from (49)).

Impact on Pigouvian Taxes We revisit our simple model of Section I1.B, with an externality

on good 1. We have A = 1, so that the government’s objective function is:

L=U(c)—(p+&c1+us(cs—(1—=m)err) + (1 —m) eyt

i.e. utility from good 1, utility from good 2 (which absorbs the shock (1 — m) ¢;7), and consumption
of good 0 is increased by the lump-sum rebate, which accounts for the last term. The consumer
chooses ¢; according to U’ (¢1) = p + mr.

We take utility U (¢1) = Qcq — %, so that demand is ¢; = ¥ (Q —p —m7) . We keep u), (¢y) =
1+ p. We have:

L'(r) = [p+m7‘—(p—|—€)](—\lfm)—|—[—(l—m)(l—F,U)“‘(l_m)]%(cﬂ_)
= —(mr— &) Um— (1 —m)p(c; — Umr)
= —(m7 =& ¥m—(1—m)p(V(Q—p—2mr)),

which leads to:

1—2p (52)

o

_ S—op(Em) g
EET

where ¢ = ¥ (Q — p) is the consumption of good 1 if there is no tax.
Hence, the government doesn’t tax the good if: €U < (1 —m)c), i.e. if the externality is too

small.

IX The Nonlinear Income Tax Problem

Here are the notations we shall use.
g (z): social welfare weight

h(z) (resp. h*(z)): density (resp. virtual density) of earnings z



H (z): cumulative distribution function of earnings

n: agent’s wage, also the index of his type

q(z) = R’ (2): marginal retention rate, locally perceived
Q = (¢(2)),~: vector of marginal retention rates

ro: tax rebat_e at 0 income

r (z): virtual income

R (z) = z — T (2): retained earnings

T (z): tax given earnings z

z: pre-tax earnings

v (z): marginal social utility of income

7): income elasticity of earnings

m: Pareto exponent of the earnings distribution

(¢: compensated elasticity of earnings

(5., (2): compensated elasticity of earnings when the tax rate at 2* changes

(" : uncompensated elasticity of earnings

IX.A Setup

Agent’s Behavior There is a continuum of agents indexed by skill n with density f (n) (we
use n rather than h, the conventional index in that literature). Agent n has a utility function
u™ (¢, z), where c is his one-dimensional consumption, z is his pre-tax income, and u, < 0.°

The total income tax for income z is 7' (z), so that disposable income is R (z) = z — T'(z). We
call ¢(z) = R'(2) = 1 —T"(z) the local marginal “retention rate”, @ = (¢(2)).>o the ambient
vector of all marginal retention rates, and ro = R (0) the transfer given by the government to an
agent earning zero income. We define the “virtual income” to be r (2) = R (2) —zq (z). Equivalently
R(2) = q(z) z+1r(2), so that ¢ (z) is the local slope of the budget constraint, and 7 (z) its intercept.

We use a general behavioral model in a similar spirit to Section I. The primitive is the income
function 2" (¢, Q, ro, ), which depends on the local marginal retention rate ¢, the ambient vector of
all marginal retention rates Q, ro = R (0) the transfer given by the government to an agent earning
zero income, and the virtual income r. In the traditional model without behavioral biases we have
2" (q,Q,ro,r) = argmax, u" (¢z + 1, 2), so that 2™ does not depend on @ and r,. With behavioral
biases, this is no longer true in general. The income function is associated with the indirect utility
function v" (¢, Q,70,7) = " (¢z + 7, 2) |,_n(4.Quro,n- Lhe earnings z(n) of agent n facing retention
schedule R (z) is then the solution of the fixed point problem z = 2" (¢(z),Q, 70,7 (2)). His

consumption is ¢ (n) = R(z (n)) and his utility is v (n) = u" (¢ (n), z (n)).

50If the agent’s pre-tax wage is n, L is his labor supply, and utility is U™ (¢, L), then u" (¢, z) = U (c, %) Note
that this assumes that the wage is constant (normalized to one). We discuss the impact of relaxing this assumption
in Farhi and Gabaix (2019).



Planning Problem The objective of the planner is to design the tax schedule T'(z) in order

to maximize the following objective function

/OOOW(U(TL))f(n)dn—i-)\/OOO(z(n)—c(n))f(n)dn'

Like Saez (2001), we normalize A = 1. We call g (n) = W’ (v (n)) v (¢ (z(n)),Q,re,7 (2 (n))) the

s

marginal utility of income. This is the analogue of 3" in the Ramsey problem of Section I, and
we identify agents with their income level z (n) instead of their skill n. Most of the time, we leave
implicit the dependence of n (z) on z to avoid cluttering the notations. We now derive a behavioral

version of the optimal tax formula in Saez (2001).

IX.B Saez Income Tax Formula with Behavioral Agents
IX.B.1 Elasticity Concepts
Recall that the marginal retention rate is ¢ (z) = 1 —T"(z). Given an income function z (¢, Q, 7o, 7),

we introduce the following definitions. We define the income elasticity of earnings

n=qz(q,Q,ro,7).

We also define the uncompensated elasticity of labor (or earnings) supply with respect to the actual

marginal retention rate
q
Cu = ;zq (q7 Q7 o, T) .

Finally, we define the compensated elasticity of labor supply with respect to the actual marginal

retention rate
¢C=¢"=n
We also introduce two other elasticities, which are zero in the traditional model without behav-

ioral biases. We define the compensated elasticity of labor supply at z with respect to the marginal

retention rate ¢ (z*) at a point z* different from z:

q
géz* - ;ZQZ* (q7 Q7 o, T) .

In the main text of the paper, we use the lighter notation (%.:

(- =CQ..- (53)

10



We also define the earnings sensitivity to the lump-sum rebate at zero income®!

c q
Cro = ;ZTO (q7 Q,To,T) .

We shall call ¢§ | a “behavioral cross-influence” of the marginal tax rate at 2* on the decision of
an agent earning z. In the traditional model with no behavioral biases, (5 , = (7 = 0, not so with
behavioral agents.52:53

All these elasticities a priori depend on the agent earnings z. As mentioned above, we leave this
dependence implicit most of the time.

Just like in the Ramsey model, we define the “behavioral wedge”

que(e, z) + u, (¢, 2)

b
T q Q To,T) = '
(¢, Q:70,7) Ur (@, Q70,7 e (q.Quror) c=gztr

We also define the renormalized behavioral wedge

In the traditional model with no behavioral biases, we have 7° (q, Q, o, 7) = 7° () = 0. But this is
no longer true with behavioral agents.
We have the following behavioral version of Roy’s identity:
b b
VQ_« Tz
Y, TEee Yem _ TR 54
2 p- TR, M TP (54
The general model can be particularized to a misperceived utility and a misperceived prices

formulation.

Misperceived Prices Model The agent may misperceive the tax schedule, including her
marginal tax rate. We call T*" (¢, Q, ro) (z) the perceived tax schedule, R*" (z) = z—T°"(q, Q,10) (2)
= W the perceived marginal re-

tention rate. Faced with this tax schedule, the behavior of the agent can be represented by the

the perceived retention schedule, and ¢*"(q, Q, 7o) (2)

following problem

s\r}glax( : u" (c,z) st. c=R(2). (55)

51Formulas would be cleaner without the multiplication by ¢ in those elasticities, but here we follow the public
economics tradition.

52For instance, in the misperceived prices model, in general, the marginal tax rate at z* affects the default tax
rate and therefore the perceived tax rate at earnings z.

53In the language of Section I.A, we use income-compensation based notion of elasticity, S¢, rather than the
utility—compensation based notion S¥.

11



This formulation implies that the agent’s choice (c, z) satisfies ¢ = R (z) and
¢>" (2) ug (¢, 2) +ul (¢, 2) =0, (56)

instead of the traditional condition ¢ (z)ul (¢,z) + u? (¢, z) = 0. This means that the agent cor-
rectly perceives consumption and income (¢, z) but misperceives his marginal retention rate ¢>" (z).
Together with ¢ = R (z), this characterizes the behavior of the agent.>

Accordingly, we define z" (q,¢°,r) to be the solution of ¢*"ul (¢, z) + u? (c,z) = 0 with ¢ =

qz + r.°° The income z (n) of agent n is then the solution of the fixed point equation

z=2"(q(2),4" (¢, Q,m0) (2),7(2)),

his consumption is ¢ (n) = R(z (n)) and his utility is v (n) = u™ (¢ (n), z (n)).

Summing up, in the misperceived prices model, the primitives are a utility function v and a
perception function ¢° (¢, Q, o) (2). This yields an income function z (¢, ¢°, 7). The general function
2 (q,Q,ro,7) is then z (¢ (2'),Q,70,7) = 2 (q ('), ¢° (¢, Q,10) (2') ,7) for any earnings z’.

One concrete example of misperception is ¢*"(q, Q,10) = ¢° (¢, Q, r¢) With

ro+ [y q(2)d?

¢°(¢,Q.70) (2) = mq (2) + (1 = m) |ag" (Q) + (1 - a) . ,

ro+ 7 q(z))dz .
Ofo% is the average

where m € [0, 1] is the attention to the true tax (hence retention) rate,
retention rate (as in Liebman and Zeckhauser (2004)), and o € [0,1]. The default perceived
retention rate might be a weighted average of marginal rates, e.g. ¢*(Q) = [ ¢ (z)w () dz for some
weights w (z).

As in the Ramsey case, it is useful to express behavioral elasticities as a function of an agent
without behavioral biases. Call 2" (¢°, ") = arg max, u (¢°z 4+ 1/, z) the earnings of a rational agent
facing marginal tax rate ¢° and extra non-labor income 7’. Then, z (q,q¢°,7) = 2" (¢°,r") where 1/
solves 7’ + ¢°2" (¢°,7") = r + qz" (¢°,7"). We call S" (¢°,7") = g—;: (g%, r") — % (%, r") 2" (¢°,r") the
rational compensated sensitivity of labor supply (it is just a scalar). We also define (¢ = g as
the compensated elasticity of labor supply of the agent if he were rational.

We define m.. = ¢; (¢, Q, o) (2) as the attention to the own marginal retention rate and m, .« =
.. (¢,Q, 7o) (2) as the marginal impact on the perceived marginal retention rate at 2 of an increase

in the marginal retention rate at z*. Then, we have the following concrete values for the elasticities

54This is a sparse max problem with a non-linear budget constraint, which generalizes the sparse max with a
linear budget constraint we analyzed in Section IT.A. The true constraint is ¢ = R (z), but the perceived constraint

isc=R>" (¢q,Q,10) (2).
551f there are several solutions, we choose the one that yields the greatest utility.

12



of the general model (the derivation is in Farhi and Gabaix (2019)):

T—7° T—T°
Cc = (1 -1 q ) Ccrmzza Céz* = (1 -1 q ) Ccrmzz*’ (57)
b T—7°
= 58
T o

If the behavioral agent overestimates the tax rate (1 — 7% < 0), the term 7° is negative. Loosely,
we can think of 7% as indexing an “underperception” of the marginal tax rate. In the traditional

model without behavioral biases, m,,» = 1,_,+, 7° = 7 and 7° = 0.

Misperceived Utility Model In the misperceived utility model, behavior is represented by
the maximization of a subjective decision utility u® (¢, z) subject to the budget constraint ¢ = R (2).
We then have (5 , = 0, and ¢“ and n are the elasticities associated with decision utility u®. The
behavioral wedge is

Uc s _
y usul T U

V= (59)

Uy
Other Useful Concepts and Notations We next study the impact of the above changes on

welfare. Following Saez (2001), we call h (2) the density of agents with earnings z at the optimum

and H (z) = [ h(2')dz'. We also introduce the virtual density h*(z) = mh (2).

We define the social marginal utility of income

v(2) =g()+ 112y (7 () - P ()

T (2) (60)

This definition is the analogue of the corresponding definition in the Ramsey model. If the
government transfers a lump-sum 0 K to an agent previously earning z, the objective function of the
government increases by L (z) = (v (z) — 1) 6 K. The social marginal utility of income v (2) reflects
a direct effect g (z) of that transfer to the agent’s welfare, and an indirect effect on labor supply
captured—to the leading order as the agent receives d K, his labor supply changes by 1_77C(Fz,zz) 0K,
which impacts tax revenues by 1_77;2/22)T, (2) 6K and welfare by 1_77;2,22)?17 (2) 6 K; the terms featuring
f;:((zz)) (in practice often close to 1) capture the fact that the agent’s marginal tax rate changes as the

agent adjusts his labor supply, which impacts tax revenues and welfare because of misoptimization.

IX.B.2 Optimal Income Tax Formula

We next present the optimal income tax formula. Farhi and Gabaix (2019) presents the intermediary

steps used in the derivation of this formula.
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Proposition 21 Optimal tazes satisfy the following formulas (for all z*)

T (z)=7(2) 1 1—H(z") [~ (s h(z) ;
1=T'(z)  C°(z) 2h*(2) /Z (1= ))71 B d (61)

) /°° G5, () T (2) = 7 () 2h* (2)
o ) 1-T(2) =kt ()

dz.

This formula can also be expressed as a modification of the Saez (2001) formula

T/(lz*_);z:*()z*) _|_/Ooow(z*,2) %dz (62)
LI HE) [ ey, PO G
T ). (1=00 - 1) =
where p(z) = g((zz))% and

* o Céz* (Z) > _fz*l (s)ds , Cézr (Z) ’ zh* (Z
w(z* z) = <CC(Z*> _/Z/:Z*e =A% () Ce (=) dz 7z*h*(z 7

The first term gc(lz*) i_hHEj; fzoo (1=7(2)) 5 }}(IZ( dz on the right-hand side of the optimal tax

formula (61) is a simple reformulation of Saez’s formula using the concept of social marginal utility

of income 7y (z) rather than the marginal social welfare weight g (z) The link between the two is
in equation (60)). The second term —=% [ C?j(*;(j) T,I(Z)T_,ibSZ) n (z

and captures a misoptimization effect together with the term ﬁ,(() on the left-hand side.

The intuition is as follows. First, suppose for concreteness that 6. (z) > 0, then increasing the

dz on the right-hand side is new

marginal tax rate at z* leads the agents at another income z to perceive higher taxes on average,
which leads them to decrease their labor supply and reduces tax revenues. Ceteris paribus, this
consideration pushes towards a lower tax rate, compared to the Saez optimal tax formula. Second,
suppose for concreteness that 7° (z) < 0, then increasing the marginal tax rate at z* further reduces
welfare. This, again, pushes towards a lower tax rate.

The modified Saez formula (62) uses the concept of the social marginal welfare weight g (z)
rather than the social marginal utility of income 7 (z). It is easily obtained from formula (61) using
equation (60). When there are no income effects so that n = p (z) = 0, the optimal tax formula (61)
and the modified Saez formula (62) are identical. They coincide with the traditional Saez formula

when there are no behavioral biases so that ¢§ , (2) = w(2*,2) = 7¥(2) = 0. In this case, the

left-hand side of (62) is simply — - )) so that the formula solves for the optimal marginal tax rate
T (z*) at z*

The formula is expressed in terms of endogenous objects or “sufficient statistics”: social marginal
welfare weights ¢ (2), elasticities of substitution (¢ (z), income elasticities 1 (z), and income distri-

bution A (z) and h* (z). With behavioral agents, there are two differences. First, there are two ad-

14



ditional sufficient statistic, namely the behavioral wedge 7°(2) and the behavioral cross-elasticities
6. (z). Second, it is not possible to solve out the optimal marginal tax rate in closed form. Instead,
the modified Saez formula (62) at different values of z* form a system of linear equations in the op-
timal marginal tax rates 7" (z) for all z. The formula simplifies greatly in the case where behavioral

biases can be represented by a misperceived utility model. Indeed, we then have w (2*, z) = 0 and

(2) = g () “E

, so that there is no linear system of equations to solve out to recover 7" (z).

X Further Proofs and Derivations

X.A General Proofs and Derivations

Proof of Proposition 2 We observe that a tax 7; modifies the externality as:

d’TZ chh'[ qi qvw 7£)+c§d_7_z )

SO jf = 122”:5% The term W represents the ¢ multlpher effect of one unit of pollution
g h v h )
on consumption, then on more pollution. So, calling 2 g * the value of 3 aL Wlthout the externality

(that was derived in Proposition 1)
OL  oL™¢ ve de .
o~ or dTZ{ZWU;LU 1}Z+)\ZT c5 q,w" 3 _d_; B——l—)\r c5

ke g W Ve h = h
_1—Zh€ch' zh: T AT ::Zh:&h'cqi'

w
Using Proposition 1,

oL
073

_ Z [()\ ) xT - SO b SOk 4 =, (_cfvc? + Sgh)}

h

_Z{)\ ' —Een - c )c +)\<7+;€ch)'Slqh—ﬂh*rb’h.sicvh]'

Derivation of (13) We define the internality /externality wedge

5}1
FXh _ 77_1,h 4+ 7Eh,

We have, from (3)
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Tb,h:ugh (Ch) _ufé (Ch)+p—p+7'—Ts’h:TI’h+T—TS’h:TI’h—|—(I—Mh)T,

hence

_ §,h_ﬁ_h bho_ 5,h_5_h Lh _Agh _ N X
T—T T =T —-1T (T—i—(IM)T)—I(IM))\TT.

A A

Hence, Proposition 2 implies:

=[]
RS
—
|
‘«Q
p "
N———
Q
|

h h

i.e.

] [z s (1 (1 ot _)] ) S [(1-7) o arsre].

Then, in the limit of small taxes (so that 'YT}L — 1), we obtain (13).

Proof of Proposition 4 We start from the Ramsey planning problem in (15). Define

Y1 _

L= VZ [ 1 — 1/, — (ps +Ti)0i(7'i)] +)\;Ti0i(ﬁ)>

where ¢; = (p; + mm)_wi. The first-order condition with respect to 7; is:

Lr =7 [[(Ci(Ti))_l/wi —(pi + Tz)]%

Ti

i )] A {cz(n) + ngn} 0.

Note that ¢;(7;)~ Y% = p; + m;7; and d¢; /01; = —p;—S—m,;, we can rewrite the FOC as:
pitmiT;
A —ici(Ti)m;
L. = ——14+m | ——— + (X —Y)ci(T
= (G- m) n B )

— <A I jmi> ViTici(Ti)m; M) = 0.
i +myT;

Simplifying gives us:

(A + }mz> Yimim; = N(ps + myT;)
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which gives an explicit expression for 7;:

pi Vi A+ (1= A)ym; — Ao - @Dim?l_i_A(l_m;ni:l/%).

Proof of Proposition 6 The government’s planning problem is
S UM (") - (p+ ") (65)
h

We call ¢ = arg max.. U" (ch) — (p + & h) c the quantity consumed by the agent at the first best.
To make things transparent, we specify

. . h_
which using U = 4 =

After some algebraic manipulations, social welfare compared to the first best can be written as

¢°, implies a demand function ¢ (¢*) = a — Wg*.%5

L(r)= —EZ(th—fhf. (66)
h

The first best cannot be implemented unless all agents have the same ideal Pigouvian tax, &"/m”.
Heterogeneity in attention creates welfare losses.
Optimal Pigouvian tax. At the optimum, U" (ch*) = p+ &' If the agent perceives only m/'7,

his demand is off the ideal ¢™* (up to second order terms) as:
=" (th — §h) .

This expression is exact in the quadratic functional form above, and otherwise the leading term of

a Taylor expansion of a general function, with now the interpretation ¥ = W then. The social
welfare is L =3, L" = =2 %", (mhr — §h)2 by (66).
Because L, = =¥ >, m" (th — fh), the optimal tax is

. Zh §hmh _ E [ghmh]
>, (mh)? g [(mhﬂ'

56The expressions in the rest of this section are exact with this quadratic utility specification. For general utility
functions, they hold provided that they are understood as the leading order terms in a Taylor expansion around an
economy with no heterogeneity.
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Let us calculate V = E [(th — §h) 2] at this optimum 7 = 7%,

) e )
& —9E hfh L
E |:(mh)2] [ } B [(mh)z]
E [(¢)?] & [(m)?] - B [¢hm)’

sfon]

_ 1 g BlE) B[] (g mt)”
L=-LlHU (s ,

If there is no tax, the loss is (from equation (66))

Jrotax _ _ * Z m .0 — é-h \g Z _ ——H\DE |:(€h)2] )
h

o _ Jno taxE[(sh)z]]E[(mh)z]_(E[Shmh])z
So, L =1L E[(mh)Q]E[(gh)Q] .

Optimal quantity mandate. Welfare is >, [U" (¢*) — (p + £") ¢*]. The optimal quantity restric-
tion c¢* is characterized by
1 h ([ %\ __ 1 h
H;Uc <c>—p+H;§. (67)
The welfare loss compared to the first best, which entails U" (ch*) =p+£&his

1 * 2 11 * 2
L= _U" (¢) (ch —c*) =-53% (ch —c*) :

hence the welfare loss is:

2 cc
The best consumption satisfies: Lg = h% (ch* — c*) =0,ie. c*=E [ch*}.
The loss is: L H , L
L9 = —§€E [(ch* - c*) } =5 gV <ch*> .

Proof of Proposition 7 Equation (64) then yields the optimal tax:
7= (E[M"S"M"])"'E[M"] 57 (68)

with 7% = (&,,0)" .
When agents have uniform misperceptions (M" = M), the optimal tax is 7 = M 17X, This
implies 7 = 51—*1 > 0 and 7 = 0. The principle of targeting applies. This is no longer true when

misperceptions are not uniform.
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We have (E [Mh'ST’MhD = S,E [mlm! } and (E [Mh’ST’])Z.j =E [m}] Si;- Matrix inversion
gives:
_ S5y (B [m3] E [ma] — B [myma] E [m4])
B det E [M" ST M™"]

3%

Because E [M W8T M h} is a dimension 2 x 2 and has negative roots (there is a good 0, so that
S” is the block matrix excluding good 0, and has only negative root), det E [Mh'STMh} > 0.
The condition in the Proposition is that E [m?|E [my] — E [mymg] E [my] > 0. Hence, sign (1) =
—sign (Si2).

The quadratic case simply gives a constant matrix S”.

Proof of Proposition 8 We apply (64). Here we have:

Mh -7 Sr,h* _ <_¢1 (pl + 7_1)—7/11_1 0 ) Sr,h;ﬁh* _ <0 0 )

0 Sgl 0 St

hx
h* Y1 __X hx WTSh* X he£hs 0
=(p1+mn) ", 7= : LT ={.]

We plug the results above into (64). Suppose p,, p, are the portions of agents h* and agents
h # h* in the population with p, 4+ p, = 1. Then

—1

—1,/,—1 P1+1
_ E Mhlsr,h I — (I N Mh) 7_h . i Pp 'l/)l (pl + 7-1) 0 »
)\ o H 0 o Sr,h* th;éh* )
h pp Ca _I_ pT Co

) (p1 + Tl)_wl + %5}1*% (p1 + Tl)_wl_l]

h*

Z [(1 B 7_h> ch Mh/Sr,hTX,h} i Pp [(1 -5

h
Sh* ( _ ) 1
hx . = X )0
and get 71 = (1 — - ) 7’11;’1“ + 5 fh* ie. 1 = R )

Proof of Proposition 12 For high incomes, 7> approaches zero (as high—earnings agents asymp-
totically accurately perceive their marginal rate, see (23) and (57)), and approaches 1.°" Hence,

from (60), we have B
_ T

y=g+17

1—7

We observe that *h*gz ; L that (¢ (z*) = m¢*" (2*), and (5. (2) = (1 —m) WC” (2) (see

5TRecall that h,:((z)) (Z)Jr‘é( Z)T,,( ;- Calling a = lim. o0 21" (2), if we had a # 0, we’d have 1" (z) ~ aln z, which

would diverge for large z. So a = 0. Hence, for large z, hh*(( 2 1.

Z
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(57)). Taking the large z* limit in (22) gives:

T 1
e _ _ ]_ _ _ 1 *
=7 = g (LD B O,
where
C(Z*) CC ( ) ( )_%b (Z) zh* (Z) ds — 1 m o0 w(ZZ/Z)CCT(Z) T/(Z)—Tb (Z) ~h* (Z)
1=T"(2)  2*h*(z") mJo o o (2Y) 1=T(2) z*h*(z¥)
_ 1—m/ SETEITE) =P () £ (5) da
! VEE TITE) ) @
' i = da (i)_%b(i) T
where we used the change in variables z = 25, so % = . Observing that W T
and ZE};EZT)) —a”, we get
th m/ _W@:jl_m T_A
z*—00 _ 7 a m 1_ 7

where A = [~ a™ "4 (a) da. So

Rl
N———
|

—_
|
3
\]
I

N S SRR
1—7  mlem -

Rearranging we get the top marginal rate announced,

1-g
=g+ + ¢ (m+ (1—m)A)

7=
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