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VI.1 Placebo Study Details

VI.1.1 CPS study

We use the annual CPS data available on the NBER website (https://data.nber.org/morg/
annual). Following Bertrand et al. (2004) we restrict the sample to 25-50-year-old women in
their fourth month of the interview. The complete dataset contains all available years from
1979 to 2018 for 50 states, excluding the District of Columbia. We drop the duplicates on the
unique household number, household id, person line number in household, month in the sample,
month and year of interview, state, and age. Average log wages and hours are computed using
the sample with strictly positive earnings. Unemployment is calculated using the sample of
individuals within the labor force.

We use three indicators D; to estimate the assignment model via logistic regression as de-
scribed in . The first is equal to an indicator that state ¢ has a minimum wage that is
higher than the federal minimum wage in the year 2000. This indicator was taken from http:
//www.dol.gov/whd/state/stateMinWageHis.htm; see Barrios et al.| (2012) for details. The
second indicator comes from a state having an open-carry gun law. This was taken from https:
//lawcenter.giffords.org/gun-laws/policy-areas/guns-in-public/open-carry/. The
third indicator comes from the state not having a ban on partial birth abortions. This was taken
from https://wuw.guttmacher.org/state-policy/explore/overview-abortion-laws. Ta-

ble |5| presents the values for these indicators.

VI.1.2 Penn World Table study

We download the data on real annual GDP from the Penn World Table website (https://
www.rug.nl/ggdc/productivity/pwt/)). After removing the countries with missing data we
end up with a dataset of 111 countries observed for 48 consecutive years, starting from 1959.
To construct the assignment process we use Penn World Table indicators of democracy and

education available from the same source.
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Table 5: State Regulations



SC SC (reg) | DIFP DIFP (reg)
Baseline 0.37 0.78 | 0.32 0.36
No Correlation 0.38 0.79 0.32 0.36
No M 0.18 0.34 | 0.16 0.14
No F 0.23 0.25 | 0.32 0.36
Only noise 0.14 0.11 0.16 0.14
No noise 0.17 0.34 0.11 0.20
Gun Law 0.27 0.34 0.30 0.40
Abortion 0.31 0.65 | 0.27 0.35
Random 0.25 0.31 0.27 0.35
Hours 2.03 3.28 1.97 1.91
U-rate 2.31 3.31 2.30 3.32
Thost = 1 0.59 0.65 | 0.54 0.50
N, =1 0.73 0.85 | 0.83 0.87
Toost = Ny =1 1.24 1.23 1.16 1.12
Resample, N =200 | 0.17 0.16 | 0.18 0.18
Resample, N =400 | 0.14 0.11 0.15 0.12
Democracy 0.38 0.35 | 0.39 0.31
Education 0.53 0.62 | 0.39 0.29
Random 0.46 0.47 | 0.45 0.46

Table 6: Comparison of SC and DIFP estimators without regularization and with the regular-
ization parameter used to compute SDID unit weights. Simulation designs correspond to those
of Table [2land [3] All results are based on 1000 simulations and multiplied by 10 for readability.



VI.2 Unit/time weights for California

DID SC SDID

1988 | 0.053 0.000 0.427
1987 | 0.053 0.000  0.206
1986 | 0.053 0.000 0.366
1985 | 0.053 0.000  0.000
1984 | 0.053 0.000 0.000
1983 | 0.053 0.000 0.000
1982 | 0.053 0.000  0.000
1981 | 0.053 0.000  0.000
1980 | 0.053 0.000  0.000
1979 | 0.053 0.000 0.000
1978 | 0.053 0.000 0.000
1977 | 0.053 0.000  0.000
1976 | 0.053 0.000 0.000
1975 | 0.053 0.000  0.000
1974 | 0.053 0.000 0.000
1973 | 0.053 0.000 0.000
1972 | 0.053 0.000  0.000
1971 | 0.053 0.000  0.000
1970 | 0.053 0.000  0.000
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VII Formal Results

In this section, we will outline the proof of Theorem |1l Recall from Section the decompo-
sition of the SDID estimator’s error into three terms: oracle noise, oracle confounding bias, and
the deviation of the SDID estimator from the oracle. Our main task is bounding the deviation
term. To do this, we prove an abstract high-probability bound, then derive a more concrete
bound using results from a companion paper on penalized high-dimensional least squares with
errors in variable (Hirshberg, 2021), and then show that this bound is o ((NuTpost) /%) under

the assumptions of Theorem [I] Detailed proofs for each step are included in the next section.

Notation Throughout, each instance of ¢ will denote a potentially different universal constant;
a<b,a< b, and a ~ b will mean a < ¢b, a/b — 0, and ¢ < a/b < ¢ respectively. ||v|| and [|A]|
will denote the Euclidean norm |v[| for a vector v and the operator norm supy,,<:|[Av|| for
a matrix A respectively; o1(A), 02(A), ... will denote the singular values of A; A; and A.; will
denote the ith row and jth column of A; v" and A’ will denote the transposes of a vector v and

matrix A; and [v; w] € R™ will denote the concatenation of vectors v € R™ and w € R™.

VII.1 Abstract Setting

We will begin by describing an abstract setting that arises as a condensed form of the setting
considered in our formal results in Section [Tl We observe an N x T matrix Y, which we will
decompose as the sum Y;; = Ly +1(i = N, j = T)7+¢ of a deterministic matrix L and a random

matrix €. We will refer to four blocks,

Y. Yo
Y = - B
<YN: YNT>

where Y. is a submatrix that omits the last row and column, Yy. is the last row omitting its last
element, and Y.r is the last column omitting its last element. We will use analogous notation
for the parts of L and ¢ and let Ny=N —1and To =T — 1.

We assume that rows of € are independent and subgaussian and that for ¢ < Ny they are
identically distributed with linear post-on-pretreatment autoregression function Ele;r | ;] =
;¢ and covariance ¥ = E ¢/ ¢;. and let 3N be the covariance matrix of .. We will refer to the

covariance of the subvectors ¢;. and 5. as X.. and EN respectively.



Our abstract results involve a bound K characterizing the concentration of the rows ¢;..
(34)
E1T — €1
= e (1: o1 2 e (22) 2, LT m”m) ,

; ||€1T —51:@/)”1:2

P (|llev]® — Eller]?| > u) < cexp (—cmin (K4 EUHQELHW Kz\TZ::H)) for all u > 0.
Here we follow the convention (e.g., [Vershynin, 2018) that the subgaussian norm of a random
vector £ is |||y, = sup|,<1/|2’€]ly,- The conditional subgaussian norm |||y, 7 is defined like
the subgaussian norm the conditional distribution given Z. When the rows of ¢ are gaussian
vectors, these conditions are satisfied for K equal to a sufficiently large universal constant. In the
gaussian case, e;7—e1.1 is independent of €;., the squared subgaussian norm of a gaussian random
vector is bounded by a multiple of the operator norm of its covariance, and the concentration
of ||e1.]|? as above is implied by the Hanson-Wright inequality (e.g., [Vershynin, [2018, Theorem
6.2.1).

VII.2 Concrete Setting

We map from the setting considered in Section to our condensed form by averaging within

Y:: Y:T _ }fco,pre Yco,post )\post
- I ! .
YN: YNT Wiy }/‘ér,pre wtrY’;r,post /\post

Here A\post € RTrest and wy, € RY are vectors with equal weight 1/ Thost and 1/Ny, respectively.

blocks as follows.

When working with this condensed form, we write w and A for what is rendered w., and A, in
Section [T We will also use © and A to denote the sets that would be written {we, : w € 2}
and {Apre : A € A} in the notation used in Equations [ and [f| Note that these sets Q and A are
the unit simplex in RYo = RN and R70 = R respectively.

In this condensed form, rows ¢;. are independent gaussian vectors with mean zero and co-
variance matrix X for ¢ < Ny and Nng for © = N. This matrix ¥ satisfies, with quantities on

the right defined as in Section [ITI]

E _ ( Epre,pre Epre,post)\pos‘c )

/ !/
)\post Epost,pre )\post ZJpost,post )\post

Note that because all rows have the same covariance up to scale, they have the same autore-



gression vector, ¢ = arg min,gr, E(g;,v — ;7). This definition is equivalent to the one given in
Section [Tl And this characterization of €;.¢) as a least squares projection implies that £;¢ — e,
and ¢;. are uncorrelated and, being jointly normal, therefore independent.

That the eigenvalues of non-condensed-form ¥ are bounded and bounded away from zero
implies that the eigenvalues of the submatrix .. = ¥¢ v are bounded and bounded away from
zero. Furthermore, it implies the variance of €;.1) — €, is on the order of 1/T} .

To show this, we establish an upper and lower bound of that order. We will write oy, (X)
and o (%) for the smallest and largest eigenvalues of 3. For the lower bound, we calculate
its variance E (g;. - [¢; —/\post])2 =[5 —Apost] £ [¥; —Apost], and observe that this is at least
{205 = Apost]|*Omin(X). This implies an order 1/T,0s lower bound, as ||[t); —Apost]||* > [[Apost||* =
1/T st For the upper bound, observe that because e;7 — €;.9 is the orthogonal projection of &;
on a subspace, specifically the subspace orthogonal to {e;.v : v € RTrre} | its variance is bounded

by that of e;7. This is [0; Apost] 2 [0; Apost]) < Tmax ()| Apost > = Tmax () /Tpost-

VII.3 Theorem [1] in Condensed Form

In the abstract setting we’ve introduced above, we can write a weighted difference-in-differences
treatment effect estimator as the difference between our (aggregate) treated observation Yyr and
an estimate Yyr of the corresponding (aggregate) control potential outcome. In the concrete

setting considered in Section , this coincides with the estimator defined in .
(35) 7\ w) = Yyr — Yar(A,w) where Yyr(A w) := Yy A+ w'Yip — W'Y

And the following weights coincide with the definitions used in Section [ITI]

Qo, @ = argmin |lwy + w'Ye — Y| + CTol|wl|?,
wo,wERXQ

Qo, @ = argmin ||wy + w'L.. — Ly:||* + (2 + o) Tp]|w]|?,

wo,wER X

Ao, A = argmin || Ao + Y.\ — Yir||%,

Ao, AER XA

Ao, A = argmin||Ag + L.\ — Lop|? + No||ZY2(\ — )|
Ao, AER XA

The following assumptions on the condensed form hold in the setting considered in Theo-



rem[I] The first summarizes our condensed-form model. The second is implied by Assumption
for Ny = Ny, and T ~ Tp0s as described above in Section . And the remaining three are
condensed-form restatements of Assumptions , differing only in that we substitute 77 ~ T}t
for Tost itself.

Assumption 5 (Model). We observe Yy = Ly + 1(i = N,t = T')T + &4 for deterministic 7 € R
and L € RM*T and random ¢ € RVN*T . And we define Ng= N —1 and T =T, — 1.

Assumption 6 (Properties of Errors). The rows €;. of the noise matrixz are independent gaussian
vectors with mean zero and covariance matriz ¥ for i < Ny and N;'S for i = N where the
eigenvalues of .. are bounded and bounded away from zero. Here N1 > 0 can be arbitrary and

we define Ty = 1/ Varle; 1) — e;r] and ¢ = argmin, g, E(g.0 — e;7)2.

Assumption 7 (Sample Sizes). We consider a sequence of problems where Ty /Ny is bounded and
bounded away from zero, Ty and N, are bounded away from zero, and Ny /(N,T, max(Ny, Ty) log®(Ny)) —

0.

Assumption 8 (Properties of L). For the largest integer K < /min(Tp, Ny),
o (L) /K < min(N; 2 log ™/ (No), Ty log ™ /2(Ty)).

Assumption 9 (Properties of Oracle Weights). We use weights as in for
¢ > (NyT)Y410g"?(Ny) and the oracle weights satisfy

(#) max(|l], [|A = ¢l) < (MT1) " log™*(No),

)
(ZZW) H(I)() -+ (:J/L;; — LNH <K N3/4(N1T1 HlaX(]Vl7 T1>>71/4 10g71/2(]\70>7
(ii.2) | Ao + Lk — Lip|| < Ny/* (N, Ty) ™8,

)

(ZZZ Lyt — (:)/L:T - LN;:\ + @,L::S‘ < (NlTl)_l/Q‘

The following condensed form asymptotic linearity result implies Theorem

Theorem 3. If Assumptions @@ hold, then 7(\, &) — T = eny — en:b + 0, (NT1)~1/2).



The following lemma reduces its proof to demonstrating the negligibility of the difference
Aoracte = T(0, 5\) —7(@, 5\) between the SDID estimator and the corresponding oracle estimator.
Its proof is a straightforward calculation. Note that the bounds it requires on the oracle weights

are looser than what is required by Assumption @(i); those tighter bounds are used to control
Am'acle-

Lemma 4. If deterministic &, X satisfy ||@]| = 0(N1—1/2) and ||\ — || = O(Tl_l/Q) and Assump-

tions @ @ and @(m) hold, then 7(, \) — T = eny — entb + 0, (N1 T7) ™).
To show that this difference A, qce is small, we use bounds on the difference between the

estimated and oracle weights based on Hirshberg (2021, Theorem 1). We summarize these

bounds in Lemma B below.

Lemma 5. If Assumptions[3, [0, and[8§ hold; T\ and Ny are bounded away from zero; No, Ty — 00
with Ny > log?(Ty) and Ty > log®(Ny); and we choose weights as in for unit sim-
plices @ C RN and A C R, then the following bounds hold on an event of probability

1 — cexp(—cmin(Ny, To"%, No/|L:X + Ao — Lir||, To/|&' L. + @0 — L))

1o = Ao+ Lo(A = V|| < cvry, 1A= X < coNg V2ry,

[0 — @0 + L(0 — @) < cury, 1o — @ < cw(m*Ty)?r,
for n? = ¢* + 1, some universal constant c, and

1} = (No/Teps)*V/1og(To) + [ LA + Ao — Larll\log(To), T/ = A = ol + 172
12 = (To/Negp)"2log(No) + || L@ + @0 — Ly, [[V/log(No),  Nf* = |lasl| + Ny V2.

When Assumptions [7] and [9fi-ii) hold as well, these bounds hold with probability 1 —
c exp(—cNO1 / 2), as together those assumptions they imply the lemma’s conditions on Ny, Tg, Ny, T
and that No/||L.A + Ao — Lir|| > N&* and Ty /||@' L., + @ — Lu.|| > N/

We conclude by using bounds of this form, in conjunction with the first order orthogonality
of the weighted difference-in-differences estimator 7(\,w) to the weights A and w, to control
Apracte- We do this abstractly in Lemma [0, then derive from it a simplified bound from which

it will be clear that A,.qqe = 0,((N177)~Y?) under our assumptions.

10



Lemma 6. In the setting described in Section |VIL 1, let A C R and Q C RM be sets with
the property that >, A = >y wi =1 for all A € A and w € Q. Let Xos A € R x A and
G0, € R x Q be random and Mg, A € R x A and 5\0,5\ € R x Q be deterministic. On the

intersection of an event of probability 1 — cexp(—u?) and one on which

olw—al <sx and ||y — &g+ (W —@)L.|| <r,,
(37) - . A
ISP =N < s and Ao = do+ L(A=N)|| <7y,

the corresponding treatment effect estimators defined in (35|) are close in the sense that

17\, @) — (A, @)| < cuK[N_ f/ 3A+Tff/ S0+ 0 15,8
+eK[([0] + 07 s0) w(E/2AL) + (1520 = NI+ 50) w(€z,)]

+ 0 sy min||SY 2 (L + Ao — Lp)|| + sx min || SY2S7 (LG + wo — Ly |
A ER wo€ER

+ min (HZ:l/QHrws)\, o ts,ra, r]?iél o (LE) " rary, + 0_1HE:l/QHakH(Lﬁ)S,\sw)
S
Here c is a universal constant, w(S) is the gaussian width of the set S, and

T/ = o ISP A= 0l + Elin), N = 100 + (S V252,
= A=A Ae A B2 =N <5}, U={w-@:we Q" ollw—d| <s},
S)\ - I o L(L/L + (O-TW/SW>2‘[)_1L{:7 Sw - ] — 2_1/2[/([/2_1[/ + (T)\/S)\>2-[)_1L::E:1/27

LC = L:: - N(;llNOl/]VoLii - L“TOillTO 1/TO'

We simplify this using bounds s, sx, 7,7\ from Lemma (5| and bounds w(€2 ) < /log(Np)
and w(A},) S /log(Tp) that hold for the specific sets €2, A used in our concrete setting (Hirsh-
berg, 2021}, Example 1).

Corollary 7. Suppose Assumptions [, [0, and [§ hold with Ty ~ Ny and that log(No), Ti and
Ny are bounded away from zero. Let my = Ny, mq = v/N114, and my = max(Ny,Ty). Consider
the weights defined in (36) with Q@ C RN and A C R taken to be the unit simplices and
¢> m}ﬂ log'/?(myg). With probability 1—2 exp(— min(T; log(Tp), Ny log(NO)))—cexp(—cNé/Q)),

11



7@, A) = 7(A,@) = 0,(MT1)77?) if

max (|||, ¢ — All) < my " log™/(mo),

@0+ L — L | < mg my g log ™2 (1m),

||5\0 + L;;S\ — L;T” < m(l)/4m1_1/4,

and the latter two bounds go to infinity.

These assumptions are implied by Assumptions Assumption [7| states our assumptions
To ~ Ny, log(Ny),T1, N1 # 0, and that the (fourth power of) the second bound above goes to
infinity; when the second bound does go to infinity, so does the third. As Assumption [7|implies
that that Ty ~ Ny — oo, it implies the probability stated in the lemma above goes to one. And
Assumption [9f(i-ii) states that the bound above hold.

As our assumptions imply the conclusions of Lemma [4] and Corollary [7], and those two results

imply the conclusions of Theorem [3] this concludes our proof.

VIII Proof Details

In this section, we complete our proof by proving the lemmas used in the sketch above.

VIII.1 Proof of Lemma 4

First, consider the oracle estimator’s bias,
E7+(\&)— 7= (Lyr+7)— &Ly — LA+ &' Loh — 7.

Assumption [9fiii) is that this is o,((N,T1)~"/?).

Now consider the oracle estimator’s variation around its mean,

A\ @) — E%(S\, Q) =ent — NN+ @ep + DN
- (gNT - 6N::\) - @/(E:T - 5::5\>

= (ENT - 5N:w) - JJ/(&T - 5::¢) - EN:(S‘ - ¢) + (:)/6::()\ - W

12



The conclusion of our lemma holds if all but the first term in the decomposition above are

0,((N1T1)~Y/2). We do this by showing that each term has o((N;T})!) variance.

B(@ (e — ) = |0]* Blewr — exp)* = |@]*/T1,
E(en:(A —¢))° = (A = 9) (Beyen) (A = ¥) < A= [ Z:ll/Ny,
E(@e.(A = 4))* = |3]* E(er.(A = ))* < [@IPIAPIZ..|I

Our assumption that ||X.|| is bounded and our assumed bounds on ||&|| and ||A|| imply that

each of these is o((N;T})™!) as required.

VIII.2 Proof of Lemma [5l

The bounds involving A follow from the application of Hirshberg) (2021, Theorem 1) with n? = 1,
A=1L. b= Ly, and [g,v] = [e..,er] with independent rows, using the bound w(A}) < +/log(Tp)
mentioned in its Example 1. The bounds for w follow from the application of the same theorem
with n? = 1+ (?/0? for 0% = tr(X..) /Ty, A= L', b= L), and [, ] = £/, €] with independent
columns, using the analogous bound w(Q¥) < /log(Ny).

In the first case, Hirshberg (2021, Theorem 1) gives bounds of the claimed form for

2 = [(No/Tur)Y? + || Lah + Mo — Lop||]v/1og(Tp) +1  holding with probability
1 — cexp (—emin(Nolog(Tp)/r3, v’ R, No)) if opy1(L.)/R < Ty ?1log™*(T,)  and
R < min(v3(NoT.p)"?, 02Ny /1og(Ty), cNo).

To see this, ignore constant order factors of ¢ (> 1) and ||X|| in Hirshberg (2021, Theorem 1)

and substitute s? = cv?*r?/(n’*n) for problem-appropriate parameters n* = 1, n = N, n;)fl,f/Q =

T/ (> 177, and w(6,) = /log(Ty).

In the second case, Hirshberg| (2021, Theorem 1) gives bounds of the claimed form for

72 = [(To/Ness)V? + ||&' L + G0 — L ||]v/1og(No) + log(Ny)  holding with probability
1 — cexp (—emin(n*Tylog(No)/r2, v’ R, Tp)) if opa(L.)/R < chl_l/2 log™"/*(Np) and
R < min(v*(TyN,; )2, 0v*0* Ty / log(Ny), cTp).

13



To see this, ignore constant order factors of ¢ (> 1) and ||X|| in Hirshberg (2021, Theorem 1)
and substitute s> = cv?r3/(n?n) for problem-appropriate parameters > = 1+ (%/0?, n = Ty,
—1/2 ~1/2 ~1/2 _
eff/ = fo/ (> N;'?), and w(0,) = /log(No).
We will now simplify our conditions on R. As we have assumed that N; and T} and
therefore N sy and T.ss are bounded away from zero, we can choose v of constant order with

v > max(c/Ters,¢/Nesg, 1), so our upper bounds on R simplify to
R < min(Ny"?, No/log(Ty),cNo)  and R < min(Ty"?, n*Ty/ log(No), Tp)

respectively. Having assumed that that Ny, Ty — oo with Ny > log?(Tp) and Ty > log?®(Ny),
these conditions simplify to R < N& /2 and R < TO1 /2, Thus, it suffices that the largest integer
R < min(Ny, Ty)"/? satisfy opyi(L.)/R < cmin(Nl_l/2 log™?(Np), Tl_l/2 log™"*(T})). This is
implied, for any constant ¢, by Assumption [§

We conclude by simplifing our probability statements. As noted above, we take R ~
min (N, T,)'/?, so we may make this substitution. Furthermore, again using our assumption

that Ness and T,¢s are bounded away from zero,

Ny log To) Ny log(Tp) Ny log(Th) Ny log(Th)
(No/Top)V23/10g(To) " || LA + Xo — Lep||+/log(Tp) 1

2 min (\/No, NO/HL..)\—i-)\O— :TH> ,
T() log N() ( T() 10g No) T() IOg(N0> T() IOg(N0)>
(To/

Neg)2\/log(No) ' [16/Ls + o — Liv[[/Iog(Vo) 108(No)
2 min (/Ty, To/ 'L + @ — L)

Thus, each bound holds with probability at least 1 — cexp(—c min(Nol/2, Tol/z, No/|I L+ Xo —

L7, To/||&'L.. + &0 — Ly-||)). And by the union bound, doubling our leading constant ¢, both

simultaneously with such a probability.

14



VIII.3 Proof of Lemma

We begin with a decomposition of the difference between the SDID estimator and the oracle.

We bound these terms. As Yy, = Ly + 1(i = N,t = T)7 + &, we can decompose each of these
three terms into two parts, one involving L and the other e. We will begin by treating the parts

involving €.

1. The first term is a sum EN;(S\ — 5\) — @’51:(5\ — 5\) Because \ is independent of ey,
the first of these is subgaussian conditional on A, with conditional subgaussian norm
len: (A=l gy < lens(BY) 72|, || (2282 |SY2 (A= V)] Tt follows that it satisfies
a subgaussian tail bound |ey,(A — A)| < cullen.(SV) 72|y, [(EN)Y282)||SY2(A = V)|
with conditional probability 1 — 2exp(—u?). This implies that the same bound holds

unconditionally on an event of probability 1 — 2 exp(—u?).

Furthermore, via generic chaining (e.g., Vershynin), 2018, Theorem 8.5.5), on an event of
probability 1—2 exp(—u?), either 1/ (A=X) & Az, or |@e.(A=N)| < ¢]|@e. 552 ||y, (W(SY2AZ, )+
urad(E;l:/QA;)) < cHai:Zfl/QHWH(DH(W(Z};HA;Q + usy). The second comparison here fol-
lows from Hoeffding’s inequality (e.g., |Vershynin, 2018, Theorem 2.6.3). Thus, by the

union bound, on the intersection of an event of probability 1 — cexp(—u?) and one on

which holds,

‘(EN: - @,5::)(5‘ - 5‘)|
< cullen:(SN) T2 g [(EN2ST2 |sx + cllen SV |y, ]| (w(EY2A%,) + usy)

< cuk N, {*s) + cK||o]| w(SL/2A%).

~ ~

2. The second term is similar to the first. It is a sum (& — @) &x + (0 — @)'e.. (1 — ) for
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Er = e — e.1. Because @ is a function of €..,ey. and &1 is mean zero conditional on
them, the first of these terms is a weighted average of conditionally independent mean-zero
subgaussian random variables. Applying Hoeffding’s inequality conditionally, it follows
that its magnitude is bounded by cul|@w — @[ max;« v [|€ir|psleney. < cuK||w — @|||E17| L,
on an event of probability 1 — 2exp(—wu?). In the second comparison, we've used the
independence of rows ¢;., the identical distribution of rows for ¢ < N, and the assumption
that [[E1r |y, < KllE1r |z,

Furthermore, via generic chaining, on an event of probability 1 — cexp(—u?), either (& —
) &, or |(@ = @)ea(t = V)| < ellea(th = Ml (w(,) + urad(Q3)) < K[| (0 -
A (w(€; )+urad(€; )). The second comparison here follows from Hoeffding’s inequality.

Thus, by the union bound, on the intersection of an event of probability 1 — cexp(—u?)

and one on which holds,

(@ — "D),<5:T - 5::5‘)|
< cuk |[Erl 1,0 s + kK || S0 = Nlo ™ sy + K52 (0 — V)| w(€,)
< cuK T, ?s, + cK||SY? (0 — V|| w(Q).

3. Via Chevet’s inequality (Hirshberg, 2021, Lemma 3), on an event of probability 1 —
cexp(—u?), either (0—@) & 5, (A=) € A%, or |[(0—@)'e.(A=N)| < ek [w(,) rad(SY A% )+
rad (€2 ) W(E};/QA:/\>—|—U rad (€2 ) rad(E:l;ﬂA;A)] < CK[W(Q;W)S)\+W(Z;1;/2A:)\)U_lsw-i—UO'_lSwS)\].
On the intersection of this event and one on which holds, the first two possibilities

are ruled out and our bound on |(@ — @)’e..(A — A)| holds.

By the union bound, these three bounds are satisfied on the intersection of one of probability
1 — cexp(—u?) and one on which holds. And by the triangle inequality, adding our bounds

yields a bound on our terms involving €.

~ ~

l(en: — e ) A= A) + (@ — @) (e — e:N) — (0 — @) e.(A =N
(38) < cuK [N %55+ 0T, %50 + 07 508
+ eK[(|@ll + o7 s0) w(EY2AL) + (132 (0 = A) || + 53) w(Q)]

We now turn our attention to the terms involving L. For any wy,w € R x RM (Ly, —
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DL)A=A) = (Ly: — WL — wo)(A = A) + (w— @)'L.(A — A). The value of the constant

wo does not affect the expression because the sum of the elements of A\ — X is zero. By the

Cauchy-Schwarz and triangle inequalities, it follows that
(Ly: = &' L)A = N < Ly = 'Ly = w0) S22 A = )|+ [l = S]] L (A = V]

Furthermore, substituting bounds implied by and using the elementary bound = + y <

2¢/x% 4+ 92, we get a quantity that we can minimize explicitly over w. The following result; for
A= 2:1/2[/{:, b= Z:l/Q(L’N: —wpl), @ = sy, and = r), satisfying f/a = cNol/Q; implies the
bound

(L. = &' L) (A = X)| < 255 min[ Y5 (L@ + wo — Ly |
wo
Sy =1—SV2L(L.STL + (ra/sx)? D) L.2 Y2,

Lemma 8. For any real matriz A and appropriately shaped vectors T and b, min, o|| Az —b||* +
Bl — 7||? = ®|| SV (AT = b)||? for S =1 — A(A'A + (B/a)?1)*A". If B = 0, the same holds
for S =1— A(AA)TA.

Proof. Reparameterizing in terms of y =  — Z and defining v = A% — b and \? = 3?/a?, this is
o? times min, [|v + Ay||* + A?||y[|* = min,|[v]|* + 2y’ A'v + ¢/ (A’ A + N\*I)y. Setting the derivative
of the expression to zero, we solve for the minimizer y = —(A’A + A2I)"'A’v and the minimum

V[T — A(A’A + X21)~' A'Jv, then multiply by o?. O

Analogously, for any Mg, A € R x R70,
(& = @) (Lr = LM < [[Lar = LA = Aoll|o = &l + A = M@ = @) L.
and therefore, when holds,

(& — @) (L — LA)| < 207 's, HiinHS)l\/Q(L::S\ — o — L)
0
Sy=1—L.(L'L.+ (0r,/5,)*1) ' L..
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Finally, we can take the minimum of two Cauchy-Schwarz bounds on the third term,

~

5\0 — 5\0) + L()‘ - 5‘)”
+L.(A= V).

As above, the inclusion of either intercept does not effect the value of the expression because

A — X and & — @ sum to one. This implies that on an event on which the bounds hold,

(L. = &L )A = A) + (@ = @) (L = LX) = (& = &)L (A = V)]

(39) < 2syminfSYEVALLG + o — L) + 20 s min|SY(LA = X — L)
wo 0

+ min (||Z:1/2||rws,\, o sury) -

We can include in the minimum in the third term above another bound on | (@& — @) L.(A — A)|.
We will use one that exploits a potential gap in the spectrum of L., e.g., a bound on the
smallest nonzero singular value of L... The abstract bound we will use is one on the inner
product z’Ay: given bounds ||z’Al| < 7., [|Ay|| < ry, ||| < Su Yl < sy, it is no larger than
miny, o (A) " 'ryry + g1 (A)szs,. To show this, we first observe that without loss of generality,
we can let A be square, diagonal, and nonnegative with decreasing elemnts on the diagonal: in
terms of its singular value decomposition A = USV" and xy = U’z and yy = V'y, 2/ Ay = a2, Syy

where ||2,S|| < 1, [[Syv| < 7y, ll2v]] < Sa. [|lyv]] < sy. In this simplified diagonal case, letting
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a; == A; and R = rank(A),
R
2" Ay| = |Z TiYiai
i=1

k R
< ‘Z Tyia;] + | Z Ty
i1

i=k+1

k k R R
2.9 2 2.2 2
< E i a; E y; + E Xy a; E Y;
i=1 i=1

i=k+1 i=k+1

k k R R
-1 2 9 2 9 2 2
< ay 5 xria; g yia; + agyq E x; E Y;
i=1 i=1

i=k+1 i=k+1

-1
<y, reTy + rg1S5Sy-

We apply this with x =0 — &, y = Py 5\, and A= L.. — No_llN0 Uy, L — L;;To_llT0 17, ; because
(@ — @)1y, =0and 1 (A= X) =0, (& — @) L.(A = \) = (@ — @) A(X — \) = 2/ Ay. When the
bounds in hold, ||[2’A|| < 7, and ||Ay|| < ry, as

2

T() TO
(@& — @) All* = ; (W—-@) Ly —T5* ;(a ~®)'Ly| = min]|(@ —&)'L. — 8| <.

These bounds also imply ||z|| < o71s, and |ly|| < ||Z:1/2||s,\, so our third term is bounded by

~

(0 — @) L.(\— 5\)| < mkin ak(A)_lr)\rw + 0_1||2:1/2||0k+1(14)s,\3w

Adding together and , including this additional bound in the minimum in the third
term of (39), we get the claimed bound on TN, @) — 7(\, @)

VIII.4 Proof of Corollary [7]

We begin with the bound from Lemma[6] As the claimed bound is stated up to an unspecified
universal constant, we can ignore universal constants throughout. We can ignore K as well; as

discussed in Section as in the gaussian case we consider, it can be taken to be a universal
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constant. Furthermore, we can ignore all appearances of powers of o, 3., and Sy for 0 € {\, w},
using bounds w(Xk) < [[SE[|w(-), [|SE-|| < S]], and [|S,”* (| < S]] and observing
that [|Sp|| < 1 by construction and, under Assumption [6 ||Z.| and [|S7! are bounded by

universal constants. And we bound minima over wy and 5\0 by substituting wy and 5\0. Then, as

w(A%) S V/log(To) and w(€ ) S +/log(No), Lemmaand Lemma@together (taking o = 1 in
the latter), imply that on an event of probability 1 —cexp(—u?)—cexp(—v) for v as in Lemmalf]
the following bound holds for n? = 1 + (2.

F(A, @) — 7O\ @)| S uN AN Pea + T2 0P T0) ™ Pre + (1 NoTo) Y21y
]| + (7To)~Y?r) 10g1/2(T0) + (|l — All + Ny %7 log!/2(No)
2To) V21, By + Ny *ryEy + roraM  for any

+(
+ (n”

M > min <N01/2, (n*Ty) "2, r’gnélak(L )" —i—akH(Lﬁ)(fr;QNOTO)l/Q) and

ra = log (T) (No/Topp)/* + BY?],  Ex = |LA+ X0 — Larll, T3Y2 =[N = o] + T2,
ro = log"/ (No)[(To/Negp) /4 + BN, Eu = ||LL6 + &0 — Dy ll, NoY* = (1] + Ny Y2

Taking u = min(Teff log!/?(T), Nelﬁ log2(Ny), (12NoTy) /2 M), we can ignore the first line in
the bound above, as its three terms are bounded by the second term in the second line, the first
term in the second line, and the final term respectively. Grouping terms with common powers
of r,,ry; redefining Ey = max(E),1) and E, = max(E,, 1), and expanding r,, 7, yields the
following bound.

(40)

|1 1og™(Ty) + [|v — Al log(No)

+ (°To) P [(To/Negs)* + E*|Exlog"* (Ny)

+ Ny PN/ Top )V + BB log (1)

+ M[(NoTo/NegsTo )4+ (No/Top ) VAEY? + (To/Noyp) VA EY? + (B Ex) Y2 log"* (No) log'/4(T).

Each term is multiplied by either log"/?(Ty), log!/?(Ny), or their geometric mean. For simplicity,

we will substitute a common upper bound of /*/2 for ¢ = log(max(Ny, Ty)). To establish our
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claim, we must show that each term is o((N,T3)~1/2).

The first line of our bound is small enough, Nsr ~ Ny, and T,pp ~ 11, if
(41) max (@], A = ¢) < (NMT3) 772, min(Ny, Th) 2 1,

If the following bound holds, the remaining terms that do no involve M are small enough.

E., < NYANTYPTr Y4172,
(42) E\ < nT01/4N1*1/4T1*1/2£fl/2,
(BuEn)"? < min(Ny ST 2Ny g BNy /e,

To see this, multiply the square root of the first bound by the first part of the third when
bounding the term involving E/l\/ ’E,, and the square root of the second by the second part of the
third when bounding the term involving EY ’E\. Note that because our ‘redefinition’ of E,, E\
requires that they be no smaller than one, these upper bounds must go to infinity, and so long
as they do we can interpret them as bounds on ||L.& + @o — Liy.||, | LA + Ao — L.z||, and their
geometric mean respectively.

By substituting the bounds into the term with a factor of M in , we can derive a
sufficent condition for it to be small enough. To see that it is sufficient, we bound first multiple
of M in using the first bound on M below, the second using the second in combination
with our bound on E,,, the third using the third in combination with our bound on FE), and the

fourth using the second in combination with our first bound on (E,Ey)'/2.

(43) M < min ((NOTONlTlg)fl/Zl, N0*3/8N171/4T171/8’ n71/2T0*3/8T171/4N171/8) 671/4'

Equations , , and so long as the bounds in all go to infinity, are sufficient to imply
our claim. Note that because every vector w in the unit simplex in R satisfies ||w]| > Ny 12
implies an additional constraint on the dimensions of the problem, Ny > N;T}/.

Having established these bounds on E,, and FE), we are now in a position to characterize
the probability that our result holds by lower bounding the ratios Ny/E\ and Ty/E,, that ap-
pear in the probability statement of Lemma . As No/Ey\ > NS’M and Ty/E, > T§/4, the
claims of Lemma [5| hold with probability 1 — cexp(—v) for v = cmin(Ny, Ty)"/2. Thus, recalling
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from above that we are working on an event of probability 1 — cexp(—u?) — cexp(—v) for u =

min(T/7 log"*(Ty), N2/7log"*(Ny), (n*NoTp)/2M) and that N.s; ~ Ny and T.zy ~ T, this is

probability at least 1—2 exp(— min(7} log(Ty ), Ni log(No ), n?NoTyM?))—c exp(—cmin(Ny/2, Ty/?)).
We will now derive simplfied sufficient conditions under the assumption that Ny ~ Tj. Let

mg = No, mp = (N1T1)1/2’ and my = maX(Nl,Tl). Then holds if
M < min(my Py P22 g ),

This is not satisfiable with M = No_l/2 ~ m(l)/Q. But with M = (nTp)~'/% ~ n*1m61/2, it is
satisfied for n > max(1, mg " *mi/*)mi/*¢*/2. For such n, hold when

E., < mi/*m w2,

E, < max(mé/4m;1/4, fni/zl)

(B E\)Y? < miBm i 2m e/,
To keep the statement of our lemma simple, we use the simplified bound F, < m(l)/ 477‘1{” .
Then the geometric mean of our bounds on E, and E) bounds their geometric mean, and it is
mé/4m1_1/4m1_1/4€_1/4

long as the ratio of these two bounds, my/*m; 7 *m =14 /m3Bm 2 /*6-1/4, is bounded.

. Thus, our explicit bound on the geometric mean above is redundant as

As this ratio simplifies to mg *mi*m;® < (my/mg)¥/® and mg > my, it is redundant. And

1 1/2

taking M ~ n~
1 — 2 exp(— min(Ty log(Tp), N1 log(Np))) — cexp(—cmy/?)).

my '" in our probability statement above, our claims hold with probability

To avoid complicating the statement of our result, we will not explore refinements made
possible by a nontrivially large gap in the spectrum of L¢, i.e., the case that M = miny o (L)1 +
ors1 (L) (N2 NoTy)~ /2. However, in models with no weak factors, this quantity will be very small,

and as a result, Equations [41] and 42| will essentially be sufficient to imply our claim. As we

make 7 large only to control M when it is equal to (nTp) /2

, this provides some justification for
the use of weak regularization (¢ small) or no regularization ({( = 0) when fitting the synthetic
control w.

}/261/2 under

We conclude by observing that the lower bound on ( above simplifies to { > m
our stated assumptions. We begin with the assumption that the above upper bound on E,

goes to infinity. Observing that the other lower bound on ( as stated above is m}/ 4 times
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the reciprocal of the this infinity-tending bound on E,, it follows that it must be o(m}/ 4).

As m)? = m}* min(Ny, T,)"/* and the latter factor and (/2 are bounded away from zero by
assumption, mi/ ‘= O(m}/ ?01/2) | so this other lower bound is indeed smaller than the (other)

one that we retain.

IX Proof of Theorem [2

Throughout this proof, we will assume constant treatment effects 7;; = 7. When treatment
effects are not constant, the jackknife variance estimate will include an additional nonnegative
term that depends on the amount of treatment heterogeneity, making the inference conservative.
We will write a ~, b meaning a/b —, 1, a <, b meaning a = O,(b), a <, b meaning
a = 0p(b), omin(X) and o () for the smallest and largest eigenvalues of a matrix 3, and
1,, € R™ for a vector of ones. And we write M\* to denote the concatenation of j\prc and —jxpost.

Now recall that, as discussed in Section [[TI.1

~

A Al N 1 Ny N At N
T = wtrYVtr,post/\post - WcoY;:o,post)\post - wtr}/tr,pre)\pre + wco}/;o,pre)\pre

= [lty — fleco Where

(44) NCO N
,ELCO - Zd}zﬁ’u ,atr == Z d}zﬁl, 81 == Y;;7.5\*.
=1 1=Nco+1

In the jackknife variance estimate defined in Algorithm

~ Z cos ic:)kA]g ~ N i (A —flco .
45 A(—’L) /'Ltr - ngl,]Zi = ILLtr - (MCO - = (17(;}':1 )> fOI‘ 1 S NCO
( ) T ) k> Neosks1 WEDE ~ [~ @i (A —fitr) ~ f . N
1-; - ,uco - ,U/tr - 1—@; - ,uco or 1> co-

Thus, the jackknife variance estimate defined in Algorithm [3|is

—~ 2 —~ 2
Neo 5 A — [ N 9l A — [
—~. N —1 W ( i //Jco) Wi ( i Ntr)
ack __ E E N 7
=1 i=Nco+1

A few simplifications are now in order. We use the bound ||@el|? < (NuTpost 10g(Neo)) ™"

derived in Section below. This bound implies that the denominators 1 — @; appearing in
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the expression above all lie in the interval [1 — max(||@el|, Niy'), 1] = [1 — 0,(1), 1]. As each
term in that expression is nonnegative, it follows that the ratio between it and the expression

below, derived by replacing these denominators with 1, is in this interval and therefore converges

to one.
. Neo R 9 N R 9
(47) i, S0t (A=) + Y 0 (Bi— i)
i=1 i=Neo+1

We will simplify this further by showing that the first term is negligible relative to the second.
We'll start by lower bounding the second term. This is straightforward because for ¢ > N, the

unit weights @; are equal to the constant 1/Ny, and the time weights )\ are independent of Y; ..

N N

~ 2 A
B Y @ (Bi—jur) = N2 Y BV — @Y )02
'lA:]Vco"l‘1 'lA:]Vco"l‘1
N

>N Y (e — @fhen) V)

Z-:]Vco'f'l

= N'EN (1-NHD 3 as Cov [g;. — W] = (1= N7HE

> N VP (0 = N omin ()

> (NTpost) (1= Ny Domin(D) s [N > [[Ael® = Tk
As oyin(2) is bounded away from zero, it follows that the mean of the second term in is on
the order of (NiTpest) ' or larger. We'll now show that the first term in (47)) is 0, (N Tpost) ),
SO is equivalent to a variant in which we have dropped its first term.

By Holder’s inequality and the bound ||@eo||* < (NixTpost 10g(Neo)) ™t derived in Section [[X.0.1

-~

N 2 2 N 2
Zdj? (Az - /lco) S H(’DCOH2 max (Az - ﬂco) < (Nterost log<Nco))71 max (Az - ﬂco) .

. i<Neo i<Neo

Thus, it suffices to show that max;< NCO(K,- — fico)? < log(Ne). And it suffices to show that
max;<y., 312 < log(Ne,), as (31 — fleo)? < 23? + 242, and fi, is a convex combination of
Kl e ﬁco. This bound holds because, by Hélder’s inequality,

5\*

A, Y \*

max
1<Nco

<]

= Imax
1<Nco

<
1 z‘sﬁ%gmﬂw log(Neo)-
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In our last comparison above, we use the properties that [[A*||; = || Apre|l1 + [|Apost|l1 = 2, that
the elements of L are bounded, and that the maximum of K = N, T gaussian random variables
eit 1s Op(1/log(K)), as well as Assumption , which implies that T ~ N, so log(K) < log(Neo).

Summarizing,

N

2

(48) P 2 (B~ ) -
=Nco+1

This simplification is as we would hope given that, under the conditions of Theorem [I} we found
that all the noise in 7 comes from the exposed units. Now, focusing further on (48) we note
that, when treatment effects are constant across units, we can verify that they do not contribute

to Viak and so

(49) i ( /Ltr> = Nifr i:NiCO—H (AZ(L) — ﬂtr(L) + 31(5) i ,atr(f))Q,

AZ(L) = Li,~)\* 31(5) = 81‘7‘5\*,

where i (L) and fi,(€) are averages of A;(L) and A(e) respectively over the exposed units.
Now, by construction, ) is only a function of the unexposed units and so, given that there is
no cross-unit correlation, \is independent of ¢, for all ¢« > N,,. Thus, the cross terms between

KI(L) — [ (L) and 31-(5) — fir(€) in are mean-zero and concentrate out, and so

(0) Ve, fj (B -l + L 3 (B - iule))’
Neot1 rz Neot1

We will now show that the second term is equivalent to a variant in which A replaces A We

denote by A and [ty the corresponding variants of A and ;. First consider the second term in
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~

BO). Aile) = Ai(e) + ipre(Apre — Apre)s 50

<3 ( ) Htr > ( i 5)] + (5i,pre - ‘Dérgtr,pre)(j‘pre - 5‘pre))z
(&

2
i(e) 5)

i(€) = Fiur(&)](Eipre — Wheurpre) (Apre — Apre)

~- -

2[A
((Eipre = @hrtrpre) (Apre = Apre)).

By the Cauchy-Schwarz inequality, the second and third terms in this decomposition are negli-
gible relative to the first if E, ((€; pre — d){rz—:mpre)(ﬂpre — )\pre)) <, Etr(Al( ) — fiee(€))? where Ey,

denotes expectation conditional on ... We calculate both quantities and compare.

Eu((€ipre = Dfretrpre) Apre = Apre))* = (Apre = Apre) (1 = N ) S(Apre — Apre)-
Eu(Ai(e) = fir())® = Bul(ei, — Dpcupre)A)* = N (1= NS A,

In Section [[X.0.2, we show that the first is <, Neo*T5 1% 10g"%(N,,), and the second is >

post

2|2 > T5.L, because o () is bounded away from zero. Thus, because Ne V2 T log™?(Ny,)

post post

under Assumption [2] the first quantity is negligible relative to the second. As discussed, it follows

that

(51)

By the law of large numbers, the right side is equivalent (~,) to its mean Ny'N (1 — Ng')¥ A
and therefore to Nio' VS, Tt is shown that N7 VS ~p V; in the proof of Lemma , SO

N
. 2
(52) g 2 (Bil) = (D)) + V-
=Neo+1
Because the first term is nonnegative, our variance estimate is asymptotically either unbiased
or upwardly biased, so our confidence intervals are conservative as claimed. In the remainder,
we derive a sufficient condition for the first term to be asymptotically negligible relative to V.,

so our confidence intervals have asymptotically nominal coverage.
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~

We bound this term using the expansion iy, (L) = Nt;ll’Ntr(meostS\post — Lty preApre)-

5 (BilL) — n(1)) = N7 = Nt L, U ) L gredpne & Mo, — Lt o) |

1=Nco+1
—2 3 3 A 2
S Ntr ||Ltr,pre)\pre + )\0 - Ltr,post/\postH .

This comparison holds because ||I — Ny 1x, 1n,,

< 1. By Assumption , this bound is
op((NuTpost) ) and therefore negligible relative to V;. We conclude by proving our claims

abott [|eo|| and [|Zae (Aeo — Aeo) |-

IX.0.1 Bounding |||

Here we will show that [|deo||* < (NexTpost 10g(Neo)) ™! under the assumptions of Theorem [}

o — Beoll? Sp CANGINYANGY? + (|6l Leopre + @0 — @y Lir prell] log!*(Neo)
< [Nt1/2T1/2 log(Nm)]ilNc;l/QNt;lﬂ logl/z(NCO)

r post

+ [Ntlr/ZTpléth max (N, Tpost)l/ZNc_ol/4 log(NCO)]_1Nc_o3/4Nt;1/4Tpoit/4 max (N, Tpost)_1/4

<<N 1/2N 1T 1/2

post

< (Nterost 10g<Nco))_1‘

1/2 ~ Nt;m because ||Weol| S

1/4

Our first bound follows from Lemma , in which we can take N,
Nt;l/ * under Assumptlonl To derive our second, we substltute the upper bound Nclo/ 4Ntr
Tpoyl max( Ny, Tyost) /4 log’l/Q(Nco) > |0 Leo pre + @0 — Lix pre|| from Assumption {f and sub-
stitute (in brackets) two lower bounds on ¢? chosen as in Theorem : the first is implied by
squaring the lower bound ¢ > (N, T, post)l/ 41og!/ ?(Ng) and the second by multiplying this lower
bound by an alternative lower bound, ¢ > (N Tpost )/ max (N, Tpost)l/QJ\fofl/4 logl/Q(NCO). The
third is a simplification, and the fourth follows because T}, logQ(NCO) < N, under Assump-
tion . Furthermore, as [|@c|* < (NueTpost 10g(Neo)) ™! under Assumption , by the triangle
inequality, ||@eo > < (NuwTpost 10g(Neo)) ™! as claimed.
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IX.0.2 Bounding [|Z e pre(Aeco — Aeo)]|

Here we will show that \|Zpre7pre(;\co — :\CO)H2 Sp NV2p—i/2 10g1/2(NCO). Because Assumption

post

implies that || Zprepre|| is bounded, it suffices to bound ||Aco — Aeo-

Hj\co - 5\COH2 Sp Ng)l [NC10/2T71/2 + HLco,preS\pre + 5\0 - Lco,postj\post”] log1/2<Nco)

post

< NZVPT P 1og 2 (Neo) + N AN VAT B log 2 (Neo )

post post

< NZV2T P 10g 2 (N ).

post

Our first bound follows from Lemma |5/ in which we can take Te}i/ >~ Tp_oi{Q because || Apre —

Y| < Tp_oi{? under Assumption . To derive our second, we substitute the upper bound

N(310/4Nt;1/ Sp-l/s s ||Lco,pr65\pre + Ao — Lo post Apost|| from Assumption . The third follows

post

because Neo/* < N AT 1% max (N, Thost) /4 < N7 %% under Assumption

P post
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