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Online Appendix

Asset Bubbles and Credit Constraints

Jianjun Miao and Pengfei Wang

A. PROOFS OFRESULTS IN THEBASELINE MODEL

PROOF OFPROPOSITION1

We first derive the solution in the discrete-time setup and then take the continuous-time
limit. Conjecture that the value function is given byVt(K

j
t ) = at K

j
t + bt . Substituting

this conjecture and the flow-of-funds constraints (10) and (11) into the Bellman equation
(9) yields

at K
j
t + bt = max

K j
t+1,K

j
1t+1,I

j
t ,L

j
t

Rt K
j
t 1+ Qt (1 − δ1) K j

t + e−r1bt+1(A1)

+ (1 − π1)
[

−Qt K
j
t+1 + e−r1at+1K j

t+1

]

+π1
[

(Qt − 1) I j
t − Qt K

j
1t+1 + e−r1at+1K j

1t+1

]

subject to

I j
t ≤ Rt K

j
t 1+ L j

t ≤ Rt K
j
t 1+ e−r1

(

at+1 (1 − δ1) ξK j
t + bt+1

)

.

The first-order condition forK j
t+1 yields

(A2) Qt = e−r1at+1,

and henceK j
t+1 and K j

1t+1 are indeterminate. This implies that firmj is indifferent
between buying and selling its existing capital. Under the assumptionQt > 1, the
financing constraint and the credit constraint bind so that optimal investment is given by

(A3) I j
t = Rt K

j
t 1+ Qt (1 − δ1) ξK j

t + Bt,

where we define

(A4) Bt ≡ e−r1bt+1.

Substituting the investment rule back into the preceding Bellman equation and matching
coefficients, we derive

bt = [π1 (Qt − 1)+ 1] e−r1bt+1,

at = Rt1+ Qt (1 − δ1)+ π1 (Qt − 1) [ξQt (1 − δ1)+ Rt1] .
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Using (A2) and (A4), we obtain

(A5) Bt = e−r1Bt+1[1 + π1(Qt+1 − 1)],

(A6)
Qt = e−r1 [ Rt+11+ (1 − δ1)Qt+1 + π1 (Qt+1 − 1) (ξQt+1 (1 − δ1)+ Rt+11)] .

Taking the continuous-time limit as1 → 0 yields (20), (21), and (19).

We can also derive the continuous-time limit of the Bellman equation (9). Note that
we can replacee−r1 with 1/ (1 + r1) up to first-order approximation. Multiplying the
two sides of (9) by 1+ r1 gives

(1 + r1)Vt

(

K j
t

)

= max (1 − π1)
[

(1 + r1) D j
0t1+ Vt+1

(

K j
t+1

)]

+π1
[

(1 + r1) D j
1t + Vt+1

(

K j
1t+1

)]

= max (1 − π1) (1 + r1) D j
0t1+ Vt+1

(

K j
t+1

)

+π1 (1 + r1) D j
1t

+π1
[

Vt+1
(

K j
1t+1

)

− Vt+1
(

K j
t+1

)]

.

Eliminating terms of orders higher than1 gives

(1 + r1) Vt

(

K j
t

)

= maxD j
0t1+ Vt+1

(

K j
t+1

)

+ π1D j
1t

+π1
[

Vt+1
(

K j
1t+1

)

− Vt+1
(

K j
t+1

)]

.

Manipulating yields

rVt

(

K j
t

)

= max D j
0t + 1

1

[

Vt+1
(

K j
t+1

)

− Vt

(

K j
t

)]

+πD j
1t + π

[

Vt+1
(

K j
1t+1

)

− Vt+1
(

K j
t+1

)]

.

Now we take limits as1 → 0 to obtain the continuous-time Bellman equation in (14),
where we notice that

D j
1t = Qt I

j
t − I j

t + Qt K
j
t − Qt K

j
1t

in continuous time. Moreover, (10), (12), and (13) convergeto (15), (16), and (17),
respectively, as1 → 0.

We can prove proposition 1 in continuous time directly. Given the conjecture (18), we
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rewrite the dynamic programming (14) as

r Q t K
j
t + r Bt = max

I j
t ,K̇

j
t ,K

j
1t ,L

j
t

Rt K
j
t − Qt

(

K̇ j
t + δK j

t

)

(A7)

+Q̇t K
j
t + Qt K̇

j
t + Ḃt + π (Qt − 1) I j

t

+π
[

Qt K
j
t − Qt K

j
1t + Qt K

j
1t + Bt −

(

Qt K
j
t + Bt

)]

subject to

(A8) I j
t ≤ L j

t ≤ ξQt K
j
t + Bt .

Given the assumptionQt > 1, (16) and (A8) bind. We then obtain (19). Substituting
this equation back into (A7) and matching coefficients, we obtain (20) and (21). By the
transversality condition (6) and the form of the value function,

lim
T→∞

e−rT
(

QT K j
T + BT

)

= 0.

We thus obtain (22). Q.E.D.

PROOF OFPROPOSITION2

Using the optimal investment rule in (19), we derive the aggregate capital accumula-
tion equation (28). The first-order condition for the staticlabor choice problem (7) gives
wt = (1 − α) (K j

t /N j
t )
α. We then obtain (8) and

K j
t = N j

t (wt/ (1 − α))1/α .

Thus the capital-labor ratio is identical for all firms. Aggregating yields

Kt = Nt (wt/ (1 − α))1/α

so thatK j
t /N j

t = Kt/Nt for all j ∈ [0,1] . Substituting outwt in (8) yields Rt =
αK α−1

t N1−α
t = αK α−1

t sinceNt = 1 in equilibrium. Aggregate output satisfies

Yt =
∫

(K j
t )
α(N j

t )
1−αd j =

∫

(K j
t /N j

t )
αN j

t d j = (K j
t /N j

t )
α

∫

N j
t d j = K α

t N1−α
t .

This completes the proof. Q.E.D.

PROOF OFPROPOSITION3

(i) The social planner solves the following problem:

max
{It }

∫ ∞

0
e−rt

(

K α
t − π I t

)

dt,
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subject to
K̇t = −δKt + π I t , K0 given,

whereKt is the aggregate capital stock andI t is the investment level for a firm with an
investment opportunity. From this problem, we can derive the efficient capital stockKE,

which satisfiesα (KE)
α−1 = r + δ. The efficient output, investment and consumption

levels are given byYE = (KE)
α , I E = δ/πKE, andCE = (KE)

α − δKE, respectively.

Suppose that assumption (29) holds. We conjecture thatQ∗ = Qt = 1 in the steady
state. In this case, firm value is given byV(K j

t ) = K j
t . The optimal investment rule for

each firm satisfiesRt = r + δ = αK ∗α−1
t . ThusK ∗

t = KE for t > 0. Given this constant
capital stock for all firms, we must haveδK ∗

t = π I ∗
t for t > 0. Let each firm’s optimal

investment level satisfyI j
t = δK j

t /π. Then, when assumption (29) holds, the investment
and credit constraints,I j

t = δK j
t /π ≤ ξK j

t = V(ξK j
t ), are satisfied. We conclude that,

under assumption (29), the solutionsQt = 1, K ∗
t = KE, and I ∗

t /K ∗
t = δ/π give the

bubbleless equilibrium, which also achieves the efficient allocation.

(ii) Suppose that (30) holds. Conjecture thatQt > 1 in some neighborhood of the
bubbleless steady state in whichBt = 0 for all t . We can then apply Proposition 2 and
derive the steady-state equations for (21) and (28) as

(A9) Q̇ = 0 = (r + δ)Q − R − πξQ(Q − 1),

(A10) K̇ = 0 = −δK + π(ξQK),

whereR = αK α−1. From these equations, we obtain the steady-state solutionsQ∗ and
K ∗ in (31) and (32), respectively. Assumption (30) implies that Q∗ > 1. By continuity,
Qt > 1 in some neighborhood of(Q∗, K ∗) . This verifies our conjecture. Q.E.D.

PROOF OFPROPOSITION4

In the bubbly steady state, (20) and (28) imply that

(A11) 0 = r B − Bπ(Q − 1), and

(A12) 0 = −δK + [ξQK + B]π,

where R = αK α−1. Solving equations (A9), (A11), and (A12) yields equations (34),
(35), and (36). By (34),B > 0 if and only if (37) holds. From (31) and (35), we deduce
that Qb < Q∗. Using condition (37), it is straightforward to check thatKG R > KE >

Kb > K ∗. By the resource constraint, steady-state consumption satisfiesC = Y −π I =
K α − δK . Substituting the expressions forKE, Kb, andK ∗ in Propositions 3 and 4, we
can show thatCE > Cb > C∗. From (34), it is also straightforward to verify that the
bubble-asset ratioB/Kb decreases withξ. Q.E.D.
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PROOF OFPROPOSITION5

First, we consider the log-linearized system around the bubbly steady state(B,Qb, Kb) .

We useX̂t to denote the percentage deviation from the steady state value for any variable
Xt , i.e., X̂t = ln Xt − ln X.We can show that the log-linearized system is given by





dB̂t/dt
dQ̂t/dt
dK̂t/dt



 = A





B̂t

Q̂t

K̂t



 ,

where

(A13) A =





0 −(r + π) 0
0 δ + r − ξ(2r + π) [(1 − ξ)r + δ](1 − α)

πB/Kb ξ(r + π) −πB/Kb



 .

We denote this matrix by

A =





0 a 0
0 b c
d e f



 ,

where we deduce from (A13) thata < 0, c > 0, d > 0, e > 0, and f < 0. Since
ξ < δ

r+π , we haveb = (1− ξ)r + δ− ξ(r + π) > 0. The characteristic equation for the
matrix A is

(A14) F(x) ≡ x3 − (b + f )x2 + (b f − ce)x − acd = 0.

We observe thatF(0) = −acd > 0 andF(−∞) = −∞. Thus, there exists a negative
root to the above equation, denoted byλ1 < 0. Let the other two roots beλ2 andλ3. We
rewrite F(x) as

F(x) = (x − λ1)(x − λ2)(x − λ3)

= x3 − (λ1 + λ2 + λ3)x
2 + (λ1λ2 + λ1λ3 + λ2λ3)x − λ1λ2λ3.(A15)

Matching terms in equations (A14) and (A15) yieldsλ1λ2λ3 = acd< 0 and

(A16) λ1λ2 + λ1λ3 + λ2λ3 = b f − cd < 0.

We consider two cases. (i) Ifλ2 andλ3 are two real roots, then it follows fromλ1 <

0 thatλ2 andλ3 must have the same sign. Supposeλ2 < 0 andλ3 < 0. We then have
λ1λ2 > 0 andλ1λ3 > 0. This implies thatλ1λ2 + λ1λ3 + λ2λ3 > 0, which contradicts
equation (A16). Thus we must haveλ2 > 0 andλ3 > 0.

(ii) If either λ2 or λ3 is complex, then the other must also be complex. Let

λ2 = a1 + a2i andλ3 = a1 − a2i,
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wherea1 anda2 are some real numbers andi =
√

−1. We can show that

λ1λ2 + λ1λ3 + λ2λ3 = 2a1λ1 + a2
1 + a2

2.

Sinceλ1 < 0, the above equation and equation (A16) imply thata1 > 0.

From the above analysis, we conclude that the matrixA has one negative eigenvalue
and the other two eigenvalues are either positive real numbers or complex numbers with
a positive real part. As a result, the bubbly steady state is alocal saddle point and the
stable manifold is one dimensional.

Next, we consider the local dynamics around the bubbleless steady state(0,Q∗, K ∗).
We linearizeBt around zero and log-linearizeQt and Kt and obtain the following lin-
earized system:





d Bt/dt
dQ̂t/dt
dK̂t/dt



 =





r − π(Q∗ − 1) 0 0
0 a b
π
K ∗ c d









Bt

Q̂t

K̂t



 ,

where

a = R∗

Q∗ − ξπQ∗, b = R∗

Q∗ (1 − α) > 0,

c = πξQ∗ > 0, d = 0.

Using a similar method for the bubbly steady state, we analyze the three eigenvalues of
the matrix in the preceding linearized system. One eigenvalue, denoted byλ1, is equal
to r − π(Q∗ − 1) < 0 and the other two, denoted byλ2 andλ3, satisfy

(A17) λ2λ3 = ad − bc = 0 − bc< 0.

It follows from (A17) thatλ2 andλ3 must be two real numbers with opposite signs. We
conclude that the bubbleless steady state is a local saddle point and the stable manifold
is two dimensional. Q.E.D.

PROOF OFPROPOSITION6

The discrete-time Bellman equation is given by

Vt

(

K j
t

)

= max (1 − θ1) (1 − π1)
[

D j
0t1+ e−r1Vt+1

(

K j
t+1

)]

+ (1 − θ1) π1
[

D j
1t + e−r1Vt+1

(

K j
1t+1

)]

+ θ1V∗
t

(

K j
t

)

.

As in the proof of Proposition 1, taking the continuous-timelimit as1 → 0 and substi-
tuting the flow-of-funds constraints yield the Bellman equation in Section IV.C. Substi-
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tuting the conjectured value functionVt(K
j
t ) = Qt K

j
t + Bt into this equation yields

r
(

Qt K
j
t + Bt

)

= max
I j
t , K̇ j

t

Rt K
j
t − Qt

(

K̇ j
t + δK j

t

)

+ Q̇t K
j
t + Qt K̇

j
t + Ḃt

+π (Qt − 1) I j
t + θ

[

Q∗
t K j

t −
(

Qt K
j
t + Bt

)]

subject to
I j
t ≤ ξQt K

j
t + Bt .

WhenQt > 1, optimal investment is given byI j
t = ξQt K

j
t + Bt . Substituting this rule

back into the preceding Bellman equation and matching coefficients yield (38) and (39).
Equation (28) follows from aggregation and the market-clearing condition. Q.E.D.

PROOF OFPROPOSITION7

By (38), we can show that

(A18) Qs = r + θ

π
+ 1.

SinceQs > 1, we can apply Proposition 6 in some neighborhood ofQs. Equation (39)
implies that

(A19) 0 = (r + δ + θ)Qs − θG (K )− R − π(Qs − 1)ξQs,

whereR = αK α−1. The solution to this equation givesKs. Once we have obtainedKs

andQs, we use equation (28) to determineBs.

The difficult part is to solve forKs sinceG (K ) is not an explicit function. To show
the existence ofKs, we defineθ∗ as

r + θ∗

π
+ 1 = δ

πξ
= Q∗.

That is,θ∗ is the bursting probability such that the capital price in the stationary equilib-
rium with stochastic bubbles is the same as that in the bubbleless equilibrium.

Let Q (θ) be the expression on the right-hand side of equation (A18). We then use this
equation to rewrite equation (A19) as

αK α−1 − (r + δ + θ)Q(θ)+ θG(K )+ (r + θ)ξQ(θ) = 0.

Define the functionF (K ; θ) as the expression on the left-hand side of the equation
above. Notice thatQ(θ∗) = Q∗ = G(K ∗) by definition andQ(0) = Qb whereQb is
given in (35). Condition (37) ensures the existence of the bubbly steady-state valueQb

and the bubbleless steady-state valuesQ∗ andK ∗.
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Define

Kmax = max
0≤θ≤θ∗

[

(r + δ + θ − (r + θ)ξ)Q(θ)− θQ∗

α

]
1
α−1

.

By (36), we can show that

Kb =
[

(r + δ − r ξ)Q(0)

α

]
1
α−1

.

Thus we haveKmax ≥ Kb and henceKmax> K ∗. We want to prove that

F
(

K ∗; θ
)

> 0, F (Kmax; θ) < 0,

for θ ∈ (0, θ∗) . If this is true, then it follows from the intermediate value theorem that
there exists a solutionKs to F (K ; θ) = 0 such thatKs ∈ (K ∗, Kmax) .

First, notice that

F
(

K ∗; 0
)

= αK ∗α−1 − r (1 − ξ)Qb − δQb > αK α−1
b − r (1 − ξ)Qb − δQb = 0,

andF(K ∗; θ∗) = 0. We can verify thatF (K ; θ) is concave inθ for any fixedK . Thus,
for all 0< θ < θ∗,

F
(

K ∗; θ
)

= F

(

K ∗, (1 − θ

θ∗ )0 + θ

θ∗ θ
∗
)

> (1 − θ

θ∗ )F(K
∗,0)+ θ

θ∗ F(K ∗, θ∗) > 0.

Next we can derive

F (Kmax; θ) = αK α−1
max − (r + δ + θ)Q(θ)+ θG(Kmax)+ (r + θ)ξQ(θ)

< αK α−1
max − (r + δ + θ)Q(θ)+ θG(K ∗)+ (r + θ)ξQ(θ) < 0,

where the first inequality follows from the fact that the saddle path for the bubbleless
equilibrium is downward sloping by inspecting the phase diagram for(Kt ,Qt) so that
G (Kmax) < G (K ∗) , and the second inequality follows from the definition ofKmax and
the fact thatG (K ∗) = Q∗.

Finally, note thatQ (θ) < Q∗ for 0 < θ < θ∗. We use equation (A12) andKs > K ∗

to deduce that
Bs

Ks
= δ

π
− ξQ (θ) >

δ

π
− ξQ∗ = 0.

This completes the proof of the existence of a stationary equilibrium with stochastic
bubbles(Bs,Qs, Ks) .

When θ = 0, the bubble never bursts and henceKs = Kb. When θ is sufficiently
small, Ks is close toKb by continuity. SinceKb is smaller than the golden rule capital
stockKG R, Ks < KG R whenθ is sufficiently small. SinceK α − δK is increasing for all
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K < KG R, we deduce thatK α
s − δKs > K ∗α − δK ∗. This implies that the consumption

level before the bubble collapses is higher than the consumption level in the steady state
after the bubble collapses. Q.E.D.

B. PROOFS OFRESULTS IN SECTION V

B1. Endogenous Credit Constraints

PROOF OFPROPOSITION8

As in the proof of Proposition 1, we derive the continuous-time limit of the dynamic
programming problem as

rVt

(

K j
t ,M j

t

)

= max
Ṁ j

t ,K̇
j
t ,M

j
1t ,K

j
1t ,I

j
t ,L

j
t

D j
0t + V̇t

(

K j
t ,M j

t

)

(B1)

+π
[

D j
1t + Vt

(

K j
1t ,M j

1t

)

− Vt

(

K j
t ,M j

t

)]

subject to (41),

D j
0t = Rt K

j
t − Pt Ṁ

j
t − Qt

(

K̇ j
t + δK j

t

)

,(B2)

D j
1t = Pt

(

M j
t − M j

1t

)

+ Qt I
j

t − I j
t + Qt K

j
t − Qt K

j
1t ,(B3)

I j
t ≤ Pt

(

M j
t − M j

1t

)

+ L j
t .(B4)

When an investment opportunity arrives with the Poisson rateπ, firm j ’s asset holdings

jump to M1t ≥ 0 and its value function changes fromVt

(

K j
t ,M j

t

)

to Vt

(

K j
1t ,M j

1t

)

.

This explains the Bellman equation in (B1). The interpretations of constraints are similar
to those in Section II. In particular, equation (B4) is the financing constraint. Firmj can
sell assets(M j

t − M j
1t ) and borrowL j

t to finance investment. According to the collateral
constraint (41), firmj uses capital as collateral only.

Substituting the conjectured value function in (45) and theflow-of-funds constraints
(B2) and (B3) into the dynamic programming problem (B1) yields

r
(

Qt K
j
t + Pt M

j
t

)

= max
Ṁ j

t ,K̇
j
t ,M

j
1t ,K

j
1t ,I

j
t ,L

j
t

Rt Kt − Pt Ṁ
j
t − Qt

(

K̇ j
t + δK j

t

)

+Qt K̇
j
t + K j

t Q̇t + Ṗt M
j
t + Pt Ṁ

j
t

+π
[

Pt

(

M j
t − M j

1t

)

+ Qt I
j

t − I j
t + Qt Kt − Qt K1t

]

+π
[

Qt K1t + Pt M
j
1t −

(

Qt Kt + Pt M
j
t

)]
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subject to (B4) and
L j

t ≤ ξQt K
j
t .

Thus Pt Ṁ
j
t and Qt K̇

j
t cancel themselves out in the Bellman equation so that firmj is

indifferent between buying and selling any amount of the intrinsically useless asset and
indifferent between buying and selling any amount of capital, when no investment oppor-
tunity arrives. Moreover,Qt K

j
1t also cancels itself out and henceK j

1t is indeterminate.
When an investment opportunity arrives with Poisson rateπ, under the assumption

Qt > 1, it is profitable to invest as much as possible. In this case firmj sells all its asset
holdings to non-investing firms, i.e.,M j

1t = 0, and borrows as much as possible so that
L j

t = ξQt K
j
t . The optimal investment level is

I j
t = ξQt K

j
t + Pt M

j
t .

Substituting this solution back into the preceding Bellmanequation and matching coef-
ficients, we obtain equations (21) and (47).

It follows from (47) thatr Pt > Ṗt . Thus households will not hold the bubble asset and
their short-sale constraints bind. This means that the market-clearing condition for the
asset is given by

∫

M j
t d j = 1. By a law of large numbers, aggregate capital satisfies

K̇t = δKt + π

(

ξQt Kt + Pt

∫

M j
t d j

)

.

We then obtain (46). Since the equilibrium system is the sameas that in Proposition 2
once we setPt = Bt , we can use Proposition 4 to study the steady state with a bubble
P > 0. Thus the existence condition is (37). Note thatξ = 0 also permits the existence
of a bubble. Q.E.D.

PROOF OFPROPOSITION9

The proof follows from that of Proposition 11 in online Appendix B.4 by settingXt =
0, ζ = 1, andg = 0. We omit the details. Q.E.D.

B2. Liquidity Mismatch

We now relax the liquidity mismatch assumption and suppose that at most a fractionλ
of the proceeds from the sale of old capital is available to finance investment. Then the
financing constraint in continuous time becomes

(B5) I j
t ≤ L j

t + Qt

(

K j
t − K j

1t

)

,

andK j
1t satisfies

(B6) K j
1t ≥ (1 − λ) K j

t .
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Firm j ’s decision problem is given by the Bellman equation (14) subject to (15),

(17), (B5), and (B6). We conjecture that the value function takes the formVt

(

K j
t

)

=
Qt K

j
t + Bt . Substitute this conjecture into the Bellman equation. Whenan investment

opportunity arrives, under the assumptionQt > 1, firm j wants to invest as much as
possible so that the financing constraint and the credit constraint bind. Moreover, the
firm choosesK j

1t = (1 − λ) K j
t and optimal investment is given by

I j
t = (ξ + λ)Qt K

j
t + Bt .

Substituting these decision rules into the Bellman equation and matching coefficients,
we deduce thatBt still satisfies equation (20), andQt satisfies

(B7) Q̇t = (r + δ)Qt − Rt − π (ξ + λ)Qt (Qt − 1).

Aggregate investment is given by

π I t = π [(ξ + λ)Qt Kt + Bt ] ,

and aggregate capital satisfies

(B8) K̇t = −δKt + π [(ξ + λ)Qt Kt + Bt ] .

The equilibrium system for(Qt , Kt , Bt) is given by (B7), (B8) and (20). Thus the
analysis in Sections III and IV still applies except thatξ is replaced byξ+λ. In particular,
by Proposition 4, the bubbly and bubbleless steady states coexist if and only if

0< ξ + λ <
δ

r + π
.

This implies that as long asλ is sufficiently small, a bubbly equilibrium exists.

B3. Equity Issues

PROOF OFPROPOSITION10

As in the proof of Proposition 1, we derive the continuous-time limit of the dynamic
programming problem as

rVt

(

K j
t

)

= max
K̇ j

t ,K
j
1t ,I

j
t ,L

j
t ,S

j
0t ,S

j
1t

D j
0t − Sj

0t + V̇t

(

K j
t

)

+ π
(

D j
1t − Sj

1t

)

+π
[

Vt

(

K j
1t

)

− Vt

(

K j
t

)]
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subject to (17),

(B9) D j
0t = Rt K

j
t − Qt

(

K̇ j
t + δK j

t

)

+ Sj
0t − ϕ

2

(Sj
0t)

2

K j
t

,

(B10) D j
1t + I j

t + L j
t = Qt I

j
t + L j

t + Qt K
j
t − Qt K

j
1t + Sj

1t − ϕ

2

(Sj
1t)

2

K j
t

,

(B11) I j
t ≤ L j

t + Sj
1t .

Substituting (B10) into the Bellman equation yields

rVt

(

K j
t

)

= max
K̇ j

t ,K
j
1t ,I

j
t ,L

j
t ,S

j
0t ,S

j
1t

D j
0t − Sj

0t + V̇t

(

K j
t

)

+π
[

(Qt − 1) I j
t − ϕ

2

(Sj
1t)

2

K j
t

]

+π
[

Qt K
j
t − Qt K

j
1t + Vt

(

K j
1t

)

− Vt

(

K j
t

)]

.

Conjecture thatVt is given by (18). Using (B9), we can show thatSj
0t = 0.

When an investment opportunity arrives, under the assumption Qt > 1, firm j invests
as much as possible so that the credit constraint (17) and thefinancing constraint (B11)
bind. Using the first-order condition forSj

1t, we derive

Sj
1t = 1

ϕ
(Qt − 1) K j

t , I j
t = ξQt K

j
t + Bt + 1

ϕ
(Qt − 1) K j

t .

Substituting the conjectured value functionVt

(

K j
t

)

= Qt K
j
t + Bt and the above deci-

sion rules into the Bellman equation and matching coefficients, we obtain (20) and

(B12) Q̇t = (r + δ)Qt − Rt − π

[

ξQt + 1

2ϕ
(Qt − 1)

]

(Qt − 1).

Aggregate capital satisfies

(B13) K̇t = −δKt + π(QtξKt + Bt + 1

ϕ
(Qt − 1)Kt ).

As in the proof of Proposition 1, we can show thatRt = αK α−1
t .
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In the bubbly steady state, we use equation (20) to derive

Qb = 1 + r

π
> 1.

ThusQt > 1 in a neighborhood of the bubbly steady state. Using (B13), we derive

B

Kb
= δ

π
− ξQb − 1

ϕ
(Qb − 1).

Given the condition in the proposition we haveB > 0. Finally, we use (B12) to derive

Rb = α (Kb)
α−1 = (r + δ)Qb − π

[

ξQb + 1

2ϕ
(Qb − 1)

]

(Qb − 1)

= [(1 − ξ)r + δ](
r

π
+ 1)− 1

2ϕ

r 2

π
.

Given the condition in the proposition we can check thatRb > 0. From the proof above
we can see that the condition is also necessary. Q.E.D.

B4. Additional Asset with Exogenous Rents

PROOF OFPROPOSITION11

With technical progress, firmj ’s static labor choice problem is

(B14) Rt K
j
t = max

N j
t

(K j
t )
α(At N

j
t )

1−α − wt N
j

t ,

wherewt is the wage rate andRt is given by

(B15) Rt = α

(

wt/At

1 − α

)
α−1
α

.

Firm j ’s dynamic programming problem in continuous time is given by (B1) subject
to (B3), (B4), (48), (53), and

D j
0t = Rt K

j
t + Xt M

j
t − Pt Ṁ

j
t − Qt

(

K̇ j
t + δK j

t

)

.

Since one unit of the asset paysXt rents, Xt M
j
t enters the above flow-of-funds constraint.

Conjecture that the value function takes the following form:

Vt

(

K j
t ,M j

t

)

= Qt K
j
t + Pt M

j
t + Bt .

Substituting this conjectured function and the flow-of-funds constraints into the dynamic



56 THE AMERICAN ECONOMIC REVIEW MONTH YEAR

programming problem (B1) yields

r
(

Qt K
j
t + Pt M

j
t + Bt

)

= max
Ṁ j

t ,K̇
j
t ,M

j
1t ,K

j
1t ,I

j
t ,L

j
t

Rt Kt + Xt M
j
t − Pt Ṁ

j
t − Qt

(

K̇ j
t + δK j

t

)

+Qt K̇
j
t + K j

t Q̇t + Ṗt M
j
t + Pt Ṁ

j
t + Ḃt

+π
[

Pt

(

M j
t − M j

1t

)

+ Qt I
j

t − I j
t + Pt

(

M j
1t − M j

t

)]

subject to (B4), (53), and

(B16) L j
t ≤ ξQt K

j
t + Bt .

Thus Pt Ṁ
j
t and Qt K̇

j
t cancel themselves out in the Bellman equation so that firmj

is indifferent between buying and selling any amount of the intrinsically useless asset
and indifferent between buying and selling any amount of capital, when no investment
opportunity arrives. Moreover,Qt K

j
1t cancels itself out and henceK j

1t is indeterminate.
When an investment opportunity arrives with Poisson rateπ, under the assumption

Qt > 1, the firm will invest as much as possible. It follows from (B4),(53), and (B16)
that M j

1t = (1 − ζ )M j
t and optimal investment is given by

I j
t = ξQt K

j
t + ζ Pt M

j
t + Bt .

Substituting this solution back into the preceding Bellmanequation and matching coef-
ficients, we obtain equations

Ṗt = r Pt − Xt − π(Qt − 1)ζ Pt ,(B17)

Ḃt = r Bt − π(Qt − 1)Bt ,(B18)

Q̇t = (r + δ)Qt − Rt − π(Qt − 1)Qtξ.(B19)

It follows from (B17) thatr Pt > Ṗt + Xt . Thus households will not hold the asset and
their short-sale constraints bind. This means that the market-clearing condition for the
asset is given by

∫

M j
t d j = 1. By a law of large numbers, aggregate capital satisfies

K̇t = δKt + π

(

ξQt Kt + Ptζ

∫

M j
t d j + Bt

)

.

We then obtain
K̇t = −δKt + π(QtξKt + ζ Pt + Bt).

As in the proof of Proposition 2, the labor-market clearing condition givesRt = α (Kt/At )
α−1

andYt = K α
t A1−α

t .

Then aggregate capitalKt , the asset pricePt , and the stock price bubbleBt will all
grow at the rateg in the steady state. However, the capital priceQt and the rental rateRt
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will not grow. The detrended equilibrium system becomes

k̇t = −(δ + g)kt + π(Qtξkt + ζpt + bt ),

ṗt = (r − g)pt − x − π(Qt − 1)ζpt ,

ḃt = (r − g)bt − π(Qt − 1)bt ,

Q̇t = (r + δ)Qt − αkα−1
t − π(Qt − 1)Qtξ,

wherekt = Kt/At , pt = Pt/At , bt = Bt/At , andx = Xt/At . In the bubbly steady state
these variables andQt are all constant over time. Suppressing the time subscript in the
steady state gives

0 = −(δ + g)k + π(Qξk + ζp + b),(B20)

0 = (r − g)p − x − π(Q − 1)ζp,(B21)

0 = (r − g)b − π(Q − 1)b,(B22)

0 = (r + δ)Q − αkα−1 − π(Q − 1)Qξ.(B23)

In the bubbly steady stateb > 0, we can use (B22) to compute

Qb = r − g

π
+ 1.

Assume thatr > g so thatQb > 1 and henceQt > 1 in the neighborhood of the bubbly
steady state. Using (B21) and (B23), we can compute

p = x

(r − g)(1 − ζ )
,

R = αkα−1 = [(r + δ)− (r − g)ξ ]

(

r − g

π
+ 1

)

.

Thus the bubbly steady-state detrended capital stock is given by

kb =
{

1

α
[(r + δ)− (r − g)ξ ]

(

r − g

π
+ 1

)}
1
α−1

.

After solving for Qb, kb, and p, we use equation (B20) to solve forb described in the
proposition. We needb > 0. We then have the second inequality in condition (56). For
x > 0 in (56), we need

δ + g

π
−

(

r − g

π
+ 1

)

ξ > 0.

We then obtain the condition in (55). This condition also implies that(r +δ)−(r −g)ξ >
0 so thatkb > 0. The conditions in the propositions are also necessary. Q.E.D.
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B5. Intertemporal Debt

PROOF OFPROPOSITION12

We first derive the discrete-time solution and then take the continuous-time limit. Con-
jecture that the value function takes the form

Vt

(

K j
t , L j

t

)

= at K
j
t − aL

t L j
t + bt .

Substituting this conjecture and the flow-of-funds constraints (57) and (58) into the Bell-
man equation yields

at K
j
t − aL

t L j
t + bt

= max
I j
t ,K

j
t+1,K

j
1t+1,L

j
t+1,L

j
1t+1

Rt K
j
t 1− L j

t + Qt (1 − δ1) K j
t + e−r1bt+1

+ (1 − π1)
[

e−r f t1L j
t+1 − Qt K

j
t+1 + e−r1at+1K j

t+1 − e−r1aL
t+1L j

t+1

]

+π1
[

e−r f t1L j
1t+1 − Qt K

j
1t+1 + e−r1at+1K j

1t+1 − e−r1aL
t+1L j

1t+1

]

+π1 (Qt − 1) I j
t

subject to

(B24) I j
t ≤ Rt K

j
t 1+ e−r f t1L j

1t+1 − L j
t ,

(B25) aL
t+1L j

1t+1 ≤ bt+1 + at+1ξ (1 − δ1) K j
t ,

where (B25) is the credit constraint derived from (60) usingthe conjectured value func-
tion.

By the linear property of the Bellman equation above, the first-order conditions for
L j

t+1 andK j
t+1 yield

(B26) e−r f t1 = e−r1aL
t+1, Qt = e−r1at+1.

and henceL j
t+1, K j

t+1, andK j
1t+1 are indeterminate. This implies that firmj is indiffer-

ent between saving and borrowing when no investment opportunity arrives, and is also
indifferent between buying and selling capital. WhenQt > 1, it is profitable for firm j to
invest as much as possible so that the financing constraint (B24) and the credit constraint
(B25) bind. Thus optimal investment is given by

I j
t = Rt K

j
t 1+ Bt + Qtξ (1 − δ1) K j

t − L j
t ,
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where we have used (B26) and defined

(B27) Bt ≡ e−r1bt+1.

Substituting the investment rule back into the Bellman equation and matching coeffi-
cients, we derive

at = Rt1+ Qt (1 − δ1)+ π1 (Qt − 1) (Rt1+ Qtξ (1 − δ1)) ,

aL
t = 1 + π1 (Qt − 1) ,

bt = e−r1bt+1 + π1 (Qt − 1) Bt .

Using (B26) and (B27) and the preceding three equations, we derive
(B28)
Qt = e−r1 [Rt+11+ Qt+1 (1 − δ1)+ π1 (Qt+1 − 1) (Rt+11+ Qt+1ξ (1 − δ1))] ,

(B29) e−r f t1 = e−r1 [1 + π1 (Qt+1 − 1)] ,

(B30) Bt = e−r1 [1 + π1 (Qt+1 − 1)] Bt+1.

Taking the continuous-time limit as1 → 0 yields the equations in Proposition 12.

As in the proof of Proposition 1, we derive the continuous-time limit of the dynamic
programming problem as

rVt

(

K j
t , L j

t

)

= max
D j

0t ,D
j
1t ,I

j
t ,L

j
1t

D j
0t + V̇t

(

K j
t , L j

t

)

(B31)

+π
[

D j
1t + Vt

(

K j
1t , L j

1t

)

− Vt

(

K j
t , L j

t

)]

subject to

(B32) L̇ j
t = r f t L

j
t + D j

0t − Rt K
j
t + Qt

(

K̇ j
t + δK j

t

)

,

(B33) D j
1t = Qt I

j
t + L j

1t − L j
t − I j

t + Qt K
j
t − Qt K

j
1t ,

(B34) I j
t ≤ L j

1t − L j
t ,

(B35) Vt

(

K j
1t , L j

1t

)

≥ Vt

(

K j
1t ,0

)

− Vt(ξK j
t ,0).
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Conjecture that the value function takes the form

(B36) Vt

(

K j
t , L j

t

)

= Qt K
j
t − L j

t + Bt .

Substituting this conjecture into the Bellman equation yields

r
(

Qt K
j
t − L j

t + Bt

)

= max L̇ j
t − r f t L

j
t + Rt K

j
t − Qt K̇

j
t − QtδK j

t

+Qt K̇
j
t + Q̇t K

j
t − L̇ j

t + Ḃt

+π
[

(Qt − 1) I j
t + L j

1t − L j
t + Qt K

j
t − Qt K

j
1t

]

+π
[

Qt K
j
1t − L j

1t + Bt −
(

Qt K
j
t − L j

t + Bt

)]

.

Thus K̇ j
t and L̇ j

t cancel themselves out so that firmj is indifferent between saving and
borrowing and between buying and selling capital, when no investment opportunity ar-
rives. Moreover,Qt K

j
1t also cancels itself out so that firmj is indifferent between buying

and selling capital when an investment opportunity arrives. Simplifying yields

r
(

Qt K
j
t − L j

t + Bt

)

= max − r f t L
j
t + Rt K

j
t + Q̇t K

j
t − QtδK j

t(B37)

+Ḃt + π (Qt − 1) I j
t .

Given the conjectured value function, the credit constraint (B35) becomes

L j
1t ≤ QtξK j

t + Bt .

Using the financing constraint (B34), we obtain

I j
t ≤ L j

1t − L j
t ≤ ξQt K

j
t + Bt − L j

t .

When an investment opportunity arrives, under the assumption Qt > 1, it is profitable
for firm j to invest as much as possible so that both the financing and credit constraints
bind. We then have

I j
t = ξQt K

j
t + Bt − L j

t .

Substituting this investment rule back into the Bellman equation (B37) and matching
coefficients, we derive the equations forQt , Bt , andr f t given in Proposition 12.

We now compute

I t =
∫

I j
t d j = ξQt Kt + Bt −

∫

L j
t d j.

Sincer f t < r, households short-sale constraints bind so thatLh
t = 0 and the bond
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market-clearing condition becomes
∫

L j
t d j = 0. Thus

(B38) I t = ξQt Kt + Bt .

Substituting (B38) into the law of motion for aggregate capital yields the equation for
Kt given in Proposition 12. Finally, we can use the same procedure as in the proof of
Proposition 2 to deriveRt = αK α−1

t . Q.E.D.

PROOF OFPROPOSITION13

The proof follows from those of Propositions 3 and 4. Sincer f t = Ḃt/Bt in the bubbly
equilibrium,r f = 0 in the bubbly steady state asḂt = 0.

In the bubbleless steady state in whichB = 0, we haveQ∗ = δ/ (πξ) and

r ∗
f = r − π

(

Q∗ − 1
)

= r + π − δ/ξ < 0,

where the inequality follows from condition (37). Q.E.D.

C. SELF-ENFORCINGDEBT CONTRACTS

Consider a type of credit constraint which is popular in the self-enforcing debt lit-
erature (see, e.g., Bulow and Rogoff (1989), Kehoe and Levine (1993), Alvarez and
Jermann (2000), Albuquerque and Hopenhayn (2004), Kocherlakota (2008), and Hell-
wig and Lorenzoni (2009)).22 There is no collateral. Suppose that the only penalty on
the firm for defaulting is that it will be excluded from the financial market forever. Since
internal fundsRt K

j
t come as flows, the firm has no funds with which to make a lumpy

investmentI j
t . Denote byVa

t (K
j
t ) the autarky value of firmj that cannot access the

financial market.Va
t (K

j
t ) satisfies the Bellman equation

rV a
t

(

K j
t

)

= max
K̇ j

t

Rt K
j
t − Qt

(

K̇ j
t + δK j

t

)

+ V̇a
t

(

K j
t

)

.

This is a standard dynamic programming problem and no bubblecan exist inVa
t by

the usual transversality condition. Conjecture thatVa
t

(

K j
t

)

= Qa
t K j

t . Substituting this

conjecture into the Bellman equation above yields

r Qa
t K j

t = max
K̇ j

t

Rt K
j
t − Qt

(

K̇ j
t + δK j

t

)

+ Q̇a
t K j

t + Qa
t K̇ j

t .

Optimizing with respect toK̇ j
t , we deduceQt = Qa

t . Matching the coefficients ofK j
t

gives

(C1) Q̇t = (r + δ)Qt − Rt .

22Kocherlakota (2008) and Hellwig and Lorenzoni (2009) show that a bubble can exist with self-enforcing debt con-
straints while leaving consumption allocation unchanged in a pure exchange economy.



62 THE AMERICAN ECONOMIC REVIEW MONTH YEAR

We now turn to firmj ’s decision problem before defaulting. Firm valueVt(K
j
t ) satis-

fies the Bellman equation

rVt

(

K j
t

)

= max
K̇ j

t , I j
t ,K

j
1t

Rt K
j
t − Qt

(

K̇ j
t + δK j

t

)

+ V̇t

(

K j
t

)

+π
[

Qt I
j

t − I j
t + Qt K

j
t − Qt K

j
1t + Vt

(

K j
1t

)

− Vt

(

K j
t

)]

(C2)

subject to the financing constraintI j
t ≤ L j

t and the following credit constraint

(C3) −L j
t + Vt(K

j
1t) ≥ Va

t (K
j
1t ).

This credit constraint is an incentive constraint which canbe interpreted as follows. Write
the discrete-time approximation to (C3) as

(C4) −L j
t + e−r1Vt+1(K

j
1t+1) ≥ e−r1Va

t+1(K
j
1t+1).

When an investment opportunity arrives at timet , firm j takes on debtL j
t to finance

investmentI j
t . At the end of period[t, t +1] , the firm’s capital salesQt I

j
t are realized.

If it repays the debt, its continuation value is given by the expression on the left-hand
side of (C4). If it defaults on the debt, it will be excluded from the financial market
forever and its continuation value is given by the expression on the right-hand side of
(C4). Inequality (C4) ensures that the firm has no incentive to default. The constraint
(C3) is the continuous time limit as1 → 0.

Conjecture that

(C5) Vt

(

K j
t

)

= Qt K
j
t + Bt .

Then (C3) becomesL j
t ≤ Bt . This constraint is similar to that in Martin and Ventura

(2012). Substituting (C5) into (C2) yields

r Q t K
j
t + r Bt = max

I j
t ,K̇

j
t

Rt K
j
t − Qt

(

K̇ j
t + δK j

t

)

+ π (Qt − 1) I j
t(C6)

+Q̇t K
j
t + Qt K̇

j
t + Ḃt

subject to

(C7) I j
t ≤ Bt .

WhenQt > 1, the optimal investment level isI j
t = Bt . Substituting this investment rule

back into the Bellman equation and matching coefficients, weobtain (C1) and

(C8) r Bt = Ḃt + π (Qt − 1) Bt .
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The law of motion for aggregate capital is

(C9) K̇t = −δKt + πBt, K0 given.

The equilibrium system is given by three differential equations (C1), (C8), and (C9) for
(Qt , Bt , Kt) together with the usual transversality condition.

This equilibrium system is the same as that for the baseline model in Section II when
ξ = 0. Thus the analysis in Sections III and IV forξ = 0 applies here. Both bubbleless
and bubbly equilibria exist and their steady states are unique.

D. RISK-AVERSE HOUSEHOLDS

We replace risk-neutral households with risk-averse households in the baseline model.
Suppose that the representative household has the following utility function:

∫ ∞

0
e−ρt C1−γ

t

1 − γ
dt,

whereρ is the subjective discount rate andγ is the risk aversion parameter. The house-
hold faces the budget constraint (4) subject to the no-Ponzi-game condition. Then we
derive the consumption Euler equation

(D1)
Ċt

Ct
= 1

γ
(r t − ρ) ,

wherer t is equal to the return on any stockj in the absence of aggregate uncertainty
and is also called the discount rate. Equation (5) holds where r is replaced byr t . Firm j
solves the following dynamic programming problem:

(D2) r t Vt

(

K j
t

)

= max
D j

t , I j
t

D j
t + V̇t

(

K j
t

)

+ π
[(

L j
t − I j

t

)

+
(

Qt I
j

t − L j
t

)]

subject to (15), (16), and (17). For tractability, we assumethat capital does not jump at
the time when an investment opportunity arrives. As we show earlier, this assumption is
without loss of generality due to the liquidity mismatch assumption.

The aggregate state variables of the economy areBt, Qt , andKt , whereBt represents
the aggregate size of the bubble. The discount rater t is a function of the aggregate state
variables. Conjecture that

Vt

(

K j
t

)

= Qt K
j
t + B j

t ,

whereB j
t is the bubble component in firmj ’s stock price. Substituting this conjecture
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into the preceding dynamic programming problem yields

r t Qt K
j
t + r t B

j
t = max

I j
t ,K̇

j
t

Rt K
j
t − Qt

(

K̇ j
t + δK j

t

)

+ π (Qt − 1) I j
t(D3)

+Q̇t K
j
t + Qt K̇

j
t + Ḃ j

t ,

subject to

(D4) I j
t ≤ ξQt K

j
t + B j

t .

When Qt > 1, the constraint (D4) binds so that the optimal investment level is I j
t =

ξQt K
j
t + B j

t . Substituting this rule back into the Bellman equation and matching the
coefficients ofK j

t , we obtain

(D5) Q̇t = (r t + δ)Qt − Rt − πξQt(Qt − 1),

(D6) Ḃ j
t = r t B

j
t − B j

t π(Qt − 1).

The usual transversality conditions must hold.

SinceBt =
∫

B j
t d j, it follows from (D6) that the aggregate bubble satisfies

(D7) Ḃt = r t Bt − Btπ(Qt − 1).

The law of motion for aggregate capital still satisfies (28).The resource constraint is
given by

(D8) Ct + π(ξQt Kt + Bt) = Yt .

The equilibrium system consists of five equations (28), (D1), (D5), (D7), and (D8) for
five aggregate variables(Ct , r t , Kt ,Qt , Bt) . The transversality condition also holds

(D9) lim
T→∞

e−
∫ T

0 rsdsQT KT = 0, lim
T→∞

e−
∫ T

0 rsdsBT = 0.

Note that an equilibrium only determines the sizeBt of the aggregate bubble, but an
individual firm’s bubble sizeB j

t is indeterminate. Thus it is possible that some firms
have no bubbles, while others have bubbles of different sizes.

We use a variable without the time subscript to denote its steady state value. Then (D1)
impliesr = ρ and hence the steady-state system is the same as that in the baseline model
of Section II. Our analysis of steady states in Sections III and IV still applies to the case
of risk-averse households. We are unable to derive analytical results for local dynamics
because the equilibrium system contains five equations, butit is straightforward to derive
numerical solutions.
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E. GENERAL SHORT-SALE CONSTRAINTS

In Section V.E we have assumed that households cannot short intertemporal bonds, or
effectively they cannot borrow. We now relax this assumption and allow households to
borrow a proportion of their labor income.

ASSUMPTION 9: The representative household can borrow or short intertemporal
bonds up to a proportionχ of its wage income, i.e., Lht ≥ −χwt , χ ≥ 0. Firms cannot
hold or trade each other’s stocks.

We follow the same steps as before to derive the equilibrium system. From the firm’s
decision problem we show that the value function takes the form

(E1) Vt

(

K j
t , L j

t

)

= Qt K
j
t − L j

t + Bt .

WhenQt > 1, optimal investment is given by

I j
t = ξQt K

j
t + Bt − L j

t .

We can also show that the equations forQt , Bt , andr f t are given in Proposition 12. We
need to derive the law of motion for aggregate capital.

Sincer f t < r , households will borrow by short-selling bonds until theirshort-sale
constraints bind, i.e.,

Lh
t = −χwt = −χ(1 − α)K α

t .

The last equality follows from the wage equation in equilibrium. By the bond market-
clearing condition

∫

L j
t d j = Lh

t = −(1 − α)χYt .

Aggregating the law of motion for an individual firm’s capital, we obtain

K̇t = −δKt + π

(

ξQt Kt + Bt −
∫

L j
t d j

)

= −δKt + π
(

ξQt Kt + Bt + (1 − α)χK α
t

)

.(E2)

We now derive the bubbly steady state. Using equations forQt , Kt andr f t in Propo-
sition 12, we can show that

Qb = r + π

π
> 1, r f = 0, Rb = r + π

π
[(1 − ξ)r + δ].

Using (E2), we can show that

B

Kb
= δ

π
− ξQb − (1 − α)χK α−1

b

= δ

π
− ξQb − χ

(1 − α)

α
Rb.
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The bubbly equilibrium requiresB > 0. Using the preceding equations, we then obtain
the necessary and sufficient conditions

0 ≤ χ <
α

1 − α

1

r (1 − ξ)+ δ

[

δ

r + π
− ξ

]

.

This result shows that a stock price bubble can exist as long as the short-sale constraint
for households is sufficiently tight. The analysis of Section V.E corresponds to the case
of χ = 0.

F. INTERTEMPORAL DEBT WITHOUT A MARKET FOR CAPITAL

In this appendix we show that the equilibrium system analyzed in Section V.E is equiv-
alent to a setup where there is no market for capital goods. Wereplace intratemporal debt
in the baseline model with intertemporal bonds with zero netsupply. With intertemporal
bonds, firms can raise new debt to payoff old debt. Letr f t denote the interest rate on the
bonds. Suppose that firms can invest and accumulate capital on their own. We allow the
lender to seize both a fractionξ of the defaulting firm’s existing capital and a fraction
η of its newly installed capital in the event of default.23 The solution in Section V.E
corresponds to the special case withη = 0.

ASSUMPTION 10: Households cannot short intertemporal bonds. Firms do not own
or trade each other’s shares and do not issue new equity to finance investment. The only
sources of finance are internal funds, savings, and intertemporal debt.

We will derive equilibria in which investing firms borrow from non-investing firms and
households do not hold any bonds. LetLh

t ≥ 0 denote the representative household’s
bond holdings. LetL j

t > (<)0 denote firmj ’s debt level (saving). The market-clearing
condition for the bonds is

∫

L j
t d j = Lh

t . Let Vt(K
j
t , L j

t ) denote the ex ante equity value
of firm j when its capital stock and debt level at timet areK j

t andL j
t , respectively, prior

to the realization of the Poisson shock. We suppress the aggregate state variables in the
argument. ThenVt satisfies the following Bellman equation in discrete time:

Vt(K
j
t , L j

t ) = max
I j
t ,L

j
t+1,L

j
1t+1

(1 − π1)
[

D j
0t1+ e−r1Vt+1((1 − δ1)K j

t , L j
t+1)

]

+π1
[

D j
1t + e−r1Vt+1

(

K j
t+1, L j

1t+1

)]

subject to

(F1) 0≤ D j
0t1 = Rt K

j
t 1+ e−r f t1L j

t+1 − L j
t ,

23If we introduce this assumption in Section V.E, then the resulting equilibrium system is equivalent to that studied in
this appendix.
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(F2) 0≤ D j
1t = Rt K

j
t 1+ e−r f t1L j

1t+1 − L j
t − I j

t ,

(F3) K j
t+1 = (1 − δ1) K j

t + I j
t ,

(F4) Vt+1(K
j
t+1, L j

1t+1) ≥ Vt+1(K
j
t+1,0)− Vt+1(ξ (1 − δ1) K j

t + η I j
t ,0).

whereL j
1t+1 (L j

t+1) represents the new debt level or saving when an investment oppor-
tunity arrives (no investment opportunity arrives). The price of the debt at timet that
pays off one unit of consumption good at timet + 1 is e−r f t1. By assumption, firmj
cannot issue new equity to finance investment when an investment opportunity arrives so
thatD j

1t ≥ 0. Since there is no market for capital goods, the flow-of-fundsconstraints are
different from those in the model of Section V.E. When firmj investsI j

t with Poisson
probabilityπ1, its capital stock jumps toK j

t+1 as shown in (F3).

Debt is subject to the credit constraint (F4). Firmj borrowsL j
1t+1 at time t when

an investment opportunity arrives. It may default on debtL j
1t+1 at time t + 1. If it

does not default, it obtains continuation valueVt+1(K
j
t+1, L j

1t+1). If it defaults, debt

is renegotiated and the repaymentL j
1t+1 is relieved. The lender can seize a fraction

ξ of depreciated capital(1 − δ1) K j
t and a fractionη of newly installed capitalI j

t .
24

The lender keeps the firm running with these assets by reorganizing the firm. Thus the
threat value to the lender isVt(ξ (1 − δ1) K j

t + η I j
t ,0). Assume that firmj has a full

bargaining power so that the renegotiated repayment is given by the threat value to the
lender. The expression on the right-hand side of (F4) is the value to the firm if it chooses
to default. We then have the incentive constraint given in (F4).

Conjecture that

Vt

(

K j
t , L j

t

)

= at K
j
t − aL

t L j
t + bt .

Define Qt = e−r1at+1. Here Qt is Tobin’s marginal Q or the shadow price of capital,
instead of the market price of capital. Substituting this conjecture and equations (F1),
(F2), and (F3) into the Bellman equation yields

at K
j
t − aL

t L j
t + bt

= max
I j
t ,K

j
t+1,K

j
1t+1,L

j
t+1,L

j
1t+1

Rt K
j
t 1− L j

t + e−r1bt+1

+ (1 − π1)
[

e−r f t1L j
t+1 + Qt (1 − δ1) K j

t − e−r1aL
t+1L j

t+1

]

+π1
[

e−r f t1L j
1t+1 + Qt (1 − δ1) K j

t − e−r1aL
t+1L j

1t+1

]

+π1 (Qt − 1) I j
t

24If ξ = η, the lender effectively seizes the firm’s future capitalξK j
t+1.
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subject to

(F5) I j
t ≤ Rt K

j
t 1+ e−r f t1L j

1t+1 − L j
t ,

(F6) aL
t+1L j

1t+1 ≤ bt+1 + at+1ξ (1 − δ1) K j
t + at+1η I j

t ,

where (F5) follows fromD j
1t ≥ 0 and says that investment is financed by internal funds,

savings, and debt only. Credit constraint (F6) follows from(F4).

By the linear property of the Bellman function, the first-order condition forL j
t+1 yields

(F7) e−r f t1 = e−r1aL
t+1,

and henceL j
t+1 is indeterminate. This implies that firmj is indifferent between saving

and borrowing when no investment opportunity arrives. Multiplying the two sides of
inequality (F6) bye−r1 and using (F7), we obtain

(F8) e−r f t1L j
1t+1 = e−r1aL

t+1L j
1t+1 ≤ Bt + Qtξ (1 − δ1) K j

t + Qtη I j
t ,

where we have usedQt = e−r1at+1 and the definition

(F9) Bt ≡ e−r1bt+1.

When 1< Qt < 1/η, the financing constraint (F5) and the credit constraint (F8)bind so
that optimal investment is given by

I j
t = 1

1 − ηQt

[

Rt K
j
t 1+ Bt + Qtξ (1 − δ1) K j

t − L j
t

]

,

where the multiplier 1/ (1 − ηQt) reflects the leverage effect.

Substituting the investment rule back into the Bellman equation and matching coeffi-
cients, we derive

at = Rt1+ Qt (1 − δ1)+ π1 (Qt − 1)
Rt1+ Qtξ (1 − δ1)

1 − ηQt
,

aL
t = 1 + π1

Qt − 1

1 − ηQt
,

bt = e−r1bt+1 + π1
(Qt − 1) Bt

1 − ηQt
.

Using (F7) and (F9) and the preceding three equations, we canderive

Qt = e−r1

[

Rt+11+ Qt+1 (1 − δ1)+ π1 (Qt+1 − 1)
Rt+11+ Qt+1ξ (1 − δ1)

1 − ηQt

]

,
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e−r f t1 = e−r1

[

1 + π1
Qt+1 − 1

1 − ηQt

]

,

Bt = e−r1

[

1 + π1
Qt+1 − 1

1 − ηQt

]

Bt+1.

Taking the continuous-time limit as1 → 0 yields

Q̇t = (r + δ)Qt − Rt − π (Qt − 1)Qtξ

1 − ηQt
,(F10)

Ḃt = r Bt − π (Qt − 1)

1 − ηQt
Bt,(F11)

r f t = r − π (Qt − 1)

1 − ηQt
< r.(F12)

We now show that this solution is the same as that in the continuous-time setup. We
derive the continuous-time limit of the dynamic programming problem as

rVt

(

K j
t , L j

t

)

= max
D j

0t ,D
j
1t ,I

j
t ,L

j
1t

D j
0t + V̇t

(

K j
t , L j

t

)

(F13)

+π
[

D j
1t + Vt

(

K j
t + I j

t , L j
1t

)

− Vt

(

K j
t , L j

t

)]

subject to

(F14) L̇ j
t = r f t L

j
t + D j

0t − Rt K
j
t ,

(F15) D j
1t = L j

1t − L j
t − I j

t ,

(F16) I j
t ≤ L j

1t − L j
t ,

(F17) Vt(K
j
t + I j

t , L j
1t) ≥ Vt(K

j
t + I j

t ,0)− Vt(ξK j
t + η I j

t ,0).

When no investment opportunity arrives, capital simply depreciates so thaṫK j
t = −δK j

t .

Whenever an investment opportunity arrives, capital jumpsto K j
t + I j

t .

Conjecture the value function takes the form

(F18) Vt

(

K j
t , L j

t

)

= Qt K
j
t − L j

t + Bt,

and hence the credit constraint (F17) becomes

(F19) L j
1t ≤ QtξK j

t + ηQt I
j

t + Bt ,
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whereBt ≥ 0 is the bubble component of equity value.

Substituting the conjectured value function into the Bellman equation yields

r
(

Qt K
j
t − L j

t + Bt

)

= max L̇ j
t − r f t L

j
t + Rt K

j
t + Q̇t K

j
t − QtδK j

t − L̇ j
t + Ḃt

+π
[(

L j
1t − L j

t − I j
t

)

+
(

Qt I
j

t − L j
1t + L j

t

)]

.

Thus L̇ j
t cancels itself out so that firmj is indifferent between saving and borrowing

when no investment opportunity arrives. Simplifying yields

r
(

Qt K
j
t − L j

t + Bt

)

= max − r f t L
j
t + Rt K

j
t + Q̇t K

j
t − QtδK j

t(F20)

+Ḃt + π (Qt − 1) I j
t .

Using the credit constraint (F19) and the financing constraint (F16), we obtain

I j
t ≤ L j

1t − L j
t ≤ ξQt K

j
t + ηQt I

j
t + Bt − L j

t .

If 1 < Qt < 1/η, it is profitable for firm j to invest as much as possible and both
constraints bind. In this case firmj borrows by selling bonds. We then have

I j
t = ξQt K

j
t + Bt − L j

t

1 − ηQt
.

Substituting this investment rule back into the Bellman equation (F13) and matching
coefficients, we derive the equations forQt , Bt , andr f t given above.

We now compute aggregate investment

I t =
∫

I j
t d j = ξQt Kt + Bt −

∫

L j
t d j

1 − ηQt
.

Sincer f t < r, households’ short-sale constraints bind so thatLh
t = 0 and the bond

market-clearing condition becomes
∫

L j
t d j = 0. Thus

(F21) I t = ξQt Kt + Bt

1 − ηQt
.

We can then derive the law of motion for aggregate capital
∫

K j
t+1d j =

∫

(1 − δ1) K j
t d j + π1

∫

I j
t d j.

Taking the limit as1 → 0 yields

K̇t = −δKt + π I t .
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Substituting (F21) into the above equation yields the equation for Kt

(F22) K̇t = −δKt + π
ξQt Kt + Bt

1 − ηQt
,

Finally, we can use the same procedure in the proof of Proposition 2 to deriveRt =
αK α−1

t . The equilibrium system for
(

Qt , Bt, r f t , Kt

)

consists of (F10), (F11), (F12),
and (F22) when 1< Qt < 1/η. The usual transversality conditions must be satisfied.
We can see that the equilibrium system presented in Proposition 12 is the special case
with η = 0.

We can also prove the following result.

PROPOSITION 14: For the model in this subsection with intertemporal bonds, if

(F23) 0< ξ <
δ(1 − η)

r + π
,

then the bubbly and bubbleless steady states with1 < Q < 1/η coexist. Moreover, the
interest rates in the bubbleless and bubbly steady states are given by r∗f = r + π −
δ (1 − η) /ξ < 0 and r f = 0, respectively.

PROOF:
We first derive the bubbly steady state in whichB > 0. Using the equilibrium system

derived above, we can show that

(F24) Qb = r + π

ηr + π
, r f = 0,

(F25) Rb = αK α−1
b = r + π

ηr + π
[(1 − ξ)r + δ],

(F26)
B

Kb
= δ

π
− ξ(r + π)

π(1 − η)
.

Sinceη ∈ (0,1) , we have 1< Qb < 1/η. Given condition (F23), we haveB > 0 and
hence a bubbly steady state exists.
We next derive the bubbleless steady state in whichB = 0. Using the equilibrium system
derived above, we can show that

Q∗ = δ

πξ + ηδ
,

R∗ = αK ∗α−1 = δr

πξ + ηδ
+ δ,

r ∗
f = r + π − δ (1 − η) /ξ.
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Under condition (F23), we have 1< Q∗ < 1/η. Thus a bubbleless steady state exists.

G. CROSS-HOLDINGS

In this appendix we assume that households hold a fraction 1− H shares of a market
portfolio of all firm stocks and firms holdH ∈ (0,1) shares of the market portfolio in the
model of Section V.E. For technical convenience we considerthe continuous-time setup.
Assume that firms do not use the market portfolio to finance investment for the reasons
discussed in Section V.F.

Let Vt

(

K j
t , L j

t , H j
t

)

denote the ex ante market value of firmj , whereH j
t denotes

firm j ’s holdings of the market portfolio prior to the investment opportunity shock. Then
Vt satisfies the continuous-time Bellman equation

rVt(K
j
t , L j

t , H j
t ) = max D j

0t + V̇t(K
j
t , L j

t , H j
t )(G1)

+π
[

D j
1t + Vt(K

j
1t , L j

1t , H j
1t)− Vt(K

j
t , L j

t , H j
t )

]

subject to the flow-of-funds constraints

(G2) L̇ j
t = r f t L

j
t + D j

0t − Rt K
j
t + Qt

(

K̇ j
t + δK j

t

)

+ Pt Ḣ
j

t − Xt H
j

t ,

(G3) D j
1t = Qt I

j
t + L j

1t − L j
t − I j

t + Qt K
j
t − Qt K

j
1t + Pt

(

H j
t − H j

1t

)

,

the financing constraint

(G4) I j
t ≤ L j

1t − L j
t ,

and the credit constraint

(G5) Vt

(

K j
1t , L j

1t , H j
1t

)

≥ Vt

(

K j
1t ,0, H j

1t

)

− Vt(ξK j
t ,0,0),

whereH j
1t denotes firmj ’s holdings of the market portfolio when an investment oppor-

tunity arrives. HerePt denotes the value of the market portfolio,

Pt =
∫

Vt

(

K j
t , L j

t , H j
t

)

d j,

andXt denotes the total dividends of the portfolio

Xt =
∫

D j
t d j =

∫

D j
0td j + π

∫

D j
1td j.

Note that the value of the market portfolio does not jump evenif the value of an individual
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firm can jump when an investment opportunity arrives. This isbecause

Pt+1 = (1 − π1)

∫

Vt+1
(

K j
t+1, L j

t+1, H j
t+1

)

d j

+ π1

∫

Vt+1
(

K j
1t+1, L j

1t+1, H j
1t+1

)

d j

so thatPt+1 → Pt as1 → 0.

The financing constraint (G4) means that firmj only uses debt and savings to finance
investment. The interpretation of the credit constraint (G5) is similar to that in Section
V.E. In particular, the lender can only recover a fractionξ of capital and take over the
firm in the event of default.

Conjecture that the value function takes the form

(G6) Vt

(

K j
t , L j

t , H j
t

)

= Qt K
j
t + Bt − L j

t + Pt H
j

t .

Substituting this conjecture and the flow-of-funds constraints into the preceding Bellman
equation yields

r
(

Qt K
j
t − L j

t + Bt + Pt H
j

t

)

= max L̇ j
t − r f t L

j
t + Rt K

j
t − Qt K̇

j
t − QtδK j

t − Pt Ḣ
j

t + Xt H
j

t

+Qt K̇
j
t + Q̇t K

j
t − L̇ j

t + Ḃt + Ṗt H
j

t + Pt Ḣ
j

t

+π
[

(Qt − 1) I j
t + L j

1t − L j
t + Qt K

j
t − Qt K

j
1t + Pt H

j
t − Pt H

j
1t

]

+π
[

Qt K
j
1t − L j

1t + Bt + Pt H
j

1t −
(

Qt K
j
t − L j

t + Bt

)

− Pt H
j

t

]

.

Given the conjectured value function, the credit constraint becomes

L j
1t ≤ QtξK j

t + Bt .

If Qt > 1, the financing constraint and the credit constraint bind sothat optimal
investment is given by

I j
t = QtξK j

t + Bt − L j
t .

Substituting this investment rule back into the Bellman equation and matching coeffi-
cients, we obtain (20), (21), (63), and

r Pt = Xt + Ṗt .

Thus the rate of return on the market portfolio is equal tor. Aggregation yields the law
of motion for aggregate capital (28). Thus the equilibrium system for

(

Qt , Kt , Bt , r f t

)

is
the same as that in Section V.E and online Appendix B.5 and hence Proposition 13 still
holds. The only difference lies in the valuation of the firm.
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Since
∫

H j
t = H, aggregation of (G6) yields

Pt = Qt Kt + Bt

1 − H
.

As discussed in Fedenia, Hodder, and Triantis (1994) and Elliott, Golub, and Jackson
(2014), the equation above and equation (G6) show that cross-holdings inflate the market
capitalization. Since households hold 1− H shares of all firms, the portfolio value to the
households isQt Kt + Bt . Thus cross-holdings do not have any effects on welfare and
real allocation as long as cross-holdings do not help financeinvestment.


