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A. Omitted Proofs

This appendix contains the results and the derivations omitted from the main text.

A.1. Omitted proofs and extensions for Section

We first present the proofs omitted from Section [2. We then characterize the equilibrium
for the remaining case in which the expansionary policy constraint might bind also in the

low-supply state.

A.1.1. Omitted proofs

Proof of Lemma [1 Suppose the economy switched to the high-supply state s = H
with y—1 < yj;. We verify that the conjectured allocation is an equilibrium.

We first show that the expansionary policy constraint in binds along the conjec-
tured equilibrium path. Suppose the constraint does not bind. Then, the central bank
would target a zero gap, y: = yj;, by setting the interest rate in ,

= p— —— (i — o) -
L—=n
Along the conjectured path, we have y;—1 < yj; and the required interest rate satisfies,
1 < p. However, since the policy targets a zero output gap, y; = yj;, the policy constraint
implies 7, > p. This provides a contradiction and implies that the policy constraint binds.
In particular, the policy effectively follows the Taylor rule in (7).
We next characterize the evolution of output. Combining the IS curve in and the

Taylor rule in (7)), output follows the difference equation,

Ye = NYe—1 + (L =) (=0 (e — Y3r) + Yes1) -



We drop the expectations since there is no (residual) uncertainty. Let ¢, = y; — y}; denote

the output gap. Then, we can rewrite the difference equation as,

Je = nGe—1 + (1 —=n) (=0T + Frt1) -

In matrix notation, we have the system,

E

1
Ty~
1

=

)

ytfl =M ~yt where M =
Yt Yi—1

_n].

The characteristic polynomial of the matrix M is given by

This polynomial has two roots that satisfy
0<y <1<,

Since ¢;_1 is predetermined and 7; is not, this condition ensures the system is saddle
path stable. Moreover, letting 75 = v, € (0,1) denote the stable eigenvalue, the solution

converges to zero at a constant rate:

Ut+h = VuYtih—1 = ”Y]}{Hﬂt—l-

This proves .
We can then solve for the value function over the region y;_; < yj; as

h=0

This establishes @

Note that dg—H > 0 as long as dg—H > 0. To establish the latter inequality, let ) = -
n z "

h+1~ )2

i 7H yt Y o_ 7%{ @t—1)2
P 1—Bvh 2

and note that 7, is the solution to the following equation over the range (0,1):

P(x,7,¢) =2 —x(1+7+¢)+7=0.



Implicitly differentiating with respect to 77 and evaluating around x = ~;;, we obtain

dv  OP/07 11—y

— = = > 0.
dn oP/ox|,_, ~ 1+0+¢—2vy

Here, the inequality follows since 75 < 1 and 2y, < v, + v, = 1 + 7+ ¢ (since 7 is the
smaller of the two roots 7,,7,). Since 7 = 1—’7_? is increasing in 7, we also have fl—i > 0.
This completes the proof.

For completeness, consider also the case in which the initial output is above its po-
tential 3,1 > yj;. In this case, the expansionary policy constraint does not bind and
output converges to its potential immediately. The central bank sets the policy rate,
it =p— l%n (y3; — y1—1), and implements y; = y};. The interest rate constraint does not
bind because i; > p and i, (y:) = p+ ¢ (y: — y3;) = p. Over this range (y:—1 > yj), the

value function satisfies Vi (y;—1) = 0. O

Proof of Proposition Suppose y;_1 is sufficiently high that the expansionary con-

straint does not bind in state L. Then, we can write the central bank’s problem as

N2
. (yt*yﬁ)z . "
where Vi (y) = 2 iy <yn
0 if y; > vy

The second line combines the two cases analyzed in Lemmal[I] This is a concave optimiza-
tion problem. Any y; that satisfies the first order optimality condition is an optimum. In
the main text, we show that an interior solution (with y; < yj;) satisfies the optimality
condition in . Solving this condition, we obtain

_yp + BN0ryy

YL = 1+ BN0g € (Y1, i) -

It follows that the optimum output is interior and given by y;. This also implies that
solving problem ({A.1)) is equivalent to solving problem in the main text.
Next consider the interest rate that implements this output level. The IS curve ([1)
implies
. n
it =0+ ANYa () —yer) + (1= A) (o1, — Yer) — ﬂ (Ye.L — Y1) -
After substituting yi11.1 = ¥+ = Yy, we obtain (13]).
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We also need to verify that this rate does not violate the expansionary policy constraint
in (2). Using Lemma [1} we obtain Yy (y1) = v5yr + (1 — vy) yj;- Substituting this into

, we have

=P M=) (= ) = 7 (e = )

Since y; = yr,, the policy constraint holds as long as:

iw=p+ oYL —yn)-

Combining these observations, we verify that the constraint holds as long as the past
output gap satisfies the condition in ([12)),

_ 1-— x
yt1zyL=yL—T”<A<1—vH>+¢><yH—yL>-

This completes the proof of the proposition. n

A.1.2. Omitted extensions

Proposition [1| characterizes the equilibrium when the past output is not too low so that
the expansionary constraint does not bind in the low-supply state. We next characterize
the equilibrium in the other case in which the expansionary constraint binds for at least
one period. In this case, the output gradually converges to the target level y;, after finitely
many periods (absent transition to the high-supply state). Once the output reaches y,,

the equilibrium is the same as in Proposition [I}

Proposition 3. Suppose the economy is in the temporary supply shock state, s = L,
with past output y;_1 that violates , that is: y;—1 < y;.Then the expansionary policy
constraint binds in s = L for at least one period. The initial interest rate is constrained,
iv = p+ ¢ (ye —yly), and the initial output is below its unconstrained level, Y1, (y1—1) <
yr. The output function Y, (y—1) is continuous, piecewise linear, and strictly increasing.
Absent a transition to the high-supply state, output converges to the target level y; after
finitely many periods.

Proof of Proposition Suppose y;—1 < Y. Then, the interest rate is given by
it = p+ ¢ (y: —yy). Using and Yy (y:) = vi; + v (v — yj;) [see Lemmal[I], output



follows the recursive equation:

Yo = -1+ Q=) (@Y —ve) + AV (ye) + (1 = A) yas1) (A.2)
= 1+ 1 =n) (W —v) + AW+ 75 We —vyg) + (1= A) Y1)

After rearranging terms, this implies

_ MYt + (1 =) (dyg + A1 —y)yg + (1= N) ?Jt+1)_

T (=0 (&~ A7m) (4-3)

Yt

Let ¥, 1 =yr and o =¥, < yr. We recursively define a sequence of cutoffs {yhk} as

follows: given y; ,_; and ¥y 4, let 7 ., denote the unique solution to:

7 = N1 + (1 =) ((by}} FAM =)y +(1=X) @L,k—1)
bk 14+ (1 —=n)(¢—Avy) '

Using (A.3)), the output function maps a lower cutoff into the higher cutoft:

Yr (yL,k—f—l) =Yr k- (A4)

By induction, we can also show that the cutoffs satisfy ¥, .., < ¥, — I_T”qﬁ (yi; — yL)-
Therefore, there exists K, such that ¥, x, < 0. Then, the cutoffs {yhk}kK:L_l cover the
entire region [0,y |.

We can then define the output function recursively over the intervals [yka,yLJﬁ_l].

Let Y70 (y—1) = yr, and define a sequence of functions with:

ny—1+ (1 —=n)(oyg + A= vi) Yy + (1 =N Y1 (Yor (y-1)))
Vi) = T4 (1= 1) (6~ 7] )

These functions are uniquely defined, linear, and strictly increasing over [0,%;]. Then,
Eq. (A.4) implies that for each interval the output function agrees with the corresponding

function in the sequence

Y (y-1) = Yo (y—1) fory_, € [@L,m%,kq] .

In particular, the output function is the piecewise-linear function that maps each interval
[yL’k, yLﬂ,H} into the higher interval [ykal, §L7k72]. This implies that, absent transition
to the high-supply state, output converges to the target level y;, after finitely many periods
(at most K + 1 periods). This completes the proof of the proposition. ]
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A.2. Omitted results and proofs for Section

We first consider the case with the NKPC and present the formal results omitted from
Section along with their proofs. We then consider the case with an inertial Phillips
curve analyzed in Section [3.2] and present the omitted results and proofs.

A.2.1. Overheating with a New-Keynesian Phillips Curve

Suppose inflation is determined according to the NKPC

T =K (yt — y;) + BE [Ti41] -

Let TTs (y4—1), Ys (yi—1) , Vs (y:—1) denote the inflation, the output, and the value function
level when the current state is s € {H, L}, and the most recent output is y;_;.
We first characterize the equilibrium in the high supply state s = H. To state the

result, we define the polynomial:

B 1 1 1 K n 1 n
Py =at e (g w50 ) e (725 +9) wwﬂ)—m_’g;

Lemma 2. Consider the setup with inflation determined by the NKPC . Suppose
the polynomial in has exactly one stable root that satisfies vy € (0,1) (a sufficient
condition is ¢, (1 — B) + (¢, — 1)k > 0 and B¢, < 1). Suppose the economy has switched
to the high-supply state, s = H, with past output y,_1. Then, the output gap and the

inflation functions are given by:

Y (Yer) =g = Yo W1 — yg) (A7)
. K
Oy (y-1) = 7n (w1 —yj) where w, = i. (A.8)
1- 571{
The output gap and inflation both converge to zero at a constant rate . The value

function is given by

2

o e —yn)’ _ 7k Y
VH (yt_l) = —QH# where HH = m (1 + w (m) ) . (Ag)

In the high-supply state, the equilibrium is determined by the IS curve, the NKPC,
and the Taylor rule in . Under appropriate parametric conditions, the Taylor rule

ensures that the output and inflation gaps converge to zero. As before, the convergence is



not immediate. Due to inertial demand, past output, y,_1, affects the output and inflation
gaps in the high-supply state.

Next consider the equilibrium in the low supply state s = L. Using Lemma [2], the
central bank solves the following version of problem :

Vi (y-1) = ryrggg—%—w +6(( A Ve (ye) — AHH%)(AJO)
st m o= Ky —yr)+ B = NI (ye) + A (ye — yg)) -

Here, the functions, Vi (y;—1) and II; (y;—1) = 7., are also both independent of y;_;.

Using this observation, the optimality condition is given by

drm
YL — yr, + ¢d—t7TL = [Ny (yi; — L)
Ut
d
where 1t — K+ BAmy
dyy
and 71 ki (yr —yi) + BATH (yr — yir)

1-5(1-2)

Here, the last line uses the NKPC to solve for the inflation in the low-supply state.

Combining these observations, the optimum is given by the unique solution to:

U (k+ BATy) K
1—p(1-=))

Y (k+ BATy) Ty

H = B(1-X

(Yo —y1) = BA |0 +

(Y —yr). (A1)

This leads to the following result, which generalizes Proposition (1| to this setting.

Proposition 4. Consider the setup with inflation determined by the NKPC and the
parametric conditions described in Lemma [3. Suppose the economy is in the temporary
supply shock state, s = L, with past output y;_1. The central bank implements the constant
output level yy, € (y5,y3;) that solves along with the constant inflation

_ * )\ _ *
T =T = k(YL yf)_j;ﬁ(l iH)\()yL yH). (A.12)

The associated real and nominal interest rates are given by

~—~

r = oA () =) = T e = ) A13)

ivr, = Ton+MNlg(yp) + (1 — M) 7g. (A.14)



The central bank chooses a level of output that induces positive output gaps in the current
low-supply state (current overheating), y;, > vy}, and negative output gaps and disinflation
after transition to the high-supply state (future demand shortages), Yy (y.) < y3 and
Iy (yr) < 0.

Comparing and shows that inflation affects the policy trade-off in two
ways. On the one hand, positive output gaps in the low-supply phase increase current
inflation. This raises the cost of overheating, captured by the second term inside the
brackets on the left side of . On the other hand, negative output gaps expected
in the future high-supply phase reduce current inflation. Since overheating helps shrink
future gaps, this effect raises the benefit of overheating, captured by the second term
inside the brackets on the right side of (A.11). It follows that inflation affects the cost
as well as the benefit of overheating, but it does not change the qualitative aspects of
optimal policy.

The equilibrium with the NKPC has one subtlety: The central bank does not nec-
essarily induce positive inflation in the low-supply state: that is, 7wy is not necessarily
positive (even though y; > y;). This effect is driven by the forward-looking term in the
NKPC, together with the fact that the economy experiences disinflation after transition
to the high-supply state, 7wy (v, — yj;) < 0 (see (A.12)). Nonetheless, in our simulations
this effects is typically weak and the central bank implements 7;, > 0 along with y; > y7.

Proof of Lemma [2. Combining the NKPC, the IS curve, and the Taylor policy rule, the

dynamic system that characterizes the equilibrium is given by

vy = ny1+ 1 —=n) (=0, (v — yir) — Opme + By [miga] + By [ye41])
T = Ky —yy)+ BE: [ma].

We drop the expectations since there is no (residual) uncertainty. Let g, = y, — y}; denote

the output gap. Then, we can rewrite the system as

G = N1+ (1—n) (—%ﬂt — QT+ M1 + ?Jt+1)

Ty = Iigt+67Tt+1.

In matrix notation, we have

T | =M | m where M = _% % 0
Yt Yi—1 1 0 0



The characteristic polynomial of the matrix M is

TR Bk T
P(z) = —det ~5 -7 0
1 0 —x

IRy WP LT RSP U S B W
= o (e e (1 v g e ) -

This is the polynomial we define in (A.6). We assume the parameters are such that
this polynomial has a single stable root that satisfies v, € (0,1). The conditions in the

propositions are sufficient (but not necessary). To check sufficiency, note that we have
P (0) < 0. We also have

ANEALELELCES [

in view of the first part of the sufficient condition, ¢, (1 — ) + (¢, — 1) k. We also have

1
P(5)=—F+ogso

in view of the second part of the sufficient condition, ¢ < 1. Thus, with these conditions
the roots of the polynomial satisfy

1
O<’71<1<'Y2§E§’Y3-

In particular, the polynomial has exactly one stable root that satisfies v, = v, € (0,1).

Since 7;_1 is predetermined but g;, 7; are not, the system is saddle path stable. More-

over, the solution converges to zero at the constant rate v, € (0, 1), that is:

Yppn = 7H§t+h71:7}ﬁ+1gt71

Tt+h = YHTt+h—1-

This establishes ({A.7). To solve for the initial inflation, we use the NKPC to obtain

(0.0 R (0.0 ~ lil}/ gtil
m=>_ B"6len = > B Vikvelio1 = #
h=0 h=0 H

This establishes ((A.8)).



Finally, we calculate the value function as:
Vi — iﬁh ﬂt2+h +¢7Tt+h2
- 2 2
h=0
o0 ~ 2 2
_ a\h (Y T
= %(m) (2+w2)

1 Ky 2\ §iq2
2 H -1

)

1—5’7%{<H 1 — Bvy 2

Here, the second line uses the fact that inflation and the output gap converge to zero at

rate vy € (0,1) and the last line substitutes g; and 7, in terms of the past output gap
U:—1. This establishes (A.9) and completes the proof of the lemma. O

Proof of Proposition The proof is mostly presented earlier in the section. To solve
for the real interest rate, note that the IS curve implies

rin =p+AYa () — ) + (1= A) W1,z — Ye) — % (Y.L — Yi-1) -

After substituting vy, = Y41, = Yz, this implies (A.13). The nominal interest rate is
then

it,L = Tt,L + Et [7Tt+1] = Tt,L -+ )\HH (yL) —+ (1 — )\) Tr,.

This establishes ((4.14])) and completes the proof. O

A.2.2. Overheating with an inertial Phillips Curve

Suppose inflation is determined according to the inertial Phillips curve ((18))
T =K (yt — y;) + bmy_q.

Suppose also that the parameters satisfy the simplifying assumptions described in the
main text. We first state the lemma that characterizes the equilibrium in the high supply-
state s = H. We then present the proof of Proposition [2, which characterizes the optimal
policy in the low-supply state s = L.

Lemma 3. Consider the setup with an inertial Phillips curve. Suppose the parameters
satisfy ¢, = b and ¢, > k.

Suppose the economy has switched to the high-supply state, s = H, with past output
yi_1- Let vy € (0,1) denote the smaller root of the polynomial P (z) = (1 + k) x? —
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<— + gby> x + %77 Then the output gap and the inflation functions are given by:

Yu (ytflﬂrtfl) — Yy = Tm (yt—l - Z/E) (A-15)
g (Y1, m-1) = wyg Y1 — Ygr) +0my. (A.16)

The value function in the first period after transition (with s,_1 = L) is given by:

Or

Vi (Yye—1,m-1) = 5 (Y1 — y;{)z -

Vi

5 T — T (Ye—1 — Yig) Te1, (A.17)

where the coefficients Vg, Ty, 0y are given by

b2
Ui = (A.18)
. Vb
Iy = T- 571 Byb (Y +B¥g)k
2
0y = 1_7—;%%[ (1+ (¢ + BY) K2 + 28Tyk) .

Proof of Lemma (3] Combining the inertial Phillips curve, the IS curve, and the Taylor

policy rule, the dynamic system that characterizes the equilibrium is given by

vy = ny1+ 1 —=n) (=, (v — yir) — Omi + By [mi4a] + By [ye41])
Tt = K (yt — y}l) + b’ﬂ't_l.

We drop the expectations since there is no (residual) uncertainty. Let ¢, = y, — y}; denote

the output gap. Then, we can rewrite the system as

G = N1+ (1—n) (—%ﬂt — Ty + Tt + Ger1)

Tt = Iigt+b7Tt_1.

After rewriting the second equation and substituting the first equation, we obtain

- 1 Ut — Y1 -
et = e (P g (6, - )
Ty = Iigt + bﬂ't_l.

This system is in general complicated, because there are two state variables ¢, 1, m;_1.

However, in the special case ¢, = b, inflation drops out of the first equation and the system

11



becomes block-recursive. In particular, the output gap satisfies the difference equation:

_ 1 1 . n o
Yoot = o ((1_n+¢y) Y — 1_773/7&1)-

This is a standard difference equation with the characteristic polynomial given by

P(z) = (1+r)22— (L+¢y)x+%=0.

Note that P (0) > 0 and P (1) < 0 in view of the parametric condition ¢, > . Thus, the
polynomial has a single stable root that satisfies v, € (0,1). It follows that the output

gap converges to zero at a constant rate

Ytrh = YuYtin-1 = ’Y}ﬁﬂgt—l-

This establishes (A.15)). Substituting g; into the inertial Phillips curve, we solve for
inflation as:

T = KUy + bmi—1 = KYpUe—1 + bme_y.

This establishes (A.16)).

Finally, consider the value function. The value function satisfies the recursive relation

1.
Vi (yt—lﬁt—l) —§yt2 - %Wg + BV (yt, 7Tt)
where §; = YgUi1
and m, = KYgUi—1 + bmi_1.

We conjecture that the value function has the quadratic functional form in (A.17). After

substituting the functional form, and dropping the H subscripts, we obtain:

097 —Un} | — 2T amy = —G; —ym; + B (—07; — U} — 2LGm)
= —(1+80)7 — (¢ + BY) 7w} — 26Zg,m,
[ — (14 80) (vG—1)*
= — (¢ + BY) (kyfie—1 + bri—1)?
| =287 (vgi-1) (KVJ1—1 + bmy—1)
[ — (1+ 660 + (¢ + B9) &% + 28TK) v*§;,
= — (¢ + ) *m7,
— (28 + 2 (¢ + BY) k) vby; 1741

12



Here, the third line substitutes ¥, 7; in terms of 7, _1, 7;_; and the last line collects terms.

After matching the coefficients for the terms 32 |, 72 |, §; 171, we obtain

0 = (1480+ ¥+ BY) K>+ 28IkK) >
U o= (¥+p0)p
I = BT+ @W+pBY)k)yb

Solving these equations and substituting back the H subscripts, we establish (A.18]),
completing the proof. O

Proof of Proposition [2, Consider problem , which we replicate here

Vi onmen) = max— WUy (12 )V () + AV (1)

Yt, Tt 2
m = k(y—yp)+bm

In this case, the value function V7, (y;—1,7m—1) depends on past inflation, m;_;, but it is
still independent of past output, y; ;. Using this observation, we can write the problem

as

Vi (mi21) = maXF (me_1,m) + 5 (1 —A) Vi (my)

m — b m — by
where F (m;_1,m) = u 1/1 + BAVy (yz + 44— ’ﬂ't) )
2kK2 K
This is a standard dynamic optimization problem. The first order condition is given by

the Euler equation:

OF (ﬂ'tfl,ﬂ-t) oF (7Tt777t+1)

1-— =0. Al
8’/Tt + ﬁ ( /\) a’/Tt 0 ( 9)
We calculate the derivatives as:
OF (me-1,m) _ (m —bmyq) g+ BN OV (ye, me) 1 N Vi (ye, 1) ’
om, K2 o K o,
or (7Tta7Tt+1) _ E ey — by B B)\QVH (yt+1,7Tt+1)
omy K K OYr41 '

Combining these observations, and using y; — y; = wﬁ”t*l, the Euler equation ({A.19)
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implies

a‘/PI (yt77Tt) + K',&VH (yt;ﬂ-t))

Yi — Y1, + kYT — BA < En o,

Vi (Yes1, 7Tt+1))

= 1—-—XM\)b —yr = B
5( ) (ytJrl YL B et

We next use Eq. (A.17)) to calculate the partial derivatives of Vi (y, m;) as follows:

WVa (Y1) = Oy (g — ) — Tums
ayt
= —O0u (e —yr) — Zumi+0u (yg — Y1)
and
Wi W) g~ T (g — )
07Tt

= —Uyum —Zu (e —yr) + Zu (Y — y1) -
Substituting these expressions into the Euler equation, we obtain

(On + KZu) (y: — Y1)
Yy — yp + kY 4 BA +(Zyg + k¥ y)m
— Oy + kZy) (yi; — y7)

(1 + BA@H) (?Jt+1 - yZ)
= B(1-A)b +BALET 41
BN (Y5 — v7)

Rearranging terms, we have

Ay —yp) + B = C (Y1 —y1) + Dmpa + E (yr — yr) where
A = 1+8X(0y + KIy)

= rY+ BN (Tu + k¥py)

BA—=XNb(14+ 5\0g)

= B(1—)\)bBAIy

= BA0g +rZg — B(1—N)b0y].

H O Q
I

Here A, B,C, D, E > 0 are the derived parameters in . Note also that A > C' and
B> D.
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Combining the equation for y; with the NKPC, we obtain the system:

Ay —yp) + By = C W1 —y1) + Dmppr + E (Y — y1) (A.20)
T = k(Y —y)+bm_q.

We next calculate the steady-state, denoted by (7,7 ). From the second equation, the
k(Y —y7,

T - Substituting this into the first equation, we

steady-state inflation satisfies 7, =

solve for the steady-state output as:

by = E (yir — i)
9T A-C+(B-D)

Note that 3, > y; (and thus 7, > 0) since £ > 0, A > C, and B > D. This establishes

2122

We next characterize the transition dynamics away from the steady-state. Let g, =
ys — Yy, and 7, = m; — 7y denote the deviations from the steady state (these variables are
different than the output and inflation gaps). With this notation, we write (A.20)) as

A+ By = Cipgr + Dt

Ty = /igt‘i‘bﬁ't,l.

After substituting 7,1 = K911 + b7y and 7, = K + b7y in the first equation, we can

write this system as

(O + D/ﬁl) ?jt+1 = (A + (B — Db) li) ﬂt + (B — Db) bﬁ-t—l

Tt — /ﬂ?:ljt + b’fftfl.

In matrix notation, we have

G || HEees B | b
’ﬁ't K b ﬁ-tfl .
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The characteristic polynomial is given by

A+(B-Db)x _ . (B=Db)b
P (.%') = det C+Dk lf'-i—Dn
K — X

)

, <A+(B—D®m+h>x+ Ab

v C + Dk C + Dk
s AL BREIC A
C + Dk . C+ Dk’

Note that P (0) > 0 and

A+ BREMC, A

P®) = C + Dk +C+DI€
_ (B-bD)
= C’+D/@Kb<0'

This implies there is a stable root that satisfies v, = v, € (0,b). We also claim that
P (1) < 0, which holds iff

(C—A)1-b)+(D-B)k

< 0.
C + Dk

P(1) =

The inequality holds because A > C' and B > D. This inequality implies that there is
also an unstable root that satisfies v, > 1.

These observations prove that the system is saddle path stable. Starting with the
inflation deviation 7;_;, both the output deviation and inflation deviation converge to

zero at a constant rate vy,
Yer1 = YU and 7, = v, 7 for each t.

To characterize the output in terms of past inflation, note the Phillips curve implies

. . N - . b— -
Ty = Y1 = K¢ + b1 = Jp = — ( /:/L) T_1-

This establishes 24)).

Finally, we calculate the interest rate the central bank needs to set to implement the

optimal output and inflation path. First consider the real interest rate. Using the IS
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curve ,

Ui

E Y
Ty = P t [yt—l—l] t

1 Yi—1

Yt n
1—7}+1—7]

= P AW () =0+ (LX) (e =) — o (e —we) . (A21)

Yt—1

Here, y;11 denote the future output if the economy stays in the low-supply state (charac-

terized earlier). Likewise, the nominal interest rate is given by

i = By [mea] 4y
_ Mg (yt) + (1 - )\) M1+ (A 22)

pH+AYe (Ye) —ve) + (L= A) (Yerr — y) — % (Yt — Y1-1) -

Here, m; . is the inflation if the economy stays in state L. This completes the proof. [

B. Alternative model with a ZLB constraint

In the main text, we formalize the expansionary policy constraints by assuming that the
central bank is subject to a Taylor-rule type lower bound on the nominal interest rate
(see (2)). In this appendix, we analyze an alternative model in which the central bank is
subject to a zero lower bound (ZLB) constraint. We show that our main result holds also

in this more realistic scenario. We relegate the proofs to the end of the appendix.

Environment with a ZLB constraint. Consider the setup in Section [1| with the
difference that the lower bound on the interest rate is zero [cf. (2))]

i > 1, (yr) = 0. (B.1)

As before, the central bank sets policy without commitment, and it minimizes the present
discounted value of quadratic output gaps. We can then formulate the policy problem

recursively as

Ve (1) = Iﬁzf_w +BE, [V5t+1 (yt)} (B.2)
sty = o+ (1 =n) (= —p) + B [Yer, (01)])

v

0.

it
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As in our main setup, Y;(y_1) and V; (y_1) denote the central bank’s optimal output
choice and optimal value, respectively, when the current state is s € { H, L} and the most
recent output is y_;. The central bank takes its future interest rate decisions and output
choices as given and sets the current interest rate and output to minimize quadratic gaps,

subject to the inertial IS curve and the ZLB constraint.

Overheating with a ZLB constraint. Recall that, in the first-best benchmark with-
out expansionary policy constraints, the central bank sets a relatively low interest rate in
the first period after transition to the high-supply state [see ] We assume the para-
meters are such that this interest rate is negative: In the first-best benchmark, the Z1.B
constraint is violated in the first period after transition. Thus, a central bank that is

subject to a ZLB constraint cannot achieve zero gaps in all periods and states.
Assumption 1. p — 1 (y;; —y;) <O0.

Our first result characterizes the equilibrium after the economy transitions to the

absorbing state s = H.

Lemma 4. Suppose Assumption 1 holds and the economy has switched to the high-supply
state, s = H, with past output y_1 = y,1. Let gy = y5; — 17777,0 € (v, v3)-

e Ify 1 >7yy, then the ZLB constraint does not bind and the central bank can achieve

zero gaps, Yu (y—1) = y}; and Vi (y_1) = 0. The interest rate is given by

. n *
=p— — — Y1) - B.3
WH =P~ 7 1 (Vi — Ye-1) (B.3)
o Ify 1 <Yy, then the ZLB constraint binds and the output gap is negative for at least
one period, Yu (y-1) < yj; and Vi (y—1) < 0. The output and the value functions

are characterized in the proof and satisfy the following:

— Yy (y—1) > y_1 is continuous, strictly increasing, and piecewise linear (it is lin-
ear except for a finite number of kink points). Output converges to the efficient

level y3; after finitely many periods.

— Vi (y_1) is continuous, strictly concave and increasing, and piecewise differen-

tiable. At the ZLB cutoff, y_1 = Yy, the value function is differentiable with a

Ve Wu) _

zero derivative, =

Lemma {4] says that, after the supply recovers, the ZLB constraint binds when output

is sufficiently low relative to potential. Technically, the ZLB constraint introduces a
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finite number of kink points into the solution, but the optimal output and the value
function satisfy intuitive properties. Starting with a sufficiently low output level, the
output gradually recovers and eventually reaches its potential level, yj;. Similar to our
baseline analysis in Lemmal [l a greater past output increases the current output as well

as the value function (over the relevant range y_1 < ).

We next establish the analogue of our main result (Proposition |1f) in this alternative
setup with a ZLB constraint. Consider the optimal policy in the temporary low-supply
state, s = L. For now, suppose past output y_; is high enough so that the ZLB constraint
does not bind in the low-supply state (we consider the case with a binding ZLB in this
state subsequently). Then, we can rewrite problem as

(y—yp)

LD B (= N Vi () + Wi (). (B.4)

Ve (y-1) = max —
The value function in the future low-supply state does not depend on past output, V7, (y) =
V1, (as long as the ZLB does not bind, which we will verify). The value function in the
future high-supply state Vj (y) is concave. Therefore, the optimality condition is

y—y; = BA);  where §d € VVy (y). (B.5)

Here, 0 is a subgradient of the value function. It is equal to the derivative, except possibly
at kink points, where it lies in an interval between the left and the right derivatives. Let
yr, denote the optimum that solves .

Eq. establishes our main result with the ZLB constraint: the (unique) optimum
satisfies yr, € (y5,7y) and thus y, > y; and Yy (yr) < Yu (Uy) = yj;. In the temporary
low-supply state, the central bank chooses a level of output that induces positive output
gaps in the current low-supply state (current overheating), and negative output gaps after
transition to the high-supply state (future demand shortages). The intuition is the same
as in Section [2] As before, the central bank overheats the current output to accelerate

the recovery in future periods after transition to high supply.

We can now solve for the associated interest rate:

i =p+ \(Yy () — y) — % (Y — Y1) - (B.6)

Recall that Yy (y) > yr. This shows that the ZLB constraint does not bind in the low-
supply state (i; > p > 0) when past output is already equal to the target level, y;_1 = y.
However, there is a sufficiently low level of past output (y,_;) below which the ZLB
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constraint binds in the low-supply state for at least one period:

o= = L (0 A Vi () = ) (B.7)

The following proposition summarizes the discussion in this appendix and completes the

characterization of equilibrium in s = L.

Proposition 5. Suppose Assumption 1 holds and the economy is in the temporary supply
shock state, s = L, with past output y_1 = y;—1. Let 5, be given by (B.7)).

e Ify 1 > Yy, then the ZLB constraint does mot bind in s = L and the central
bank chooses the output level y;, that is the unique solution to . The output
choice satisfies yp € (y5,7y). In the temporary supply shock state, the economy
experiences overheating, yr, > yj. At the transition to the high-supply state, the

economy experiences demand shortages, Yy (yr) < Yu (Uy) = y5;. The interest rate

m s =L 1s given by .

o Ify 1 <7, then the ZLB constraint binds in s = L for at least one period. The
wnitial interest rate is zero, iy = 0, and the initial output is below its unconstrained
level, Y1, (y—1) < yr. The output function Y7, (y_1) (characterized in the proof) is
continuous and strictly increasing. Absent a transition to the high-supply state,

output converges to the target level yr, after finitely many periods.

Numerical illustration. Figure[B.I]|simulates the equilibrium for a numerical example.
The figure resembles Figure [1] in the main text. The solid lines plot the equilibrium
with the ZLB constraint and illustrate the main result. As before, the optimal policy
induces overheating in the low-supply state. The policy achieves this by cutting the rate
aggressively in the earlier periods while the economy is in the low-supply state. In fact, in
this simulation the policy runs into the ZLB constraint in the first period. Once the policy
brings the output in the low-supply state to a target level above the potential (denoted
by yr > y; in the figure), it raises the interest rate to keep the output constant until the
economy transitions to the high-supply state. After the transition, the policy cuts the
interest rate once again to raise aggregate demand toward the higher aggregate supply
level. However, the policy runs into the ZLB constraint. Due to the binding ZLB, the
recovery in the high-supply state takes several periods to complete.

The figure illustrates several other cases to illustrate different properties of the equi-

librium with the optimal policy. Compared to the first-best benchmark without the ZLB
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constraint (dotted lines), the optimal policy frontloads the interest rate cuts. Compared
to the myopic benchmark where the central bank closes the current output gaps (the
dashed line), the optimal policy generates some overheating in the low-supply phase but
accelerates the recovery once the economy transitions to the high-supply phase. Finally,
compared to a case with less inertia (dash-dotted line), the baseline case with higher in-
ertia results in higher gaps both before and after transition to the supply recovery. These
comparisons highlight that our results in this section (as in the main text) are driven by

the interaction of the aggregate demand inertia and expansionary policy constraints.

Proof of Lemma [4. If y_; > 7y, then the central bank can achieve a zero gap,
Yu (y-1) = y3; and Vg (y_1) = 0. Using the IS curve (1)) with v, = y;11 = vyj;, the interest
rate is given by . The interest rate is nonnegative, i; z > 0. In this case, the ZLB
constraint does not bind.

In contrast, if y_; < 7, then the ZLB constraint binds and the output gap is negative
for at least one period, Yy (y-1) < yj; and Vy (y_1) < 0.

Consider the constrained range, y_1 < 7. In this range, the IS curve with 4,y = 0

implies that output satisfies the recursive relation

Y (Y1) =ny1+ 1 —=n)(p+ Yy Yu(y-1))). (B.8)

We first solve this relation over a sequence of cutoff points for past output. Given
Y1 = Y and Y o = Yy, we recursively define a sequence of cutoffs with:

_ _ 1—n _ _
Yok+1 = Yak — T (P T Y1 — yH,k) . (B.9)

Using (B.8)), it is easy to check that the output function maps a lower cutoff into the
higher cutoft:

Y @H,kH) = Yn k- (B.10)

Note also that the cutoffs satisfy ¥y .1 <Yy, — @. Therefore, there exists Ky such
that ¥p g, < 0. Then, the cutoffs {yH,k}ziH_l cover the entire region [0, y}].

We next extend the solution to the intervals, [yH,k,vak_J. Specifically, we claim
that the output function is piecewise linear and strictly increasing. That is, there exist

{ak, bi }kaO such that

Vi (y-1) = apy-1 + by for y_, € [yH,kayH,k—l] : (B.11)
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——-equilibrium -—-- first-best benchmark (no constraints on expansion)

—-—-equilibrium with less inertia (smaller n) — -myopic benchmark (minimize current output gap)

Output y;

Interest rate i,

0.08 —
0.07 —
0.06 —

0.05 —

0.04 —

3
Period ¢

Figure B.1: A simulation of the equilibrium with a ZLB constraint. The economy starts
in the low-supply state, so = L, with the most recent output that satisfies y_; < y.
Solid lines: Equilibrium with the optimal policy. Dotted lines: First-best benchmark case
without the ZLB constraint. Dashed lines: Myopic benchmark case in which the policy
minimizes the current output gap. Dash-dotted lines: Equilibrium with a smaller inertia
parameter (7). See Online Appendix |C| for the parameters used.

22



We also claim that the slope coefficients satisfy a; > ax_; > 0 and a; < min (1, 1%77>

Using the characterization for the unconstrained region, the claim holds for £ = 0 with
the coefficients
ap =0 and by = yj;. (B.12)

Suppose the claim holds for £ — 1 and consider it for k. Using Eq. (B.8]), we have

ary—1 +br = ny—1+ (1 —n) (p + ar—1 (axy—1 + bi) + bp_1) .

After rearranging terms, we obtain a recursive characterization for the coefficients

ap = n+1—n)ag_1ax (B.13)
Ui
— A =
- (1—n)ag
by = (L—n)(p+ ar—1by + bx_1)
(1 —n)(p+br—1) 1—1n
— b, = = br_1) .
k = (=) s g (p+bp—1)
Note that ay_; < 1 implies ap = m € (0,1). Likewise, ar_1 < % implies
ay = W < % We also need to check a;, = W > aj_1. Note that this is

equivalent to P (ay—1) > 0 where P (z) = 2® — 2o + 1% This polynomial has roots .

and 1. Since a;_; < min (1, %), we have P (a;_1) > 0 and thus ay > ag_;. This proves
the claim in (B.11)) by induction.

Egs. (B.10) and (B.11) imply that the output function maps each interval
[yH7k,yH7k_1} into the higher interval [gij_l,yH,k_Q]. This establishes the claim in the

proposition that output converges to yj; after finitely many periods (at most Ky + 1

periods).

We next consider the value function Vi (y_1). Following similar steps, we can define
the value function recursively over the intervals [Jy . Jgr_1|- Let Vi (y-1) = 0 and

define a sequence of functions with:

1
Vg (y-1) = 3 (ary—1 + bk — yi)" + BVira—1 (axy—1 + by) - (B.14)

For each interval, the value function agrees with the corresponding function in the se-

quence:
Vi (y—1) = Vg (y-1) fory_, € [yH,kayH,k—l] .
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Note also that the functions in the sequence are differentiable with derivatives that satisfy:

AV x (Y-1)
dy—

(ary—1 + br)
dy—1

X AV j—
= — (ary—1 + bx — yjy) ax + f—— . (B.15)

Therefore, inside each interval, the value function is differentiable and its derivative agrees

with the derivative of the corresponding function in the sequence:

dVy (y71) _ dVH,k (yfl)
dy—1 dy—1

fory_; € (yH,kvyH,kfl) .

At each cutoff ¥y, the value function is left and right-differentiable with derivatives
Vﬁaﬁ;1(ﬂfgk) and dV?Lk(?}Lk).

Y—1 dy—1
We next prove that the value function, Vi (y_1), is strictly concave over the constrained

. . d
respectively given by

range, y-1 < Yy, For the interior points, (ng’k,yH,k_l), it is easy to check that the

dVy (y—1)
dy—1

check that the left derivative is greater than the right derivative:

derivative, , is strictly decreasing. Consider the cutoff points, 7 . It suffices to

AV g1 (U i) S AVirk (Yr)
dy,1 dy,1

This claim is true for k£ = 0. Suppose it is true for k£ — 1. Using Eq. (B.15]), we have

AV (Ypp-1)

dv y
H k+1 (ka) = - (?H,kq - y}) a1+ B dy—q e

dy—1
i ’ y U * dV, K y .
# =~ Wmper —vi) a + 5 dely(_lHk l)ak.

. AV g (Tr1,6-1) AV 1 (Trre-1) AV ki1 (T 1) Ve i (Trr 1)
Since dy—1 dy—1 dy—1 dy—1 :

This proves the claim and shows that Vy (y_;) is strictly concave over the constrained

and ag.1 > ax, we also have

range.

Finally, we prove that the value function is differentiable at the cutoff point at which

. . . . aVy(y .
starts to bind, y_1 = ¥y = Yy, with derivative equal to zero, % = 0. The right
derivative is zero since Vo (y-1) = 0. Recall that Yy (§y) = yj;- Therefore, using Eq.

(B.15) for k = 1, we have

AV, (?H,o)

dy - = - (YH (??H,o) - yjq) a; = 0.

This completes the proof of the proposition. Note also that Eqgs. — enable a
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numerical characterization of equilibrium in the high-supply state. O]

Proof of Proposition [5. The case y_; > 7, is analyzed before the proposition. Suppose
y—1 < Y, so that the ZLB constraint binds. In this case, the IS curve with 4, ;, = 0 implies

the output function satisfies the recursive relation

Yo (y-1) =nya+ (L =n) (p+AVu (Yo (y-1)) + (1 = N YL (V2 (Y1) - (B.16)

The analysis follows similar steps as in the proof of Lemma . Given y; , = 7, and

Y1 = Y1, we recursively define a sequence of cutoffs with:

Yok+1 = Yok — Tn (P + AYy (yL,k;) + (1= NYpp1— yL,k) . (B.17)

Using (B.16)), it is easy to check that the output function maps a lower cutoff into the
higher cutoff:

Yr (yL,kJrl) =YLk (B.18)

1—n)p
7

Using Yy (yr) > yr, we also obtain 7, ., < Ui — . Therefore, there exists K,
such that ¥, r, < 0. Then, the cutoffs {gL,k}kK:L_1 cover the entire region [0,y |.
We can then define the output function recursively over the intervals [ym,yL’k_l}.

Let Y70 (y—1) = yr, and define a sequence of functions with:

p+ Y (Yo (y-1))

Yig (y-1) = ny-1 + (1 —n) < + (1= A) Y1 (Yor (y-1))

) for y_, € [yLngL,k;—l] .
(B.19)

These functions are uniquely defined and increasing over [0,7;] (since the output function
in the high-supply state, Yy (-), is piecewise linear with slopes strictly less than one, as
we characterized earlier). Then, Eq. (B.18) implies that for each interval the output

function agrees with the corresponding function in the sequence

Y (y-1) = Yo (y-1) fory_, € [@L,kﬂL,k—J .

In particular, the output function maps each interval [@ Lk UL, k,l} into the higher interval
[yLﬁk_l,ym_z]. This establishes the claim in the proposition that, absent transition to
the high-supply state, output converges to the target level y; after finitely many periods
(at most K, + 1 periods). This completes the proof of the proposition. Note also that
Egs. enable a numerical characterization of equilibrium in the low-supply
state. [
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C. Parameters for the numerical examples

This appendix describes the parameters used for the numerical examples plotted in Figures

[1H3l and [B.1l.

C.1. Parameters for Figure

We think of each period as a year. For the baseline model (analyzed in Section [2 and
illustrated in Figure , we set the following parameters:

Discount rate: f = exp (—0.02)
Inertia: n=0.8

Potential output in states H, L: 5 = 1,y; = 0.95
Probability of transition to H: A=0.5
Taylor rule coefficient: A=0.5

Initial past output: y-1 =1y = 0.96.

These parameters are relatively standard. We set the discount rate so that the long-run
real interest rate (“rstar”) is about 2%. To make our results stark, we set the inertia
parameter to a relatively high level, n = 0.8. The (magenta) dash-dotted lines in Figure
plot the equilibrium for an alternative case with lower inertia where we set, 7 = 0.5. We
set A = 0.5, which corresponds to expected supply recovery in about two years. In Figure
(as well as in other figures), the actual recovery is delayed relative to expectations and
takes place in year four. We set the output gap coefficient in the Taylor rule to a relatively
high level, ¢ = 1 (see (2))). Finally, we start the economy with past output equal to the
threshold level below which the lower bound constraint binds, y_1 = 7, < yr, (see (12)).

C.2. Parameters for Figure

For the model with inflation determined by the NKPC (analyzed in Section and Online
Appendix and illustrated in Figure , we adopt the same parameters in the previous
Section |1| (except for ¢). For the parameters specific to this model, we set:

Inflation sensitivity to output gap: k=0.5
Generalized Taylor rule coefficients: ¢, =10, =1

Relative welfare weight on inflation gaps: Y =1.
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The inflation sensitivity to output gap is in line with the standard calibrations of the
Phillips curve. For the Taylor rule, the coefficient on the output gap is the same as
before, ¢, = ¢ = 1. The coefficient on inflation, ¢, = 1, ensures the Taylor condition
(marginally) holds. Finally, we assume the central bank puts the same welfare weight on
inflation and output gaps, ¥ =1 (see (16)).

C.3. Parameters for Figure

For the model with inertial inflation (analyzed in Section [3.2] and Online Appendix
and illustrated in Figure , we adopt the parameters in the previous Section , except for
¢,. We reset this parameter to satisfy the simplifying assumption in Lemma [3| ¢, = b.

For the parameters specific to this model, we set:

Inflation inertia: b=0.9

Initial past inflation: 7_; = 0.
We set the inertia in the Phillips curve to a relatively high level, b = 0.9, to make our

results stark (see (18])). We start the economy with past inflation equal to zero.

C.4. Parameters for Figure B.1

For the model with the zero lower bound constraint (analyzed in Section [B|and illustrated
in Figure B.1)), we adopt the same parameters in Section (1| for the baseline model with a

Taylor rule constraint.
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