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Online Appendix
Asset Bubbles and Credit Constraints
Jianjun Miao and Pengfei Wang
A. PROOFS OFRESULTS IN THEBASELINE MODEL
PROOF OFPROPOSITION1

We first derive the solution in the discrete-time setup aed thke the continuous-time
limit. Conjecture that the value function is given By(K{) = a K{ + b;. Substituting
this conjecture and the flow-of-funds constraints (10) drid {nto the Bellman equation
(9) yields

(Al) aK!+b =  max  RK/A+QAL-0A)K{ +e by

KtJJrA’Ki'tJfAJtJ"-tJ
+(1-7A) [—Qt K, o+ € %aa Ktj+A]
+rA[(Q =D = QKb s+ aiaKh ]
subject to
1! < RK!A+ L] < RKJA +67 (aa (1= 68)K! +bris)
The first-order condition foKtj 4 Yields

(A2) Qi =€ "a,

and henceKtj+A and K{HA are indeterminate. This implies that firmis indifferent
between buying and selling its existing capital. Under tesumptionQ; > 1, the
financing constraint and the credit constraint bind so tpébwal investment is given by

(A3) Il = RK{A + Q (1 -6A)¢K) + By,
where we define
(A4) B = e “byya.

Substituting the investment rule back into the precediniinia equation and matching
coefficients, we derive

b =[zA(Q~1) +1 e bya,

& =RA+Q(1-0A)+7A(Q—-D[CQ(1—-A)+ RA].
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Using (A2) and (A4), we obtain

(A5) Bi = € *Brya[l + 7 A(Qua — D],

(A6)
Qi=€""[RyaA+ (1 =5A)Qiia + 7 A (Qura — D) (€Qira (1 — 6A) + RyaA)].

Taking the continuous-time limit a8 — 0 yields (20), (21), and (19).

We can also derive the continuous-time limit of the Bellmanation (9). Note that
we can replace™" with 1/ (14 r A) up to first-order approximation. Multiplying the
two sides of (9) by H+r A gives

L+rA)V (Ktj) — max (1—7A) [(1 +1A) DLA + Viga (Kt+A)]
+2A[@+78) DY+ Viga (Kiia )]
= max (1—zA)(1+rA)DLA + Viga (Kt+A)
+7 A (1+1A) D),
+7 A [Vesa (KHM) —Visa (Kl1a )]
Eliminating terms of orders higher thangives
@+ra) Ve (K!) = maxDyA +Vesa (Kl,s) +7ADL
78 [Vera (Kdya) = Vira (K ) |-

Manipulating yields

rVi (Ktj) = max D(j)[ + % [Vt+A (KHA) \A (Ktj)]
+7 D + 7 [VHA (Kit+A) — Vita (Ktj+A)] :

Now we take limits asA — 0 to obtain the continuous-time Bellman equation in (14),
where we notice that

Di = Q¢ — I/ + QiK{ — QK
in continuous time. Moreover, (10), (12), and (13) conveigdl5), (16), and (17),
respectively, aa\ — 0.

We can prove proposition 1 in continuous time directly. Gitlee conjecture (18), we
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rewrite the dynamic programming (14) as

(A7) TQiK{ +1B; =  max RK!—Q (K +oK/)
I KL KLY

+OK{ + QK{ +Bi+7 (Q =11/

+ |:Qt KtJ - QI Kit + Qt Kit + Bt - (Qt KIJ + BI)]
subject to
(A8) |tj < Ltj < thKtj + B:.

Given the assumptio®; > 1, (16) and (A8) bind. We then obtain (19). Substituting
this equation back into (A7) and matching coefficients, weiob(20) and (21). By the
transversality condition (6) and the form of the value fumat

; —rT j _
TI|_r)r(1xje (QT K + BT) =0.
We thus obtain (22). Q.E.D.

PROOF OFPROPOSITIONZ2

Using the optimal investment rule in (19), we derive the aggte capital accumula-
tion equation (28). The first-order condition for the stddicor choice problem (7) gives
wy = (1 —a) (K¢ /NY)“. We then obtain (8) and

K =N/ (/@ —a)h”.
Thus the capital-labor ratio is identical for all firms. Aggating yields
K = Nt (wi/ (1 — 0‘))1/0C

so thatK. /N = K¢/N; for all j e [0,1]. Substituting outw; in (8) yields R, =
a KN = a K#~t sinceN; = 1 in equilibrium. Aggregate output satisfies

Y, =/<Kt")a<Nt")l-“dj =/<K3/NJ)“Nde =(KJ/NJ)“/NJdJ = KENE,
This completes the proof. Q.E.D.

PROOF OFPROPOSITION3

(i) The social planner solves the following problem:

o0
max/ e (K{ —xly)dt,
{lt} Jo
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subject to .
Kt = —5Kt + 7 It, KO given,

whereK; is the aggregate capital stock ahds the investment level for a firm with an
investment opportunity. From this problem, we can derieedfiicient capital stockg,
which satisfiesr (Kg)*™! = r + J. The efficient output, investment and consumption
levels are given byte = (Kg)*, lg = d/n Kg, andCg = (Kg)* — dKg, respectively.

Suppose that assumption (29) holds. We conjecture@iat Q; = 1 in the steady
state. In this case, firm value is given WyYK{) = K/. The optimal investment rule for
each firm satisfieR =r + 6 = a K;*~1. ThusKy = Kg fort > 0. Given this constant
capital stock for all firms, we must haw; = = |* fort > 0. Let each firm’s optimal
investment level satisfj_/tJ = 5K_t’ /m. Then, when assumption (29) holds, the investment
and credit constraints, = JK{ /= < ¢K{ = V(£K}), are satisfied. We conclude that,
under assumption (29), the solutio@ = 1, K/ = Kg, and|l/K{ = ¢/ give the
bubbleless equilibrium, which also achieves the efficilotation.

(i) Suppose that (30) holds. Conjecture tl@a¢ > 1 in some neighborhood of the
bubbleless steady state in whig& = 0 for all t. We can then apply Proposition 2 and
derive the steady-state equations for (21) and (28) as

(A9) Q=0=(+0)Q—-R—-7&Q(Q-1),

(A10) K =0=—0K + 7((QK),

whereR = aK*~1. From these equations, we obtain the steady-state soluforend
K*in (31) and (32), respectively. Assumption (30) impliestt@d > 1. By continuity,
Q: > 1in some neighborhood ¢0)*, K*) . This verifies our conjecture. Q.E.D.

PROOF OFPROPOSITION4

In the bubbly steady state, (20) and (28) imply that

(A11) 0=rB — Bz (Q - 1), and

(A12) 0= —0K +[¢QK + B]x,

whereR = aK*~1. Solving equations (A9), (A11), and (A12) yields equatioBd)(
(35), and (36). By (34)B > 0 if and only if (37) holds. From (31) and (35), we deduce
that Qy, < Q*. Using condition (37), it is straightforward to check thetr > Kg >

Ky > K*. By the resource constraint, steady-state consumptigsfisaC =Y —z | =

K* — K. Substituting the expressions firz, Ky, andK* in Propositions 3 and 4, we
can show thaCg > Cp, > C*. From (34), it is also straightforward to verify that the
bubble-asset rati® /Ky, decreases with. Q.E.D.
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PROOF OFPROPOSITIONS

First, we consider the log-linearized system around thélydieady statéB, Qp, Kj) .
We useX; to denote the percentage deviation from the steady state fai any variable
Xi, i.e., X; = In X; — In X. We can show that the log-linearized system is given by

dB, /dt B
dQAt/dt - A Qt 5
dK/dt Kt
where
0 —(r +) 0
(A13) A= 0 o+r—¢@&r+z) [A=-Er+0(1—-a)
7 B/Ky Er+m) - B/Kp
We denote this matrix by
0 a0
A=| 0 b c |,
d e f

where‘ we deduce from (Al3) that < 0,c > 0,d > 0,e > 0, and f < 0. Since
E< % we haveh = (1 - &)r + 6 — &(r + ) > 0. The characteristic equation for the
matrix A is

(A14) F(x)=x%— (b+ f)x*+ (bf — ce)x —acd = 0.

We observe thaF (0) = —acd > 0 andF(—o0) = —oo. Thus, there exists a negative
root to the above equation, denotedQy< 0. Let the other two roots b, andiz. We
rewrite F (x) as

FX) = (X—=2)(X—42)(X— 13)
(A15) = X3 — (14 Ao+ 23X+ (A1do + A1dz + Aadz)X — A1dals.

Matching terms in equations (A14) and (A15) yieldsl,A3 = acd < 0 and

(Al16) AAo + AAz + oAz =bf —cd < 0.

We consider two cases. (i) f, and A3 are two real roots, then it follows frorhy, <
0 that1, and A3 must have the same sign. Suppdse< 0 andi; < 0. We then have
A142 > 0andiiAdsz > 0. This implies thatl;4, + A143 + 41243 > 0, which contradicts
equation (A16). Thus we must haxe > 0 andi3 > 0.

(i) If either 2, or A3 is complex, then the other must also be complex. Let

Ar=a; +a&i andiz = a; — ayl,
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wherea; anda, are some real numbers ane- /—1. We can show that
Ad2+ Adz+ Aohz = 2a1/1 + & + a3.

Sincel; < 0, the above equation and equation (A16) imply that- O.

From the above analysis, we conclude that the mairhxas one negative eigenvalue
and the other two eigenvalues are either positive real nisrdyecomplex numbers with
a positive real part. As a result, the bubbly steady stateloga saddle point and the
stable manifold is one dimensional.

Next, we consider the local dynamics around the bubblekesslyg stat€0, Q*, K*).
We linearizeB; around zero and log-lineariz®; and K; and obtain the following lin-
earized system:

dB,/dt r—z(Q*—1 0 O By
dQi/dt | = 0 a b Qt |,
dK,/dt = c d K
where
R* R*
a = —&nQ*, b= 1-a)>0,
Q* Q*

c = 7¢Q*>0,d=0.

Using a similar method for the bubbly steady state, we aedllye three eigenvalues of
the matrix in the preceding linearized system. One eigeleyalenoted by.1, is equal
tor — 7z (Q* — 1) < 0 and the other two, denoted by and 13, satisfy

(A17) Aodz=ad—-bc=0-bc <O.

It follows from (A17) thatl, and 13 must be two real numbers with opposite signs. We
conclude that the bubbleless steady state is a local sadiiegnd the stable manifold
is two dimensional. Q.E.D.

PROOF OFPROPOSITIONG

The discrete-time Bellman equation is given by
Vi(Ki) = max @-08)@-7A)[DhA +e" Vs (K, )]
+(@—08) 7 A Dl + e Vi (Khpa ) | 08V (KY).

As in the proof of Proposition 1, taking the continuous-tilmeit as A — 0 and substi-
tuting the flow-of-funds constraints yield the Bellman etipmin Section IV.C. Substi-
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tuting the conjectured value functic\n(Ktj) = Q Ktj + B into this equation yields
r (Qt Ktj + Bt) = Irjn?()f Rthj - Qt (Ktj +5Ktj) + Qthj + Qt Ktj + B
i K
+7 (Q -1 +0[QiK! — (Quk! + B |
subject to _ _
I < EQK{ + By

WhenQ; > 1, optimal investment is given byj =&Qy Ktj + By. Substituting this rule
back into the preceding Bellman equation and matching @iefiis yield (38) and (39).
Equation (28) follows from aggregation and the market+tohgacondition. Q.E.D.

PROOF OFPROPOSITION7

By (38), we can show that

(A18) Qs = + 1

SinceQs > 1, we can apply Proposition 6 in some neighborhoo®ef Equation (39)
implies that

(A19) 0= +0+60)Qs—0G(K) - R—7(Qs = 1)<Qs,

whereR = a K“~1. The solution to this equation givéés. Once we have obtainelds
andQg, we use equation (28) to determiisg.

The difficult part is to solve foKg sinceG (K) is not an explicit function. To show
the existence oK, we defined* as
r+or )

1:—:
T + né

Q"

That is,0* is the bursting probability such that the capital price ia $ationary equilib-
rium with stochastic bubbles is the same as that in the bldgslequilibrium.

Let Q () be the expression on the right-hand side of equation (A1&)th&h use this
equation to rewrite equation (A19) as

aK* L= (r +54+60)QO) +0G(K) + (r +6)éQ(®) = 0.

Define the functionF (K; #) as the expression on the left-hand side of the equation
above. Notice thaQ(@*) = Q* = G(K™) by definition andQ(0) = Q, whereQy, is
given in (35). Condition (37) ensures the existence of tHebhusteady-state valu@y

and the bubbleless steady-state val@ésandK *.
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Define

a

o [(r Fo+0—(r +¢9)§)Q(6)—6Q*]1£1'

By (36), we can show that

Ko — [(r +5—r/:)Q(0)}“‘

a

Thus we haveKnax > Kp and henceK o > K*. We want to prove that
F (K*;@) >0, F(Knax 8) <0,

for 8 € (0,6*). If this is true, then it follows from the intermediate valuebrem that
there exists a solutioks to F (K; #) = 0 such thakKg € (K*, Kmax) -

First, notice that
F (K50 =aK* ™ —r(1-¢)Qp—dQp > oKt —r(1-8)Qp—6Qp =0,

andF (K*; 8*) = 0. We can verify that- (K; ) is concave irf for any fixedK. Thus,
forall0 < 8 < 6%,

F(K0) = F(K*,(l—%)0+%6*)

\

0 0
1- E)F(K*,O) + EF(K*,G*) > 0.

Next we can derive

F(Kma @) = aKigt = +3+60)Q0) +0G(Kmax) + (r +60)EQ(0)
< aKEL—(r +6+60)QO) +0G(K*) + (r +6)¢Q(H) < O,

where the first inequality follows from the fact that the dadgath for the bubbleless
equilibrium is downward sloping by inspecting the phaseydia for (K;, Q;) so that
G (Kmax) < G (K*), and the second inequality follows from the definitionkaf.x and
the fact thatG (K*) = Q*.

Finally, note thatQ () < Q* for 0 < § < #*. We use equation (A12) ands > K*

to deduce that B 5 5
. =—-—¢QO)>_—-¢Q =0
s T T
This completes the proof of the existence of a stationarylibjum with stochastic
bubbles(Bs, Qs, Ks) .

Whené# = 0, the bubble never bursts and heri€ge = Ky. When@ is sufficiently
small, Kg is close toK} by continuity. SinceKy, is smaller than the golden rule capital
stockKgRr, Ks < KgrWhend is sufficiently small. Sinc&k* — 6K is increasing for all
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K < Kgr, we deduce thakK{ — 0Ks > K** — gK*. This implies that the consumption

level before the bubble collapses is higher than the consamfevel in the steady state
after the bubble collapses. Q.E.D.

B. PROOFS OFRESULTS INSECTION V
B1l. Endogenous Credit Constraints
PROOF OFPROPOSITION8

As in the proof of Proposition 1, we derive the continuousetilimit of the dynamic
programming problem as

(B1) th(Ktj,Mtj) =  max  Di+Vi (KJ,MJ)
ML KM K L

s[04+ (k) e ()]
subject to (41),

(82) Dy = RK!—RM —Q (K +dK!),

(83) Di = R (M —ML)+ Q! — 1!+ Q! - ik,

(B4) 1) P (Mt’ — M{t) L

AN

When an investment opportunity arrives with the Poissoarafirm j’s asset holdings
jump to Mg > 0 and its value function changes frovh (Ktj, Mtj) to V; (Kljt, M{t).
This explains the Bellman equation in (B1). The interpiete of constraints are similar
to those in Section Il. In particular, equation (B4) is thefining constraint. Firm can
sell assetgM, — Mljt) and borrowlL{ to finance investment. According to the collateral
constraint (41), firmj uses capital as collateral only.

Substituting the conjectured value function in (45) andftoe-of-funds constraints
(B2) and (B3) into the dynamic programming problem (B1) gsel

r (Qukd + P
- omax RK{— PtMtj - Qt (Ktj +5Ktj)
MK MK L
+ Q4 K.tj + Ktj Qi+ P Mtj + P Mtj
+ [Pt (MtJ - Mit) + Qulf — I + QK¢ — QtKlt]

+7 [QtKlt + Py, — (Qt Ke+ P Mtj)]
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subject to (B4) and . .
|—tJ <<Q Ktj-

Thus P,M{ and Q;K{ cancel themselves out in the Bellman equation so that fiim
indifferent between buying and selling any amount of theanstcally useless asset and
indifferent between buying and selling any amount of cdpitaen no investment oppor-
tunity arrives. MoreoverQ; K/, also cancels itself out and henkg, is indeterminate.

When an investment opportunity arrives with Poisson rateinder the assumption
Q¢ > 1, itis profitable to invest as much as possible. In this case fisalls all its asset
holdings to non-investing firms, i.elv,lljt = 0, and borrows as much as possible so that
L{ = £Q;K{. The optimal investment level is

|tj ZthKtj + PtMtj-

Substituting this solution back into the preceding Bellnegiation and matching coef-
ficients, we obtain equations (21) and (47).

It follows from (47) that P, > P.. Thus households will not hold the bubble asset and
their short-sale constraints bind. This means that the etailkaring condition for the
asset is given by M/dj = 1. By a law of large numbers, aggregate capital satisfies

Ki =K + 7 (thKt + Pt/ Mtjdj)-
We then obtain (46). Since the equilibrium system is the sasnhat in Proposition 2
once we sef; = By, we can use Proposition 4 to study the steady state with aldubb
P > 0. Thus the existence condition is (37). Note that 0 also permits the existence
of a bubble. Q.E.D.

PROOF OFPROPOSITION9

The proof follows from that of Proposition 11 in online AppixB.4 by settingX; =
0, ¢ = 1, andg = 0. We omit the details. Q.E.D.

B2. Liquidity Mismatch
We now relax the liquidity mismatch assumption and supploaedt most a fraction

of the proceeds from the sale of old capital is available tarfae investment. Then the
financing constraint in continuous time becomes

(B5) 1= U+ Qo (K= KY),
and Kljt satisfies

(B6) Ki = @- 2K/,
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Firm j’s decision problem is given by the Bellman equation (14)jectbto (15),
(17), (B5), and (B6). We conjecture that the value functiakes the forn, (Kg) -

Q: Ktj + B;. Substitute this conjecture into the Bellman equation. Wéeinvestment
opportunity arrives, under the assumptiQqa > 1, firm j wants to invest as much as
possible so that the financing constraint and the credittaaing bind. Moreover, the
firm choosesK{t = (1 - 1) K{ and optimal investment is given by

I} = (€ +4) QK{ + B

Substituting these decision rules into the Bellman equoagiod matching coefficients,
we deduce thaB, still satisfies equation (20), ar@; satisfies

(B7) Q=0+0)Q—R—7(+1)Q(Q —1).
Aggregate investment is given by
mly=r [+ 1) QK+ B,

and aggregate capital satisfies

(B8) Ki = —0Ki + 7 [(€ +4) QK + B

The equilibrium system fofQq, K¢, By) is given by (B7), (B8) and (20). Thus the
analysis in Sections Il and IV still applies except thas replaced by + 4. In particular,
by Proposition 4, the bubbly and bubbleless steady stagegstaf and only if

0
O<é+ 1< .
r+n

This implies that as long akis sufficiently small, a bubbly equilibrium exists.
B3. Equity Issues
PROOF OFPROPOSITION10

As in the proof of Proposition 1, we derive the continuousetilimit of the dynamic
programming problem as

vi(k!) = max  Dh-sh+Vi(K!)+x (Dl -sh)
L ichl! .58,

7 [V (ki) = Vi (k)]
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subject to (17),

j \2
i _RKJ_ ;| j A
(89) Df = R/ = Q (K! +ok/) + &, - £ e
. . . . . . . . 112
B10)  Dh+1l+Ll=Qil+Ll+ k! - Qb+ s, - 2O
t
(B11) I} <Ll +8.
Substituting (B10) into the Bellman equation yields
KK LS50Sy
j \2
A,
+r |:(Qt -l - EK—tJi|

+r [ Q! = Qi+ (i) - (k)]

Conjecture that, is given by (18). Using (B9), we can show tfﬂé{ =0.

When an investment opportunity arrives, under the assom@li > 1, firm j invests
as much as possible so that the credit constraint (17) anfihéngcing constraint (B11)
bind. Using the first-order condition f@},, we derive

. 1 . . - 1 i
Si=2(Q-DKL I =CQK 4+ B+ 2 (Qu- DK

Substituting the conjectured value functiVn(Ktj) = Q Ktj + B and the above deci-
sion rules into the Bellman equation and matching coefftsiame obtain (20) and

(B12) Q= (r+9) Qt_Rt_n[éth'i‘%(Qt_l)} (Qt— 1.

Aggregate capital satisfies

1
(B13) Ki = —0K¢ + 7 (Qié Ky + By + ;(Qt = DKy).

As in the proof of Proposition 1, we can show tit= a K1,
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In the bubbly steady state, we use equation (20) to derive
Qu=1+r>1
T

ThusQ; > 1in a neighborhood of the bubbly steady state. Using (B18)derive

B

o=@
b T ®

Given the condition in the proposition we haBe> 0. Finally, we use (B12) to derive

1
R = a(Kb)“_1=(r+5)Qb—7f[Q’Qb-i-z(Qb—l)}(Qb—l)

1r2

= (A= +aC +1) - 2o

Given the condition in the proposition we can check tRat> 0. From the proof above
we can see that the condition is also necessary. Q.E.D.

B4. Additional Asset with Exogenous Rents
PROOF OFPROPOSITION11
With technical progress, firm’s static labor choice problem is

(B14) RiK{ = max (K)* (ANY)™ = weN/,
N;

wherew; is the wage rate anB; is given by

(B15) R=a (wt/A‘)a.
11—«

Firm j’s dynamic programming problem in continuous time is givgn(B1) subject
to (B3), (B4), (48), (53), and

D(j)t = Rthj + XtMtj - PtMtj — Q¢ (Ktj +5Ktj)-

Since one unit of the asset paxsrents X, Mtj enters the above flow-of-funds constraint.
Conjecture that the value function takes the following form

Vi (Ktj, Mtj) = Q Ktj + PtMtj + B:.

Substituting this conjectured function and the flow-ofdarconstraints into the dynamic
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programming problem (B1) yields

r (k! + PMJ + BY)

= max  RK{+XM —RM -Q (Ktj+5Ktj)

MK M) KL

+Qthj + Ktj Qt + PtMtj + PtMtj + B

e [Pt (Mtj _ Mljt) Q-1+ P (M{t - Mtj)]
subject to (B4), (53), and
(B16) L! < ZQiK{ + B

Thus PM, and Q;K/ cancel themselves out in the Bellman equation so that firm
is indifferent between buying and selling any amount of thteinsically useless asset
and indifferent between buying and selling any amount oftaBpvhen no investment
opportunity arrives. MoreoveR; K, cancels itself out and hen¢€/, is indeterminate.

When an investment opportunity arrives with Poisson rateinder the assumption
Q: > 1, the firm will invest as much as possible. It follows from (B&3), and (B16)
thatM{, = (1 — ¢) M{ and optimal investment is given by

|tj ZthKtj +CPtMtj + Bt.

Substituting this solution back into the preceding Bellnegiation and matching coef-
ficients, we obtain equations

(B17) PP = rP =X —a(Q — 1P,
(B18) B rB:—7(Qi— 1B,
(B19) Qt = 4+0)Qt— R —7(Q;—1)QS.

It follows from (B17) thatr P; > P, + X;. Thus households will not hold the asset and
their short-sale constraints bind. This means that the etailkaring condition for the
asset is given by M/dj = 1. By a law of large numbers, aggregate capital satisfies

KI :5Kt+71' (fQIKI+ PIC/MtJdJ + Bt)

We then obtain .
Ki = —0K¢ + 7 (Qi Ky + ¢ P + By).
As in the proof of Proposition 2, the labor-market clearingdition givesR: = a (K;/A;)* !
andY; = K¢ Al
Then aggregate capit#l;, the asset pricé;, and the stock price bubblB; will all
grow at the ratey in the steady state. However, the capital pgeand the rental rat&
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will not grow. The detrended equilibrium system becomes

ki = —(0+ 9@k + 7 (Qick + Pt + by,
b= -9p—x-(Q-1cp.
b (r—gbt — 7 (Qt — Dby,
Q = (+0)Q —aki™t—7(Q—1Q,
wherek; = K/ A, pr = P,/ A, by = B/ A, andx = X;/A;. In the bubbly steady state

these variables an@; are all constant over time. Suppressing the time subscrihte
steady state gives

(B20) 0 —(0+ gk + 7(QEk+p +b),
(B21) 0 = (r=9p—x—7n(Q—1¢p,
(B22) 0 = (r—gb—=(Q-1)b,

(B23) 0 = r+0)Q—-ak*1—7z(Q-1Q¢.

In the bubbly steady state> 0, we can use (B22) to compute

r—g
T

+1

Qv =

Assume that > g so thatQp > 1 and hence&); > 1 in the neighborhood of the bubbly
steady state. Using (B21) and (B23), we can compute
X
r-9@-¢)°
g

R = ak*1=[(r +0)— (@ —0) (r%+l).

p =

Thus the bubbly steady-state detrended capital stock éndiy

m={3w+®—a—wﬂCiﬁ+QPH.
a T

After solving for Qy, ky, and p, we use equation (B20) to solve fbrdescribed in the
proposition. We neetl > 0. We then have the second inequality in condition (56). For

x > 0in (56), we need
5+g—(r_g+1)§>o.
T

T

We then obtain the condition in (55). This condition also liepthat(r +J) — (r —g)¢ >
0 so thatk, > 0. The conditions in the propositions are also necessary. 0Q.E.
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B5. Intertemporal Debt
PROOF OFPROPOSITION12

We first derive the discrete-time solution and then take tdmtisuous-time limit. Con-
jecture that the value function takes the form

Vi (Ki L) =ak! —atLl + b

Substituting this conjecture and the flow-of-funds constsa(57) and (58) into the Bell-
man equation yields

aK{ - a; L{ +by
= max  RK{A—-L{+Q(1—-06A)K!+e " brsa

ltJ’K1J+A’Kit+A’LtJ+A’L11t+A
—ritAy ] —r A ] —rA L ]
+A—-7A) [e Liva — QK +€7 " aa K, —e at+ALt+A]

—retAy ] —rA ] —rA,L i
+7 A [e Pliga — QK n t € Ky, —€ at+AL1t+A]

+7A(Q -1 I/
subject to
(B24) I} < RK{A+eT oL — L,
(B25) a5 aLliia < s +acad (L—6A)K{,

where (B25) is the credit constraint derived from (60) ugimg conjectured value func-
tion.

By the linear property of the Bellman equation above, the-&irder conditions for
L{,, andK/, , yield

(B26) et =ea,, Qu=¢€""a 4.

and hence{, ,, K/, ,, andK{ , are indeterminate. This implies that firjnis indiffer-
ent between saving and borrowing when no investment oppitytarrives, and is also
indifferent between buying and selling capital. Wh@n> 1, itis profitable for firmj to
invest as much as possible so that the financing constra24t) (@d the credit constraint
(B25) bind. Thus optimal investment is given by

1) = RK{A 4+ B + Q¢ (1—A)K{ — L,
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where we have used (B26) and defined

(B27) B =e " bya.

Substituting the investment rule back into the Bellman &#qnaand matching coeffi-
cients, we derive

& =RA+Q(1-0A)+7A(Q—1)(RA+ Q< (1-44)),

af =1+7A(Q —1),
by =e"*ba +7A(Q —1)B..

Using (B26) and (B27) and the preceding three equations,enead
(B28)
Qi =€ [RiaA + Quua 1 —0A) + A (Qya — 1) (Rya A + Queal (1= 5A))],

(B29) et =" [14+ 7 A (Qua — D],

(B30) Bi=e""[1+7A (Qura — D] Brsa

Taking the continuous-time limit a8 — 0 yields the equations in Proposition 12.

As in the proof of Propaosition 1, we derive the continuousetilimit of the dynamic
programming problem as

(B31) rvt(KJ,Lg') - max Dg',t+\'/t(|<tj,|_3)

i pi L
DOt’Dlt’lt ’th

7 [ D+ Vi (Kho L) = e (K4 L)

subject to

(B32) L} =rqL) + D) — RK{ +Qt(Ktj +5Ktj),
(B33) Dl = Qi + Ll — LI =1} + QK{ — QK,,
(B34) 1) <L — L,

(B35) Vi (Ko L) 2 W (Kk,0) — viek!, o).
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Conjecture that the value function takes the form
(B36) Vi (KJ, Lg') = QK - Ll + B,
Substituting this conjecture into the Bellman equatioddge
r (Qthj L+ a) = maxL! —rull + RKJ — QKJ — Quok/
+QK! + QK{ — L] + B
7 [(Q=D 1+ L) - L+ QK] - QiKY
7 [QiKh - UL + B — (k! = L{ +8)].

ThusK{ andL{ cancel themselves out so that fifms indifferent between saving and
borrowing and between buying and selling capital, when restment opportunity ar-
rives. MoreoverQ; K{t also cancels itself out so that firjris indifferent between buying
and selling capital when an investment opportunity arri&mplifying yields

(B37) r(QK/ —LI+B) = max —rqli + RK/ + Q! - QoK
+B +7 (Q -1 1.

Given the conjectured value function, the credit constr@35) becomes
Ll < QiK{ + By,
Using the financing constraint (B34), we obtain
I} < L — L <EQiK! + B — L.

When an investment opportunity arrives, under the assom®@i > 1, it is profitable
for firm j to invest as much as possible so that both the financing axd constraints
bind. We then have

I} =¢QuK! + B — L.
Substituting this investment rule back into the Bellmanatiun (B37) and matching
coefficients, we derive the equations fQr, B, andr ¢; given in Proposition 12.
We now compute

It:/ltjdj ZthKt‘l‘Bt—/Ltjdj-

Sincers; < r, households short-sale constraints bind so u{at: 0 and the bond
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market-clearing condition becomési_t‘dj = 0. Thus

(B38) It = £ QK + By

Substituting (B38) into the law of motion for aggregate tapyields the equation for
K given in Proposition 12. Finally, we can use the same praeeds in the proof of
Proposition 2 to derivd® = aK¢~*. Q.E.D.

PROOF OFPROPOSITION13

The proof follows from those of Propositions 3 and 4. Singe= B:/ B in the bubbly
equilibrium,r s = 0 in the bubbly steady state & = 0.
In the bubbleless steady state in whiBh= 0, we haveQ* = ¢/ (z¢) and

ri=r—=z(Q*—=1) =r+rz-5/¢ <0,
where the inequality follows from condition (37). Q.E.D.
C. SELF-ENFORCINGDEBT CONTRACTS

Consider a type of credit constraint which is popular in te#-enforcing debt lit-
erature (see, e.g., Bulow and Rogoff (1989), Kehoe and lee(1993), Alvarez and
Jermann (2000), Albuquerque and Hopenhayn (2004), Kaakatd (2008), and Hell-
wig and Lorenzoni (2009¥¢ There is no collateral. Suppose that the only penalty on
the firm for defaulting is that it will be excluded from the fim@al market forever. Since

internal fundsR; K{ come as flows, the firm has no funds with which to make a lumpy
investmentl/. Denote byV@(K{) the autarky value of firmj that cannot access the
financial marketV2(K{) satisfies the Bellman equation

A (KJ) = mex RK{ — Q (K‘J +5K3) + V2 (KJ).

This is a standard dynamic programming problem and no butdreexist inV2 by
the usual transversality condition. Conjecture tVt%t(Kt‘) = Q2K{. Substituting this
conjecture into the Bellman equation above yields

rQ?Ktj = max RK{ — Q (Ktj + 5Ktj) + Q?Ktj + Q?Ktj-
K{
Optimizing with respect thtj, we deduceQ; = QZ. Matching the coefficients olf(tj
gives

(C1) Q=r+)Qq-R.

22Kocherlakota (2008) and Hellwig and Lorenzoni (2009) shbat &a bubble can exist with self-enforcing debt con-
straints while leaving consumption allocation unchanged pure exchange economy.
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We now turn to firmj’s decision problem before defaulting. Firm valig Ktj) satis-
fies the Bellman equation

rVi (Ktj) = Ktjr,qi)liit Rthj - Q (Ktj +5Ktj) + VW, (Ktj)
(C2) 7 [Qd = 1+ Q! = Qi+ Wi (KL ) = Wi (K]

subject to the financing constraihjt < Ltj and the following credit constraint
(C3) —L{ + V(KD = vai).

This credit constraint is an incentive constraint which loamterpreted as follows. Write
the discrete-time approximation to (C3) as

(C4) —Li + &7 Via (K, )) = €78 VE L (K p)-

When an investment opportunity arrives at tilmeirm j takes on debj_tJ to finance

investmentl{ . At the end of periodt, t + A], the firm’s capital sale§; |, are realized.

If it repays the debt, its continuation value is given by thkpression on the left-hand
side of (C4). If it defaults on the debt, it will be excludedn the financial market
forever and its continuation value is given by the exprassio the right-hand side of
(C4). Inequality (C4) ensures that the firm has no incentivddfault. The constraint
(C3) is the continuous time limit a§ — 0.

Conjecture that
(C5) Vi (K!) = Qik! + B

Then (C3) becomestj < B. This constraint is similar to that in Martin and Ventura
(2012). Substituting (C5) into (C2) yields

(C6)  rQiK! +rB = max RK/ - Q(K! +0K!) +7 (Q -1/
If K¢
+QiK{ + QiK{ + B

subject to

(C7) 1) < B

WhenQ; > 1, the optimal investment level ils‘,j = B. Substituting this investment rule
back into the Bellman equation and matching coefficientsphbtain (C1) and

(C8) rBi=B+7 (Q—1) B.
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The law of motion for aggregate capital is

(C9) Ki = —0K; + 7 By, Kq given.

The equilibrium system is given by three differential eduad (C1), (C8), and (C9) for
(Qt, By, K¢) together with the usual transversality condition.

This equilibrium system is the same as that for the baseliogelin Section Il when
¢ = 0. Thus the analysis in Sections Il and IV fér= 0 applies here. Both bubbleless
and bubbly equilibria exist and their steady states areugniq

D. RIsk-AVERSEHOUSEHOLDS

We replace risk-neutral households with risk-averse hHualds in the baseline model.
Suppose that the representative household has the fotawtility function:

00 1—y
/ et St dt,
0 1—y

wherep is the subjective discount rate apds the risk aversion parameter. The house-
hold faces the budget constraint (4) subject to the no-Pgeuzie condition. Then we
derive the consumption Euler equation

G 1
D1 e (e
(D1) C. y (re—p),
wherer; is equal to the return on any stogkin the absence of aggregate uncertainty
and is also called the discount rate. Equation (5) holds euhes replaced by,. Firm j
solves the following dynamic programming problem:

Iy j ) i il iy
(D2) Vi (Kt) = Ig?ali( Dy + Vi (Kt) +7 [(Lt l¢ ) + (Qtlt Lt)]
subject to (15), (16), and (17). For tractability, we assuhat capital does not jump at

the time when an investment opportunity arrives. As we shaslieg, this assumption is
without loss of generality due to the liquidity mismatchwasgtion.

The aggregate state variables of the econom\yBar€);, andK;, whereB; represents
the aggregate size of the bubble. The discountmatea function of the aggregate state
variables. Conjecture that

Vi (k) = Qik! + B/,

where Btj is the bubble component in firrjis stock price. Substituting this conjecture
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into the preceding dynamic programming problem yields

(03) nQk! +nB! = max RK! = Qi (K! +oK!) +7 (Q -1/
Il ’Kt
+QiK{ + QK{ + B/,

subject to

(D4) Il < EQK! + BY.

When Q; > 1, the constraint (D4) binds so that the optimal investm(—:‘nrielle'a‘yItj =
FQiK{ + B/. Substituting this rule back into the Bellman equation aratahing the
coefficients ofK; , we obtain

(DS) Q= (rt+0)Q — R —7&Q(Q — 1),

(D6) B =rB{ — Bl7(Q - 1).
The usual transversality conditions must hold.

SinceB; = [ Btjdj, it follows from (D6) that the aggregate bubble satisfies
(D7) B =rB — B (Q: — 1).

The law of motion for aggregate capital still satisfies (28he resource constraint is
given by

(D8) Ci+rn(lQKi+B) =Y.

The equilibrium system consists of five equations (28), (p), (D7), and (D8) for
five aggregate variablg€,, r¢, K¢, Qy, B;) . The transversality condition also holds

(D9) lim e/ "s95Q; Ky = 0, lim e b 4B — 0.
Too Too

Note that an equilibrium only determines the sigof the aggregate bubble, but an
individual firm’s bubble sizeB/ is indeterminate. Thus it is possible that some firms
have no bubbles, while others have bubbles of differenssize

We use a variable without the time subscript to denote itdststate value. Then (D1)
impliesr = p and hence the steady-state system is the same as that irsdliebanodel
of Section Il. Our analysis of steady states in Sectionsridl B/ still applies to the case
of risk-averse households. We are unable to derive analytsults for local dynamics
because the equilibrium system contains five equationst istdtraightforward to derive
numerical solutions.
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E. GENERAL SHORT-SALE CONSTRAINTS

In Section V.E we have assumed that households cannot skenteimporal bonds, or
effectively they cannot borrow. We now relax this assumptad allow households to
borrow a proportion of their labor income.

ASSUMPTION 9: The representative household can borrow or short intertaalp
bonds up to a proportiory of its wage income, i.e.,fL> —ywy, y > 0. Firms cannot
hold or trade each other’s stocks.

We follow the same steps as before to derive the equilibriystesn. From the firm’s
decision problem we show that the value function takes tha fo

(E1) Vi (Ki L) = Q! - L + B
WhenQ; > 1, optimal investment is given by
I} =¢QiK{ + B —L{.

We can also show that the equations @@y, B;, andr ¢; are given in Proposition 12. We
need to derive the law of motion for aggregate capital.
Sincer¢; < r, households will borrow by short-selling bonds until theiirort-sale
constraints bind, i.e.,
L? = —ywi = —x(1-a)K{.

The last equality follows from the wage equation in equilibr. By the bond market-
clearing condition

/LM]:LP:—@—aV%.

Aggregating the law of motion for an individual firm’s capjtave obtain

Ki = —oKi+7 (5Qth+ Bt—/Lt"dJ)
(E2) = 0K+ 7 (EQKi + B+ (1 —a) yK&).

We now derive the bubbly steady state. Using equationQforK; andr ¢ in Propo-
sition 12, we can show that

r r
Q=" o1 =0 R= "
T T

[A—=&r +4].

Using (E2), we can show that

B 0
_- - 2 _ —(1—- Ka—l
Ko T EQp —( a)y b

= é—be—){(l_OC)
T

Rp.
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The bubbly equilibrium requireB > 0. Using the preceding equations, we then obtain
the necessary and sufficient conditions

o 1 0
O<x < 1—ar(1—5)+5[r s _‘5]

This result shows that a stock price bubble can exist as lerigeashort-sale constraint
for households is sufficiently tight. The analysis of SethioE corresponds to the case
of y =0.

F. INTERTEMPORALDEBT WITHOUT A MARKET FOR CAPITAL

In this appendix we show that the equilibrium system analya&Section V.E is equiv-
alent to a setup where there is no market for capital goodseylace intratemporal debt
in the baseline model with intertemporal bonds with zerosogiply. With intertemporal
bonds, firms can raise new debt to payoff old debt.riketlenote the interest rate on the
bonds. Suppose that firms can invest and accumulate capitakd own. We allow the
lender to seize both a fractiahof the defaulting firm’s existing capital and a fraction
5 of its newly installed capital in the event of defatit. The solution in Section V.E
corresponds to the special case wijtk- 0.

ASSUMPTION 10: Households cannot short intertemporal bonds. Firms do mat o
or trade each other’s shares and do not issue new equity tadmavestment. The only
sources of finance are internal funds, savings, and intqreai debt.

We will derive equilibria in which investing firms borrow fimnon-investing firms and
households do not hold any bonds. Lt > 0 denote the representative household’s
bond holdings. LeLtj > (<)0 denote firmj’s debt level (saving). The market-clearing
condition for the bonds ig L{dj = L. Let V;(K{, L{) denote the ex ante equity value
of firm j when its capital stock and debt level at tilngre Ktj and Ltj, respectively, prior
to the realization of the Poisson shock. We suppress thegatgr state variables in the
argument. Thei; satisfies the following Bellman equation in discrete time:

Wik L) = max  @—xa)[DhA+e T Via(@—an)K/, L)

Pl
It LirasLitea

4+ A [D{t + e_rAVt+A (KtJ+A’ Lit+A)i|
subject to

(F1) 0< DYA =RK{A+e oL, — L,

23if we introduce this assumption in Section V.E, then the ltggpequilibrium system is equivalent to that studied in
this appendix.
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(F2) 0<Di =RK/A+e L) —Ll -1/,
(F3) Ki = @—0A)K{ + 1,

(F&)  Via(K{as L)) = Viea (K4, 0) = Viga € (L= 8A) K{ 4 41, 0).

whereLitJrA (Ltj+A) represents the new debt level or saving when an investnpgaro
tunity arrives (no investment opportunity arrives). The&grof the debt at timé that
pays off one unit of consumption good at time- A is e"t4. By assumption, firmj
cannot issue new equity to finance investment when an inesgtapportunity arrives so
that Dit > 0. Since there is no market for capital goods, the flow-of-furmisstraints are
different from those in the model of Section V.E. When fijninvestsltj with Poisson
probability = A, its capital stock jumps th’+A as shown in (F3).

Debt is subject to the credit constraint (F4). Fijmborrows L{HA at timet when
an investment opportunity arrives. It may default on dleh‘grA at timet + A. Ifit
does not default, it obtains continuation vaM@rA(Kt'M, '—LM) If it defaults, debt
is renegotiated and the repaymem{([+A is relieved. The lender can seize a fraction

& of depreciated capitall — 0A) K{ and a fractiony of newly installed capltaltJ 24
The lender keeps the firm running with these assets by reiarggrthe firm. Thus the
threat value to the lender ¥ (& (1 — 6A) K! + 51/, 0). Assume that firmj has a full
bargaining power so that the renegotiated repayment ismdivethe threat value to the
lender. The expression on the right-hand side of (F4) is #ih@avto the firm if it chooses
to default. We then have the incentive constraint given #).(F

Conjecture that
Vi (KE L) =ak! —arLl + b
DefineQ; = e"%a,.,. Here Q; is Tobin’s marginal Q or the shadow price of capital,

instead of the market price of capital. Substituting thigjeoture and equations (F1),
(F2), and (F3) into the Bellman equation yields

ak! —aLi+b

- max  RK{A—L{+e b,

Ikl j j j
6 KepasKipasbipasbaeea

+A—am) e L, +Qa—oa) K — el L]

b A e AL+ Qua— oA K/ — el L
+7A Q=1 I/

24 £ = n, the lender effectively seizes the firm'’s future capc;tla(lI+A
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subject to
(F5) Il < RK/A+eLY ) — L,
(F6) at+A lt+A < biya +a4al (1—06A) Ktj + at+A’7|tj,

where (F5) follows froerL > 0 and says that investment is financed by internal funds,
savings, and debt only. Credit constraint (F6) follows frg).

By the linear property of the Bellman function, the first-erdondition forLI+A yields
(F7) e = e hal ,,

and henceLthrA is indeterminate. This implies that firfnis indifferent between saving
and borrowing when no investment opportunity arrives. Miying the two sides of
inequality (F6) bye="* and using (F7), we obtain

(F8)  e'mALl,, =e"tal, L, < B+ QE@-dA) K + Qul{,
where we have use@; = e "*a., » and the definition
(F9) Bi = & *biia.

When 1< Q; < 1/#, the financing constraint (F5) and the credit constraint {H8)l so
that optimal investment is given by

j 1
I} =
1—790Q:

where the multiplier 1 (1 — #Qy) reflects the leverage effect.

[RK!A+ B+ Qe @—oa) K/ - L],

Substituting the investment rule back into the Bellman &ignaand matching coeffi-
cients, we derive

CRA+ O (1—6A)+7A(Q —1) RAF Qe @=94)

1-75Q:
Qt_l
L=1
% tr 1 ’7Qt
o (Q -1 B
b = biyat+r A—0——"""— 1= 0

Using (F7) and (F9) and the preceding three equations, wed&ave

RitaA + Quiad (11— 5A)]
1-nQ ’

Q=e"" |:Rt+AA + Qa1 =0A)+7A(Qrea — 1)
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_ _ Qtya —1
reed rA 1+7A i|’
¢ ¢ |: i 1-nQ
A TA Qt+A - 1
- 12
Taking the continuous-time limit a8 — 0 yields
(F10 O = (+9)Q-R-TATIAE
1-7nQ:
: T (Qi—1)
F11 = rBj————
(F11) B I By 1- 70, Bt
-1
(F12) It r— nl(?t—th) <T.

We now show that this solution is the same as that in the contisrtime setup. We
derive the continuous-time limit of the dynamic programgnproblem as

(F13) v (kL) = max  Dh+Vi(k! L)

iond oy
Dgt>Daps It 5Ly

4+ [Dit + W (Ktj + |tj, L:{t) - Vi (Ktj’ Ltj)]

subject to

(F14) Ll =rl{ + Dy — RK{,

(F15) Dl =Ll —L) -1/,

(F16) I} <L) - L,

(F17) Ve(K{ + 18, L) = V(K{ + 1,00 = Ve@k{ + 91, 0).

When no investment opportunity arrives, capital simplyrdejates so thai’étj =—0 Ktj.

Whenever an investment opportunity arrives, capital jutogs; + 1.

Conjecture the value function takes the form
(F18) Vi (ki L) = k! - L + B,
and hence the credit constraint (F17) becomes

(F19) Ll < QueK{ + nQl{ + By,

69
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whereB; > 0 is the bubble component of equity value.
Substituting the conjectured value function into the Balnequation yields

r(QK! —Ll+B) = maxC!—rul! + RK! + Q! - QuK! - Ll + &
o [(Lh -t =)+ (Qud - Ly + 1))

Thus I'_tj cancels itself out so that firm is indifferent between saving and borrowing
when no investment opportunity arrives. Simplifying yeld

(F20) r (Qt Ki— L+ a) — max —rul) + RK{ + OKJ — QioK{
+Bi+ 7 (Q-D 1.
Using the credit constraint (F19) and the financing consti&16), we obtain
1) <L — L) <eQik! +7Qul{ + B — L.

If1 < Q¢ < 1/u, itis profitable for firm | to invest as much as possible and both
constraints bind. In this case firjnborrows by selling bonds. We then have

QK + B - L
t 1-5nQ: .
Substituting this investment rule back into the Bellmanagmun (F13) and matching
coefficients, we derive the equations fQf, B, andr ;; given above.
We now compute aggregate investment

| /de. thKt-i-Bt—thjdj
t= td] = .
1-nQ

Sincers; < r, households’ short-sal_e constraints bind so ﬂh?;\t: 0 and the bond
market-clearing condition becomési_t’dj = 0. Thus

¢QiK¢ + By
F21 [f =21 ——.
(F21) t -0,

We can then derive the law of motion for aggregate capital

/Ktj+Adj =/(1—5A) Ktjdj+7rA/Itjdj.

Taking the limit asA — 0 yields

Kt = —5Kt + 7l'|t.
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Substituting (F21) into the above equation yields the eqondor K;

(F22) Ki = oK, + 7 =2t £ B
1-75Q:

Finally, we can use the same procedure in the proof of Propos2 to deriveR, =
aKg~t. The equilibrium system fofQ;, By, r 1, K¢) consists of (F10), (F11), (F12),
and (F22) when 1< Q; < 1/5. The usual transversality conditions must be satisfied.
We can see that the equilibrium system presented in Pragpodif is the special case
with » = 0.

We can also prove the following result.

PROPOSITION 14: For the model in this subsection with intertemporal bonfls, i

o(1—1n)
(F23) 0<¢ < e

then the bubbly and bubbleless steady states WithQ < 1/# coexist. Moreover, the
interest rates in the bubbleless and bubbly steady stategjaen by ¥ =r + 7 —
01 —n) /¢ <0andry = 0, respectively.

PROOF:
We first derive the bubbly steady state in whish> 0. Using the equilibrium system
derived above, we can show that

r+x

F24 = , i =0,
(F24) Qb - f
_ r+
(F25) Ro=aK{™ = —"[(1—&)r +4],
n +r

(F26) B_9_ M
Kh 7 =(l-1n)

Sincen € (0,1), we have 1< Qp < 1/#. Given condition (F23), we havB > 0 and

hence a bubbly steady state exists.

We next derive the bubbleless steady state in wBich 0. Using the equilibrium system

derived above, we can show that

0
Q' =—F—,
né+no
or
R* — K*(X—l — +5,
“ né+no

ri=r+=z—-0l-py) /.
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Under condition (F23), we have 4 Q* < 1/4. Thus a bubbleless steady state exists.
G. CROSSHOLDINGS

In this appendix we assume that households hold a fractierHLshares of a market
portfolio of all firm stocks and firms holti € (0, 1) shares of the market portfolio in the
model of Section V.E. For technical convenience we congliecontinuous-time setup.
Assume that firms do not use the market portfolio to financestment for the reasons
discussed in Section V.F.

Let V; (Ktj, Ltj, Htj) denote the ex ante market value of fifmwhere Htj denotes

firm j’s holdings of the market portfolio prior to the investmepportunity shock. Then
V; satisfies the continuous-time Bellman equation

(G1) rVi(K{, LELHD) = max D+ Vi(K{, LE, HY)
7 [ D)+ VoK, L, Bl = (k) L D]
subject to the flow-of-funds constraints

(G2) Ll =rqLd 4+ D) — RKJ + Q (Ktj +5Ktj) +RH) — X H,

(63)  Dh=Qul! + Ly -l = 1)+ QK! = QiK} + P (H! - HY),
the financing constraint

(G4) Il < L - L,

and the credit constraint

(GS) Vt (K]j_ta L:th, H]{t) Z Vt (K]j_ta 05 Hljt) - Vt(fKtj, O, o),

where Hljt denotes firmj’s holdings of the market portfolio when an investment oppor
tunity arrives. Herd?, denotes the value of the market portfolio,

PI = /VI (Ktj’ Ltja HIJ) dJa

and X; denotes the total dividends of the portfolio

xt=/Dde =/Dg,tdj+n/D{tdj.

Note that the value of the market portfolio does not jump ef/ére value of an individual
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firm can jump when an investment opportunity arrives. Thizdsause
Pia=(1- ”A)/Vt+A (Ktj+A’ Ltj+A9 Htj+A) dj

+ ”A/Vt+A (Kit+A’ LJlt+A’ H1JI+A) dj

sothatP,» — P, asA — 0.

The financing constraint (G4) means that firronly uses debt and savings to finance
investment. The interpretation of the credit constrain)({S similar to that in Section
V.E. In particular, the lender can only recover a fractionf capital and take over the
firm in the event of default.

Conjecture that the value function takes the form
(G6) Vi (Ké L HY) = QK+ Bo— L+ P
Substituting this conjecture and the flow-of-funds coristsainto the preceding Bellman
equation yields
r Q! — L + B+ RH/)
= max [{ —rul{ + RK/ — QK{ — QuK{ — RH/ + X H/
+QK{ + QK{ — L{ + Bi + P H/ + P H/
+7 [(Q =D + Ly — L+ QK! = QK + RH — PiHY
+r [QtKljt — L} + B +PRH) - (Qthj — L+ Bt) - Pthj].
Given the conjectured value function, the credit constila@gtomes

L) < QK + B.

If Qi > 1, the financing constraint and the credit constraint bindhsd optimal
investment is given by _ _ _
I} = QuK{ + B — L{.
Substituting this investment rule back into the Bellmanaoun and matching coeffi-
cients, we obtain (20), (21), (63), and

I’Pt :Xt+ F.)t‘

Thus the rate of return on the market portfolio is equal. tAggregation yields the law
of motion for aggregate capital (28). Thus the equilibriystem for(Qt, K¢, B, rft) is
the same as that in Section V.E and online Appendix B.5 andehBnoposition 13 still
holds. The only difference lies in the valuation of the firm.
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Since [ H! = H, aggregation of (G6) yields

P_QIKI+BI
t— - .. -
1-H

As discussed in Fedenia, Hodder, and Triantis (1994) aridtE&IGolub, and Jackson
(2014), the equation above and equation (G6) show that-tmigings inflate the market
capitalization. Since households hole-H shares of all firms, the portfolio value to the
households i€ K; + B;. Thus cross-holdings do not have any effects on welfare and
real allocation as long as cross-holdings do not help finanestment.



