Online Appendix for Myopia and Anchoring
By GEORGE-MARIOS ANGELETOS AND ZHEN HUO*

The materials in this online appendix are organized as follows: Section A contains the proofs
of propositions in the main text. The next two sections extend the main theoretical results in
two different environments; Section B adds public signals and Section C introduces idiosyncratic
fundamentals. Section D contains various results that complement the analysis of inflation with
incomplete information in the main text. Section E contains the model details in the HANK appli-
cation with incomplete information. Section F and Section G apply our observational equivalence
result in the contexts of investment and asset prices, respectively. Section H generalizes the main
insights in an environment with more flexible fundamental and signal processes. Section I shows
how the observational equivalence result is modified when allowing the fundamental to be driven
by multiple shocks. Section J contains proofs for additional propositions in this appendix.

A. PROOFS OF PROPOSITIONS IN MAIN TEXT
Proof of Proposition 1
The proof follows from the main text.

Proof of Proposition 2

-2
n
and 7, = 02 as the reciprocals of the variances of, respectively, the innovation in the fundamental

and the noise in the signal. (In the main text, we have normalized o, = 1.) The signal process can
be rewritten as

As a preliminary step, we look for the fundamental representation of the signals. Define 7, = o

D=

ziy = M(L) [ﬁt

’ Uit

], with  M(L) = |, 2

) _
TpL Tu

Let B(L) denote the fundamental representation of the signal process. By definition, B(L) needs
to be an invertible process that satisfies the following requirement

7+ (L= pL)(L - p)
(1=pL)(L—p)

L Jpl1—=AL
B(L) =14 2,/% :
(L) = \[Al—pL

where A is the inside root of the numerator in the last term of equation (A1)

1 1 Tu 1 70\ \ 2
(A2) A= —|p+—-|1+—) - p+-114+— —4
2 p T p T

The forecast of a random variable

(A1) B(L)B(L™!) = M(L)M'(L™) =

This condition implies that
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can be obtained by using the Wiener-Hopf prediction formula:!

Eidlfid = [A(LM/(L™Y)B(L™) ™ | B(L) iy

+
Now we proceed to solve the equilibrium. Denote agents’ equilibrium policy function as
ait = h(L)z;t
for some lag polynomial h(L). The aggregate outcome can then be expressed as follows:

h(L)

ar = h(L)& = 1_ ant’

In the sequel, we verify that the above guess is correct and characterize h(L).
Consider the forecast of the fundamental. Note that

L ~
_ | -3 1 Ui
ét - |:’7'77 271—pL 0:| |:al t:| )

from which it follows that
ATy 1 1
E; &) = Gi(L)ziy, Gi(l)= ————~

Consider the forecast of the future own and average actions. Using the guess that a1 = h(L)xj 41
and a;y1 = h(L)&+1, we have

_1 m _1
= [f?tj o= = o nta) [fz-ﬂ ’
and the forecasts are

o A h(D) AV~ pL)
Euloen] =G 60 =% (s~ e a0

Ei ¢ [aitr1 — arr1] = Ga(L)xiy, Gs(L) = A <h(L)(L —p) _MNA=p) ih(l?)> Lok

“p\ULL=N  ANL-)N 1— AL

Now, turn to the fixed point problem that characterizes the equilibrium:
ait = Eit[p&t + Bai i1 + yart1]

Using our guess, we can replace the left-hand side with h(L)x;;. Using the results derived above,
on the other hand, we can replace the right-hand side with [G1(L) + (8 + 7)G2(L) + BG3(L)] ;4.
It follows that our guess is correct if and only if

h(L) = G1(L) + (B +7)Ga(L) + BG3(L)
Equivalently, we need to find an analytic function h(z) that solves

ATy 1 1
;al—pAl—Az+
A h(2) RO = p2)
( )

P Ty

h(z) = ¢

+(B+7) 1=A2)(z=)A) (1= pN(z=N)(1—rz2)

LSee Whittle (1963) for more details about Wiener-Hopf prediction formula.



P (h(z)(z—p) AN =p) h(O)) 1-pz
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which can be transformed as
C(2)h(z) = d(z; h()), h(0))

where

0 = 2(1- 29 =0 = 2 {3l = )1 =)+ (5-+2) 22}

AT ste = (AT 50 )} s g2

Note that C(z) is a cubic equation and therefore contains with three roots. We will verify later that
there are two inside roots and one outside root. To make sure that h(z) is an analytic function, we
choose h(0) and h()) so that the two roots of d(z; h(X), h(0)) are the same as the two inside roots
of C(z). This pins down the constants {h(0), h(\)}, and therefore the policy function h(L)

9 % 1
huJ_<1_p>1—Ml—0U

where 97! is the root of C(z) outside the unit circle.

Now we verify that C'(z) has two inside roots and one outside root. C'(z) can be rewritten as
1 1 1 +
C(z) :)\{ — 22+ <p—i—+7—u—i—ﬂ> 22— (1+[3<p+> —i—Mm)z—i—B}.
P Py P P Ty

With the assumption that 8 > 0, v > 0, and 8 4+ v < 1, it is straightforward to verify that the
following properties hold:

c0)=8>0
CO) = 22T <
P Tn
CG):EAL_B_7)+Ufﬁ%<1+p—2>>0
P p

Therefore, the three roots are all real, two of them are between 0 and 1, and the third one 9~ is
larger than 1.

Finally, to show that 1 is less than p, it is sufficient to show that

C<1>:7M1—pi—pw:>0
P TnpP

Since C'(¥~!) = 0, it has to be that ¥~! is larger than p~!, or ¥ < p.
Proof of Proposition 3

The equilibrium outcome in the hybrid economy is given by the following AR(2) process:

o
1-GL

ay =

§t7



where

1

(A3) G = m (1 —1- 4(5wfwb> and (o= S|

wp — pwdCy’

and § = 8 4 7. The solution to the incomplete-information economy is

9 % 1
=(1-% .
“ < p>1—p(51—19L£t

To match the hybrid model, we need

(Ad) =19 and <0_<1—i>1_*0p6.

Combining (A3) and (A4), and solving for the coefficients of wy and wy, we infer that the two
economies generate the same dynamics if and only if the following two conditions hold:

§p? — 0
) ERRCET)
I(1 — 69)p?

Since § =  + v and since ¥ is a function of the primitive parameters (o, p, 5,7), the above two
conditions give the coefficients w; and wy as as functions of the primitive parameters, too.

It is immediate to check that wy < 1 and wy > 0 if ¥ € (0, p), which in turn is necessarily true for
any o > 0; and that wy =1 and w, = 0 if ¥ = p, which in turn is the case if and only if o = 0.

Proof of Propositions 4 and 5

To prove the comparative statics, we first show that wy is decreasing in ¥ and wy is increasing in
9. This can be verified as follows

dwy  —0(p* +V?) + 26%p*V - —0(p? +9) +26p0  —d(p—9)? <0
v (6(p? —V%))? (6(p? —¥%))? (0(p2 —92))2 7
dwy,  PPP+ 02 —2000%) P02 +92—29p) [ p \7

90 (PP —?)? (P> =022 <p+19> -0

Now to prove Proposition 5, it is sufficient to show that 1 is increasing in v. Note that

C (1> = Tu(l —Pi—P’Y) >0 and C <1> = —T—uLi < 0.
) TnpP A Ty PA

By the continuity of C(z), it must be the case that C(z) admits a root between % and }. Recall

from the proof of Proposition 2, ¥~ is the only outside root, and it follows that A < 9 < p. It also
implies that C(z) is decreasing in z in the neighborhood of z = ¥~!, a property that we use in the
sequel to characterize comparative statics of 1.

Next, using the definition of C(z), namely

C(z)z—z?’—i-(p—&—;—f—lm—l—ﬁ)z?—<1+ﬁ<p+;>+6;7m>z+,@,

P Ty Tn



taking its derivative with respect to 7, and evaluating that derivative at z = 9!, we obtain

-1
90CW™) _ Ty
oy pTy
aC(v—1)

Combining this with the earlier observation that — < 0, and using the Implicit Function
Theorem, we infer that ¥ is an increasing function of ~.
Similarly, taking derivative with respect to 7,, we have

oC (91 1 1
a( )=719 Wt =B—7y)>—9 ' (1-B—7)>0.
Tu an an
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Since 1, = 077, we conclude that 1 is also increasing in o.

Proof of Proposition 6
9

P
of a;y1 and asyo can be obtained by applying the Wiener-Hopf prediction formula:

Given the law of motion of the aggregate outcome a; = l%p (1 — > ﬁﬁt, the average forecasts

_ o AN 1 p+d—pd(L+N)

E¢las1]) = 1—op <1 - p> 1 -9\ (1 —9L)(1 — AL) o2

= _ A 1 (p+9—pI(L+A) pY(1 — pYAL)
Eilacss] = 17 8p (1 Bl p> 1— 9\ ( (1 —9L)(1 — AL) (0= (1—-9L)(1— AL)) o

The average forecast error and the average forecast revision are defined as
EI‘I‘OI‘t = A¢41 — Et [at+1], RGViSiOIlt = Et [at+1] — Et—l [at+1],

and it follows that

2 2
. P A= (p = N)(1 = pd)(p + 9 — Apd)
E —
Cov(Errors, Revisiony) ( — (5p> AT =20 — N2(1 = AI)F

N ( i )2 A = p)(p+ 0 = Apd)(Ap + M — pid — X?p))
1—0p P2(1 = 22)(0 — A\)(1 — \9)2

—_

2 2 2
- v\ A=p)ylp+3 - Apd)
Var(Revision;) = (1 _ (5p> P21 — A2)(1 — \9)2

The moment Kcq can be computed as

Hon — Cov(Error, Revisiony) 94 p — pd(A +19) — pAd(1 — \)
ce = Var(Revision,) T (= N0 =N (p+0 = Ip9)

which is the formula given in the Proposition.
Consider next the partial derivatives of Kcg with respect to A and 9:

0*\2p (N2 g;ﬂ +1) —dAp+p2 4+ 1) — 62 (400> + A2 (1 — 6p%) + p?),
(A7) OKca +6%p (A (6p* — 1) —4Xp — p* + 1) +20p*(1 — 2Xp) + p?
o (1—=0X)2(p— N)2(0+ p— OXp)?
(AS) 0Kca _ o\ (2p(1 — 9)\) + 9)

v (1= 0N2(0+ p— O7p)?



It is possible to verify that 0 < A < 9 < p < 1 implies

0Kce 0Kca
B\ >0> 99

Because ¥ increases in v and A is invariant in v, we immediately have that Kcg is decreasing in -,
as stated in the Proposition.

What remains is to prove that Kcq is increasing in o. This is complicated because ¢ has opposing
effects via A and ¥. The rest of the proof deals with this complication. Because the calculations
involved are highly cumbersome, we have done them with the help of the analytical tools in Math-
ematica.

Because A is a monotone transformation of o, we can re-express ¢ as function of A and take the

total derivative of Kcq with respect to A instead of its total derivative with respect to o. That is,
we seek to prove dfgf\jc > 0, where

dKcg _ 0Kca | O0Kcgg 09
dx O\ oY ON

(A9)

Mng and ma(g@ are the partial derivatives obtained above, and % is the derivative of 1 with respect
to A implied by the solution for 1. The latter derivative is obtained by re-expressing the cubic in
(17) in terms of A in place of o and applying the Implicit Function Theorem. In particular, we first
re-write the cubic as follows:

(A10) p(1 = B0)(6 — N)(1 = 6X) = 16%(p — A)(1 = Ap) = 0.
We then apply the Implicit Function Theorem to obtain

(A11) 99 _ p(BO — 1) (62 = 20X\ + 1) + 6% (=22p + p* + 1)
N p(BBEN_2002 1)+ N) — 200+ N1 1) — 290N A (P2 + 1)+ p)

Next, we solve (A10) for v:
p(1— B0)(6 — \)(1— )
2(p—N1—=Arp)

This identifies the value of vy that induces as an equilibrium any given value form 9 in the admissible
range [\, p). Replacing this value for v into (A11) allows us to re-express the latter as follows:

(A12) v =T(6;A,8,p)

g 0N —1)(B0—1)(0*p—0(p*+1)+p)
N A—p)Ap—1)(BOBN—0(BA+ N2 +1) +2))

(A13)

Combining the above with (A7), (A8), and (A9), we obtain the following result:

6>\5p496 +6)\3p496 _ 5,8/\4p366 _ ﬁ)\2p366 + B>\5p206 + 5ﬁ)\3p296 _ B>\4996 _ /3)\2p96
735/\41)495 +5}\2p495 +3,3/\3p395 +B)‘295 + 35)\4p295 _ 25)\2p295 _ 3,3/\3p95 _ )\6p494
—5)\5,0464 _ 2>\4p494 + 45}\3,0464 _ )\2p494 _ 26/\.0494 + B>\304 + 5)\5,0394 + 36)‘41)304 + 8)\3[)394
*3ﬁ/\2/)394 _ )\p394 _ /\6p294 _ 5)\5p294 _ 8)\4,0294 _ 25)\3p294 _ 4)\2P294 + 2[3)\,0294 + p294
FA5p0% — BALpOL + 3A3p0t + 5APp103 + 38N1p403 + 203 p103 — 28X2p%03 + \pt03 — 22363
*13)\4P393 _ 75}\3p393 _ 6)\2p393 +45)\P393 +P393 +)\5p293 +ﬁ>\4p293 + 7)\3p293 +5)\2P293
4220203 + 222 p03 4 BA3p03 + A2p03 — BApH3 — ph3 — I P02 — 38A3p%02% — A2p02 + 1723302
+56A2p302 + Ap20% — 6229202 — 28XAp260% — 2p%60% — 22302 + 2XpH2 4+ TA3p%0 + BAZp*0 + \p0
Ald dKcg —11X2p30 — BAp30 — p30 + 4Xp20 — 222 p* 4 2)p3

(Al4) dx (1= 6X) (1 — Ap) (BAB3 — X260 — BAG — 6+ 2)) (p — A)2(Apf — 6 — p)2?

The proof is then completed by verifying that both the numerator and the denominator are positive.
Consider first the denominator and note that this is a decreasing linear function of 5. It is



therefore positive if and only if 8 < 9’(\92{#. Because the latter fraction is decreasing in 0, it is

bounded from below by the limit of this fraction as ¢ — p — 1. Because this limit is 1, which is

necessarily higher than 3, we have that the denominator is necessarily positive.
Considelfj next the numerator. This, too, is a decreasing linear function of 5. And it is positive if
and only i

0%p (A8 (03 + p) — X5 (5p% +1) +2X%p (p? +4) — A3 (8p% 4 3) 4+ X2p (p* +4) + Ap? — p)

=63 (A% (5p® + p%) + A% (20 — 13p®) + A3 (2p* + 7p* = 2) + A2 (p — 6p®) + Xp? (0 +2) +p (p* — 1))
+6%p (9A1p3 + A3 (2 — 17p?) + A%p (0> 4+ 6) — A (p? +2) + 2p)

—0p2 (TA3p% —11X2p 4+ X (p? +4) — p) + 2203 (Ap — 1)

# =
p<p” = (95)\p(>\3(p3+p)—)\2(5p2+1)+)\p(p2+5)—p2—1)—94>\(p2—1)(3)\2p2—3)\p—p2+1) )
22

=03 (A% (p* 4+ p?) + X3 (p— 3p%) + X2 (—4p* +2p% — 1) + 300 + 292 (p* — 1)) +
62p (A3 (3% +p) + A2 (1 = 7p?) + A (p—2p3) +4p% — 1) + 6p? (—3A2p% + 5Ap —2) + p3(Ap — 1)

To verify that the above is necessarily true, we return to condition (A12).
Recall that this condition gives the value of « that induces a given 6 as an equilibrium. Using
this, the primitive § + v < 1 can be re-expressed as § + I'(0; A, 5, p) < 1, or equivalently

_ PN+ 02 (= M)p? + 0% — 02N+ 6%p — OX*p — Op + Np
- 03Xp — 02 Xp2 — 02X + O\p '

(A15) B < b*

We thus have that 8 < b* is necessarily satisfied. If we prove that b* < f# is also satisfied, we are
done.

Let F(\, 9, p) denote difference 7% — b* as a function of (), 1, p); this function is obtained simply
by using the definitions of these thresholds. We have used Mathematica to verify numerically that F'
takes non-negative values over the entire [0, 1] set, which itself necessarily contains the admissible
values of (A, ¥, p). We conclude that both the numerator and the denominator in (A14) are positive,
which means that Kcg is increasing in A (equivalently, in o).

Proof of Proposition 7
The proof follows from the main text.

Proof of Proposition 8
See Appendix D4.

Proof of Proposition 9

Assume that all agents across groups share the same information structure by receiving a private
signal about the interest rate 7

2
Tigt =Tt +Uigt, Uigt~N(0,0%).

We proceed with a guess-and-verify approach. The conjecture is that the law of motion of the
aggregate consumption ¢; is given by the following AR(2) process for some scalars b and ¢ € (—1, 1),

b
(1 —-9L)(1 - pL)

9
p—1

G-

Ct =

P

=b —-b
Tt p—ﬁ&
where & = ﬁnt and (; = ﬁnt. To simplify the notation, denote ay = my¢, and S, =1 — my.
Consider the individual best response in group g

p 0
Cigt = _Ei7g,t[rt] + bag <p_’l9Ei,g,t[€t] - HEi,g,t[Ct]) + /BgELg,t[ci,g,t—i—l]



1 P 1 9
= 1 P VE, 6] - E,
1— 5gp ( + bOégp o 19) ,g,t[{t] 1— Bgﬁ p 9 9, t[Ct]

Due to the fact that the signal structure is independent of their group identity, the average expec-
tation across the economy is the same as that within the group. The average forecasts of & and (;
are given by

— A 1
Biel = (1-3)

— A\ 1—pA 1
Eelc:] = <1 N p> 1-9A(1—9L)(1—AD)™

where ) is defined in equation (A2). It follows that the average action of group g is

c 1 1—é L -1+ ba p L _ L ba v L
9T TN p) 1= Byp I9—0)T—pL 1-B,0 9p—v1—oLJ™

The aggregate consumption is a weighted average of the actions across different groups

Ct:Zﬂ'gCg,t,
g
1 A 1 P Y 1
- -2 = (-1+b
1—>\L< p>{2”91—59p( o 19)1—pL 291—50 191—19L}’7t’

g
1 < )\) Al — AQ — (’19A1 - ,OAQ)L
(I-pL)(1—9L)

To verify the conjecture, we need to make sure that the actual outcome follows the same AR(2)
process as the conjectured one. By matching coefficients, it has to be that

(A16) =220,
A
(A17) b= <1 - p) (Ar — As).

Note that without informational frictions, the aggregate outcome is given by

1
Z!] Mg 1—Bgp
— Qg -
1 Zg Tg 1-Bgp

Ct = b*ft, with b* = —

The consumption under perfect information satisfies the standard Euler equation

et = —sry + Eilepya],

*

where —¢ = (1 — p)b*.



Going back to the incomplete-information economy, it follows from (A16) and(A17) that the scale

b is given by
S
P

and ¢ is the inside root of the following equation

Clz) =1 =2M)(z=ANp—2(1=Ap)(p—A) Z”gl_gz

Therefore, the aggregate consumption under incomplete information follows an AR(2) process,
which is the same as the baseline case. The particular form of the impact response captured by b
also permits the as-if representation, with wy and w, now being functions of {7y, ¢4, mg}.

For the two-group case, the variable 9 is the inside root of the following condition by rewriting
C(z) as a polynomial equation

Clz) = (1= (1=m)2)(1 = (1 =ma)2)(1 = 2A)(z = A)p — 2(1 = Ap)(p — N)Q,

where
Q= 7r1m1¢1(1 — (1 — mg)z) + 7T2m2¢2(1 — (1 — ml)z)

Denote ¢1 = ¢, and by construction, we have ¢o = % It follows that

gci = m(ml — mg)(l — Z).

Note that

5’()\) = —)\(1 - )\p)(p - )\)(mmlgbl(l - (1 - Tng))\) + 7T2m2d)2(1 - (1 - ml))\)) <0
C(1) = mymoA(1 — p)? > 0.

Therefore, ¥ € (A, 1) and C(z) is increasing in the neighborhood of ¥. When m; > m, %b:g > 0.
It follows that ¢ is increasing in ¢.

Proof of Proposition 10

We first show that if 8, € (0,1) and the spectral radius of (I — )71« is less than 1, then there
exists a unique equilibrium. Recall that the individual’s best response is

1 Y A
Gigt = PoBigtl&t] + BoBigitlaigirt] + Y YorFigalajir1] = 0oFige Wft +y T g T
=0 9 §=0 g

The aggregate outcome for group ¢ is then

— " 7gkL
t = Pgly 6L lgt Zl_ﬂgL 1

By an abuse of notation, we have

a;=E [I-BL ) 'p&+1-BL ) 'vL  ay],



where E; denotes [E1; ... El,t]/. Denote ¢ = (I—8p) 'y and k(L) = (I - BL~1)"1yL~L. The
aggregate outcome a; has the following representation

a; = @R [&] + Bt [(L)PE: [&1]] + Bt [k(L)E; [R(L)@PE[E]] ] + ...

The aggregate outcome has a unique solution if the power series above is a stationary process or
the variance of a4 is bounded for all g.

Note that: (1) Var(E;X]) > Var(E,[E;x[X]]) for & > 0; (2) Var(aX + bY) < (ay/Var(X) +
by/Var(Y))2. To show the variance of ay; is bounded, it is sufficient to show that > 3o, k(1) is
bounded. Since k(1) = (I — B)~!4, if the spectral radius of (I — @)1y is less than 1, Y po, k¥(1)
is bounded and a; is stationary.

Now we show that the aggregate outcomes have to be a linear combination of n different AR(2)

processes. The signal for agents in group g is

0l _1
gt = M(L) [a:?: J . with  M(L) = [ﬁ ., 2} _

Similar to the proof of Proposition 2, let By(L) denote the fundamental representation of the signal

process, which is given by
~1 [p1—=AsL
By(L) =14 %,/ —
9( ) Tg )\g 1— pL )

1 1 1 2
o= g et AT - <p+p(1—|—7'g)> —4

Denote the policy rule of agents in group g as hy(L), and the law of motion of the aggregate outcome
in group g is ag; = %m. Agents need to forecast the fundamental, their own future action, the
aggregate outcomes in each group, which are given by

where ), is

AT, 1
E; = 7 i
otlél = 2 PYFESWAL
AT, hi(L hi (A — pL
Ez‘,g,t [ak,t+1] = gpg <( k( ) - k( ) P ) )> Ti gty

T 2 (2 8 R G o (A W T w7
p

g

Ag (ho(L)(L—p h(Xg)(Ag — p hg(0 1—pL

Ei gt [@igir1 — agir1] = 9( g(L)( ) (Ag)(Ag ) o )) - ;sz‘,g,t‘
P g

LL-%)  MIL-A) A L

Using the best response, the fixed point problem is

_ AgT, [ Ag (hg(L)(L—p)  hg(Ag)(Ag—p) p hg(0)\ 1—pL ~
hg(L)-Ti,g,t = @gp(l j Z)\g) 1_ )\gL$z,g,t + ﬁg pg ( gL(L = )\g) g)\g(gL _9)\9) )\g gL > - )\ngz,g,t
AgTy hi(L) B hi(Ag)(1 — pL) .
i ;W p ((1 ML) =) (1= pAg) (L —Ag)(1 - AgL>>
AgTy hg(L) _ hg(Ag)(1 — pL) A
* p ((1 — ALY (L= Xg) (1= pAg)(L —Ag)(1 — AgL)> bt

The system of equation in terms of h(L) is



where
. . Ag AgTg . AgTq
A(L)= dlag{L(L —Ag)(1— )\gL)} -B dlag{p(L —p)(1—pL)+ pL} - d1ag{pL}’y,

and

() =y T = ) = By(L = A1 = pL)hy(0)

Ag—p A Ag
_ <5ghg()\g) ( gp + o sz/\g)> 1 _Tg>\ Z’ngkhk > L(1 - pL).

The solution is given by

adj A(L)

L) = Gt A(L)

d(L).

Utilizing the identify that
Ag + ! + ! + L
3 =P R o
W p  pod

the matrix A(L) can be simplified to

1 1
A(L) =diag{ — AL ( (p +=+ 2) L+ 1) }
p po
1 1 A
+ 8 diag{)\g <L <p + -+ ) L+ 1> } - diag{ngL}'y.
p po2 p
The roots of det A(z) is the same as the roots of
. 9 1 1 . 1
C(z) =det | (0 —v —Iz) diagq z° — p+—+—|z+1p—zdiags — v ).
p  po? po2

Note that the degree of det A( ) is 3n. Denote the inside roots of det A(L) as {(1,...,(n, } and
the outside roots as {6 L 0., 11, Because agents cannot use future signals, the inside roots have
to removed. Note that the number of free constants in d(L) is 2n:

(A18) {hg(0)}i_;, and {5ghg(>\g)< gp ,0+p(1 ET;’)\Q)> 1_7'9)\ Z%,khk }91'

With a unique solution, it has to be the case that the number of outside roots is n. Also note that
by Cramer’s rule, hy(L) is given by
ho(L) = det [Al(L) oo Aga(L) d(L) Ag(L) ... An(L)]
g det A(L) )

The degree of the numerator is 3n — 1 as the highest degree of dy(L) is 1 degree less than that
of Ay 4(L). By choosing the constants in equation (A18), the 2n inside roots will be removed.
Therefore, the 2n constants are solutions to the following system of linear equations:?

det [Al(C’L) R Agfl(ci) d(Cz) AQ(C’L) R An(Cz)] =0, fori=1,...,n.

2The set of constants that solve the system of equations for hy(L) also solves that for h;(L) where i # g. This is because
{¢i}7, are the roots of the determinant of A(L), leaving the vectors in A((;) being linearly dependent.



After removing the inside roots in the denominator, the degree of the numerator is n — 1 and the
degree of the denominator is n. As a result, the solution to hy(L) takes the following form

1 L _ " g 1
hy(l)= — k1= oy
(1) Hﬁzl(l—ﬁkL)kzl%’k kzl%,k( P> 1— L

In the special case where 3 = 0 and o4 = o, we have

a; = PE[&] + YEi[agi1].

Denote the eigenvalue decomposition of v as

v=Q 'AQ,

where A = diag{u1,...,un} is a diagonal matrix, and where d, is the g-th eigenvalue of ~. It
follows that

Qa; = QE;[&] + AE[Qayy1].

Denote a; = Qa;. Because A is a diagonal matrix, it follows that a4 ¢ is independent of a;; for g # j,
and agy; satisfies Proposition 2. The degree of complementarity for a4 ; is p14, and the corresponding
¥4 is the reciprocal of the outside root of the following quadratic equation:

1 1 1 By + 1
2 g g
Cg(z)——z + (p—l—p—i—w—i-ﬁg)?;— (1+,Bg (p—l—p) +p0'2> .
Because a; is a linear transformation of a;, they share the same AR roots.

Proof of Proposition 11

Now we move to show there exists w; and wj in the complete-information model to rationalize
the incomplete-information model solution. In the incomplete-information economy, the average
action in group g, a4, is given by

- ] 1
Qg t = Z%%,k <1 - k) mgt-
el P k

Let 0, = (1 — %’“) ﬁ{t, and it follows that

n
Qgt = E ¢g,k9k,t-
k=1

Denote Q, A, and D as

9
P11 .. Pin Ul ==

Q= : : , A= , D= :
wn,l @Z}n,n 1911 1-— 197"

The vector that collects 0y ; can be written as

01,
0,=| : = A6, + D¢,
ent

)



and the vector a; that collects ag; is
a;=Q, = QAQ 'a; 1 + QD;.
Define A = QAQ ™! and B = QD, we have
(A19) a; = Aa,_1 + B¢
In the perfect-information hybrid model, the law of motion of a; follows
a; = & + wrdE a4 1] + wpai—1.

If (A19) is a solution to the perfection-information hybrid model, it has to be that
Aa;— 1+ B& = & + wfé(prt + A(Aat—l + Bft)) + wpa_1.

By method of undetermined coefficients, we have

wrd(pB + AB) =B — ¢,
Wy = A(I — wf(SA).

Note that the dimension of B — ¢ is n x 1 and the dimension of wy is n x n. As a result, wy is not
uniquely determined.

B. THE ROLE OF PUBLIC INFORMATION

Throughout the main analysis, we have assumed that the noise is entirely idiosyncratic. We have
thus assumed away, not only correlated errors in expectations, but also the coordination afforded
when agents condition their behavior on noisy but public information (Morris and Shin, 2002).
In this appendix, we accommodate these possibilities by letting agents observe a public signal in
addition to their private signals. We first explain how this modifies our observational equivalence
result. We then explain how this matters for our mapping between the theory and the expectations
evidence.

B1. Solution with a Public Signal

In addition to the private signal z;; = & + w;; considered so far, a public signal of the form
(B1) 2t =& + e,

where u;; ~ N(0,02) and ¢ ~ N(0,02) are, respectively, idiosyncratic and aggregate noises.

We next let 072 = 0,2 + 0.2 measure the overall precision of the available information about
—2

the fundamental and y = # the fraction of it that reflects public information, or common

knowledge.?

PROPOSITION 12: In the extension with public signals described above, the following properties
are true.

31t is worth emphasizing that a “public signal” in the theory represents a piece of information that is not only available in
the public domain but also common knowledge: every agent observes and acts on it, every agent knows that every other agent
observes and acts on it, and so on. Such a signal is therefore at odds with the primary motivation of our paper. It may also
not have an obvious empirical counterpart. For instance, aggregate statistics could be effectively observed with idiosyncratic
noise due to rational inattention. Nevertheless, the incorporation of a perfect, common-knowledge public signal allows us to
shed additional light on the mechanics of the theory as well as on its empirical implications.



(i) The equilibrium outcome is given by

ay = af + v,

where af is the projection of a; on the history of & and vy is the residual.

(ii) af satisfies Propositions 2 and 3, modulo the replacement of the cubic seen in condition (17)
with the following:

(B2) C(z)z—z3+(p—i—/l)—l—p(ljz—k(d—'y))f—(1—1—(5—7) (p—i—/l))—l-é_ZX)z—l-(d—y).

po

i11) Provided v > 0, ¥ is decreasing x and, therefore, both w¢ and wy get closer to their frictionless
f
counterparts as X increases.
(iv) The residual v; follows an AR(1) process with innovation €;, the noise in the public signal.

Part (i) expresses the equilibrium outcome as the sum of two components: a “fundamental com-
ponent,” defined by the projection of a; on the history of &; and a residual, itself measurable in the
history of €, the aggregate noise.

Part (ii) verifies that all our earlier results extend to the fundamental component here. In other
words, although the aggregate outcome is now contaminated by noise, our earlier results continue
to characterize its impulse response function (IRF) with respect to the fundamental. Part (ii) also
provides the modified cubic that pins down ) (and, thereby, the distortions w; and wp). The old
cubic is readily nested in the new one by setting x = 0.

Part (iii) highlights that, holding o constant, an increase in y maps to a smaller ¢ and, thereby,
to smaller distortions, but only if v > 0; if instead v = 0, x is irrelevant. To understand why,
note that an increase in x for given ¢ means a substitution of private for public information. This
maps to a smaller and less persistent wedge between first- and higher-order beliefs holding constant
the dynamics of the first-order beliefs. By the same token, the PE effect of any given innovation
remains unchanged, but its GE effect, which is non-zero if and only if v # 0, is enhanced and gets
closer to its frictionless, representative-agent counterpart.

In a nutshell, a higher y represents an increase in the degree of common knowledge, which in
turn amounts to making GE considerations more salient. Clearly, this is a direct extension of the
logic developed in our baseline analysis. But what is its empirical content? In particular, does our
baseline specification biases upwards the documented distortions by fixing x at its lowest possible
value? As illustrated next, once the theory is required to match relevant evidence on expectations,
the incorporation of public information (x > 0) may actually translate to higher distortions than
those predicted by our baseline specification (y = 0).

Part (iv) makes it clear that the residual v; is itself an AR(1) transformation of the noise in the
public signal. This means that, unlike the fundamental component, the residual does not exhibit
hump-shape dynamics.

We find this property is intriguing. If one looks at the response of inflation to either identified
monetary shocks (Christiano, Eichenbaum and Evans, 2005; Romer and Romer, 2004) or to the
shock that accounts for most of the business cycle volatility in unemployment, output, or the
output gap (the MBC shock in Angeletos, Collard and Dellas (2020)), one finds a hump shape. But
if one looks at the residual, which the DSGE literature captures with a markup shock, then one
sees no hump shape. From this perspective, the introduction of public information helps the theory
generate a “residual” in inflation that is of the same type as that found in the data. And it helps
reconcile why one sees a hump shape in one dimension but not in another.

B2.  Reuisiting the Mapping from Kcg to (wy,wp)

Ceteris paribus, the addition of public information reduces the documented distortions by in-
creasing the degree of common knowledge. But it also reduces the predictability of the average



forecasts errors. The relevant question is therefore how the accommodation of public information
affects the lessons we draw in this paper under the requirement that the theory continues to match
the available evidence on expectations.

In our benchmark, which abstracts from public information, the CG coefficient uniquely identifies
the value of ¢, which in turn pins down the pair (ws,wy), or equivalently the equilibrium dynamics.
Now that we have added a public a signal, the CG coefficient and the equilibrium dynamics alike
depend on two unknown parameters, the precisions 7, = 0,2 and 7, = 0.2 of, respectively, the
private and the public information. As a result, we loose point identification but preserve set
identification: only certain pairs of 7, and 7, are consistent, under the lens of the theory, with the
evidence in CG. Furthermore, because the theoretical value of Kcq converges to zero as the public
information becomes sufficiently precise, the estimated value of Kcg puts an upper bound on 7,.%

Figure B1 illustrates the implications of these properties for the documented distortions within the
context of our application to inflation (Section VI). On the horizontal axis, we let 7, vary between
zero (our benchmark) and the aforementioned bound. For each 7, in this range, we find the value
of 7, that matches the point estimate of Kcg provided in CG and report the implied values for wy
and wy.

For the application under consideration, the upper bound on 7, turns out to be quite low. This is
because evidence in CG points towards considerable predictability in average forecast errors, which
in turn requires a significant departure from common knowledge. What is more, the distortions
increase as we raise 7, within the admissible range. That is, once the theory is disciplined with the
relevant evidence, the incorporation of public information reinforces the documented distortions.
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Similar points apply if we let for an endogenous public signal of the form z; = a; + ¢, which in
the application under consideration can be thought of as statistic of inflation contaminated with
measurement error.” Similar to the exogenous-information case, matching the CG moment puts
an upper bound on the informativeness of this signal. Different from the exogenous-information
case, this informativeness is now endogenous to the actual inflation dynamics. This introduces an

4That is, the set of the admissible values for the pair (T2, 72) can be expressed as
S(Kcg) = {(1e,72) : 72 < T(Kcg) and 7 = (72, Kca)},

where Kcg is the CG moment, T'(+) is a function that gives corresponding upper bound on 7, and f(-) is a function that gives
the value of 7, that lets the theory match this moment for any given 7, below the aforementioned bound.

5This specification is close to that studied in Nimark (2008). The main difference is that the theory is herein disciplined by
the evidence in Coibion and Gorodnichenko (2015).



additional fixed point problem, which can only be solved numerically. But as illustrated in Figure D1
in Appendix D3, the main message goes through.

C. IDIOSYNCRATIC SHOCKS AND MICRO- VS MACRO-LEVEL DISTORTIONS

The various adjustment costs assumed in the DSGE literature are supposed to be equally present
at the macroeconomic and the microeconomic level. But this is not true. For instance, the macroe-
conomic estimates of the habit in consumption obtained in the DSGE literature are much larger
than the corresponding microeconomic estimates (see Havranek, Rusnak and Sokolova, 2017, for a
metanalysis).

Consider next the menu-cost literature that aims at accounting for the microeconomic data on
prices (Golosov and Lucas Jr, 2007; Midrigan, 2011; Alvarez and Lippi, 2014; Nakamura and Steins-
son, 2013). Different “details” such as the number of products that are simultaneously re-priced
and the so-called selection effect matter for how steep the effective Philips curve is, but do not help
generate the requisite sluggishness in inflation that the DSGE literature captures with the ad hoc
Hybrid NKPC.

A similar point applies to the literature that aims at accounting for the lumpiness of investment at
the plant level (Caballero and Engel, 1999; Bachmann, Caballero and Engel, 2013): this literature
has not provided support for the kind of adjustment costs to investment employed in the DSGE
literature.

In sort, whether one goes “downstream” from DSGE models to their microeconomic implications
or “upstream” from the more realistic, fixed-cost models used to account for the microeconomic
data to their macroeconomic implications, there is a pervasive gap between micro and macro.

Our result that the distortions increase with the importance of GE considerations contributes
towards filling this micro-to-macro gap. When an individual responds to aggregate shocks, she has
to predict the responses of others and align hers with theirs. To the extent that GE considerations
are strong enough, this generates a feedback loop from sluggish expectations to sluggish outcomes
and back. When instead an individual responds to idiosyncratic shocks, this mechanism is muted.
Furthermore, agents may naturally have much more information about idiosyncratic shocks than
about aggregate shocks both because of decentralized market interactions (Lucas, 1972) and be-
cause of rational inattention Mackowiak and Wiederholt (2009). It follows that the documented
distortions may loom large at the macroeconomic time series even if they appear to be small in the
microeconomic time series.

We illustrate this point in the rest of this appendix by adding idiosyncratic shocks to our frame-
work. The optimal behavior of agent 7 now obeys the following equation:

(C1) it = Eig[@is + Bai1 + vary),

where
Cit =&+ Gig

and where (;; is a purely idiosyncratic shock. We let the latter follow a similar AR(1) process as
the aggregate shock: (;+ = p(;1—1 + €+, where €;; is i.i.d. across both i and t.6

We then specify the information structure as follows. First, we let each agent observe the same
signal z; ; about the aggregate shock & as in our baseline model. Second, we let each agent observe
the following signal about the idiosyncratic shock (;; :

Zit = Gijt + Vi,

where v;; is independent of (;, of &, and of ;.
Because the signals are independent, the updating of the beliefs about the idiosyncratic and the
aggregate shocks are also independent. Let 1 —% be the Kalman gain in the forecasts of the aggregate

6The restriction that the two kinds of shocks have the same persistence is only for expositional simplicity.



fundamental, that is,

Ei¢ &) = AEi—1[&) + <1 - 2) Tt

Next, let 1 — % be the Kalman gain in the forecasts of the idiosyncratic fundamental, that is,

; A
Ei[Cit] = AEit—1[Cie] + (1 — p) Zi -

It is straightforward to extend the results of Section III.C to the current specification. It can thus
be shown that the equilibrium action is given by the following:

A % 1 U % 1
it= 11—~ — G 1—- a7 ity
ot ( P)l—Pﬁl—ALC’t+< ﬂ>1—051—19L£t+u’t

where ¥ is determined in the same manner as in our baseline model and where u;; is a residual
that is orthogonal to both (;; and & and that captures the combined effect of all the idiosyncratic
noises in the information of agent 7. Finally, it is straightforward to check that ¥ = A when v = 0;
¥ > X when v > 0; and the gap between ¥ and A increases with the strength of the GE effect, as
measured with ~.

In comparison, the full-information equilibrium action is given by

¥
1—pd

O—
a; 1 =

Git + &t

¥
1—pB
It follows that, relative to the full-information benchmark, the distortions of the micro- and the
macro-level IRF's are given by, respectively,

A 1 9 1
1—— - and 1—— .
( P)l—AL ( p>1—19L

The macro-level distortions is therefore higher than its micro-level counterpart if and only if © > A

As already mentioned, it is natural to assume that A is lower than A, because the typical agent
is likely to be better informed about, allocate more attention to, idiosyncratic shocks relative to
aggregate shocks. This guarantees a lower distortion at the micro level than at the macro level even
if we abstract from GE interactions (equivalently, from higher-order uncertainty). But once such

interactions are taken into account, we have that ¢ remains higher than X even if A = \. That
is, even if the first-order uncertainty about the two kind of shocks is the same, the distortion at
the macro level may remain larger insofar as there are positive GE feedback effects, such as the
Keynesian income-spending multiplier or the dynamic strategic complementarity in price-setting
decisions of the firms.

In short, the mechanism identified in our paper is distinct from the one identified in Mac¢kowiak and
Wiederholt (2009) and employed in subsequent works such as Carroll et al. (2020) and Zorn (2018),
but the two mechanisms complement each other towards generating more pronounced distortions
at the macro level than at the micro level. The two mechanisms are combined in recent work by
Auclert, Rognlie and Straub (2020).

D. APPLICATION TO INFLATION: MICRO-FOUNDATIONS AND ADDITIONAL RESULTS
D1. Derwation of Incomplete-Information NKPC

The original derivations of the incomplete-information versions of the Dynamic IS and New Key-
nesian Philips curves seen in conditions (8) and (9) can be found in Angeletos and Lian (2018).



Those derivations are based in an extension of the New Keynesian model that incorporates a va-
riety of idiosyncratic and aggregate shocks so as to noise up the information that consumers and
firms may extract from the perfect observation of concurrent prices, wages, and other endogenous
outcomes. Here, we offer a simplified derivation that bypasses these “details” and, instead, focuses
on the essence. To economize, we do so only in the context of the NKPC, which is the application
we push quantitatively. We also use this as an opportunity to point out a mistake in the variant
equations found in Nimark (2008) and Melosi (2016).

Apart for the introduction of incomplete information, the micro-foundations are the same as
in familiar textbook treatments of the NKPC (e.g., Gali, 2008). There is a continuum of firms,
each producing a differentiated commodity. Firms set prices optimally, but can adjust them only
infrequently. Each period, a firm has the option to reset its price with probability 1 — 6, where
6 € (0,1); otherwise, it is stuck at the previous-period price. Technology is linear, so that the real
marginal cost of a firm is invariant to its production level.

The optimal reset price solves the following problem:

o.)
Pift = arg r%ax Z(Xe)kEi,t{Qtt-i-k (P Y; k|t Pt+kmct+kYi,t+kt) }
o' k=0

Ptk
factor between ¢ and t + k, Y+, and P, are, respectively, aggregate income and the aggregate

price level in period ¢ + k, P;; is the firm’s price, as set in period ¢, Y;; ), is the firm’s quantity
in period t + k, conditional on not having changed the price since ¢, and mc;, is the real marginal
cost in period t + k.

) —€
subject to the demand equation, Y; 11 = ( Pit ) Yiik, where Qt|t+k is the stochastic discount

Taking the first-order condition and log-linearizing around a steady state with no shocks and zero
inflation, we get the following, familiar, characterization of the optimal rest price:

o0
(D1) P = (1 —xb) Z Eimeetr + prtw].
k=0

We next make the simplifying assumption that the firms observe that past price level but do not
extract information from it. Following Vives and Yang (2017), this assumption can be interpreted
as a form of bounded rationality or inattention. It can also be motivated on empirical grounds:
in the data, inflation contains little statistical information about real marginal costs and output
gaps—it’s dominated by the residual, or what the DSGE literature interprets as “markup shocks.”
This means that, even if we were to allow firms to extract information from past inflation, this would
make little quantitative difference, provided that we accommodate an empirically relevant source
of noise. Furthermore, as we show in the end of Section VI, our observational-equivalence result
remains a useful approximation of the true equilibrium in extension that allow for such endogenous
information.

With this simplifying assumption, we can restate condition (D1) as

o0 o0
(D2) P —pi1 = (1= x0) Y (X0 Eislmcr 1] + > (x0) Bie[mii],
k=0 k=0

Since only a fraction 1 — @ of the firms adjust their prices each period, the price level in period ¢ is
given by py = (1 —0) [ p;di + Opi—1. By the same token, inflation is given by

T =p—p—1 = (1— 9)/ (Pf,t —Pt—l) .



Combining this with condition (D2) and rearranging, we arrive at the following expression:

[e.e]
(D3) T = K’Z XO)FE; [meyyx] + x(1 — Z X0 Ey [misht1] -
k=0 k=0

= w This

where k is the same as condition 25 in the main text.

When information is complete, we can replace E;[-] with E;[-], the expectation of the representative
agent. We can then use the Law of Iterated Expectations to reduce condition (D3) to the standard
NKPC. When instead information is incomplete, the Law of Iterated Expectations does not apply at
the aggregate level, because average forecast errors can be auto-correlated, and therefore condition
(D3) cannot be reduced to the standard NKPC.

As explained in the main text, condition (D3) involves extremely complex higher-order beliefs
and precludes a sharp connection to the data—and this is where the toolbox provided in this paper
comes to rescue.

Let us now explain the two reasons why the incomplete-information NKPC seen in condition (D3)
is different from that found in Nimark (2008) and Melosi (2016). The first reason is that, while we
let firms observe the current-period price level, these papers let them observe only the past-period
price level. Clearly, this difference vanishes as the time length of a period gets smaller. The second,
and most important, reason is a mistake, which we explain next.

Take condition (D1) and rewrite it in recursive form as follows:
pie = (1= XO)E; [mcy + pi] + (XO)E; 1P} 141]-

Aggregate this condition yields a term of the form [ E;[p}, 11]di, the average expectation of the
own reset price, in the right-hand side. And this is where the oversight occurs: the aforementioned
term is inadvertently replaced with the average expectation of the average reset price.

In more abstract terms, this is like equating [ E;¢[a;11]di with [ E;¢[asy1]di. If this were true,
we could have readily aggregated condition (4) to obtain the following equation:

ar = QR[] + 0E¢11[ar1]-

Relative to condition (5), this amounts to dropping the expectations of the aggregate outcome a
horizons k > 2, or restricting f = 0. But this is not true. Except for knife-edge cases such as
that of an improper prior, incomplete information implies that the typical agent forms a different
expectation about his own actions than the actions of others, which means that

/Ez‘,t[ai,tﬂ]di # /Ei,t[atJrl]dZ

and the aforementioned simplification does not apply.
D2.  Decomposition of PE and GE in Figure 3

This appendix describes the construction of the dotted red line in Figure 3, that is, the counter-
factual that isolates the PE channel. This builds on the decomposition between PE and GE effects
first introduced in in Section ITL.A.

Using condition (D3), the incomplete-information inflation dynamics can be decomposed into two
components: the belief of the present discounted value of real marginal costs, ¢ > 72 BFE[mey 4 1];
and the belief of of the present discounted value of inflation, > 72 OB Et[WHkH] The same



decomposition can also be applied when agents have perfect information:

(o) o
(D4) 7= @Y BEi[mcririmed] +v Y BE: [ ppalmer]
k=0 k=0

complete-info PE component  complete-info GE component

A natural question is which component contributes more to the anchoring of inflation as we move
from the complete to incomplete information.
To answer this question, we define the following auxiliary variable:

o0 o0
(D5) = ¢ Z BFE mcyir] 47 Z BrE, (7 g Imey] -
k=0 k=0

vV vV
incomplete-info PE component  complete-info GE component

The difference between 7} and 7; measures the importance of beliefs about real marginal costs, and
the difference between 7; and m; measures the importance of beliefs about inflation.

The dotted red line in Figure 3 corresponds to 7;. Clearly, most of the difference between complete
and incomplete information is due the anchoring of beliefs about future inflation. Or, to put it in
terms of our discussion of PE and GE effects, most of the action is through the GE channel.

The logic behind this finding can be understood by computing the GE multiplier that is hidden
inside the standard NKPC. Let p* be the ratio of the GE component to the PE component under
complete information, that is, the ratio of the two terms seen in condition (D4). This identifies the
GE multiplier; the total effect is 1+ p* times the PE effect. Straightforward calculation shows that

«_ px(1—0)

~ 6.4.
I—xp

That is, even in the familiar, complete-information benchmark, the expectations of future inflation
are 6.4 times more important than the expectations of future real marginal costs in driving actual
inflation. This in turn helps explains why most of the informational friction works through the GE
channel, or the anchoring of the expectations of inflation, as seen in Figure 3 in the main text.

D38, Adding Public Information

In Section VI, we quantified the effects of the informational friction assuming away public infor-
mation. Here, building on the insights developed in Appendix B, we illustrate how that exercise has
provided a conservative estimate of the effects that are obtained once we add public information.
We further show that this point is reinforced if the public information is endogenous.

We thus consider two cases: an exogenous public signal of the form z; = mc; + noise, and an
endogenous public signal of the form z; = m; 4+ noise, namely a noisy statistic of inflation. The first
case affords an analytical characterization, along the lines of Appendix B; the second case requires
a numerical approximation but, as shown below, only reinforces our message.”

Figure D1 compares the IRF of inflation to innovations in the real marginal cost under three
information structures, all required to match the regression coefficient Kcg estimated in CG. The
blue, solid line corresponds to our benchmark, which abstracts from public information. As ex-
plained in Appendix B, once we allow for a public signal, there is a range of admissible values for
its precision, each one mapping to a different pair (w¢,wp), or a different IRF. The red, dashed line
in the figure gives the IRF that is obtained when the public signal is exogenous and its precision is
the maximal one consistent with Kcq. The area between this line and the benchmark line spans all
the admissible parameterizations of the exogenous-information case. Finally, the black, dotted line

"We thank an anonymous referee for suggesting these explorations.
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gives the IRF that obtains when the public signal is endogenous and its precision equals the appro-
priate upper bound. The area between this line and the benchmark line spans all the admissible
parameterizations of the endogenous-information case.

The main takeaways are twofold. First, the exogenous-information setting provides a useful
analytical tool to understand the more realistic but less tractable endogenous-information case.
Second, the accommodation of public information, exogenous or endogenous, only reinforces the
quantitative findings once the theory is disciplined by the available evidence on expectations.®

Dj. Market Concentration

In the environment where each market consists only a finite number of firms, the (log-linearized)
individual firm’s optimal reset price is characterized as below.

LEMMA D.1: The optimal reset price of individual firm i in market m follows
[e.e] o0

(D6) pz mit — 1 X9 Z ﬁEi,m,t [mct+k 1 X9 Z E; ;mt [OéNpm—iﬂH—k + (1 - aN)pt-‘rk]a
k=0 k=0

where ay s given by

o N(y—1)(¥ —e)
VT U (N2 — 1) — (N = 1)9) + (N — 2)gpe + €2

In condition (D6), x, 6, and x are the same parameters as in the baseline NKPC setup, while
ay € (0,1) is a new scalar which summarizes how much a firm’s pricing strategy depends on the
prices of its competitors relative to the aggregate price level. It is easy to verify that ¢ > 1 and
1 > e suffices for a to be decreasing in N. And in the special case in which ¢ = oo, which amounts
to a Cournot-like game for each market, we have more simply that ay = 1/(2N).

The economy-wide inflation can be obtained by aggregating the above condition across markets,
which leads to a modified version of our incomplete-information NKPC.

8 A third, subtler takeaway is that the endogenous public signal contributes to more persistence than the exogenous one. We
find this intriguing and we suspect it is because inflation moves more sluggishly than the fundamental, thus slowing down the
learning. Nimark (2008) also hypothesizes that endogenous signals add persistence. The logic is, however, complicated by the
fact that, as we vary the form of the signal, we adjust its precision to make sure that theory keeps matching the CG moment.



LEMMA D.2: The aggregate inflation rate follows
(D7)
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For our purposes, the key observation is that ap is decreasing in N, or decreasing in market
concentration. Intuitively, as N — oo and the firm becomes infinitesimally small not only vis-a-vis
the entire economy but also vis-a-vis its own market, the firm only care to set a price in proportion to
its nominal marginal cost, which itself is driven by the aggregate price level. That is, as N — oo, an
approaches 1, condition (D7) reduces to condition (25), and we recover the case studied before. But
when N is finite, a new consideration emerges: when a firm raises its price, it depresses its market
share. This effect scales up with market concentration, explaining why higher market concentration
maps to a higher a, or a higher consideration for local conditions relative to aggregate conditions.

Under complete information, this consideration is of no consequence for the aggregate inflation
dynamics: when an aggregate shock to the real marginal cost occurs, a typical firm expects both its
immediate competitors and the rest of the economy to respond in tandem, so it makes no difference
how much firms care about the former versus the latter. But when information is incomplete,
and under the plausible assumption that firms know more about their immediate competitors than
about the rest of the economy, the aforementioned consideration amounts to reducing the extent of
higher-order uncertainty and its footprint on the inflation dynamics.

These points are evident from condition (D7). Mapping this condition to our framework yields

_x(1-6)(1 - a)
1—-(1-0)an

x0
d = 0 = —_ .
and =g gy X7

That the sum 8 + v equals xy means that, with complete information, inflation continues to obey
the standard NKPC (m; = rkmc; + xEim41) and is invariant to market concentration. That -~
increases with a means that higher market concentration maps to a smaller degree of strategic
complementarity and thereby to a smaller 9 in the incomplete-information outcome. Applying our
observational-equivalence result then yields Proposition 8.

E. HETEROGENEITY A LA HANK

In this Appendix we detail the micro-foundations of the HANK application considered in Section
VII. As described in the main text, households are heterogeneous in terms of mortality risk, as-
sociated MPC, and exposure to business cycles. They can trade annuities, so as to insure against
mortality risk, but are precluded from trading more sophisticated assets such as GDP futures, so
that we can bypass the complications of endogenous information aggregation. We also let firms’
profits be taxed by the government, and distributed to consumers in proportion to labor income and
regardless of age. This makes sure that consumers of all types and ages hold zero financial wealth
in steady state. And we shut down the distribution effects of interest-rate shocks by appropriate
fiscal transfers, as explained shortly.

Consider a consumer ¢, of type g, born in period 7. Taking into account the mortality risk, her
expected lifetime utility at birth is given by

[e.9]

> (xw@g) T log (Cigir)

t=T1

where Cj 4 -+ denotes her consumption in period ¢ (conditional on survival) and x € (0,1) is the



subjective discount factor. Her budget constraint, on the other hand, is given by

Ry
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g

where S; 4+ denotes savings in terms of the annuity, Y; denotes aggregate income, Ty ; denotes
a group-specific lump-sum transfer, and ¢, parameterizes the elasticity of group g’s income with
respect to aggregate income.

We henceforth work with the log-linearized solution around a steady state in which there are no
shocks, YR; = 1, and Cy = Y; = Y*, where Y* is the natural rate of output.” We use lower-case
variables to represent log-deviations from the steady state (e.g., r; = log Ry — logx~ '), with the

. . Si g T, .
exception that s; ¢ -y and 7, stand for, respectively, Z52% and 3% as their steady-state values are

zero. We can then express the optimal expenditure of a consumer in group g as follows:

1 > :
E) gt =13 (< oosgmiot + EualTod]) = g Y (@) Euglr ]
g =0
e .
+ (1 = x@g) 94 Z(XWQ)]Ei,t [Ye+5]
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where Ty = Zﬁo(xwg)j Tq4,t+; captures the present discounted value of transfers.
The average consumption of group g in period ¢ is given by

o0
Cgt = (1- ""g) Z(wg)j /Ci,g,tj,tdi'

J=0

Aggregating (E1) across all consumers of any given group g, we get

1 — s L
(2) cor = (1= xp) (Lopem1 + Bl ) = xS s Bl
=0
+ (1 — xwq)dg Z(Xwg)jﬁt [Yt44]-
=0

Similarly, by aggregating the budget constraints of all consumers in group g, and taking into account
how the annuities effectively redistribute wealth from deceased to surviving agents, we get the
following group-level budget constraint:

1
Cgt + Sgt = isg,t—l + Qg — Tyt

where s, is the saving of group g.

Market clearing imposes y; = ¢, or equivalently s; = 0, where ¢; = ) g TgCot and sy = > 9 TgSg,t-
We close the model by specifying a rule for fiscal policy (more on this below) and by treating the
real interest rate as an exogenous AR(1) process, with persistence p. As mentioned in the main
text, this amounts to studying the aggregate-demand effects of a monetary policy that targets such
a process for the real interest rate. Alternatively, one can assume that prices are infinitely rigid, in
which case r; coincides with the nominal rate (the policy instrument) and its innovations can be

9To simplify the exposition, we suppress the production side of the economy and the determination of the flexible-price
outcomes. The details can be filled in the usual way; let technology be linear in labor and assume constant aggregate productivity
to get a time-invariant natural rate of output.



interpreted monetary shocks.

Let us now fill in the details of fiscal policy. For the analysis in the main text, we let the transfers
be such that following condition is satisfied in every period:

(E3) Z Tg(1 — Xwg)sg,t + Z mgBe[Tgt] =0,
g g

When all groups have the same MPC (i.e., wy = wy for all g, ¢’), this condition is trivially satisfied
with 75 = 0 for all g,t. When instead different groups have different MPCs, this condition requires
that fiscal policy offsets the interaction of MPC heterogeneity with wealth inequality. In particular,
a sufficient condition for (E3) to hold is that E;[Ty] = (1 — xwy)sg, for all g,t. And since s,z is
measurable in the history of the aggregate shock alone, the transfers do not have to be conditioned
on the consumers’ age or idiosyncratic histories.

As long as condition (E3) is satisfied, we can aggregate condition (E2) across groups to obtain
the economy-wide aggregate consumption as follows:

(E4) et = Z Wg{ — Xwg Z(Xwg)jEt[rt+j] + (1 — xwq)dg Z(Xwg)jEt[?/tJrj]}

g j=0 j=0

Combining this with market clearing, or ¢; = y;, we infer that the equilibrium process of aggregate
income (and aggregate consumption) in this economy is the same as the solution of a network where
the best response of group g is given by

o0 o0
Ygt = —XWg Z(Xwg)jﬁt [re45] + (1 — xwg)dg Z(Xwg)jﬁt [Yt+5]-
j=0 j=0

and where y, = ) 9 TgYt,g- Note that ¢, ¢, the actual consumption of group g, may differ from y ¢, the

auxiliary variable introduced above. This will indeed be the case whenever E;[T, ] # (1 — xwy)Sg.
for some g and some t. Still, as long as (E3) is satisfied, the economy-wide outcomes are determined
in the manner described above—and coincide with those reported in the main text.

This completes the details behind Figure 4. Consider next what happens when condition (E3)
is violated and, as a result, wealth inequality can feed into the aggregate dynamics. In particular,
impose 7, = 0 for all g, t. If all groups had the same MPC, (E3) and (E4) would still hold; but then
the heterogeneity in business-cycle exposure would also not matter. The interesting case is when
fiscal policy is inactive and, in addition, there is joint heterogeneity in the business-cycle exposure
and the MPC. This case is studied in Figure 5 in the main text.

F: APPLICATION TO INVESTMENT

A long tradition in macroeconomics that goes back to Hayashi (1982) and Abel and Blanchard
(1983) has studied representative-agent models in which the firms face a cost in adjusting their
capital stock. In this literature, the adjustment cost is specified as follows:

(F1) Costy = @ (Kt—1>

where I; denotes the rate of investment, K;_; denotes the capital stock inherited from the previous
period, and ® is a convex function. This specification gives the level of investment as a decreasing
function of Tobin’s Q. It also generates aggregate investment responses that are broadly in line with
those predicted by more realistic, heterogeneous-agent models that account for the dynamics of
investment at the firm or plant level (Caballero and Engel, 1999; Bachmann, Caballero and Engel,



2013; Khan and Thomas, 2008).'°

By contrast, the DSGE literature that follows Christiano, Eichenbaum and Evans (2005) and
Smets and Wouters (2007) assumes that the firms face a cost in adjusting, not their capital stock,
but rather their rate of investment. That is, this literature specifies the adjustment cost as follows:

T
(F2) Costy = ¥ <t)
Ii 4

As with the Hybrid NKPC, this specification was adopted because it allows the theory to generate
sluggish aggregate investment responses to monetary and other shocks. But it has no obvious
analogue in the literature that accounts for the dynamics of investment at the firm or plant level.

In the sequel, we set up a model of aggregate investment with two key features: first, the adjust-
ment cost takes the form seen in condition (F1); and second, the investments of different firms are
strategic complements because of an aggregate demand externality. We then augment this model
with incomplete information and show that it becomes observationally equivalent to a model in
which the adjustment cost takes the form seen in condition (F2). This illustrates how incomplete
information can merge the gap between the different strands of the literature and help reconcile the
dominant DSGE practice with the relevant microeconomic evidence on investment.

Let us fill in the details. We consider an AK model with costs to adjusting the capital stock. There
is a continuum of monopolistic competitive firms, indexed by ¢ and producing different varieties of
intermediate investment goods. The final investment good is a CES aggregator of intermediate
investment goods. Letting X;; denote the investment good produced by firm 4, we have that the

aggregate investment is given by
o=1|o-1
Iy = [ / Xif ] :

And letting @;; denote the price faced by firm ¢, we have that the investment price index is given

by .
Qi = [/ i?”}”-

A representative final goods producer has perfect information and purchases investment goods to
maximize its discounted profit

> I
max, > X'Eq [exp({t)AKt — Qi - @ (Kf) Kt} :
t=0

{K,It t
subject to
Ky = Ky + 1.

Here, the fundamental shock, &, is an exogenous productivity shock to the final goods production,

and ¢ (II(—Z) K, represents the quadratic capital-adjustment cost. The following functional form is

I, 1 /L \?
q’(m)iz%m) |

Let Z; = I% denote the investment-to-capital ratio. On a balanced growth path, this ratio and the
price for the investment goods remain constant, i.e., Z; = Z and @y = ). The log-linearized version

assumed:

10These works differ on the importance they attribute to heterogeneity, lumpiness, and non-linearities, but appear to share
the prediction that the impulse response of aggregate investment is peaked on impact. They therefore do not provide a micro-
foundation of the kind of sluggish investment dynamics featured in the DSGE literature.



of the final goods producer’s optimal condition around the balanced growth path can be written as

(F3) Qo +VZz = XE¢ | A1 + Qi1 +VZ (1 + Z) 2441 |-

When the producers of the intermediate investment goods choose their production scale, they may
not observe the underlying fundamental & perfectly. As a result, they have to make their decision
based on their expectations about fundamentals and others’ decisions. Letting

max E;; [Qi ¢ Xit —cXiy],
Xit
subject to

1
Xit\ °
Qz,t - <It> Qt-

Define Z;; = )I(étt as the firm-specific investment-to-capital ratio, and the log-linearized version of
the optimal choice of X ; is

Ziyt = ]Ei,t [Zt + O'qt] .
In steady state, the price ) simply equals the markup over marginal cost c,

g

Q=

C7
oc—1

and the investment-to-capital ratio Z solves the quadratic equation

Q+¢Z—X<A+Q+¢Z+¢Z2—;zp22>.

Frictionless Benchmark. If all intermediate firms observe & perfectly, then we have
Zit =2t +0q:
Aggregation implies that z;; = z; and ¢, = 0. It follows that z; obeys the following Euler condition:

2t = 9 + 0By [2441]

where
_ x4
=07
Incomplete Information. Suppose now that firms receive a noisy signal about the fundamental
& as in Section II. Here, we make the same simplifying assumption as in the NKPC application.
We assume that firms observe current z;, but preclude them from extracting information from it.
Together with the pricing equation (F3), the aggregate investment dynamics follow

and  §=x(1+2).

o0 o0
pXA = =
2 = na kzo XEeléir] + X2 kZO X"Ei[z4 1]

The investment dynamics can be understood as the solution to the dynamic beauty contest studied
in Section II by letting
pxA
:Wa B =X, and v =xZ.

It is then immediate that when information is incomplete, there exist w; < 1 and wy, > 0 such that



the equilibrium process for investment solves the following equation:
Zt = Qﬁft + OJf(SEt[Zt+1] + wpze—1-

Finally, it straightforward to show that the above equation is of the same type as the one that
governs investment in a complete-information model where the adjustment cost is in terms of the
investment rate, namely a model in which the final good producer’s problem is modified as follows:

- I
FrAA Z X'Eo |exp(&)AK; — Qil; — <ft> It] )
t=0

{Kt,[t t—1
where I; is the aggregate investment.
G: APPLICATION TO ASSET PRICES

Consider a log-linearized version of the standard asset-pricing condition in an infinite horizon,
representative-agent model:

pr = E[dii1] + XEe¢[pes1],

where p; is the price of the asset in period ¢, dy41 is its dividend in the next period, E; is the
expectation of the representative agent, and x is his discount factor. Iterating the above condition
gives the equilibrium price as the expected present discounted value of the future dividends.

By assuming a representative agent, the above condition conceals the importance of higher-order
beliefs. A number of works have sought to unearth that role by considering variants with heteroge-
neously informed, short-term traders, in the tradition of Singleton (1987); see, for example, Allen,
Morris and Shin (2006), Kasa, Walker and Whiteman (2014), and Nimark (2017). We can capture
these works in our setting by modifying the equilibrium pricing condition as follows:

pr = Ei[di1] + XEi[pes1] + e,

where [, is the average expectation of the traders in period ¢ and ¢ is an i.i.d shock interpreted as
the price effect of noisy traders. The key idea embedded in the above condition is that, as long as
the traders have different information and there are limits to arbitrage, asset markets are likely to
behave like (dynamic) beauty contests.

Let us now assume that the dividend is given by diy1 = & + ugr1, where & follows an AR(1)
process and w41 is i.i.d. over time, and that the information of the typical trader can be represented
by a series of private signals as in condition (13).!! Applying our results, and using the fact that
& = Ei[di+1], we then have that the component of the equilibrium asset price that is driven by &
obeys the following law of motion, for some w; < 1 and wy, > 0:

(G1) Pt = Ei[dii1] + wpxEe[peya] + wppi—1,

where E;[-] is the fully-information, rational expectations. We thus have that asset prices can display
both myopia, in the form of wy < 1, and momentum, or predictability, in the form of wy > 0.

Although they do not contain such an observational-equivalence result, Kasa, Walker and White-
man (2014) have already pointed out that incomplete information and higher-order uncertainty can
help explain momentum and predictability in asset prices. Our result offers a sharp illustration of
this insight and blends it with the insight regarding myopia.

HHere, we are abstracting from the complications of the endogenous revelation of information and we think of the signals
in (13) as convenient proxies for all the information of the typical trader. One can also interpret this as a setting in which
the dividend is observable (and hence so is the price, which is measurable in the dividend) and the assumed signals are the
representation of a form of rational inattention. Last but not least, we have verified that the solution with endogenous information
can be approximated very well by the solution obtained with exogenous information.



In the present context, the latter insight seems to challenge the asset-price literature that empha-
sizes long-run risks: news about the long-run fundamentals may be heavily discounted when there
is higher-order uncertainty. Finally, our result suggests that both kinds of distortions are likely to
be greater at the level of the entire stock market than at the level of the stock of a particular firm
insofar as financial frictions and GE effects cause the trades to be strategic complements at the
macro level even if they are strategic substitutes at the micro level, which in turn may help ratio-
nalize Samuelson’s dictum (Jung and Shiller, 2005). We leave the exploration of these—admittedly
speculative—ideas open for future research.

We conclude by iterating that the exact form of condition (G1) relies on assuming away the role
of the equilibrium price as an endogenous public signal. This may be an important omission for
certain counterfactuals. But as indicated by the exercise conducted at the end of Section VI, the
quantitative implications may be similar provided that the theory is disciplined with the relevant
evidence on expectations.

H. ROBUSTNESS OF MAIN INSIGHTS

Although our observational-equivalence result depends on stringent assumptions about the process
of the fundamental and the available signals, it encapsulates a few broader insights, which in turn
justify the perspective put forward in our paper.

The broader insights concerning the role of incomplete information and especially that of higher-
order uncertainty can be traced in various previous works, including Angeletos and Lian (2018),
Morris and Shin (2006), Nimark (2008), and Woodford (2003). But like our paper, these earlier
work rely on strong assumptions about the underlying process of the fundamental, as well as about
the information structure.

In this appendix, we relax completely the restrictions on the stochastic process for the fundamen-
tal. We then use a different, flexible but not entirely free, specification of the information structure
to obtain a close-form characterization of the dynamics of the equilibrium outcome and the en-
tire belief hierarchy. Our exact observational equivalence result is lost, but a generalization of the
insights about myopia, anchoring and higher-order beliefs obtains.

Setup. We henceforth let the fundamental & follow a flexible, possibly infinite-order, MA process:

(H1) &= prm—k,
k=0

where the sequence {p;}7°, is non-negative and square summable. Clearly, the AR(1) process
assumed earlier on is nested as a special case where p, = p* for all k£ > 0. The present specification
allows for richer, possibly hump-shaped, dynamics in the fundamental, as well as for “news shocks,”
that is, for innovations that shift the fundamental only after a delay.

Next, for every i and ¢, we let the incremental information received by agent 7 in period ¢ be given
by the series {x; ¢k }7 . Where

Titt—k = M-k + €tk VK,

where €14 ~ N(0, (7%)72) is i.i.d. across i and ¢, uncorrelated across k, and orthogonal to the
past, current, and future innovations in the fundamental, and where the sequence {73} is non-
negative and non-decreasing. In plain words, whereas our baseline specification has the agents
observe a signal about the concurrent fundamental in each period, the new specification lets them
observe a series of signals about the entire history of the underlying past and current innovations.

Although this specification may look exotic at first glance, it actually nest sticky information as
a special case. We will verify this momentarily. It also preserves two key features of our baseline
setting: it allows information to be incomplete at any given point of time; it lets more precise
information and higher levels of common knowledge to be obtained as time passes.



Still, the present specification differs from our baseline one in two respects. First, it “orthogonal-
izes” the information structure in the sense that, for every t, every k, and every k' # k, the signals
received at or prior to date t about the shock 7;_j are independent of the signals received about
the shock 7;_x. Second, it allows for more flexible learning dynamics in the sense that the precision
7. does not have to be flat in k: the quality of the incremental information received in any given
period about a past shock may either increase or decrease with the lag since the shock has occurred.

The first property is essential for tractability. The pertinent literature has struggled to solve
for, or accurately approximate, the complex fixed point between the equilibrium dynamics and the
Kalman filtering that obtains in dynamic models with incomplete information, especially in the
presence of endogenous signals; see, for example, Nimark (2017). By adopting the aforementioned
orthogonalization, we cut the Gordian knot and facilitate a closed-form solution of the entire dy-
namic structure of the higher-order beliefs and of the equilibrium outcome.'? The second property
then permits us, not only to accommodate a more flexible learning dynamics, but also to disentan-
gle the speed of learning from level of noise—a disentangling that was not possible in Section III
because a single parameter, o, controlled both objects at once.

Dynamics of Higher-Order Beliefs. The information regarding 7;_ that an agent has accu-
mulated up to, and including, period ¢ can be represented by a sufficient statistic, given by

i T.

~k _ J
LTit = Z —Tit—jt—k>

Tk

=0

where 7, = Z?:o 7;. That is, the sufficient statistic is constructed by taking a weighted average of
all the available signals, with the weight of each signal being proportional to its precision; and the
U

precision of the statistic is the sum of the precisions of the signals. Letting A\p = ﬁ, we have
n k

that E; ¢[m—r] = Akiﬁt, which in turn implies E¢[n;_x] = A\enm:_x and therefore

(H2) E; [&] = Eq

o0 o0
Zpkm—k] = fikmok,  with  fig = Appre
k=0 k=0

The sequence F1 = {fi1 1172 = { ok }io, identifies the IRF of the average first-order forecast to
an innovation. By comparison, the IRF of the fundamental itself is given by the sequence {py}r -
It follows that the relation of the two IRFs is pinned down by the sequence {\}32,, which describes
the dynamics of learning. In particular, the smaller )¢ is (i.e., the less precise the initial information
is), the larger the initial initial gap between the two IRFs (i.e., a larger the initial forecast error).
And the slower )\ increases with & (i.e., the slower the learning over time), the longer it takes for
that gap (and the average forecast) to disappear.

These properties are intuitive and are shared by the specification studied in the rest of the paper.
In the information structure specified in Section III, the initial precision is tied with the subsequent
speed of learning. By contrast, the present specification disentangles the two. As shown next, it
also allows for a simple characterization of the IRFs of the higher-order beliefs, which is what we
are after.

Consider first the forward-looking higher-order beliefs. Applying condition (H2) to period ¢t + 1

12Such an orthogonalization may not square well with rational inattention or endogenous learning: in these contexts, the
available signals may naturally confound information about current and past innovations, or even about entirely different kinds
of fundamentals. The approach taken here is therefore, not a panacea, but rather a sharp instrument for understanding the
specific friction we are after in this paper, namely the inertia of first- and higher-order beliefs. The possible confusion of different
shocks is a conceptual distinct matter, outside the scope of this paper.



and taking the period-t average expectation, we get

F, [6+1]) = B¢ [Ega [611]) = B,

o0 o0
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k=0 k=0

Notice here, agents in period ¢ understand that in period £+ 1 the average forecast will be improved,
and this is why Mg+ shows up in the expression. By induction, for all h > 2, the h-th order, forward-
looking belief is given by

o
7h .
(H3) Fy [Svn-1) =D okl With  frg = MedkgptMerho1Pkrho1-
k=0

The increasing components in the product AgAgi1...A\x+h—1 seen above capture the anticipation of
learning. We revisit this point at the end of this section.
The set of sequences Fj, = { fy 1}32, for h > 2, provides a complete characterization of the IRFs

of the relevant, forward-looking, higher-order beliefs. Note that % =

that the ratio pkfh% measures the effect of an innovation on the relevant h-th order belief relative

Pr+h—1- 1t follows

to its effect on the fundamental. When information is complete, this ratio is identically 1 for all k
and h. When, instead, information is incomplete, this ratio is given by

Ny

= A Akt1e- Akt h1-
Pk+h—1

The following result is thus immediate.

PROPOSITION 13: Consider the ratio pkfh}’b’“_lj which measures the effect at lag k of an innovation
on the h-th order forward-looking belief relative to its effect on the fundamental.

(i) For all k and all h, this ratio is strictly between 0 and 1.

(ii) For any k, this is decreasing in h.

(iii) For any h, this ratio is increasing in k.

(iv) As k — oo, this ratio converges to 1 for any h > 2 if and only if it converges for h =1, and
this in turn is true if and only if A\ — 1.

These properties shed light on the dynamic structure of higher-order beliefs. Part (i) states that,
for any belief order h and any lag k, the impact of a shock on the h-th order belief is lower than
that on the fundamental itself. Part (ii) states that higher-order beliefs move less than lower-order
beliefs both on impact and at any lag. Part (iii) states that that the gap between the belief of any
order and the fundamental decreases as the lag increases; this captures the effect of learning. Part
(iv) states that, regardless of h, the gap vanishes in the limit as k& — oo if and only if A\, — 1, that
is, if and only if the learning is bounded away from zero.

Sticky information. We now verify the claim made in the main text that the assumed infor-
mation structure nests sticky information la Mankiw and Reis (2002).

Each agent updates her information set with probability 1 — ¢ € (0,1) in each period. When she
updates, she gets to see the entire state of Nature. Otherwise, her information remains the same as
in the previous period.

Consider now an arbitrary innovation 7; in some period t. A fraction 1 — ¢ of the population
becomes aware of it immediately and hence E;[n;] = (1 — q)n;. A period later, an additional (1 —
q)q fraction becomes aware of it and hence E;1[n;] = (1 — ¢*)n:. And so on. It follows that
sticky information la Mankiw and Reis (2002) is nested in the present setting under the following
restriction on the sequence {\;} :

)\k =1- qk.



Furthermore, under this interpretation, endogenizing the frequency 1—¢ with which agents update
their information maps merely to endogenizing the sequence {\;}22,. Conditional on it, all the
results presented in the sequel remain intact. This hints to the possible robustness of our insights
to endogenous information acquisition, an issue that we however abstract from: in what follows, we
treat {\;}22, as exogenous.

Myopia and Anchoring. To see how these properties drive the equilibrium behavior, we hence-
forth restrict 5 = 0 and normalize p = 1. As noted earlier, the law of motion for the equilibrium out-

come is then given by a; = E;[§;] +vE¢[a;+1], which in turn implies that a; = Y ;2 ; 'yh_lﬂl [Etan—1] -
From the preceding characterization of the higher-order beliefs E}f [€t+h—1], it follows that

o0 oo o0
(H4) ar = gk, with ge=> " fi= {Z'th)\k)\k+1---)\k+h1Pk+h1} :
k=0 h=1 h=1

This makes clear how the IRF of the equilibrium outcome is connected to the IRFs of the first-
and higher-order beliefs. Importantly, the higher « is, the more the dynamics of the equilibrium
outcome tracks the dynamics higher-order beliefs relative to the dynamics of lower-order beliefs. On
the other hand, when the growth rate of the IRF of the fundamental % is higher, it also increases

the relative importance of higher-order beliefs.!3

We are now ready to explain our result regarding myopia. For this purpose, it is best to abstract
from learning and focus on how the mere presence of higher-order uncertainty affects the beliefs
about the future. In the absence of learning, Ay = A for all k£ and for some A\ € (0,1). The
aforementioned formula for the IRF coefficients then reduces to the following:

gk = {Z(W\)h_lpmh—l} A

h=1

Clearly, this the same IRF as that of a complete-information, representative-economy economy in
which the equilibrium dynamics satisfy

(H5) ar = & + V' Eilas1],

where £ = A\ and 7/ = . It is therefore as if the fundamental is less volatile and, in addition,
the agents are less forward-looking. The first effect stems from first-order uncertainty: it is present
simply because the forecast of the fundamental move less than one-to-one with the true fundamental.
The second effect originates in higher-order uncertainty: it is present because the forecasts of the
actions of others move even less than the forecast of the fundamental.

This is the crux of the forward-looking component of our observational-equivalence result (that
is, the one regarding myopia). Note in particular that the extra discounting of the future remains
present even if when if control for the impact of the informational friction on first-order beliefs.
Indeed, replacing &, with & in the above shuts down the effect of first-order uncertainty. And yet,
the extra discounting survives, reflecting the role of higher-order uncertainty. This complements
the related points we make in Section III.E.

So far, we shed light on the source of myopia, while shutting down the role of learning. We next
elaborate on the robustness of the above insights to the presence of learning and, most importantly,
on how the presence of learning and its interaction with higher-order uncertainty drive the backward-

3 The last point is particularly clear if we set pr = p* (meaning that ¢; follows an AR(1) process). In this case, the initial

response is given by
oo

90=">_ ()" oA .. An1,
h=1
from which it is evident that the importance of higher-order beliefs increases with both v and p. This further illustrates the
point made in Section III.D regarding the role of the persistence of the fundamental.



looking component of our observational-equivalence result.

To this goal, and as a benchmark for comparison, we consider a variant economy in which all
agents share the same subjective belief about &, this belief happens to coincide with the average
first-order belief in the original economy, and these facts are common knowledge. The equilibrium
outcome in this economy is proportional to the subjective belief of & and is given by

o0 oo
a =Y Gk, with  Ge=>> " Neprin-1.
k=0 h=1

This resembles the complete-information benchmark in that the outcome is pined down by the
first-order belief of &, but allows this belief to adjust sluggishly to the underlying innovations in &;.

By construction, the variant economy preserves the effects of learning on first-order beliefs but
shuts down the interaction of learning with higher-order uncertainty. It follows that the comparison
of this economy with the original economy reveals the role of this interaction.

PROPOSITION 14: Let {gx} and {gr} denote the Impulse Response Function of the equilibrium
outcome in the two economies described above.

(i) 0 < gr < gk for allk >0

L. Ok Phtl Gkt1 k+1

(ii) If ook > P and pi > 0 for all k > 0, then > forall k>0

Consider property (i), in particular the property that g < gx. This property means that our econ-
omy exhibits a uniformly smaller dynamic response for the equilibrium outcome than the aforemen-
tioned economy, in which higher-order uncertainty is shut down. But note that the two economies
share the following law of motion:

(H6) ar = PE[&] + VE¢[ar1].

Furthermore, the two economies share the same dynamic response for E[¢;]. It follows that the
response for a; in our economy is smaller than that of the variant economy because, and only
because, the response of E;[a;11] is also smaller in our economy. This verifies that the precise role
of higher-order uncertainty is to arrest the response of the expectations of the future outcome (the
future actions of others) beyond and above how much the first-order uncertainty (the unobservability
of &) arrests the response of the expectations of the future fundamental.

A complementary way of seeing this point is to note that g satisfies the following recursion:

(H7) 9k = f1k+ MY Ght1-

The first term in the right-hand side of this recursion corresponds to the average expectation of the
future fundamental. The second term corresponds the average expectation of the future outcome
(the actions of others). The role of first-order uncertainty is captured by the fact that f; j is lower
than pg. The role of higher-order uncertainty is captured by the presence of A\ in the second term:
it is as if the discount factor v has been replaced by a discount factor equal to Ag7y, which is strictly
less than . This represents a generalization of the form of myopia seen in condition (H5). There,
learning was shut down, so that that \; and the extra discounting of the future were invariant in
the horizon k. Here, the additional discounting varies with the horizon because of the anticipation
of future learning (namely, the knowledge that A\ will increase with k).
Consider next property (ii), namely the property that

Jk+1 > glfrl '
9k 9k

This property helps explain the backward-looking component of our observational-equivalence result
(that is, the one regarding anchoring).



To start with, consider the variant economy, in which higher-order uncertainty is shut down. The
impact of a shock k + 1 periods from now relative to its impact k periods from now is given by

~ h h
Jk+1 Ak+1 ZZ’OZO’Y Pk+h+1 > Z?;O’Y Pk+h+1

Ok MNe o om0V Pktn Sore o orn

The inequality captures the effect of learning on first-order beliefs. Had information being perfect,

~ oo h -~ oo h
we would have had %L — 2iz0? Phthtl. now, we instead have %5t > 2o Pthtl This means
9k 2 k=0 " Pr-+h 9k 2 ohe0 " Prth

that, in the variant economy, the impact of the shock on the equilibrium outcome can build force
over time because, and only because, learning allows for a gradual build up in first-order beliefs.!*
Consider now our economy, in which higher-order uncertainty is present. We now have

Gt o Gkt
9k 9k

This means that higher-order uncertainty amplifies the build-up effect of learning: as time passes,
the impact of the shock on the equilibrium outcome builds force more rapidly in our economy than
in the variant economy. But since the impact is always lower in our economy,' this means that the
IRF of the equilibrium outcome is likely to display a more pronounced hump shape in our economy
than in the variant economy. Indeed, the following is a directly corollary of the above property.

COROLLARY 1: Let the variant economy display a hump-shaped response: {gi} is single peaked
at k = kY for some kP > 1. Then, the equilibrium outcome also displays a hump-shaped response:
{gr} is also single peaked at k = k9. Furthermore, the peak of the equilibrium response is after the
peak of the variant economy: k9 > kP necessarily, and k9 > k® for an open set of {\} sequences.

To interpret this result, think of &k as a continuous variable and, similarly, think of Ag, gx, and g
as differentiable functions of k. If g is hump-shaped with a peak at k = k; > 0, it must be that
gk is weakly increasing prior to kj and locally flat at kj. But since we have proved that the growth
rate of gy, is strictly higher than that of g, this means that g; attains its maximum at a point &,
that is strictly above k. In the result stated above, the logic is the same. The only twist is that,
because k is discrete, we must either relax k; > kj to kg > kj or put restrictions on {\;} so as to
guarantee that kg > kj + 1.

Summing up, learning by itself contributes towards a gradual build up of the impact of any given
shock on the equilibrium outcome; but its interaction with higher-order uncertainty makes this build
up even more pronounced. It is precisely these properties that are encapsulated in the backward-
looking component of our observational equivalence result: the coefficient wy, which captures the
endogenous build up in the equilibrium dynamics, is positive because of learning and it is higher
the higher the importance of higher-order uncertainty.

Multiple Fundamental Shocks. So far, we have focused on the case where there is a single
fundamental shock. Now we extend the analysis to a case where multiple fundamental shocks are
present. On one hand, we will show that relative to the frictionless benchmark, when these shocks
cannot be perfectly separated, agents may overact to some of these shocks and underact to the
others when we focus on the PE effects, as in Lucas (1976). On the other hand, we will show that
higher-order uncertainty, which exclusively related to the GE effects, still results in distortions in
the form of myopia and anchoring relative to its complete-information counterpart.

Suppose that the best response is

aig = Big[$16} + ¢2&2] + VEit[ars],

14 This is easiest to see when p = 1 (i.e., the fundamental follows a random walk), for then gy is necessarily higher than
G for all k. In the AR(1) case where pi, = p¥ with p < 1, g1 can be either higher or lower than gy, depending on the balance
between two opposing forces: the build-up effect of learning and the mean-reversion in the fundamental.

I5Recall, this is by property (i) of Proposition 14.



where the two fundamental shocks are driven by two different innovations 1} and n?

oo o0
&= e and G =) piniye
k=0 k=0

We assume that agents do not observe separate signals about the innovations to the two fundamental
shocks, but only a sum of them, i.e.,

1 2
Titt—k = M—j T M-k + €itt—k k.

This signal structure is the same as before if agents only care about the sum 7; = 5} + n?, and it
follows that

Et [ntfk] = A

where the sequence of )\ is defined in a similar way as before. The average expectations on each of
the aggregate innovations is given by

Ei[ni—_i] = @1, and  Ein7_;] = wody,

where the weights ¢ and ¢2 depend on the relative volatility of n} versus n?, satisfying @y +ws = 1.

First consider the case where v = 0, that is, only the PE consideration is at work. The average
expectations about the fundamental are given by

oo o0 o0
E; [¢16)] = proon Z AePkT—k = G171 Z APk 1, + 1701 Z NPk
k=0 k=0 k=0

o o0 o0
E; [¢28)] = dome Z NePiT—k = G202 Z NePinli—i + P22 Z NePRTIE -

k=0 k=0 k=0
In the absence of GE consideration and higher-order expectation, we can see that agents may overact
to some of the fundamental. Consider the response to innovation of the first fundamental, 5. In
the frictionless case, E; [wlgﬂ =Wy oo p,lﬂntlf - The average expectation of ¢} under incomplete
information is modified in two ways: on one hand, it is attenuated by the terms {A;y¢1}; on the
other hand, it also responds to 77 due to informational frictions. The total effects could well be a
higher response overall.

Now we turn to the effects of the GE consideration and higher-order uncertainty with v > 0. The
average higher-order expectations are given by

o0
Fy [wiglin g +woliin 1] =D faktiok,  With o = MeXertoMepno1 (@101 4 p 1 Tw20207 14 1)-
k=0

Here, we utilize the property that agents cannot separate 7} from n? and the expectations can be
effectively written as functions of ;.

Similar to the single-shock economy, the aggregate outcome can be written as

(H8)

[ee] (e} o
a =Y gk, Wwith ge =Y A" frp= {Z VT N1 Ak h-1 (W11 1 + W2¢29i+h—1)} :
k=0 h=1 h=1

In contrast, with complete but imperfect information that shares the same first-order belief, the



aggregate outcome is
(o] o

(H9) ar =Y G-k, With G = {Z’Yh_lAk(w1¢1P11g+h1 + W2¢2P%+hl)} :
k=0 h=1

Define Et as

(w1019 + W22 p2)M—k-

WE

& =

T

0

By replacing & by Et, the analysis on myopia and anchoring in Proposition 14 extends to the current
setting. Therefore, relative to the complete-information counterpart, the effects of additional myopia
and anchoring remain the same when there exist multiple fundamental shocks.

Two Forms of Bounded Rationality. We now shed light on two additional points, which were
anticipated earlier on: the role played by the anticipation that others will learn in the future; and
the possible interaction of incomplete information with Level-k Thinking.

To illustrate the first point, we consider a behavioral variant where agents fail to anticipate that
others will learn in the future. To simplify, we also set § = 0. Recall from equation (H3), when
agents are rational, the forward higher-order beliefs are

—h
Fy [Srn1] =D MeAbt1o-Meph—1 Pkt ho17e— k-
k=0

In the variant economy, by shutting down the anticipation of learning, the nature of higher-order

beliefs changes, as E; ¢ [EJrk [§t+q}] =E;; @t [§t+q]] for k,qg > 0, and the counterpart of E}; [Etrn—1]
becomes

7h — —
Ey [Sr4n1] = By [Eif- . By [[Er4n1] Z)\kpt+h 1h—k-
k=0

Learning implies A\y+1 > Ak, and the anticipation of learning implies AgAg41..-Agrn—1 > )\’,g. As a
result, higher-order beliefs in the behavioral variant under consideration vary less than those under
rational expectations. By the same token, the aggregate outcome in this economy, which is given

Z v §t+h 1],

behaves as if the myopia and anchoring are stronger than in the rational-expectations counterpart.
In line with these observations, it can be shown that, if we go back to our baseline specification and
impose that agents fail to anticipate that others will learn in the future, Proposition 3 continues to
hold with the following modification: wy is smaller and wy is higher.

To illustrate the second point, we consider a variant that lets agents have limited depth of rea-
soning in the sense of Level-k Thinking. With level-0 thinking, agents believe that the aggregate
outcome is fixed at zero for all ¢, but still form rational beliefs about the fundamental. Therefore,

zt E; &), and the implied aggregate outcome for level-0 thinking is al = E.[&].

With level-1 thinking, agent ¢’s action changes to

azl,t =E;¢[&] + ’YEi,t[agH] =E; 6] +VEis [Et+1[£t+1u )
where the second-order higher-order belief shows up. By induction, the level-k outcome is given by

k+1

_1mh
af = Z’Yh lFt [Et+n—1] -

h=1



In a nutshell, Level-k Thinking truncates the hierarchy of beliefs at a finite order.

Compared with the rational-expectations economy that has been the focus of our analysis, the GE
feedback effects in both of the aforementioned two variants are attenuated, and the resulting as-if
myopia is strengthened. Furthermore, by selecting the depth of thinking, we can make sure that the
second variant produces a similar degree of myopia as the first one.'® That said, the source of the
additional myopia is different. In the first, the relevant forward-looking higher-order beliefs have
been replaced by myopic counterparts, which move less. In the second, the right, forward-looking
higher-order beliefs are still at work, but they have been truncated at a finite point.

I. MULTIPLE SHOCKS

Our baseline specification has assumed that there is a single shock that drives the fundamental.
In this section, we extend our analysis in the direction of Kohlhas and Walther (2019) to include
both procyclical and countercyclical components, and show that a modified version of our main
result holds.

Consider the following best response, which is similar to our baseline specification:

(I1) Yit = PEi[C] + BEit[yier1] + vEit[yer1]-
But now allow the fundamental ; to be driven by N different components:

N

Ct = Z djt7 with d]t = K;jét + €j,t-
7j=1

The common shock among different components, &, follows an AR(1) process:

& = p&e—1 + .

The component-specific shocks €;; ~ N (O,T{l) are i.i.d. across both j and t. The loading of
component j on & is x;j, which could be both positive or negative, capturing for procyclical or
counter-cyclical components. Finally, Zj kj = 1.
In terms of the information structure, assume that each agent receives N private signals, one per
component:
Ti gt = djt + Uj,j5.t5 Us 5.t ~ N(O, wj_l).

This is the same structure considered in Kohlhas and Walther (2019), which leads to asymmetric
attention by allowing heterogeneity in w;.

To see how this structure connects with our equivalence result, we turn to the following auxiliary
best response in which only the persistent shock &; is pay-off relevant:

(12) ait = QB[] + BEit[ai1] + YEi[ar+].

This best response is exactly the same as our model. The aggregate outcome y; from condition (I1)
is related to the aggregate outcome a; from condition (12) in the following way:

ve=0Y BEGrr] +7Y B Eelyesnta]
k=0 k=0

N o) 00
=¥ Z Eqlej ] + Z BYE[&k) + Z B EL [yt k]
k=0 k=0

J=1

16This follows directly from the fact that impact of effect of an innovation in the first variant is bounded between those of
the level-0 and the level-oco outcome in the second variant.



N
= ‘Pzﬁt[ej,t] + ag,
i=1

where the last equality is due to that only the persistent shock & matters for y.y; in the future,
and the forecasts of the transitory shocks €;; are zero. We conclude that

Yi = a + Uy,

where u; = gozj L Etfe;i4].

Consider how wu; is determined. To this goal, let us first compute the forecast of the persistent
shock &. Since this object only involves the first-order belief, it is more convenient to consolidate
the N different signals into a single one

N
1 _ T _
Tig =&+ 2 Z R (7 wi ) T e+ wige) = & i, uie ~ N(0,77Y),

where 7 = Z;V 1 j( Ty w; 1)=1. That is, it is as if each agent observes a single signal, which
however contains both 1dlosyncratic and aggregate noise—a hybrid of the private and public signals
considered in Appendix B. Using this observation, we can compute the average forecast as follows:

-1 + w'—l)—l

N 2
= g 1 K5 (75 j 1
Ele)=(1-7 ) L,
s ( p) 1—gL & T &+ 55 €0,

or equivalently

(I3) Eif&] = (1 - i) 1 —1gL (& +er),

where g = %

2
p+%(1+7‘) — \/(p+})(1—|—7')) —4] < pand ¢ = lzylka]( + wy Dl
Next, denote with \; = T]Ujrijwj € (0, 1) the signal-to-noise ratio applied when inferring €;; from w; ; ;.
The average forecast of the sum of component-specific shocks is given by

N N
(14) ZEt [ejt Z )\ K}]ft + €5t — K]Et {t Z A /43] Et [ft]) + Z )\jejt'
j=1

j=1 j=1

It follows that the determination of w; boils down to a pure forecasting problem spelled out by
equations (I3) and (I4).

Consider next the determination of a;. As already mentioned, this obtains from the same best
responses as our model, with & been the sole fundamental. The information structure about it is
more complicated that in our baseline analysis, as agents observed signals contaminated with both
idiosyncratic and common noise. But a result similar to Proposition 12 in Appendix B applies.
That is,

ar = af + V¢,
where af, the fundamental component, obeys our observational equivalence result and v, the resid-

ual, is an AR(1) driven by the “noise” (here, the combination of the €;,’s). The only subtle difference
is in the precise cubic that pins down ¥ (and thereby wy and wy).



To complete the picture, consider the projection of 7; on the history of &. This is given by

e © ¢
yt 1_gLnt+at7

where 7, is the innovation in & and ¢ = ‘PZ;V:1 )\jmj%. We thus have that the IRF of y; with
respect to 7 is the sum of the AR(2) corresponding to afi and of the AR(1) given by the first
term above. Clearly, this term does not contribute to a hump-shape. Furthermore, it is likely to

be quantitatively less important than af for the following reason: af consists of all the PE and GE
©

effects across all the horizons, while Tzt captures only a fraction of the total PE effects. For
instance, as explained in Appendix D2, in our inflation applications GE effects are about 7 times
as large as PE effects. This suggests that, in that context, the af term would easily overwhelm the
other term.

Let us conclude with the following comment. Kohlhas and Walther (2019) have used a model
of the type described above to show that asymmetric attention allocation to various components
of the outcome may help reconcile the form of belief over-reaction documented in their paper with
the form of belief under-reaction documented in CG. Our network extension in Section VIII allows
one to consider a multi-sector economy in which different sectors have different exposures to the
aggregate shock, either directly or indirectly via differential GE effects. This may provide a more
detailed micro-foundation for pro- and counter-cyclical components of economic activity, along the
lines suggested by the aforementioned paper. And it could help study the role of asymmetries in
GE feedbacks, similarly in spirit to what we do in our HANK application in Section VIL.'7

J. ADDITIONAL PROOFS
Proof of Lemma D.1, Lemma D.2, and Proposition 8
The demand schedule faced by an individual firm ¢ in market m is given by
-Pi m,t ¥ Pm t -
Y: — [ > Y,
1,m,t (Pm,t Pt t

where ¥ and e are within- and across-market elasticities of substitution, respectively. The price
index in market m and the aggregate price index are defined as

1
1-9

1
1 B 1=
Pt = szylmwt ’ Pt:[/ P#ma} ~
§ m

In the absence of nominal rigidity and informational frictions, an individual firm ¢ in market m sets
its price to maximize its profit in the current period

max Pi,m,th',m,t - PtC(Yt)Y;;,m,t,

i,m,t

where C(Y;) is the marginal real cost which depends on the aggregate economic condition. Using
the following properties

8YVi,m,t _ —7/) Yvi,m,t

Yimt OPmy and OPme 1 _u v
af)'i,m,t f)'i,m,t

_ —— P.
O 0P OPjms N tme

17There, asymmetric GE feedbacks emerge because of heterogeneous MPCs and heterogeneous exposures of income to business-
cycle fluctuations.



the first-order condition is

Pi,m,t o € — T;Z) Pi,m,t o Pi,m,t 1= o

We assume that C(Y;) = Cexp(mc;) where me; follows an AR(1) process
mey = pmeg—1 + N

In steady state where mc; = 0 and P, ,,,+ = Pyt = B, it follows that

oY

The log-linearized version of the first-order condition is

(1 - w)(pi,m,t - pt) + 1/}01110,5 = d Pimt — Pt — Cmc; + (1 - C)(l - w)(pi,m,t - pm,t) )
N

which leads to the following best response
Pimt = ¢MCt + ANPmt + (1 — an)pt,

where oy is given by

N(—1)( — <)
GV (Y — 1) — (N — 1)) + (N = 2)ge + &

aN =

Turn to the environment where there is nominal rigidity and incomplete information. The problem
of a firm that can reset its price becomes

maX Z X9 2,m,t |: i,m t}/z mt+k — Pt+kC(Y;€+k)}/i,m,t+k y
’L ,m, t
and the linearized first-order condition becomes

oo

o0
pzm,t = (1 - Xe) (XQ)kSDEi,m,t [HlCt+k 1 - X9 Z E; ,m,t aNpm 4k T (1 - aN)pt+k]
k= k=0

[e=]

Under the assumption that all firms share the same information within the market, all newly set
prices within a market are identical. Denote the newly set price in market m as py, ;, and it satisfies

(o9} o0
Ph = (1= x0) Y _(x0) @B [merir] + (1= Xx0) > (X0 B tlanpmasn + (1 = an)pel.
k=0 k=0

Denote 7, as the inflation rate in market m. Subtracting p,,;—1 from both sides of the equation
above leads to

o0 o0
Tt =(1 = 0)(1 = x0) > (x0)* @B i [mcr k] + an(1—=0) Y (XO) Bt [ 1 14]
k k=0

=0
+ (1= 0)(1—an) > (X0 Emtlmesr] + (1= 0)(1 = an)(pe—1 — pmi—1)-
=0



To proceed, consider the following alternative inflation definition in market m

o0 o0
Tt =(1 = 0)(1 = x0) > (x0) @B, [mer i) + an (1= 0) Y (X0) o, t[Fon.1+4]
k=0 k=0

[e.e]
+(1-0) 1—aNZ "Bt [
k=0

Since the aggregate inflation under these two models are identical ( fm Tt = fm Tm,t), We can derive
the aggregate inflation dynamics from the latter. By the law of iterated expectations, we have

- (1 =60)(1—x0)pme, + (1 —0)(1 — an)m Tt
Tm,t =Emt [ [ N } + (1 —0)anE,; [1—)(9[71]
B (1-6)(1 — x8)pmc; + (1 — 0)(1 — ay)m (1—8)ay\ "
“En, 1—x0L1 (1 11— X@L_1> ]
1 s x0 k
T1-(1- 0oy kzo <1 —(1- 9)04N> B t[(1 = 0)(A = xO)pmer + (1= 0)(1 — anmesr)].

Aggregating across markets and using the assumption that firms can observe current inflation, it
follows that the aggregate inflation satisfies

> x0 F_ x(1=0)(1 — ay) — X0 F_
=2 (=) B g 2 () Ben)

where k = w. Mapping the fixed point problem above to our baseline framework, the

aggregate outcome is the result of the following forward-looking game

air = OE; 1[&] + BE; tai t+1] + YEi t[art1],

where

5= x0 x(1—-6)1—an)
1—(1—9)04]\[’ 1—(1—9)04N
with 8 4+ v = x. Note that ~ is decreasing in aj. To show that « is increasing in IV, it is sufficient
to show that ay is decreasing in N. When ¢y > ¢ > 1, and N > 2

and v =

day (W =1 —e) (V?+e* — 2 — Y N?*(y — 1))

ON (4 (N2(¢p — 1) — (N = 1)) + (N >we+s>2
(% — 1)@ —e) (¢? — ¢+ —e — N2(p? — )
(¥ (N?( = 1) = (N = 1)¢h) + (N — 2)pe +&2)°
<0

Y

which completes the proof.



Proof of Proposition 12

The signal process can be represented as

—1/2 1 €t
ze | _ |Te 0 1—pL T ¢
= _ it -

=M(L)

where §;; is a vector of standardized normal random variables. The auto-covariance generating
function for the signal process is

1
(L—p)(1—pL)

M(L)M (L) =

L+ (L—P)él—PL) L
L L+ (L—p)(1—pL) | -

In order to apply the Wiener-Hopf prediction formula we need to obtain the canonical factorization.
Let A be the inside root of the determinant of M (L) M’ (L")

1 1 1 2
A= T€+T"++p—\/<75+7“++p> —4
2 p p P p

Then the fundamental representation is given by

_ Tep+>\7—u Tu(>\_p)
B(z)_l — 1 1 TetTu 2 e

1— Mz Te()\—p)z 1— Tup-‘r)\TeZ )

TetTu TetTu

TuP+>\Te

v1— TeTu T A :/\/0
_ Tep+ATY | 0

p(Te+7u) | A=p Te

which satisfies
B(L)VB' (L") =M(L)M' (L).
Applying the Wiener-Hopf prediction formula, the forecast of & is given by

vVIB(L)™! [;;t] = p(li\E\TZ) (Tf]_ pA) [;:t] :

)

Eidle]=[[0 0 =] M’(Lfl)B’(Lfl)—lh

Suppose the policy function is hi(L) and he(L), that is,
it = hi (L)Zt + hg(L)a}i’t.

Let g (L) = hi(L) + ha(L), and it follows that the aggregate outcome is a; = g(L)& + hi(L)e;. The
forecast about a;11 is given by

Ei [at1] = HTa_l/QL_lhl (L) O %} M’ (L") B (L_l)il}

e VB (L) [ “ ]

+ Tt

[((pTu + Ame + Xp (Aru + p72)) L= Ap (tu + 72) (L+ L?)) ha (L) 7u (A= p) (1 — pA) Lha (L))
p(ru+ 1) L(L—N) (1 AL)




[r= (0= N (1= pL) Lha (\)  7u (p— X) (1 = pL) Lhy (V)]
p(ru+ 1) L(L—A) (1= AL)

[P(L=X) ((Aru+pre) L= (Tu + 7)) h1 (0)  7u(p—A) Lp (L — X) b1 (0)]
p(ra+7) L(L—A) (1= AL)

b A=) =0 g W) ) 1]
p(L—pN (L~ A (1 - AL) e

Also, the forecast about a; 11 — a4 is

Bl =l = ([0 w1 (0 o] M B ()] VBT

+ Lt

[re A= p) (1 = pA) Lha (L) ((Atu + p7e + Ap (pTu + A7e)) L= Ap (1u + 7¢) (1 + L)) ha (L)]
p(ru + 1) L(L— ) (1 AL)

[7—5 (p=A) (1 —=pL)Lha(A) 7Tu(p—A)(1—pL)Lhs (/\)]
o (ru + ) L(L N (1 AL)

Tit| "

B [e(p =N Lp(L =X h2(0)  p(L—=A) ((pru + A7e) L = (T + 72)) h2 (0)] |:zt:|
p(tu+7)L(L—X)(1—AL)

These two objects are useful for agents to decide their optimal action, which should satisfy the best
response function

a;t = PE;4[&] 4+ BEq tlas 1] + VEitlasy1] = ©Ei €] + BEi¢[airr — agy1] + (v + B)Ei¢lagy].

Substituting the forecast formulas into the best response function, it leads to the following functional

equation
aw [ )] =aw).
where!®
1—(y+8)L7! e
A(L) — P(L—N)(1-AL) ,
") [ 0 - s=hisn — AL

and

_ ©A [7’6 Tu]/ (1—pL) [Tg Tu}/
PO = - P @ N (- AL)

[t L= (4 m) mulp=NL] (=AML (O+pr)L— (e +7)]

72 L(1—AL) 3 L(1—AL) ’

18We have used the following identities to simplify the expressions
PTu + Me + Ap (ATu + pTe) + My + 7e) = p(1 + A?) (70 + 7e),

pTe + ATu + Ap (ATe + p7u) + ATu(Tu + 7)) = p(1 + )\2)(Tu + 7e).



with

(p =) (v + B (A) + Bha(N))
p(Tu+7c)

Ag(A) _1+8
, P2 =
p(l—p)\) Ty + Te Tu + Te

o1 = +(B+)

Next note that the determinant of A(L) is given by

A(—L3+(p+},+”f€+5)L2—(1+ﬁ<p+})+“f€)+T)L+5>(L—(7+B))

det(A(L)) = L2(1—AL) (L —N) ’

which has four roots w; to wy, with |wy| > 1 and the others being less than 1 in absolute value. We
choose ¢1, @2, and 3 to remove the inside poles of hy(L) at w; to ws. This leads to the following
policy function,

@ 70 1 @ (I-—pd)(p—0) -V 1

(D) =Gy sty i—or 4 )= G, p(1 = p?) 1-9L’

where ¢ = wzl is the reciprocal of the outside root of the following cubic equation

1 1
C’(z):—z?’+<p+p+7—u:7—€+5)zz—<1+B<p+p+m:7—€>+?)z+ﬁ

1 1 1 0 —
:—z3+(p++2+5—7>22—(1+(6—7)<p+>+ ZX>Z+(5—7.
p o po P po

where the last line using the definition o2 = 01:2 +o. 2. The aggregate outcome, a; = (hy(L) +
ha(L))& 4 hi(L)ey, is
19 1 @ 7'5”(9 () 1
ay = 1—— ft 4 c,
p) L=O0L1=p(B+~)"  p(l=pd)1=p(B+7y)1-0L
= af + vt.

In terms of comparative statics, note that

oCcWw™) _ x

By the same logic in the proof of Proposition 5, it follows that ¥ is decreasing in .
Proof of Proposition 13
This follows directly from the analysis in the main text.
Proof of Proposition 14
First, let us prove g < gx. Recall that {gx} is given by
o0
gk = Z'Yh)\k)\k+1-~)\k+h/7k+h-
h=0
Clearly,

oo
0< gk < D" Meprsn = G,
h=0



which proves the first property. If limj o Ay =1 and Y 52, A pran exists for all k, then it follows
that R . o
lim 9k _ limg 0 tho'y Pk+h _

= — 1.
k—oo gr  lMp_yo0 D peo Y Pkth
Next, let us prove that gl;% > %. By definition,
Git1 _ Akt Dopo Y Pt
[ e neo Y oken
Gr+1 _ Akl D peg VN jt 2 Mo h 1 Pk b 1
Ik Me o Do VN1 A hPhh

Since {A} is strictly increasing and pg > 0, we have

gk+1/§k+1 - S o Y Nt 1 Akt nPErh1 [ D o Y Phh1
gk Tk > oo VPN Akt R P4 b > ooV Prsh

It is sufficient to show that the term on the right-hand side is greater than 1. To proceed, we start

. . . va 20
with the following observation. If 8; > 65 > 0, and T S Tt then

x101 + 2202 S Y101 + y202

(J1) >
1+ T2 Y1+ Y2
Note that
Pk+2 2 Pk+3
S oV Nt 1 Akt h PRt _ Pi+1 1+ 7/\k+1pk+1 Y Akt 1 A2 pr1 T
> or o VN1 Nkt h PRt P L N1 P55 2 A A2 P02 L
and
Pk+2 2 Pk+3
Zﬁ“;o ’thk+h+1 _ Pk+1 1 +ry,0k+1 +7 Ph+1 +o
Doho ok i Ly PR 2P
In what follows, we will show by induction that
Pk+2 2 Pk+3 Pk+2 2 Pk+3
145k Pk+1 T )\k+1)\k+2ﬂk+1 T > 1+ 7Pk+1 T Pk+1 T
Db o1 255 + 92 i A2 P02 L T Ly P 2B
We first establish the following inequality
Pk+2 Pk+2
L+ Ak Plt1 1+ T oria
Pk+1 — P41 ”
L+ yAe 5 — T4+97,
This inequality is obtained by labeling 61 = 1,0, = %, 1=y = 1, 19 = YA\ p’;;:l, and
Yo = 'yp’;%, and applying inequality (J1). By assumption, p’“pg% < 1, which implies 67 > 62 > 0.
Meanwhile,
Pk+1 Pk+1
A e < YAk+17,, e
w1tz 1Ay S T N e 5 ity



Now suppose that

L+ Ak 151“1? o N )\k+n—1f,’;:’; - 1+ ’}’z:ﬁ +. T 1’;’;:7;
I R RVERE e TP L M VAR VI L B 4 e ’Y"*lpk;i:l’

and we need to show

1+ vt 1pk+2 + ...+ ’ynil)\k+1 . )\k+n,1pk+n + " Akt1 - )\kJrnM

(J2) Pk+1 Pk+1 Pk+1
P — Pk+n— PEk+4+n
Lyt 552 4+ Nt A1 255+ 9 A - A
Pk+2 n—1 Pk+n n Pk+n+1
>1+7Pk+1+"'+7 Pk+1+7 Pk+1
— Pk+1 n—1Pk+n—1 npk+n :
1+ Yoty o T
1 7%-0—2_’_ 4y 1Pk4n
: _ P41 Pk+1 __ PkPk+n+1 _ Pk+1
Again, to apply (J1), let 01 = —priy’ —— ey, B2 = 000 21 = LA v S0+
Pk Pk
CE YT N A1 P @ = Y N Ak S g = L P 7"_17%;:71,
yg = A EEEL p’”" . We have
Pk+2 n—1 Pk+n n Pk+n+1
Lty Akeap o o " M A1 Y A Ak 00

14+ YAy Pk+1 4+ ’Yn_l)\kJrl o )\k+n—1pk;7:1 REp L VR )\k+npk+n

T+ k4175 k+2+ AV g 1 A1 A

Pk+41
1 + 2209
1+y Ak ';:1+~--+7” N1 M -1 =L

T+ T2
2.1‘191 + .%'292

1+ T2

and

14 ,yﬂk+2 L+ ’Yn 1 Pk+n + 7nﬂk+n+1 y101 4 y292

Pk+1 Pk+1 Pk+1

1+,yﬁk+1_‘_.”+,yn 1Pk+n 1 +,ynpk+n - y1_|_y2

To establish (J2), it remains to show that 6; > 65 and Note that

1 +x2 — y1+y

1 _|_ ,ypk+1 Pk;rZPk + L. + ,.Yn—]_ Pk4+n—1 Pk+nPk

O Pk PRy Pk Pht1Phin—1
0 92+7p’;—:102+...+7"_1p’“;7:‘192
By assumption, 3 < 1 and 0y < Z ’;i ’;*p:rl when i < n, which leads to 6; > 5. Also note that
x2
T+ 22

pk+n

V' Xkt1 - Mkt

1+7)\k 1Pk+1 +. --+’Y”_1/\k+1--'/\k+n—1pk;7n71 + Y A1 - - )\k+npk+n

n)\k+1 Ak:—s—n

T Akt Ak Y AR - Akn pk“ +.o. T 1/\k+1 R T pk% S Y N1 - Ak pHn
__ Y%
v+ 1y

pk+n

This completes the proof that g’;—zl > 5%—:1.
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