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Section 1 presents the proof of our main general results. Section 2 reports the quantitative
implications of our results when the home and foreign log SDF's exhibit different volatilities.
Section 3 studies three examples: a simple consumption-based example; a Cox, Ingersoll, and
Ross (1985) model with common factors; a consumption-based example with heteroscedasticity.
Section 4 reports summary statistics on the exchange rate entropy.

1 Proofs of Main Results

In this section, we gather all the proofs of the main results in the text, in the order they appear
there. We distinguish between the propositions and their corollaries, which are model-free
findings, and the results, which are model-specific.

Proof of Proposition 1

Proof. We start from the domestic investor’s Euler equation for the foreign risk-free asset, and
the foreign investor’s Euler equation for the domestic risk-free asset respectively:
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By using conditional joint log normality of the foreign SDF and exp(n), the first Euler equation
implies that:

By (log Mt+1) + iVart (log Mt+1) = L (log Mt+1) + ey + QVart (log Mt+1)
1 *
+ iVart (Ne41) + covary(ney1,log M),

where p;, = Ey (i41). This implies that covary (m;‘H, 77t+1) = — i,y — 0.5var; (ni41). We move
on to the second equation. The second Euler equation for the domestic risk-free asset implies
that:

1 1
B, (log Mt+1) + iVart (log My41) = E; (log Mt+1) — Myt §Vart (log Mt+1)
+  (1/2)Vary (ne41) — covary(ne+1,log My ).

This implies that covary (mtﬂ, 7lt+1) = —u,n + 0.5var (Ni41).
The inequality restrictions on ju 5, follow directly from the Cauchy-Schwarz inequality for (1)

|covary (mf_i_l, 7lt+1) | < std, (mZ‘_H) stdy (ne+1) and (2) |covary (mt+1, m+1) | < stdy (myy1) stdy (e41)-
Finally, we also impose that (3):

lcovary (mfy .y — myyq, 1) | < stdy (miyy — myy ) stde (esa) -

When s, < —(1/2)vars (ni41), the first inequality implies that:

1 *
_(/"[’tﬂ? + 5’0@7} (nt+1)) S Stdt (mt+1) Stdt (77t+1) .

This in turn implies that:

1
—(pe) < stdy (miyq) stdy (neg1) + Juart (Me41))-

When iy, > —(1/2)vary (n:41), the first inequality implies that:

1 *
fitn T VAT (e41) < stdy (mfyy) stdy (41) -

This in turn implies that:

1
Ly < stdy (m;"ﬂ) stdy (Ne41) — uart (Me+1) -

Next, we turn to the second inequality. When p,, > (1/2)var; (n:+1), the second inequality

implies that:
1

P = Guare (1) < stdy (mer) stde (1) -

This in turn implies that:

1
i < stdg (myg1) stdg (Ne41) + Svart (Me+1) -



When s, < (1/2)vars (n:41), the second inequality implies that:

1

— (it — Svart (Me+1)) < stdy (myq1) stdy (Ne41) -

This in turn implies that:

1
—fity < stdy (myy1) stdy (ne1) — Svar (Ne+1) -
Finally, the third inequality implies that:

stdy (ne1) < stdy (myy; —myyq) .

Proof of Corollary 1

Proof. We start from the definition of log changes in exchange rates: vary(Asiy1) = vary(ne41 +
mj,, —myy1). This can be simplified to:

vary(Asip1) = vardmier) +vary(myy) + vard(ne) — 2cov(mygr, miy )

— 2c0v(Mit1, Mev1) + 2c00t(Me1, Miyq)-
Proposition 1 implies that:

varg(Asir1) = wvary(mip1) +varg(my ) — 2cove(myp1, my )

— warg (Ner1) — vary (Nev1) + vary(es1),

which establishes the result. Finally, we prove the volatility results. The volatility of the log
pricing kernel in the foreign country is given by

vary (miyy + m41) = vary(myy,) + vary (1) + 2covary(my g, 1)

The result follows directly from the covariance condition. Note that covary (m;‘ +1,77t+1) =
1
—Mtn — VATt (77t+1)-

* * 1
vary (miyy +nesr) = vardmipy) + vardmen) + 2(=pn = Gvare (1))

Proof of Corollary 2

Proof. The expression for the log risk premium follows because covary (m;k 1 77t+1) = —lity —
vary (i41) /2. The expression for the risk premium in level follows because var¢[razf¥]/2 =
vary(Asiy1)/2 which is given by:

1 1 1
guard(mer) + gvard(mi, ) — covy(me1, miy) — gvary(ne).



The log risk premium is increased by pu, relative to the complete markets case. The foreign
investor’s log risk premium on domestic currency is naturally the opposite of the one above.
The symmetry does not hold in levels because of the usual Jensen term. The foreign investor’s
risk premium in levels on a long position in domestic currency is given by:

1 1
E; [rmﬂ)ﬂ—l-gvart [rmflﬁ] = covg(my 1, Asiy1) = vary (mfﬂ)—covart (mfﬂ, mt+1)—§vart (Me1) = fet -

O]

Proof of Corollary 3

Proof. This result follows immediately from Proposition 1. We subtract the second covar; (mt 11 77t+1) =
— ity +0.5vars (n41) from the first covariance condition covar; (th, m+1) = — i, +0.5var (Neg1).
That delivers the results. ]

Proof of Proposition 2

Proof. By definition, the conditional entropy of a random variable X, is equal to:
Li(Xi41) = log Ey(Xiy1) — Ei(log Xi41)

We assume here that both investors have access to risk-free rates. Let us start again from the
Euler equation of the foreign investor:

1

W =L (Mt*+1 eXp(ntJrl))
t

Taking logs leads to:
—r{" =log E (M{,1 exp(ni+1)) = Le (M1 exp(nie1)) + By (log M) + Ee(nps)-

But the risk-free rate also satisfies the Euler equation E (Mt*HR{ *) = 1. Taking logs again

leads to:
log & (Mt*+1R{’*> =L (MtilR{’*) + By (log M{y,) +17" =0

Plugging the implied value of the log risk-free rate in the first equation above delivers the result,
noting that L;(a;Xy4+1) = Li(X¢41) for any variable a; known at date t:

L (M) + By (log M}y ) = Ly (Mf, exp(ney1)) + Ep (log My 1) + Ey(nis1),

which simplifies to:
Ly (M}, exp(ne1)) = L (Mfyy) — Ei(neg1).

Likewise, one can show that:

Ly (Myy1exp(—ni11)) = L (Myy1) + Ey(ni41).



Finally, we derive restrictions the set of feasible yi; , from non-negativity of Ly (M1 exp(—mns+1)),
L; (Mt*Jr:l exp(ntﬂ)) and Ly (%—:1) To start, note that:

Ly (My41 exp(—ne41)) = log By (My41 exp(net1)) — Eilog (Mig1) + Ei(mi41) > 0
Ly (Mt*—i-l 6Xp(77t+1)) = log F} (Mt*—i—l eXP(UtH)) — Etlog (Mt*+1) — Ei(ni41) 20
This implies that the following restrictions need to be satisfied:
— iy < log By (M exp(—ne11)) — Eylog (M)
iy < log E; (Mt*H exp(nt+1)) — E;log (Mt*+1) ,
which in turn implies that:
— (log Ey (M, 1 exp(—ne41)) — Eylog (Myy1)) < pun < log Ey (M1 exp(mit1)) — Eilog (M} )

Finally, we also know that

Sti1 M M,
L =-F logEy | ———————— | — E;1 — ) >
¢ < Sy ) t(77t+1) +log b (Mt+1e7lt+1 t108 M. =

This, in turn, implies that:

Mt*+1 Mt*+1
o ()~ o () =

Proof of Corollary 4

Proof. Note that the entropy of the ratio of two random variables is:

X, X,
Ly ( t“) = log E} ( t+1> — Ei(log X¢11) + Et(log Yii1)
Yir Y1

X
= logE, ( Y”;) + Ly(Xeq1) — log By(Xyt1) — L(Yig1) + log Er(Yig1).
t+

By applying this fomula to the following expression with X;11 = M /M;1 and Yy =
My, /My 1e7 1], we obtain

My /[Myyre7 4]

M MF MF M
= L) -0, —2— ) +logE, (e™+1) —log B, | =L ) +log By [ ——FL—
! <Mt+1> ' <Mt+1€_”t+1 +log Bi (e ) ~log By My loe B Myyem 1 )7

This last step leads to the result in the text as the second term is the entropy of the change in

exchange rates.
O



Proof of Corollary 5

Proof. The first result just follows from the definition of the log change in the exchange rate and
the definition of the risk-free rate at home and abroad. The second result follows immediately
because Ey[raiX] + Li(raf?y) = EyfralX] + Li(Si41/5:); only Si41/S; is random.

My, e+t )

ARP = RP™ _Rp°M = [, ( ”1) + pity + L (

M M, e+
= —I; (6_7775—0—1) + log E; (e_nt+1> —log E; <Mt+1> +log E; (H‘l) + ity
t+

M1
M* M* . elt+1
— log Et (ﬂ) + log Et (%) = AL+ Htn-

The second line uses the entropy of a ratio of two random variables. O

Proof of Result 1

Proof. We start from the complete market benchmark. The conditional entropy of the pricing
kernel M, is equal to:

Lt(Mt—l—l) = Lt e_VAChLl) — Lt (e_’YTUt+1) + Lt (e—'yzt+1)
2 2

The entropy of the jump component is presented in Equation (24), page 1981 of Backus, Cher-
nov, and Zin (2011) and derived in their Appendix A. The entropy of the ‘complete spanning’
exchange rate is given by:

Ly <‘Mt+1) - I (G_W(AC:+1—AC75+1)) — L (e—vw;‘H) L (e—vzal—&-vztﬂ) 4 Ly (e0r+1)
Miq
2%, %2 2 9
— gl 20- + b 20 + (67"/9*4"‘{9777*pz,z*55*+(75)2/2+(76*)2/2 — 1) + fy*wa* — »ng

The log currency risk premium is given by the difference in the entropy of the domestic and the
foreign pricing kernels:

E; [rwﬂr)ﬂ = _Lt(Mt*Jrl) 4 Lt(Mt-i-l) — —Lt(e*WACZ‘H) + Lt(evactH)?
= —Lt(e_’Yw?H) — Lt(e—WZ?H) + Lt(e—thﬂ) + Lt(e_’yztﬂ),
2% % 2
— 77 g - (6_79*_‘_(’76*)2/2 B 1)
2
7202 2
+ B +w <e_79+(75) /2 _ 1) _ (V*WH* _ ’ng)

Hence, the foreign currency risk premium in levels is given by:

E, [Txf:_)ﬂ + Ly [T‘$£_)ﬂ = Yo’ +w (e_70+(w5)2/2 - 1) —w <6_79*+(76*)2/2 - 1)

i <e—79*+v9—2w*ﬂz,z*55*+(75)2/2+(75*)2/2 _ 1) _

6



Next, we introduce incomplete spanning as described in the main text. The conditional
entropy of the perturbed pricing kernel is equal to:

L, (Mt_i_le*ﬁt-&-l) = I (677A0t+1fvet+1) =L, (6*'th+1) + L, <€*’th+1*'ydt+l> 7

= 2%+ w (6_7(9+9d)+7266dpz,d+(76d)2/2+(75)2/2 _ 1> + v (0 + 6,)

The entropy of the sum of two Poisson mixtures (L; (e_“*zt“_“*dt“) above) is a generalization
of the result presented in Backus, Chernov, and Zin (2011). The co-entropy condition in Propo-
sition 2, pg. = Ly (Myp1e7"+1) — L (My41), implies here that:

fym@d = Lt (Mt_‘_leim'*'l) — L (Mt+1)
g <e—v<9+ed>+7266dpz,e+<w6d)2/2+<v<5>2/2 _ 1) - (6—79-5-(“/5)2/2 _ 1) + ool
Simplifying, we obtain:

0 = e 0+0)+7%08apz,a+(704)?/2+(v8)%/2 _ ,=70+(70)*/2
This leads to:
—(0 +0a) +7*80apz.a + (104)* /2 + (78)% /2 = =18 + (v0)? /2.
This is equivalent to the following restriction on the wedge:
—6a +7*86apz.a+ (v84)?/2 = 0.

Next, we turn to the foreign pricing kernel. The conditional entropy of the perturbed pricing
kernel is equal to:

Lt (Mt*+1e77t+1) — Lt (e—fyAcfH—l—'ydtH) — Lt (e—7w§+1> + Lt(e—’yzt+1+'ydt+1)

= Yo )2+ (677(0*79:‘)7726*5‘1”2*7d+(763)2/2+(76*)2/2 - 1) + @ (07) — yw (0y)
The co-entropy condition in Proposition 2, —p;, = Ly (Mlg"Jrl exp(nt+1)) - L (Mt*_H), implies
here that:

1— 679d_7256dpz*,d+(75d)2/2):| e 10 (8?2 _ .

This is equivalent to the following condition:
104 — V25 0apz-.a+ (v6a)* /2 = 0.

Collecting all of the no-arbitrage restrictions, we obtain the conditions first described in Result
1:

-0, + 72(556,0,2,6 + (756)2/2
"}/06 — ’725*56,02*,6 + (756)2/2
V200epe — V28" Separ e + (10:)%/2



The third condition is implied by the first two conditions.

We turn now to the entropy of the exchange rate. When markets are incomplete, the exchange
rate’s entropy is given by:

Lt M — Lt (e_'YACZ+1+’Ydt+1+'yACt+1)
My 41 ,
= I (e*Vw?H) 4 Ly (1) + L, (67’YZ:+1+7Zt+1+7dt+1> 7
2 %2 2 9

N N 52 2 *y2
+w (67(6+0d_6*)_725 5dpz*,d""‘lg(S(sdpz,d_'7/2pz,z”‘56 +<’Y Qd) +(’Yg) +(762) _ ]_> .

The entropy gap between the complete and incomplete spanning exchange rate is thus:

)2

* Mt+1 * 2 2 *
L, <Mt+1e> _ Lt< t+1> - @ <ev(9+9d—9*>—w26*6dpz*,d+v255dpz,d—72pz,z*65*+”‘;«” +00° 0¥
My M4

— ywly - w (6—79*+79—v"’pz,z*55*+(75)2/2+(75*)2/2 _ 1)

Using the no-arbitrage condition on the wedges vy = v26*84p.~ 4 — (7v64)?/2 = 0, we obtain the
following result:

* e+l * 2 )2
L <Mt+le > L ( t+1> - = <e"/(99*)+’¥255dpz,d72Pz,z*55*+(wg) +L52) _ 1>
My M1

. oy (092 | (18%)?
- ywliw (e‘w +90—2p, x68*+20- + O 1) .

This can be restated as :

My, e+ -
AL, = LM M — [, (M)L (m)
! K K ! M q "\ My

2 *42
= —ywly+w <679*+7972pz,z*56*+”g) +00 ) ) (e'y%édpz,d —1).
This is the second part of Result 1. Taking into account the no-arbitrage conditions on the

wedge, when the wedge does not have a drift (; = 0) and the two countries share the same
parameters (0 = 0*, 6 = §*), we obtain:

AL =w (e—“f"f’w*‘s“(”"sf) (7% — 1) < 0.

Finally, we turn to the risk premium in levels on a long position in foreign currency, which
is given by :

S " M* eMt+1
Ey [raef] + Lt < ?1) = Ly (Myp1) — Le (M) + pey + L <t+1> )
t

8



Hence, the change in the risk premium from complete to incomplete spanning is given by the
change in entropy, LM — Ltc M plus the drift term: ywfy. As a result, the change in the risk
premium is given by:

2 *y2
ARP, = RP/M - RPFM = <6—79*+79—720z,z*55*+mg) +05 5 > (7" %apa _ 1),

This is the third part of Result 1. 0

Proof of Result 2

Proof. We need to implement the following conditions:

. 1
covary (mt—i-la 77t+1) = —Htn— 51}&7"15 (Me+1) 5

1
covary (mt+17 77t+1) = —My+ 5116”“1: (Me41) »

Using the expression for the SDF, we obtain the following conditions:

1
VNV =) = =+ - 5 (v =r)za+ (7" = w7)z),
VI Nz = —@a vt + o (- Rt (0 82
These conditions imply that:
* 1 L
o= 507 =R,
Y = —%(7 — k)

as well as:

VIVE R = Y-S0 ) == (7 = R,

2
WIVIN = bt lr—R) =),

where we have used the expressions for the ¢’s. This delivers the following end result:

V-V =
Y=VIVEO=A) = &k

Proof of Result 3




Proof. The risk premium in logs on a long position in foreign currency is given by:

Et[mgr)ﬂ = 7“{’* - 7{ + Ei(Aspy1) = % [Uart (mt+1) —varg (mfﬂ + 77t+1)]
1
= Sy +2¢)z — (v = 2¢7)%].
1
= Sl =(r=r)z— 0" =07 = r))x]
_ 1 B
=35 [kzy — K" 2]

The risk premium in levels on a long position in foreign currency is given by:

1
Eirzf) + ivart[rxffﬂ = —covg(myy1, Asit1)
1 k * k
= 5[(/{—1-%)%—(& — K)z{]
= KZ

Recall that the short rate is given by: 7 = a4+ (x — %’y)zt. Hence, the regression slope coefficient
on ry —ry is
cov(ra{(Y,re —rf) _ Br(x — 37) + 56" (x — 577)
var(re=rf)  (x—31)? + (x — 37%)?

Hence, in the symmetric case, we end up with:

DK
(x—37)

2 Quantitative Implications in Asymmetric Models

In this section, we study the case of asymmetric models, where the volatilities of the log home
and foreign SDFs differ. In the main text, we assume that std;(m¢y1) = stdy(mj, ;) = 0.5. In
this appendix, we assume that std(m;41) = 0.54 and stdy;(mj,,;) = 0.46. Since the average
volatility of the two SDFs is the same as in the benchmark case, the volatility of the wedge
needed to match the empirical volatility of the exchange rates is also the same as in the main
text. We thus focus on the currency risk premium and the exchange rate cyclicality.

Figure 2 plots the theoretical currency risk premium in logs and levels and its empirical
counterpart. The parameters are identical to those in Figure 1 in the main text, matching an
exchange rate volatility of 11%. The currency risk premia are plotted against the first moment
of the wedge, Ey(n:+1). The key difference with the main text is that the complete market model
delivers a large currency risk premium, since in that case

1
Efrzf] = 5

5 [vary (my 1) —vary (miy1)] = 4%.

10



One does not need to add any exchange rate predictability (through the first moment of the
wedge) in order to match the currency risk premium in our sample. Matching a larger currency
risk premium would call for more asymmetry in the volatilities of m;;1 and mj, ; because the
range of permissible drifts is limited.

0.08 T 0.08 T 0.08 T

0.06 = 0.06 = 0.06 —
/ Y

004fm = = =fm = = o 0.04F - 0.04F .

0.02+ - 0.02r+ - 0.02F -

in levels, home investor
o

in levels, foreign investor
o

in logs, home investor
o

0.02} 4 =-002f 4 c-002F .
-0.04| 4 -004f 4 004 I ; —
-0.06 | 4 006 4 006 .
00805 0 o0s %05 0 oos %05 0 0.05

Ei(ny,q) B (1) AUy

Figure 1: Currency Risk Premia — Asymmetric Case: The figure reports the foreign currency
risk premium in logs (left panel), as well as in levels, from the perspective of the home investor
(center panel) or foreign investor (right panel), against the first moment of the incomplete
market wedge, denoted E;(1;+1). The figure is drawn assuming a maximum Sharpe ratio of 0.54
and 0.46 in the home and foreign countries (stdi(ms11) = 0.54 and stdi(mjy, ;) = 0.46). The
volatility of the wedge, stdi(n:4+1), is chosen to match the empirical volatility of the exchange
rate changes (11%). The red dotted line shows each moment in a complete market model with
the same SDF volatilities. The gray area indicates the value of the average carry trade excess
return in the data: it is centered around the mean log excess return (4.4%, left panel) or the
mean excess return from the perspective of the home and foreign investor (4.8% and —4.0% in
the center and right panels); the area represents one standard error (1.3%) above and below the
mean.

Figure 2 plots different measures of exchange rate cyclicality against the drift of the wedge.
The parameters are the same as for Figure 2, where the volatility of the wedge is chosen to
match the volatility of the exchange rate changes. The difference with Figure 3 in the main
text is twofold. First, when markets are complete, the correlation between the home SDF

11



and the change in exchange rates is even more negative than before: it is now close to —0.8,
implying a strong appreciation of the home currency in bad times at home. Second, even when
introducing a large drift in the wedge, this correlation is still less than 0.1, and thus never imply
a strong depreciation of the home currency in bad times at home. Our key cyclicality result,
the cyclicality slope of one, is naturally unchanged.

T 1 T

0.8 .
0.8 .
0.6 1
0.6 F .
0.4 : 041 |
» 02F 4 ~ 02r ]
5 s
@ <
Z 0r | =
S £
g =
© 02t 4 8
04+ 4
-0.6 + 4
0.8 F .
-1+ -
-0.05 0 0.05 -0.05 0 0.05
E,(n,,,) E ()

Figure 2: Exchange Rate Cyclicality — Asymmetric Case: The figure reports the slope coefficient
in a regression of the difference in log SDF's, m;,; — m41 on the log change in exchange rates
(left panel) and the correlation between the log home SDF and the change in the exchange
rates, corry(Asi 1, myr1), (left panel) against the first moment of the incomplete market wedge,
denoted Ei(n:+1). The red dotted line shows the values of these three moments when markets
are complete. The figure is drawn assuming a maximum Sharpe ratio of 0.54 and 0.46 in the
home and foreign countries (std;(ms41) = 0.54 and stds(mj ;) = 0.46).
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3 Three Examples

This section presents three examples: a simple consumption-based example; a Cox, Ingersoll, and
Ross (1985) model with common factors; a consumption-based example with heteroscedasticity.
3.1 A Simple Consumption-Based Example

In this section, we study in detail the consumption-based example that is mentioned rapidly in

the main text.

Complete Markets We start from the complete market benchmark. The model is described
in the main text.

Result 4. The complete markets foreign currency risk premium in levels (defined from the
perspective of the home investor) is given by:

E; [r:cﬂ_)ﬂ + L [rmﬂ)ﬂ =~%02% — 72pw7w*aa*.

The proof of Result 4 is as follows.

Proof. The entropy of the domestic pricing kernel is given by:

2 2
Li(Myyy) = Ly (e77894) = 720 :
As a result, the entropy of the exchange rate is:
* 2 %2 2 2
o I

When markets are complete, the log currency risk premium is given by the difference in the
entropy of the domestic and the foreign pricing kernels:

Ei [rmﬂ_)ﬂ = —L ( t*-i-l) + Li(Mi11) = —Lt(e_’mc;“) + Lt(e_'mctﬂ)
2,k x,2 2 92
= —Ly(e i) 4 Ly(e Mes1) = 7 20 + 720

As a result, the currency risk premium in levels (defined from the perspective of the home
investor) is given by:

St+1
E; [m;ffﬂ + Ly [ f; } = ~%5? —’ypr,w*aa*.
t

Likewise, the currency risk premium in levels (defined from the perspective of the foreign in-
vestor) is given by:

S
—E; [m;ffﬂ + Ly [S ! ] = ~%0*2 — ’yzpw,w*oa*.
t+1

O]

!Other examples of multi-country term structure models that rely on the complete market assumption to
address the carry trade and forward premium puzzle include Frachot (1996), Hodrick and Vassalou (2002), Brennan
and Xia (2006), Graveline and Joslin (2011), Sarno, Schneider and Wagner (2012), and Lustig, Roussanov and
Verdelhan (2011, 2014).
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Incomplete markets Next, we introduce incomplete spanning. Assume that the wedge takes
the form 7,11 = vdy11, where d ~ N(ug,03).

Result 5. The wedge has to satisfy the following conditions:

2 2
Yo
Hd = 5 d 4 Pw,dvzaffd,
_ fy203 2 _x
—Hd = 9 — Pw*,dY O 0Od-

The change in exchange rate variance from complete to incomplete spanning is given by:
AVary = Varl™ — Varf™ = —~252.

The change in the currency risk premium (defined from the perspective of the home investor)
from complete to incomplete spanning is given by:

ARP, = RPIM — RPEM = p, ;72004

The change in the currency risk premium (defined from the perspective of the foreign investor)
from complete to incomplete spanning is:

ARP; = RPH™M — RPyM = —p, . 172004

Result 5 implies that in the symmetric case (when the drift of the wedge is zero), the change
in the currency risk premium in level is ARP; = ARP; = —.57203. In that case, introducing a
wedge decreases the currency risk premium from the perspective of both domestic and foreign
agents. The Sharpe ratio declines as well:

SRfX:l 02(1—p)—ﬁ.

The proof of Result 5 is as follows:
Proof. The conditional entropy of the perturbed home pricing kernel is given by:

A 7202 720_2
L, (Mt+1e—7lt+1) — Lt(e_'y Ct+1—’ydt+1) — Lt(e—’}’wt+1_'7dt+l) — T + 5 d +Pw,d7200'd-

Applying Proposition 5, it then implies that the drift of the wedge satisfies:

2 2
Y o
He = 5 d 4 Pw,d’YzUUd-

The conditional entropy of the perturbed foreign pricing kernel is equal to:
2 2

A d d 720_2,* v2o? )
s — —YAcf 1+ — —Ywiy,+ —
L; (Mt+1em+1) = Li(e7 "R+ = [ (e MW Ty — — + - Puw*.dY 00g.
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Proposition 2 then implies that the drift of the wedge satisfies:

2 9
V04

2

When markets are incomplete, the entropy of the ‘incomplete spanning’ exchange rate is given
by:

2
—Hd = — Pw*dYV 00d-

e+t " x
L (t'H = Lt(e*’YACt+1+7dt+1+’YACt+1) = Lt(€*7wt+1+7wt+1+7dt+1)
My
2 %2 2 2
vt Yo 2 2 2 V’oy
= 2 + 9 -7 J*Udpw*,d +Y00aPw.d — Y pw,w*UU + T

By summing the two conditions that define the drift of the wedge, one obtains that:
0= 7203 + pu.dV’004 — pur 4V’ 004
The entropy of the ‘incomplete spanning’ exchange rate is thus simply:

M, . elt+1 2 %2 2 2 20.2
1, (M _ o LA P s
M4 2 2 ’ 2

The entropy gap between the complete and incomplete spanning exchange rate is then:

AL — 1, (Miae™ N o (Mig _ og
! ! M4 "\ My 2

According to Proposition 5, the risk premium in levels on a long position in foreign currency is
given by :

S M Tt4-1
Ey [raf] + Lt ( ;1> =Ly (Myy1) = Le (M) + preg + L (He> :

The change in the risk prernium from complete to incomplete spanning is thus given by the
change in entropy, —.572 ad, plus the drift term, pug = 0.57203 + pw7d7200d. The difference
between the risk premium in incomplete and complete markets is:

M el "
ARP, = RPM — RPFM = 1y + Ly (“) — L, < t+1> = pwar’ooy.
My Miq

Similarly, the foreign risk premium in levels on a long position in foreign currency is given by :

S\ i My
St+1> = —Ly (M) + Le (M) — puy + L (W '

—F; [rmﬁfﬂ + L <

The change in the foreign risk premium from complete to incomplete spanning is given by:
ARP; = RPM _ ppyeM — —pw*7d’y2aad.
Proposition 2 implies that the restrictions on the wedges are given by:

fa = Y03/2+ pwar oo,
—pa = Y202)2 = puray? oo
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3.2 A Cox, Ingersoll, and Ross (1985) Example with Common Factors

The stylized model in the main text rules out correlation of interest rates across countries.
However, the key insights carry over to a setting with correlated interest rates. To show this
result, we use a CIR model with common factors. The Cox, Ingersoll and Ross (1985) model
(denoted CIR) is defined by the following two equations:

—log Miy1 = a+xz+ 9z + Yz + V025 uy (1)
zipr = (L= @)0 + ¢zt — o/zpuesa,
Z:-s-l = (1-0)0+ ¢z —0ovy ZfUIHv (2)

where w41 ~ N(0,1) and uf,; ~ N(0,1) are i.i.d. The foreign pricing kernel is specified as in
Equation (1) with the same parameters. However, the foreign country has different loadings:

—log M1 = a4+ X 2%+ @2 + /Y zu + /0F 2 up .

To give content to the notion that z; is a domestic factor and z; is a foreign factor, we assume
that v > +* and that § < 0*: the domestic (foreign) pricing kernel is more exposed to the
domestic (foreign) shock than the foreign (domestic) pricing kernel. We assume that investors
can trade the domestic risk-free and at least two risky domestic assets?, but they can only trade
the foreign risk-free asset. The squared maximum SRs at home and abroad are, respectively,
vary(meg1) = vz + 02f, and vary(my, ) = vz + 0% 2.

We denote the target volatility of the incomplete markets exchange rate can be stated as:
vary(Asir1) = Kz + k2. We can compute the implied volatility of the incomplete markets
exchange rate process using our formula:

vari(Aser1) = (Y + 7% = 207V 7) 2 + (6 + 0 — 2V0V6*)2f — vary(nes1)-

Then we simply choose the volatility of the noise to be equal to: vari(n41) = (v +7* — k)2 +
(6+ 0" —K*)zf.

Result 6. In the CIR model with country-specific factors, we can define an exchange rate process
St that satisfies Asgp1 = M1 +myy — M1 with variance vary(Asiy1) = Kz + K 2. where n;
follows:

Wit = Btz 0z — (v — 20V — Naess + (0 + 8 — 2V/8VE — Azt
+ VA= K)zier1 + 1/ (A — £)z e,

where €,,1 and €1 are ~ N(0,1), K <X <y +7" =277 and 5* < \* < §+0* —2V/5V0* .
The drift imputed to exchange rates is given by i, = B + bz +Y* 27 . where €,y and €;, 1 are

2If they can trade two different longer maturity bonds, then the domestically traded assets span all of the
shocks.
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~ N(0,1), Kk <A<~ and K* < X* < ~* satisfies:

K=~V O =2V - )+ = 2V
= (Va4 VI (64 67— V6V — M) + 6+ 5 — 2V,
o= —(1/2WA - VAW =2V -
0= —(2)(VE — VI 6+ —2VaVE -

If we allowed domestic investors to trade two foreign risky assets, then the wedges disappear.
The additional covariance restrictions in Equation (13) imply that k = X = v +v* — 2,/7/7*
and k* = \* = § 4+ 0% — 21/0/6*, because the log returns are affine in the shocks. This in turn
implies that the wedges are zero (n = 0).

The proof of Result 6 is as follows:

Proof. Hence, we can write a square root process for n:

N1 = B+vz+¢ty — \/(7 + 9 = 27V — Nz + \/(5 + 6% — 2VOVEF — X*)zfup

+ VA= Rz + /(A = )€,

where €, and €/ ; are ~ N(0,1), k < X < vy and &* < X\* < +* . The drift imputed to exchange
rates is given by p;, = 8+ Yz + P 2f.

To ensure that the Euler equations for the risk-free are satisfied, we also need to implement
the following conditions:

N 1

covary (mfy, mey1) = —pey — Svar (Me41) 5
1

covary (mHl, 77t+1) = —py+ Fuart (Met1) -

Using the expressions for the log SDFs and 7, these expressions can be restated as follows:

— VO - 20V - Nz - VI (648 - 2VaVE - )z
= —wa v 5 (0~ 2V — R+ 5+ 67— 2VEVE — k1))
+ ﬁ\/(%w*—2\5\/7*—A)zt+x/5\/(5+5*—2¢5x/57—A)z;

= —@at =)+ g (1 H7 2T — a4 8 - 2VEVE - 7))

By collecting the terms in z; and z;, we obtain the following four equations that need to be
solved for 4 unknowns:

—\/?\/('H’r*—?ﬁ\/?—k) = —(¥) -
—\/57*\/(54—6*—2\/5\/57*—/\*) = —(W*) -

Y+ = 2V - k),
(6 + 6" = 2VoV6* — k).

N |

(
1

O |
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I\D\H

IO =2 =) = =)+ 50+ =23V - )
Vo (6 + 0% —2VoVE — k) = —(47) + %(5+5*—2f\/57—ﬁ)

By adding the 1st and 3rd, and the 2nd and 4th equation, we obtain the following expression
for the drift terms:

(\ﬁ—\/’F)\/’H"Y*—Q\ﬁ\/’F_)‘ = —29),
(V5 - VEW ot - WEVE - x =

By substituting for ¢ and * in the original four equations, we obtain the following condi-
tions:

WAV =2V N = 2T VIO - 2 AT -0+ (7 23V R,
VI (54 67— 2VaVE — \) = +§(\/5’—\/ﬁ)\/(aw*—2\/5¢57—A*)+§(5+5*—2\/8\/§—n*).

These conditions can be solved for xk and k*:

£ = 2O+ =2V =N+ VT VI 2V = A+ (77 = 2V,
K= +2\/5’*\/(5+5*—2f5\/57—x*)+(\f5—\/5?)\/(5+5*—2\/5x/57—x*)+(5+5*—2\6\/5’*).

These conditions imply that:

o= TV O T = BAVT - N) 1+ - AV
K= —(ﬁ+\/57)\/(5+5*—2\/3\/67—A*))+5+5*—2\/5\/57.

Result 7. The risk premium in logs on a long position in foreign currency is:

BlratA] = 5|y = (VA= VI -2V - Al
+ ;[5—5*—(\/5—\/(5)\/5+5*—2\/3\/57—A*Jz

The risk premium in levels on a long position in foreign currency is given by:

E[r:cg)ﬂ-l—;vart[rxﬂ)ﬂ = [’y—ﬁ\/(’y+7*—2ﬁ\/¥—)\)—ﬁ 7*] 2t
+ [5—\/5’\/(5”*—2\6%57—»)—\/5\/?}z;.
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These expressions can readily be compared to the complete markets log currency risk premium,
3 [(v = v*)z + (6 — 6*)2;], and the complete markets risk premium in levels, (v — \/7v/7%)2 +
(6 — V/0/6%)z;. Clearly, this establishes that the incomplete markets risk premium in levels
is always smaller than the complete markets risk premium. In addition, there is less return
predictability as well.

The proof of Result 7 is as follows:

Proof. Note that the risk premium in logs is given by

* 1 «
Efrerdy] = rf’ - 7“{ + E(Asi41) = 5 [vary (my,) —vary (mfq + 1) ]

= S(v=7"+2¢)z + (6 — 0"+ 2¢")2)]
R Ve ERCo N ORI NNy P
[5-5*—([—%57)\/5+5*—2¢5J5?—A*J 2

N = N = N =

The risk premium in levels on a long position in foreign currency is given by:

Et[”ifﬂ*‘%wrt[miﬁ] = —covy(myy1, Asiy1)
L= 20 R+ (6= 52 1))
= ;_v—7*+f€—(ﬁ—\/’F)\/’VJr’Y*—?ﬁ\/’F—)\]Zt
N ;}s_mm_(f_mMHa*_mm_»Jz:,
= 5[ A A - e - 2V
i ;_5_5*+2\/§\/(5+5*—2\/3\/5—A*)+(5+6*—2\/5\/57)]ZZ‘

v—ﬁwwv*—mﬁ—w—ﬁﬁ*] %
5—\/5’\/(5+5*—2\/5\/57—A*)—x/3x/57] 2

_|_

O]

Result 8. The Fama slope coefficient in a regression of log currency excess returns on fi —s; =
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re — 1} i

cov(rxfﬁ, ft —st)
var(f — st)

5 (7—7* — (V7 — \/’F)\/’Ww* — 2V - A) ((x =37 — (x* = 379)
R ((x =39 = (¢ = 59)) 7+ (0 — 30) — (¢ — 507)°

5(3— 07— (VO = VE)Wo+ 0" = 2V0V0" = M) (9~ 36) — (¢ — 357))
4 (60— 50) — (67— 36)°

_l’_

((x—37) — (x* = 37%)

In the relevant region of the parameter space, (x — 37) — (x* — 37*) < 0 and (¢ — 36) —
(¢* — 26*) > 0. Then the interest rate spread r, — r; decreases (increases) when z; increases (z;
decreases) —the precautionary motive dominates. This is needed to account for U.L.P. deviations
in the data. As a benchmark, we note that the complete markets slope coefficient is given by:

B (=37 — (X —37) +50) (0 — 30) — (¢" — 56%))
= 2 2
((x =37 = (¢ = 57))" + (¢ = 36) = (¢" — 30%))
Recall that v > v* and § < §*. As a result, the first term now decreases in absolute value
relative to the complete markets case. The second term decreases as well in absolute value.

Even in the model with common factors, the slope coeflicients in the predictability regression
are pushed closer to zero by the incomplete spanning and we get closer to U.I.P.

The proof of Result 8 is as follows:

Proof. Recall that the short rate is given by: r = a4 (x — %’y)zt + (¢ — %(S)Zik Hence, the
regression slope coefficient on f; — sy =ry —rf is

cov(ray, fr — st) _
UaT(ft — St)

O Ve ) [ S U )
(=37 = ¢ = 39)7 + (6 — 36) — (% — Lo*
.5(5—5*—(@—@*)%%*—2\/5\/57—A*)(( ~15) -
(=37 = O = 59))° + (¢ — 38) — (¢* — 56%))?

+

3.3 A Consumption-Based Example with Heteroscedasticity

To develop some economic intuition for the dynamics of these wedges, we look at a version
of the two-country Lucas (1982) model with heteroskedastic consumption growth. This model
produces time-varying risk premia. We use § to denote the rate of time preference and v to
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denote the coefficient of relative risk aversion. The real stochastic discount factor is thus given
by:

—log M1 = —(logd —ypug) + Y0gter41,
aﬁ,t = (1-90)0+ ¢>G§,t — 0gt€ti1,
—log My, = —(logdé —ypy) + 70, €511,
05”: = (1-¢)0+ qbasjf — 0y €11

where Acip1 = g + 0g €41, and Acipr = g + a;tef +1- The consumption growth innovations
ery1 ~ N(0,1) and e ; ~ N(0,1) are i.i.d. as well as uncorrelated across countries. When mar-
kets are complete, the exchange rate variance is thus vary(Asi+1) = 7203?15 + 72’*03:: . Domestic
investors can invest in the domestic risk-free and at least one domestic risky asset (e.g. a longer
maturity real zero-coupon bond), and the foreign risk-free, but they cannot invest in foreign
risky assets. Hence, only the domestic shocks are spanned.

In this model, we can back out the dynamic process for the wedges that satisfy the necessary
conditions of Proposition 1. It turns out that all the wedges take the form:

N1 = Yoy, + ¢*U;,t - V(- )\)Ug,tet+1 +v (- )\*)U;,te;—l
+ (A= K)o €1+ V(A — K*)oy 654

where ¢, ; and €/, are standard i.i.d. Gaussian shocks uncorrelated with the consumption
growth innovations e;1 and ej, ;. These shocks are the unspanned component of the exchange
rate changes. The parameters k and k* govern the volatility of the exchange rate when markets
are incomplete: vary(Asi11) = fw;t + lﬁ}*O';:: . These wedges only affect exchange rates, and
as a result, the returns on foreign investments. The returns on domestic investments remain
unchanged.

The parameters x and k* are the only two degrees of freedom in the law of motion of the
wedge. The other parameters that describe the wedge are implied. The drift term (denoted
pit,y in Proposition 1 and here equal to ¢o,, + d)*o*;’t) is governed by the consumption growth
volatilities; it is determined by the no-arbitrage conditions, which imply that ¢ = —%(72 —K),
and ¢¥* = %(72 — k*). The unexpected component of the wedge depends on the parameters A
and \*, which have to satisfy the following restrictions: x < A < 4% and x* < \* < 42, and are
implicitly defined by the following conditions: k& = 72 — \/721/72 = X, k* = 72 — /72/72 — \*.

In this example, the domestic investor cannot invest in any foreign risky asset. If we allow
the foreign investor to do so, then we need to impose the additional covariance restrictions in
condition (13). These conditions imply that 7 is orthogonal to e;y; and ef, ;, because the log
return on the domestic (foreign) risky asset is affine in the domestic (foreign) innovation, which
in turn implies K = A = 72 and &* = \* = 452, We are back in the case of complete markets:
Ne+1 = 0.

In the two-country Lucas (1982) model, incomplete spanning reduces the exchange rate’s
exposure to the consumption growth innovations. Instead, the exchange rates are now exposed
to shocks uncorrelated with aggregate consumption growth in either country. In the following
sections, we study the impact of incomplete spanning on each of the key three exchange rate
puzzles without restricting ourselves to the Lucas (1982) model. We start with the Brandt,
Cochrane and Santa-Clara (2006) puzzle.
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The two-country Lucas (1982) model with heteroskedastic consumption growth provides a
simple laboratory for understanding the effects of incompleteness. In that model, the com-

plete markets risk premium in logs on a long position in foreign currency is: Et[m:fjr)ﬂ =

4k

372 [ait - ait] , while the complete markets risk premium in levels is given by: Ei[raf}] +

%vart [ra;fﬁ{] = 72037,5. In the incomplete spanning economy, the risk premium in logs on a long

position in foreign currency is E; [rmﬂ)ﬂ = %n [O’;}t — g’: } , while the risk premium in levels on

a long position in foreign currency is given by: Ey[rzf]+ jvarrafX] = nag’t. The incomplete

markets model behaves as if risk aversion v was effectively reduced to /. There is also less
return predictability in the incomplete spanning economy. The Fama slope coefficient in a re-
gression of log currency excess returns on f; —s; = ry —r} is —2k/v%. Hence, the slope coefficient
falls below 2, its complete markets value, in absolute value. The percentage reduction in the
slope coefficient is twice the percentage reduction in volatility 2 log(\/%).

4 Exchange Rate Entropy
Table 1 reports summary statistics on exchange rate entropy. At the quarterly frequency, the

entropy and half-volatility are essentially the same, as if exchange rate changes were normally
distributed.

Table 1: Exchange Rate Entropy

Cross-country Mean Cross-country Std Cross-country Min Cross-country Max

L(As) 0.64 0.15 0.19 0.80
(0.05) (0.02) (0.03) (0.08)
10As 0.64 0.15 0.19 0.81
(0.05) (0.02) (0.03) (0.08)
L(Ag) 0.63 0.15 0.19 0.81
(0.05) (0.02) (0.03) (0.08)
1044 0.63 0.16 0.19 0.82
(0.05) (0.02) (0.03) (0.08)

Notes: The table reports summary statistics on exchange rate entropy and volatility. The entropy, denoted
L(As), is measured as the log of the mean change in exchange rate minus the mean of the log change in exchange
rate: L(As) = logE (eAs) — E(logAs). The volatility is measured as half the variance of the log change in
exchange rates. Similar moments are defined for real exchange rates. The table presents the cross-country mean
of the bilateral nominal and real exchange rate volatilities, along with the cross-country standard deviation of the
bilateral exchange rate volatilities and the corresponding minimum and maximum values across countries. Similar
statistics are reported for entropies. Moments are annualized (multiplied by 4) and reported in percentages. Data
are quarterly, over the 1973.IV — 2014.1V period. The panel consists of 15 countries: Australia, Belgium, Canada,
Denmark, France, Germany, Italy, Japan, Netherlands, New Zealand, Norway, Sweden, Switzerland, U.K., and
U.S. The standard errors (reported between brackets) were generated by block-bootstrapping 10,000 samples,
each block containing 2 quarters.
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5 Projection Arguments

We can project the respective SDFs on the space of traded assets at home and abroad. The
space of internationally traded assets only includes the domestic and the foreign risk-free. We
can recover our results, including the risk premium, using the projection of the SDFs onto the
space of traded payoffs.?> The usual intuition is that one can add some noise that is unspanned
to the SDF's without changing the pricing implications. That intuition is false in this setting,
because the noise itself changes the space of traded payoffs through its effect on exchange rates.

5.1 Projection Argument with log SDF's

We use lowercases to denote logs. When projecting the log domestic SDF onto a constant and
the innovation in the log exchange rate, we get the following expression:

A1 = proj(mes1|X) = Ei(m) + B (Aspr1 — E(Astt1)) -
As before, we introduce a wedge in the spot exchange rate n:
Aspy1 = my ) — Mgyt + Mgt
Hence, the projection slope coefficient is given by:

Covt(mfﬂ — Myy1 + N1, Mit1)
vary(Asir1)

Bn) =

Similarly, when projecting the log foreign SDF onto the space of internationally traded assets,
we get the following result:

A1 = proj(mi|X) = Ey(m?) + 5 (=Asty1 + E(Asia) -
Hence, the foreign projection coefficient is given by:

_covt(m;_l — Myg1 + N1, My )
vary(Asgy1)

B*(n) =

After some algebra, we obtain that the domestic projection coeflicient satisfies:

covt (M q — M1 + M1, Mig1)

B = )
(n) vary(Asir1)
o covg(miy ) — mugr,mugn) | — iy + gvarg(ne)
vary(Asgy1) vary(Asiy1) ’

where we have used our second condition in Proposition 1. Note that 5(n) < 0. The wedge
1 does not drop out when we project the SDF onto the space of traded assets. Instead, the

3The authors acknowledge helpful conversations with John Cochrane, Bob Hodrick and Ben Hebert on this
topic.
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wedge determines the slope coefficient in the projection. Similarly, the foreign projection slope
coefficient is given by:

covg(miyy — Mug1 + N1, M)

* p—
/8 (77) 'Ua?ﬂt(ASt+1) )
~cov(miyy — Mg, miny) iy — 30ary (i)
vary(Asiy1) vary(Asii1) ’

where we have used our first condition in Proposition 1. The wedge 1 does not drop out when
we project the foreign SDF on the space of foreign traded assets. Note that 5*(n) < 0. Also,
note that 5*(n) + 5*(n) = —1.

When we use these projections of the SDFs, our results are unchanged. The foreign currency
risk premium for the home investor is the same as before:

1
Eifrzf] + §vart[rxf+)i] = —covt(Aey1, Asiyr) = —B(n)vari(Asi),
1
= war (myy,) — covary (mj 1, meq1) — Fvart (Me4+1) + Er (Me41)

where we have used the expression for ;1. Similarly, the currency risk premium for the foreign
investor is

1 * *
Ey[—rzfX] + §vart[rsc£_)§] = —covi( Ny, Asir) = =B (n)vary(Asit1),

1
= wvar; (m;‘H) — covary (mz‘ﬂ, mt+1) - pvare (Me+1) — Er (Me41) -

Hence, the expressions for the risk premia are identical when we use the projections. It is not
the case that the incompleteness wedge disappears from the risk premium expression.

5.2 Projection Argument with level SDF's

Brandt, Cochrane and Santa-Clara (2006) argue that market incompleteness cannot help to
resolve the volatility puzzle. This section explains why our results differ from those in Brandt,
Cochrane and Santa-Clara (2006). When projecting the domestic SDF onto the space of inter-

nationally traded assets, we get the following (projecting on ones and Ststl ):

. S S
Ay = proj(Ma|X) = E(M) + 8 ( ;1 — E( ;trl)> .

On page 675, Brandt, Cochrane and Santa-Clara (2006) define the following expression for the

foreign projected SDF:

Stt1

=M —
t+1 = Deg1 ,
Sy

which implies:

. _ Si+1 St+1 St+1
o= |BOn 4o (32 - )| B

since

. S S
Ay =proj(My|X) = E(M) + 8 ( ;1 - E( ;1)> .
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This A7, satisfies the foreign investors’ Euler equations; it is a valid SDF but A}, is not in the
foreign payoff space (see quadratic exchange rate terms), and note the projection onto foreign
payoff space yields no quadratic terms:

POz IX") = B + 57 (2 - B
t+1 t+1

A}, cannot be the minimum variance SDF for the foreign investor. This explains why Brandt,
Cochrane and Santa-Clara (2006)’s argument for market incompleteness irrelevance does not
apply here: their foreign pricing kernel is no longer in the space of traded payoffs (see Maurer
and Tran, 2016, for a related argument).

Further, consider the domestic investors’ Euler equations for investing in the risk-free note
at home and abroad, evaluated with the projection:

Ey (At-f—lRw{) =1
S x
E, (AtHglR{’) =1

The first Euler equation holds by construction. The second Euler equation implies that the
multiplicative risk premium on FX is given by:

% S,
By BCGD “RE g <sm>
R{ ! St

The projection argument implies that the incomplete markets risk premium is determined by
the sensitivity of the SDF to exchange rate shocks 3, as one would expect. As the variance of the
exchange rates decreases, UIP is restored and the multiplicative risk premium is zero. Clearly,
tthere is nothing that keeps us from pushing the variance of the exchange rates to zero if we
adjust Et(ststl ), holding interest rates fixed; our paper shows how to do this in a log-normal
setting.
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