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1 Setup for Cost Minimization

Here, v denotes the cost of capital, and wuj and w
s
j denote the unskilled and skilled workers' wages, respectively.

Factors of production are capital Kj , skilled labor Sj and unskilled labor Uj . j indexes location. We also

have factor augmenting technical change that shows up as multipliers on factors; these multipliers do not

di�er by location. The underlying problem is:

min
Kj ,Sj ,Uj

vKj + wsjSj + wuj Uj

subject to Yj = Aj

[
cAσsD

σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

] 1
σ

The parameters that may change over time are As, Ak, Au, µs, µk and µu.

1.1 Equation 2

The �rst order conditions from cost minimization are given by the following equations, where θj denotes the

Lagrange multiplier:

∂L

∂Kj
= v − θj

∂Yj
∂Kj

= 0 (1)

∂L

∂Uj
= wuj − θj

∂Yj
∂Uj

= 0 (2)

∂L

∂Sj
= wsj − θj

∂Yj
∂Sj

= 0 (3)
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Following are the marginal products of the three factors:

∂Yj
∂Kj

= Aj

[
cAσsD

σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

] 1−σ
σ

×(1− c)
[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ × λAρkD

ρµk
j Kρ−1

j

∂Yj
∂Uj

= Aj

[
cAσsD

σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

] 1−σ
σ

×(1− c)
[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ × (1− λ)AρuD

ρµu
j Uρ−1

j

∂Yj
∂Sj

= Aj

[
cAσsD

σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

] 1−σ
σ

× cAσsD
σµs
j Sσ−1

j

Dividing the �rst order condition for Sj given by equation 3 by the one for Uj in equation 2:

wsj
wuj

=
cDσµs

j AσsS
σ−1
j

(1− c)
[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ

(1− λ)AρuD
ρµu
j Uρ−1

j

This equation gives a relationship between the relative wages of skilled and unskilled workers and the inputs

and agglomeration parameters of the model. Multiplying and dividing the right hand side by
[
AρuD

ρµu
j Uρj

]σ−ρ
ρ
:

wsj
wuj

=
cAσsD

σµs
j Sσ−1

j

(1− c)

[(
AρuD

ρµu
j Uρj

)−1 (
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)]σ−ρρ [
AρuD

ρµu
j Uρj

]σ−ρ
ρ

(1− λ)AρuD
ρµu
j Uρ−1

j

calculating the product in the �rst square bracket, grouping terms and simplifying:

=
c

1− c

1

1− λ

[
λ

(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj

Uj

)ρ
+ (1− λ)

]−(σ−ρ)
ρ

(
As
Au

)σ
D
σ(µs−µu)
j

(
Sj
Uj

)σ−1

Taking logarithms on both sides of the previous expression:

ln

(
wsj
wuj

)
= ln

(
c

1− c

)
− ln(1− λ)− σ − ρ

ρ
ln

(
λ

(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj

Uj

)ρ
+ (1− λ)

)
+σ ln

(
As
Au

)
+ σ(µs − µu) lnDj + (σ − 1) ln

(
Sj
Uj

)
(4)

In order to now take the total derivative of equation 4, consider each component:

∂ ln
(
wsj
wuj

)
∂ lnSj

d lnSj = (σ − 1)d lnSj
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∂ ln
(
wsj
wuj

)
∂ lnUj

d lnUj =
σ − ρ

ρ

ρλ
(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj
Uj

)ρ
d lnUj

λ
(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj
Uj

)ρ
+ (1− λ)

− (σ − 1)d lnUj

expanding and multiplying and dividing the �rst term by AρuD
ρµu
j Uρj

= (σ − ρ)
AρuD

ρµu
j Uρj λA

ρ
kA

−ρ
u Dρµk

j D−ρµu
j Kρ

jU
−ρ
j

AρuD
ρµu
j Uρj

(
λAρkA

−ρ
u Dρµk

j D−ρµu
j Kρ

jU
−ρ
j + (1− λ)

)d lnUj − (σ − 1)d lnUj

= (σ − ρ)
λAρkD

ρµk
j Kρ

j

λAρkD
ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

d lnUj − (σ − 1)d lnUj

= (σ − ρ)ωcjd lnUj − (σ − 1)d lnUj

∂ ln
(
wsj
wuj

)
∂ lnKj

d lnKj = −
(
σ − ρ

ρ

) ρλ
(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj
Uj

)ρ
d lnKj

λ
(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj
Uj

)ρ
+ (1− λ)

multiplying and dividing by AρuD
ρµu
j Uρj

= −(σ − ρ)ωcjd lnKj

∂ ln
(
wsj
wuj

)
∂µs

dµs = σdµs lnDj

∂ ln
(
wsj
wuj

)
∂µu

dµu = −
(
σ − ρ

ρ

) λ
(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj
Uj

)ρ
(−ρ)dµu lnDj

λ
(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj
Uj

)ρ
+ (1− λ)

− σdµu lnDj

multiplying and dividing by AρuD
ρµu
j Uρj

= (σ − ρ)ωcjdµu lnDj − σdµu lnDj

∂ ln
(
wsj
wuj

)
∂µk

dµk = −
(
σ − ρ

ρ

) λ
(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj
Uj

)ρ
ρdµk lnDj

λ
(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj
Uj

)ρ
+ (1− λ)

multiplying and dividing by AρuD
ρµu
j Uρj

= −(σ − ρ)ωcjdµk lnDj

∂ ln
(
wsj
wuj

)
∂ lnAs

d lnAs = σd lnAs
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∂ ln
(
wsj
wuj

)
∂ lnAu

d lnAu =
σ − ρ

ρ

ρλ
(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj
Uj

)ρ
d lnAu

λ
(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj
Uj

)ρ
+ (1− λ)

− σd lnAu

multiplying and dividing the �rst term by AρuD
ρµu
j Uρj

= (σ − ρ)ωcjd lnAu − σd lnAu

∂ ln
(
wsj
wuj

)
∂ lnAk

d lnAk = −
(
σ − ρ

ρ

) ρλ
(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj
Uj

)ρ
d lnAk

λ
(
Ak
Au

)ρ
D
ρ(µk−µu)
j

(
Kj
Uj

)ρ
+ (1− λ)

multiplying and dividing by AρuD
ρµu
j Uρj

= −(σ − ρ)ωcjd lnAk

where ωcj =
λAρkD

ρµk
j Kρ

j

λAρkD
ρµk
j Kρ

j+(1−λ)AρuDρµuj Uρj
(analogously de�ned to that one in the previous section). And

hence the total derivative of equation 4 is given by:

d ln

(
wsj
wuj

)
=

∂ ln
(
wsj
wuj

)
∂Uj

dUj +
∂ ln

(
wsj
wuj

)
∂Sj

dSj +
∂ ln

(
wsj
wuj

)
∂Kj

dKj +
∂ ln

(
wsj
wuj

)
∂µu

dµu +
∂ ln

(
wsj
wuj

)
∂µs

dµs

+
∂ ln

(
wsj
wuj

)
∂µk

dµk +
∂ ln

(
wsj
wuj

)
∂ lnAu

d lnAu +
∂ ln

(
wsj
wuj

)
∂ lnAs

d lnAs +
∂ ln

(
wsj
wuj

)
∂ lnAk

d lnAk

= (σ − ρ)ωcjd lnUj − (σ − 1)d lnUj + (σ − 1)d lnSj − (σ − ρ)ωcjd lnKj − σdµu lnDj

+(σ − ρ)ωcjdµu lnDj + σdµs lnDj − (σ − ρ)ωcjdµk lnDj − σd lnAu

+(σ − ρ)ωcjd lnAu + σd lnAs − (σ − ρ)ωcjd lnAk

grouping similar terms

= (σ − 1)(d lnSj − d lnUj) + σ lnDj(dµs − dµu)− (σ − ρ)ωcj(d lnKj − d lnUj)

−(σ − ρ)ωcj lnDj(dµk − dµu) + σ(d lnAs − d lnAu)− (σ − ρ)ωcj(d lnAk − d lnAu)

= σd(µs − µu) lnDj + (σ − 1)d ln

(
Sj
Uj

)
− (σ − ρ)ωcjd ln

(
Kj

Uj

)
− (σ − ρ)ωcjd(µk − µu) lnDj

+σd ln

(
As
Au

)
− (σ − ρ)ωcjd ln

(
Ak
Au

)

which is Equation 2 in the text.
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1.2 Equation 3

Starting with the �rst order condition from pro�t maximization for capital close to equation 1, take the log

on both sides:

ln v = lnAj +
1− σ

σ
ln

[
cAσsD

σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

]
+ ln(1− c)

+
σ − ρ

ρ
ln
[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]
+ lnλ+ ρ lnAk + ρµk lnDj + (ρ− 1) lnKj (5)

Consider the following equations that will help with totally di�erentiating equation 5:

∂ ln v

∂ lnAj
d lnAj = d lnAj

∂ ln v

∂ lnUj
d lnUj =

(
1− σ

σ

) (1− c)σρ

[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ
ρ(1− λ)AρuD

ρµu
j Uρj d lnUj

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

+

(
σ − ρ

ρ

)
ρ(1− λ)AρuD

ρµu
j Uρj d lnUj

λAρkD
ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

canceling terms and rewriting

= (1− σ)ωcuj (1− ωcj)d lnUj + (σ − ρ)(1− ωcj)d lnUj

∂ ln v

∂ lnSj
d lnSj =

(
1− σ

σ

)
σcAσsD

σµs
j Sσj d lnSj

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

canceling σ, rewrite as

= (1− σ)(1− ωcuj )d lnSj

∂ ln v

∂ lnKj
d lnKj =

(
1− σ

σ

) (1− c)σρ

[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ
ρλAρkD

ρµk
j Kρ

j d lnKj

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

+

(
σ − ρ

ρ

)
ρλAρkD

ρµk
j Kρ

j d lnKj

λAρkD
ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

+ (ρ− 1)d lnKj

canceling terms and rewriting

= (1− σ)ωcuj ω
c
jd lnKj + (σ − ρ)ωcjd lnKj + (ρ− 1)d lnKj
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∂ ln v

∂µu
dµu =

(
1− σ

σ

) (1− c)σρ

[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ
ρ(1− λ)AρuD

ρµu
j Uρj dµu lnDj

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

+

(
σ − ρ

ρ

)
ρ(1− λ)AρuD

ρµu
j Uρj dµu lnDj

λAρkD
ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

canceling terms and rewriting

= (1− σ)ωcuj (1− ωcj)dµu lnDj + (σ − ρ)(1− ωcj)dµu lnDj

∂ ln v

∂µs
dµs =

(
1− σ

σ

)
σcAσsD

σµs
j Sσj dµs lnDj

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

canceling terms and rewriting

= (1− σ)(1− ωcuj )dµs lnDj

∂ ln v

∂µk
dµk =

(
1− σ

σ

) (1− c)σρ

[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ
ρλAρkD

ρµk
j Kρ

j dµk lnDj

λAρkD
ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

+

(
σ − ρ

ρ

)
ρλAρkD

ρµk
j Kρ

j dµk lnDj

λAρkD
ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

+ ρdµk lnDj

canceling terms and rewriting

= (1− σ)ωcuj ω
c
jdµk lnDj + (σ − ρ)ωcjdµk lnDj + ρdµk lnDj

∂ ln v

∂ lnAu
d lnAu =

(
1− σ

σ

) (1− c)σρ

[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ
ρ(1− λ)AρuD

ρµu
j Uρj d lnAu

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

+

(
σ − ρ

ρ

)
ρ(1− λ)AρuD

ρµu
j Uρj d lnAu

λAρkD
ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

canceling terms and rewriting

= (1− σ)ωcuj (1− ωcj)d lnAu + (σ − ρ)(1− ωcj)d lnAu

∂ ln v

∂ lnAs
d lnAs =

(
1− σ

σ

)
σcAσsD

σµs
j Sσj d lnAs

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

canceling σ, rewrite as

= (1− σ)(1− ωcuj )d lnAs
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∂ ln v

∂ lnAk
d lnAk =

(
1− σ

σ

) (1− c)σρ

[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ
ρλAρkD

ρµk
j Kρ

j d lnAk

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

+

(
σ − ρ

ρ

)
ρλAρkD

ρµk
j Kρ

j d lnAk

λAρkD
ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

+ ρd lnAk

canceling terms and rewriting

= (1− σ)ωcuj ω
c
jd lnAk + (σ − ρ)ωcjd lnAk + ρd lnAk

where ωcuj is analogously de�ned as ωcuj =
(1−c)[λAρkD

ρµk
j Kρ

j+(1−λ)AρuDρµuj Uρj ]
σ
ρ

cAσsD
σµs
j Sσj +(1−c)(λAρkD

ρµk
j Kρ

j+(1−λ)AρuDρµuj Uρj )
σ
ρ
.

Note that the preceding equations made use of the following expressions as well:

1− ωcuj =
cAσsD

σµs
j Sσj

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

1− ωcj =
(1− λ)AρuD

ρµu
j Uρj

λAρkD
ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

Hence, the total derivative of equation 5 is given by:

d ln v = d lnAj + (1− σ)ωcuj (1− ωcj)d lnUj + (σ − ρ)(1− ωcj)d lnUj + (1− σ)(1− ωcuj )d lnSj

+(1− σ)ωcuj ω
c
jd lnKj + (σ − ρ)ωcjd lnKj + (ρ− 1)d lnKj + (1− σ)ωcuj (1− ωcj)dµu lnDj

+(σ − ρ)(1− ωcj)dµu lnDj + (1− σ)(1− ωcuj )dµs lnDj + (1− σ)ωcuj ω
c
jdµk lnDj

+(σ − ρ)ωcjdµk lnDj + ρdµk lnDj + (1− σ)ωcuj (1− ωcj)d lnAu + (σ − ρ)(1− ωcj)d lnAu

+(1− σ)(1− ωcuj )d lnAs + (1− σ)ωcuj ω
c
jd lnAk + (σ − ρ)ωcjd lnAk + ρd lnAk

grouping terms

= d lnAj +
[
(1− σ)ωcuj (1− ωcj) + (σ − ρ)(1− ωcj)

]
d lnUj + (1− σ)(1− ωcuj )d lnSj

+
[
(1− σ)ωcuj ω

c
j + (σ − ρ)ωcj + ρ− 1

]
d lnKj +

[
(1− σ)ωcuj (1− ωcj) + (σ − ρ)(1− ωcj)

]
dµu lnDj

+(1− σ)(1− ωcuj )dµs lnDj +
[
(1− σ)ωcuj ω

c
j + (σ − ρ)ωcj + ρ

]
dµk lnDj

+[(1− σ)ωcuj (1− ωcj) + (σ − ρ)(1− ωcj)]d lnAu + (1− σ)(1− ωcuj )d lnAs

+[(1− σ)ωcuj ω
c
j + (σ − ρ)ωcj + ρ]d lnAk (6)
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Now rearrange the coe�cients of some of the terms. For d lnUj and d lnAu, start by expanding:

(1− σ)ωcuj (1− ωcj) + (σ − ρ)(1− ωcj) =

= ωcuj − σωcuj − ωcuj ω
c
j + σωcuj ω

c
j + σ − σωcj − ρ+ ρωcj

adding and subtracting 1 + ρωcuj ω
c
j , and grouping terms

= (1− ωcuj ω
c
j)− ρ(1− ωcuj ω

c
j)− (1− ωcuj ) + σ(1− ωcuj )− σωcj(1− ωcuj ) + ρωcj(1− ωcuj )

= −(σ − ρ)ωcj(1− ωcuj ) + (1− ρ)(1− ωcuj ω
c
j)− (1− σ)(1− ωcuj )

Expanding the coe�cient for d lnKj :

(1− σ)ωcuj ω
c
j + (σ − ρ)ωcj + ρ− 1 =

= ωcuj ω
c
j − σωcuj ω

c
j + (σ − ρ)ωcj + ρ− 1

adding and subtracting ρωcuj ω
c
j , and grouping terms

= (σ − ρ)ωcj − σωcuj ω
c
j + ρωcuj ω

c
j − (1− ωcuj ω

c
j) + ρ(1− ωcuj ω

c
j)

= (σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j)

Similarly, the coe�cient for d lnAk is:

(1− σ)ωcuj ω
c
j + (σ − ρ)ωcj + ρ =

= (σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j) + 1

And lastly, expanding the coe�cient for dµu lnDj :

(1− σ)ωcuj (1− ωcj) + (σ − ρ)(1− ωcj) =

= ωcuj − ωcuj ω
c
j − σωcuj + σωcuj ω

c
j + σ − σωcj − ρ+ ρωcj

adding and subtracting 1, and grouping terms

= (σ − 1)(1− ωcuj ) + (σ − 1)ωcuj ω
c
j − (σ − ρ)ωcj − ρ+ 1

= −(1− σ)(1− ωcuj )− (1− σ)ωcuj ω
c
j − (σ − ρ)ωcj − ρ+ 1
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Substituting the arranged coe�cients in the total derivative given by equation 6:

d ln v = d lnAj + (1− σ)(1− ωcuj )d lnSj +
[
−(σ − ρ)ωcj(1− ωcuj ) + (1− ρ)(1− ωcuj ω

c
j)− (1− σ)(1− ωcuj )

]
d lnUj

+
[
(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω

c
j)
]
d lnKj + (1− σ)(1− ωcuj )dµs lnDj

+
[
−(1− σ)(1− ωcuj )− (1− σ)ωcuj ω

c
j − (σ − ρ)ωcj − ρ+ 1

]
dµu lnDj

+
[
(1− σ)ωcuj ω

c
j + (σ − ρ)ωcj + ρ

]
dµk lnDj + (1− σ)(1− ωcuj )d lnAs

−[(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j) + (1− σ)(1− ωcuj )]d lnAu

+[(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j) + 1]d lnAk

For now, let Z ≡ (σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j). Rearranging terms:

Zd lnKj − Zd lnUj = d ln v − d lnAj + (1− σ)(1− ωcuj )d lnUj − (1− σ)(1− ωcuj )d lnSj

+(1− σ)(1− ωcuj )dµu lnDj − (1− σ)(1− ωcuj )dµs lnDj

+
[
(1− σ)ωcuj ω

c
j + (σ − ρ)ωcj + ρ

]
dµu lnDj

−
[
(1− σ)ωcuj ω

c
j + (σ − ρ)ωcj + ρ

]
dµk lnDj − dµu lnDj

−(1− σ)(1− ωcuj )d lnAs + [Z + (1− σ)(1− ωcuj )]d lnAu − (Z + 1)d lnAk

grouping terms

Zd ln

(
Kj

Uj

)
= d ln v − d lnAj − (1− σ)(1− ωcuj )d ln

(
Sj
Uj

)
+ (1− σ)(1− ωcuj )d(µu − µs) lnDj

+
[
(1− σ)ωcuj ω

c
j + (σ − ρ)ωcj + ρ

]
d(µu − µk) lnDj − dµu lnDj

−(1− σ)(1− ωcuj )d ln

(
As
Au

)
− (Z + 1)d ln

(
Ak
Au

)
− d lnAu

dividing by and substituting for Z

d ln

(
Kj

Uj

)
=

d ln v − d lnAj
(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω

c
j)

−
(1− σ)(1− ωcuj )

(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j)
d ln

(
Sj
Uj

)

+
(1− σ)(1− ωcuj )d(µu − µs) +

[
(1− σ)ωcuj ω

c
j + (σ − ρ)ωcj + ρ

]
d(µu − µk)− dµu

(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j)

lnDj

−
(1− σ)(1− ωcuj )

(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j)
d ln

(
As
Au

)
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−
(1− σ)ωcuj ω

c
j + (σ − ρ)ωcj + ρ

(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j)
d ln

(
Ak
Au

)
− d lnAu
(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω

c
j)

which can be rearranged into equation 3 in the text.

1.3 Equations 4 and 5

Start by dividing the �rst order conditions given by equation 2 and equation 1:

wuj
v

=
(1− λ)AρuD

ρµu
j Uρ−1

j

λAρkD
ρµk
j Kρ−1

j

=
1− λ

λ

(
Ak
Au

)−ρ
D
ρ(µu−µk)
j

(
Kj

Uj

)1−ρ

Taking logs on both sides yields:

ln

(
wuj
v

)
= ln

(
1− λ

λ

)
− ρ ln

(
Ak
Au

)
+ ρ(µu − µk) lnDj + (1− ρ) ln

(
Kj

Uj

)
rearranging terms

ln

(
Kj

Uj

)
=

1

1− ρ
ln

(
wuj
v

)
+

ρ

1− ρ
(µk − µu) lnDj +

ρ

1− ρ
ln

(
Ak
Au

)
− 1

1− ρ
ln

(
1− λ

λ

)

Totally di�erentiating the previous expression yields the analogous to the equation 4 in the text:

d ln

(
Kj

Uj

)
=

1

1− ρ
d ln

(
wuj
v

)
+

ρ

1− ρ
d(µk − µu) lnDj +

ρ

1− ρ
d ln

(
Ak
Au

)

To obtain equation 5 in the text, substitute equation 3 into equation 2 and rearrange terms. This yields

d ln

(
wsj
wuj

)
= ψSU1

(
dµs, dµk, dµu, σ, ρ, ω

c
j , ω

cu
j

)
lnDj

+ ψSU2
(
σ, ρ, ωcj , ω

cu
j

) [
d ln

(
Sj
Uj

)
+ d ln

(
As
Au

)]
+ d ln

(
As
Au

)
+ ψSU3

(
σ, ρ, ωcj , ω

cu
j

)
[d ln v − d lnAj − d lnAk]

where, using equation 3 as derived above,

10



ψSU1 = (ρ− σ)ωcj

[
d(µk − µu) +

(1− σ)(1− ωcuj )d(µu − µs) + [(1− σ)ωcuj ω
c
j + (σ − ρ)ωcj + ρ]d(µu − µk)− dµu

(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcjω
cu
j )

]
+σd(µs − µu)

ψSU2 = (σ − 1)−

[
(ρ− σ)ωcj(1− σ)(1− ωcuj )

(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j)

]

ψSU3 =
(ρ− σ)ωcj

(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j)

1.4 Equation 6

Start by taking the log of the production function:

lnYj = lnAj +
1

σ
ln

[
cAσsD

σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

]
(7)

Consider the following equations that will be useful for getting the total derivative of the previous equation:

∂ lnYj
∂ lnAj

d lnAj = d lnAj

∂ lnYj
∂ lnUj

d lnUj =

(
1

σ

) (1− c)σρ

[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ
ρ(1− λ)AρuD

ρµu
j Uρj d lnUj

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

canceling terms and rewriting as above

= ωcuj (1− ωcj)d lnUj

∂ lnYj
∂ lnSj

d lnSj =

(
1

σ

)
σcAσsD

σµs
j Sσj d lnSj

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

canceling σ and rewriting

= (1− ωcuj )d lnSj

∂ lnYj
∂ lnKj

d lnKj =

(
1

σ

) (1− c)σρ

[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ
ρλAρkD

ρµk
j Kρ

j d lnKj

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

canceling terms and rewriting as above

= ωcuj ω
c
jd lnKj
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∂ lnYj
∂µu

dµu =

(
1

σ

) (1− c)σρ

[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ
ρ(1− λ)AρuD

ρµu
j Uρj dµu lnDj

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

canceling terms and rewriting as above

= ωcuj (1− ωcj)dµu lnDj

∂ lnYj
∂µs

dµs =

(
1

σ

)
σcAσsD

σµs
j Sσj dµs lnDj

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

canceling terms and rewriting as above

= (1− ωcuj )dµs lnDj

∂ lnYj
∂µk

dµk =

(
1

σ

) (1− c)σρ

[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ
ρλAρkD

ρµk
j Kρ

j dµk lnDj

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

canceling terms and rewriting as above

= ωcuj ω
c
jdµk lnDj

∂ lnYj
∂ lnAu

d lnAu =

(
1

σ

) (1− c)σρ

[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ
ρ(1− λ)AρuD

ρµu
j Uρj d lnAu

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

canceling terms and rewriting as above

= ωcuj (1− ωcj)d lnAu

∂ lnYj
∂ lnAs

d lnAs =

(
1

σ

)
σcAσsD

σµs
j Sσj d lnAs

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

canceling σ and rewriting

= (1− ωcuj )d lnAs

∂ lnYj
∂ lnAk

d lnAk =

(
1

σ

) (1− c)σρ

[
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

]σ−ρ
ρ
ρλAρkD

ρµk
j Kρ

j d lnAk

cAσsD
σµs
j Sσj + (1− c)

(
λAρkD

ρµk
j Kρ

j + (1− λ)AρuD
ρµu
j Uρj

)σ
ρ

canceling terms and rewriting as above

= ωcuj ω
c
jd lnAk
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Where ωcuj and ωcj are as de�ned in sections 2.2 and 2.3. Hence, the total derivative of equation 7 is:

d lnYj = d lnAj + (1− ωcuj )d lnSj + ωcuj (1− ωcj)d lnUj + ωcuj ω
c
jd lnKj

+(1− ωcuj )dµs lnDj + ωcuj (1− ωcj)dµu lnDj + ωcuj ω
c
jdµk lnDj

+(1− ωcuj )d lnAs + ωcuj (1− ωcj)d lnAu + ωcuj ω
c
jd lnAk (8)

Now consider equation 3 in the text, which can be rewritten in terms of Z as follows:

d ln

(
Kj

Uj

)
=

d ln v − d lnAj
Z

−
(1− σ)(1− ωcuj )

Z
d ln

(
Sj
Uj

)
+
(1− σ)(1− ωcuj )d(µu − µs) + (Z + 1)d(µu − µk)− dµu

Z
lnDj

−
(1− σ)(1− ωcuj )

Z
d ln

(
As
Au

)
− Z + 1

Z
d ln

(
Ak
Au

)
− 1

Z
d lnAu

taking d lnUj to the right hand side

d lnKj =
d ln v − d lnAj

Z
−

(1− σ)(1− ωcuj )

Z
d ln

(
Sj
Uj

)
+ d lnUj

+
(1− σ)(1− ωcuj )d(µu − µs) + (Z + 1)d(µu − µk)− dµu

Z
lnDj

−
(1− σ)(1− ωcuj )

Z
d ln

(
As
Au

)
− Z + 1

Z
d ln

(
Ak
Au

)
− 1

Z
d lnAu

subtracting d lnYj on both sides using equation 8

d lnKj − d lnYj =
d ln v − d lnAj

Z
−

(1− σ)(1− ωcuj )

Z
d ln

(
Sj
Uj

)
+ d lnUj

+
(1− σ)(1− ωcuj )d(µu − µs) + (Z + 1)d(µu − µk)− dµu

Z
lnDj

−
(1− σ)(1− ωcuj )

Z
d ln

(
As
Au

)
− Z + 1

Z
d ln

(
Ak
Au

)
− 1

Z
d lnAu

−d lnAj − (1− ωcuj )d lnSj − ωcuj (1− ωcj)d lnUj − ωcuj ω
c
jd lnKj

−(1− ωcuj )dµs lnDj − ωcuj (1− ωcj)dµu lnDj − ωcuj ω
c
jdµk lnDj

−(1− ωcuj )d lnAs − ωcuj (1− ωcj)d lnAu − ωcuj ω
c
jd lnAk

grouping some terms

=
d ln v − d lnAj

Z
−

(1− σ)(1− ωcuj )

Z
d ln

(
Sj
Uj

)
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−ωcuj ωcjd ln
(
Kj

Uj

)
− (1− ωcuj )d ln

(
Sj
Uj

)
− d lnAj

+
(1− σ)(1− ωcuj )d(µu − µs) + (Z + 1)d(µu − µk)− dµu

Z
lnDj

−(1− ωcuj )dµs lnDj − ωcuj (1− ωcj)dµu lnDj − ωcuj ω
c
jdµk lnDj

−
(1− σ)(1− ωcuj )

Z
d ln

(
As
Au

)
− (1− ωcuj )d ln

(
As
Au

)
−ωcuj ωcjd ln

(
Ak
Au

)
− Z + 1

Z
d lnAk

substituting for d ln

(
Kj

Uj

)
from equation 3 again and rearranging

=
(1− ωcuj ω

c
j)(d ln v − d lnAj)

Z
− d lnAj

−
[
(1− σ)(1− ωcuj )(1− ωcuj ω

c
j)

Z
+ (1− ωcuj )

]
d ln

(
Sj
Uj

)
+

[
(1− σ)(1− ωcuj )(1− ωcuj ω

c
j)

Z
+ (1− ωcuj )

]
dµu lnDj

−
[
(1− σ)(1− ωcuj )(1− ωcuj ω

c
j)

Z
+ (1− ωcuj )

]
dµs lnDj

−
[
(Z + 1)(1− ωcuj ω

c
j)

Z
+ ωcuj ω

c
j

]
dµk lnDj

−
[
(1− σ)(1− ωcuj )(1− ωcuj ω

c
j)

Z
+ (1− ωcuj )

]
d ln

(
As
Au

)
−
[
(Z + 1)(1− ωcuj ω

c
j)

Z
+ ωcuj ω

c
j

]
d lnAk

The next step involves rearranging the coe�cient for the last four terms of the previous equation. Notice

that the coe�cient for d ln
(
Sj
Uj

)
is the same as the ones for dµs lnDj , d ln

(
As
Au

)
, and for dµu lnDj (this last

one with an opposite sign). Multiplying this coe�cient by Z for a common denominator and expanding:

(1− σ)(1− ωcuj )(1− ωcuj ω
c
j)

Z
+ (1− ωcuj ) =

=
(1− ωcuj )

[
(1− σ)(1− ωcuj ω

c
j) + σωcj − σωcuj ω

c
j − ρωcj − 1 + ωcuj ω

c
j + ρ

]
Z

=
(1− ωcuj )

[
(1− σ)(1− ωcuj ω

c
j) + σωcj − σωcuj ω

c
j − ρωcj − 1 + ωcuj ω

c
j + ρ

]
Z

=
(1− ωcuj )

[
1− ωcuj ω

c
j − σ + σωcuj ω

c
j + σωcj − σωcuj ω

c
j − ρωcj − 1 + ωcuj ω

c
j + ρ

]
Z

canceling terms
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=
(1− ωcuj )

[
−σ(1− ωcj) + ρ(1− ωcj)

]
Z

=
(ρ− σ)(1− ωcuj )(1− ωcj)

Z

Finally, expanding the coe�cient for dµk lnDj :

−
(Z + 1)(1− ωcuj ω

c
j)

Z
− ωcuj ω

c
j =

−(Z + 1)(1− ωcuj ω
c
j)− ωcuj ω

c
jZ

Z

expanding and canceling terms

=
−(Z + 1) + ωcuj ω

c
j

Z

using the expression above for Z + 1 and canceling terms

=
σωcuj ω

c
j + ρωcj − σωcj − ρ

Z

=
σωcuj ω

c
j + (ρ− σ)ωcj − ρ

Z

Also, note that this coe�cient can also be written as:

−
(Z + 1)(1− ωcuj ω

c
j)

Z
− ωcuj ω

c
j = −

[
(1− ωcuj ω

c
j)

Z
+ 1

]

Substituting these four coe�cients for the previous ones:

d ln

(
Kj

Yj

)
=

(1− ωcuj ω
c
j)(d ln v − d lnAj)

Z
− d lnAj

−
(ρ− σ)(1− ωcuj )(1− ωcj)

Z
d ln

(
Sj
Uj

)
+
(ρ− σ)(1− ωcuj )(1− ωcj)

Z
dµu lnDj

−
(ρ− σ)(1− ωcuj )(1− ωcj)

Z
dµs lnDj

+
σωcuj ω

c
j + (ρ− σ)ωcj − ρ

Z
dµk lnDj

−
(ρ− σ)(1− ωcuj )(1− ωcj)

Z
d ln

(
As
Au

)
−
[
(1− ωcuj ω

c
j)

Z
+ 1

]
d lnAk

grouping terms
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=
(1− ωcuj ω

c
j)(d ln v − d lnAj − d lnAk)

Z
− d lnAj − d lnAk

+
(ρ− σ)(1− ωcuj )(1− ωcj)d(µu − µs) +

[
σωcuj ω

c
j + (ρ− σ)ωcj − ρ

]
dµk

Z
lnDj

−
(ρ− σ)(1− ωcuj )(1− ωcj)

Z

[
d ln

(
Sj
Uj

)
+ d ln

(
As
Au

)]

Substituting for Z, we get the analogous expression to equation 6 in the text:

d ln

(
Kj

Yj

)
=

(1− ωcuj ω
c
j)(d ln v − d lnAj − d lnAk)

(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j)

− d lnAj − d lnAk

+
(ρ− σ)(1− ωcuj )(1− ωcj)d(µu − µs) +

[
σωcuj ω

c
j + (ρ− σ)ωcj − ρ

]
dµk

(1− σ)ωcuj ω
c
j + (σ − ρ)ωcj + (ρ− 1)

lnDj

−
(ρ− σ)(1− ωcuj )(1− ωcj)

(σ − ρ)ωcj(1− ωcuj )− (1− ρ)(1− ωcuj ω
c
j)

[
d ln

(
Sj
Uj

)
+ d ln

(
As
Au

)]

This is equation 6 in the text.

1.5 Equations 7 and 8

Start by dividing the �rst order condition for unskilled labor by the one for capital:

wuj
v

=
1− λ

λ

(
Ak
Au

)−ρ
D
ρ(µu−µk)
j

(
Kj

Uj

)1−ρ

taking logs on both sides

lnwuj − ln v = ln

(
1− λ

λ

)
− ρ ln

(
Ak
Au

)
+ ρ(µu − µk) lnDj + (1− ρ) ln

(
Kj

Uj

)

Taking ln v to the right hand side and totally di�erentiating the expression results in the analogous to equation

7 in the text:

d lnwuj = d ln v − ρd ln

(
Ak
Au

)
+ ρd(µu − µk) lnDj + (1− ρ)d ln

(
Kj

Uj

)
Substituting in for d ln

(
Kj
Uj

)
yields equation 8 in the text.
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