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Online Mathematical Appendix

1 Setup for Cost Minimization

Here, v denotes the cost of capital, and w;* and wj“f’ denote the unskilled and skilled workers’ wages, respectively.
Factors of production are capital Kj, skilled labor S; and unskilled labor U;. j indexes location. We also
have factor augmenting technical change that shows up as multipliers on factors; these multipliers do not
differ by location. The underlying problem is:
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The parameters that may change over time are Ag, Ag, Ay, ts, b and fiy,.

1.1 Equation 2

The first order conditions from cost minimization are given by the following equations, where 6; denotes the

Lagrange multiplier:
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Following are the marginal products of the three factors:
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Dividing the first order condition for S; given by equation 3 by the one for U; in equation 2:
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This equation gives a relationship between the relative wages of skilled and unskilled workers and the inputs
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and agglomeration parameters of the model. Multiplying and dividing the right hand side by [AZD]'? reuy }
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calculating the product in the first square bracket, grouping terms and simplifying:
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Taking logarithms on both sides of the previous expression:
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In order to now take the total derivative of equation 4, consider each component:
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where w§ = )\AgD;uk:}’ﬁi_ /\I)(jﬁ R (analogously defined to that one in the previous section). And

hence the total derivative of equation 4 is given by:
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which is Equation 2 in the text.



1.2 Equation 3

Starting with the first order condition from profit maximization for capital close to equation 1, take the log

on both sides:
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Consider the following equations that will help with totally differentiating equation 5:
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canceling terms and rewriting
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canceling terms and rewriting
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where wi* is analogously defined as wit =

Note that the preceding equations made use of the following expressions as well:
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Hence, the total derivative of equation 5 is given by:
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Now rearrange the coefficients of some of the terms. For dInU; and dIn A,, start by expanding:
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Substituting the arranged coefficients in the total derivative given by equation 6:
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which can be rearranged into equation 3 in the text.

1.3 Equations 4 and 5

Start by dividing the first order conditions given by equation 2 and equation 1:
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Totally differentiating the previous expression yields the analogous to the equation 4 in the text:
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Start by taking the log of the production function:
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ﬂ
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Where wi" and wj are as defined in sections 2.2 and 2.3. Hence, the total derivative of equation 7 is:

dlnY; = dlnA;+ (1 -wj")dInS; + wi*(1 — wj)dInU; + wi'wjdIn K;
+(1 = wi")dps In Dj + wi*(1 — wfi)dpy, In Dj + wi*widpg In D

+(1 = wi")dIn A + wi"(1 — wi)dIn Ay, + wi'widIn Ay,

Now consider equation 3 in the text, which can be rewritten in terms of Z as follows:
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U Z Z U
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- )2 To — —dln A,
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O =) + 24 = )~
(1-0o)(1—wi") A\ Z+1 Ay, 1
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—(1 = wi")dpsIn Dj — wi*(1 — wf)dpy, In Dj — wiwidug In D
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grouping some terms
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—(1 = wi")dpsIn Dj — wi*(1 — wf)dpy, In Dj — wi*widug In D
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substituting for dIln (U) from equation 3 again and rearranging
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(1 —ws"wS)(dInv — dln Ay)

J ~ —dln A;
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B :(Z+ 1)(12— et +w§uw;;:| djxIn D,
U ] ()
- :(Z+ 1)(1Z— W) ~|—w§“w§} dln A,

The next step involves rearranging the coefficient for the last four terms of the previous equation. Notice

that the coefficient for dIln (%) is the same as the ones for du,In D;, dln (AS ), and for dy, In D; (this last

Ay

one with an opposite sign). Multiplying this coefficient by Z for a common denominator and expanding:

(1-0)(1—

cu
wj

)(1—w

cu
J

C
wj

)

Z

+ (I-wf") =
(1 —wf) |(1 = 0)(1 = wi'ws) + ow§ — owws — pw§ — 1 + witws + p}
- Z
(1— chu) (1—-0)(1— w;f’“ch-) + ow§ — owf'ws — pwi — 1+ witws + p}
- _ Z
(1-— wJC“) _1 —wi'w§ — o + owtwi + ow§ — owMw§ — pw§ — 1 + witw§ + p}

VA

canceling terms
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Finally, expanding the coefficient for dpuy, In D;:

(Z +1)(1 — wiwf) —(Z+ 11 — wj'wf) — wi'wiZ

_ J J
- 7 B 7
expanding and canceling terms
—(Z + 1) + wi'w§
Z

using the expression above for Z + 1 and canceling terms

_ owitwi + pwi — owi — p
VA

_ owtws + (p — o)w§ — p
VA

Also, note that this coefficient can also be written as:

(Z+D0-uss) _[(1_@%;)“]

B 7 W Wy 7

Substituting these four coefficients for the previous ones:

e, _ )
dln<§ij> _ (1 —wj wj)(lenv dlnA])_dlnAj
Lm0 (5)

e _;gu)(l_w§)dﬂulnDj

BURL T T TS

oW ws + (2— o)ws — pduk D,

—0)(1 —wi*)(1 —ws A

e ()

grouping terms
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1 — o) (dlnv — dIn A; — dln A
_ d-wiwp(dine —dln 2 k)—dlnAjfdlnAk

Z
(p = o) (1 = i) (1 = W)l — ps) + [0l + (p = o)t = p| dpy
+ lnDj
Z
(p—0)(1 —wi")(1 = wf) S; A,
S () ren ()
Substituting for Z, we get the analogous expression to equation 6 in the text:
K l—wc“ )(dnv—dlnA; —dln A
dl <J> _ i) ’“)c —dInA; —dln A,
Y; (0 —pw (1—w 4) = (1= p)(1 — wjws)
(p— ) (1 = w§) (1 = W)t — ps) + [ + (p — o) — p] dpy
+ lIle

(lfa)w;?“qu(af )wj+( -1)

o= (p@f)oil >_W<1)(—1 35‘71 ) [C““ <5> i (jﬂ

J

This is equation 6 in the text.

1.5 Equations 7 and 8

Start by dividing the first order condition for unskilled labor by the one for capital:

u — 1—
wi LA (AT pel—m) (55 g
v A A, J U;

taking logs on both sides
1-— Ag K;
nwf —Inv = In ()\)\> —pln (Au) + p(pty — pr) InDj + (1 — p)In <Uj)

Taking In v to the right hand side and totally differentiating the expression results in the analogous to equation

7 in the text:
Ay K;
dinwy = dlnv — pdln T + pd(py — i) In Dj + (1 — p)dIn A
u j

Substituting in for d1n ( ) yields equation 8 in the text.
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