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A Balanced budget approximation

A.1 Preliminaries

We proceed with an approximation around the balanced budget by treating ® as a state variable.
Let ®* denote the value of the excess burden that leads to a balanced budget, 7(®*) = A(P*).
Whenever necessary, we use the asterisk * to denote the evaluation of a function at ®*. Assume
shocks take N values and that they are ranked as s; < sy < ... < sy. To ease notation, we let
Q;(P?), z/(P) and U;(P), V;(P) denote the level of surplus and debt (in MU units), together with
the period and discounted value of utility when the excess burden of taxation is ® and the shock
is s; = s;.' At the balanced budget we have obviously ;(®*) = z;(®*) = 0,Vi. Since ®* is an

absorbing state, we can also calculate V;(®*) from the recursion

V@) = @)+ 2 S (1) exploVy (@), i )

which delivers the respective conditional distortions m;‘ ; at ®*. The matrix of distortions and the

distorted transition matrix are defined respectively as

m*{u m’;\,l1
M = II"=11oM,

’

* *
m1|N DRy leN

where o denotes element-by-element multiplication. Furthermore, we collect the derivatives of the

excess burden of taxation in the N x N matrix

A.2 Approximate law of motion

Recall that the approximate law of motion of the excess burden takes the form

©jji(®) > &7 4 €5, (27)(¢ — @), i, j=1,..,N. (2)

ili

To find the entries of ® proceed as follows. Let the current shock be ¢ and the current excess

!For simplicity we do not differentiate our notation in this section and still use Q for the indirect function of
s, ®. So ; does not stand anymore for the derivative of 2 with respect to ¢, h, g.



burden of taxation ®. Let ®; denote the excess burden of taxation next period at shock j. Define

F1j|i(®17 @2, cens CDN, @) = (I)] [1 + Unj\i((bla (I)Q, ceey @N)(I)] — (I),VJ

where
0j1i(®1, By, ..., Oy) = ) = Y w(kl)mg (@1, B, ..., By) 20 (D), Vi
k
exp(aV;(®;)) .
m;j; (P, Py, ..., P = v
1o )= i) exploVa @)
Define the vector function F; = [F;, ...,FN|,-]T,W, where T denotes transpose. Given the

current shock 7, the law of motion for the inverse of the excess burden of taxation implies the system
F; = 0, where 0 is the N x 1 zero vector. Apply the implicit function theorem at ®; = & = &* Vs
to get the coefficients ®%,(®*) of the approximate law of motion (2). In particular, we have N

systems

* 1 .
JZ : = —a—q), V’l,
Py (27)
where J; the Jacobian of F; evaluated at ®*,
ory, ory,
B, Ady
Ji =
OFN; OFN;
9%, ' 9y

Derivatives of the system. The derivatives of the functions Fj; are

a—q])‘ = O'T]j|i((D1, ---y‘bN)cI)j - 1= 8—(IJ)| = -1
OFy; Oy OF}; 2 Oy
-1 (D, DN)D + DD -1 o*
o, — 1T @1 E)® 0@ 0E B gt = 1o () 5y
OF}); Njli . OF, i .
=o0®. P2 k = I — 5(@*)2 2L
oD, %956, K 7T 55, o(®7) 90, "7

The simplifications at ®* are coming from the fact that the relative debt positions are equal to



Z€T0, 15, = 0,Vi, 7. So we have

OF;*
0P

=—1 and J' =I+0-(9)°J;,

where 1 the N X 1 unit vector, I the identity matrix and J; the Jacobian of the vector of the

relative debt positions n; = [my;, ..., nn.i)7, evaluated at ®*. Thus, the i-th system becomes

®11:(27)
I +0- (%)) ] - : =1, Vi (3)

Py, (@)

Derivatives of the relative debt position. Consider now the matrix J;.. The derivatives of

the relative debt positions 7;; are

omii . Omyy; . , oy e s e
Té = zj(@j) — [; (ki) 5%, 2k(Pg) + W(]’Z)mﬂizj(@j)} = T{; =(1- 7r(j|z)mj|i)zj(<13 )
Ol O

90, =— gw(kh) 00, 26(Pr) — w(l|)myz (P)), 1 #£ 5 = 9%, = —W(Z|Z)m1|izl(@ ) L# ]

Thus, the Jacobian of 7; takes the form

1= r(Uimi )40 —m@my 507 . —r(N]imih ()
S - —m(1i)miz (@) [1=w(@2li)my)25(2%) . —w(N]i)miy 2y ()
—m(1e)m],2 (%) —m(2[1)my,z(*) . [1- W(N\i)m}‘\,'i]zf\,(cb*)
= [[ -1 (e;TFH*)] diag {z'}, (4)

where diag denotes a diagonal matrix with the vector z’ = [2](®*), ..., 2 (®*)]7 on the diagonal.

Thus, in order to solve the system (3), we need the sensitivity of the debt positions with respect

to the excess burden of taxation z’.

We are going to work under the following assumption.

Assumption 1. Doubts about the model are such so that

1+ o(®*)? max 2}(®*) > 0 (5)
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This assumption imposes bounds on the doubts about the model if max; 2;(®*) > 0, since in
that case o has to be small enough in absolute value, o > —1/((®*)? max; z/(®*)). The restriction
is implicit, in the sense that (5) depends on endogenous objects, which themselves depend on o.

It was always holding for the ¢ that we considered numerically.

A.3 Three lemmata

Lemma 1. The excess burden of taxation is a martingale with respect to the worst-case transition

matriz IT* at a first-order approximation around ®*.

Proof. We will show that
J

If (6) holds, then the approximate law of motion (2) implies that 3, w(j[i)m},;®;;(®) = @ and
the result follows. To show (6) remember that the relative debt positions add to zero according to

the worst-case model,

Z 7T<j|i)mj\i(q)1|i(‘1))a s CI)N\i((I)))nj\i(q)l\i((D)a s q)N\i((I))) =0, Vi.

J

Differentiate implicitly with respect to ® to get

.. a / a T x/
S w13 el D+ st 3 g alu@)] =0
k

J

At ®* this expression simplifies to

> lim| aqj“ W@ =0, or | E | =0V, (7)
’ ‘ q)/]\/|z<(1)*)

where e; the vector with unity at position i and zero otherwise. Pre-multiply system (3) with
el TI* to get



©y,(27) ©y,(97)
el I - : + o (D)1 ) - : =e/ 11" 1=1.
Dy (97) Py (27)

The second term at the left-hand side above is by (7) zero, a fact which delivers ultimately (6).
[l

Lemma 2. Assume assumption 1 holds. We have

gl gl

1+ o (P*)225(D*)

1 o(®)2 X, w(limy, @, () (@) v .

Therefore:

o Ifo=0,d (0*) =1,Vi,j.

jli

e More generally, we have ¥ .(P*) > 0, so (6) implies that A = Il o M o ® is a stochastic

Jjli
matriz.

e If there is no variation in the derivatives of debt, i.e. 25(®*) = 2;(®*)Vi, j, then ', (P*) =

Jli
1, Vi, j, so @;;(®) = dVi, j.
o If 2, (D*) > z/(P*) then @;{H(@*) > <I>;|i(<1>*).

o If 2;(®*) > (<) D>, m(dli)m), @, (@) 25 (D7) then % (P*) > (<)1.

gl gl Jli
Proof. Use the expression for Jy in system (3) to get
I+0-(®*)[I—1-(e]11")] diag {z'}} - PTe; =1
Rewrite the above as
[+ 0 - (®*)diag {z'}|®"e; = 1(1 + 0 - (®*)%e] 11" diag {z'} ®”¢;),
The matrix that premultiplies the left-hand side is the sum of two diagonal so it is also diagonal.
We can express the system above as
®7e¢; = diag {1 + o(®*)*2'} '1(1 + o - (&*)%e] 1I* diag {2/} @"¢;). 9)

The inverse of the diagonal matrix is



0
diag {1 + o(®*)*2'} " = 0
0 — L

10 (®7)22), (@)

Furthermore, e/ T1* diag {2/} ®"¢; = 3~ 7(jli)m},; @7, ()25 (). Thus, writing explicitly sys-
tem (9) delivers (8). For ¢ = 0 the result is obvious from (8). Furthemore, assumption 1 implies
that 1 + o(®*)%2/(®*) > 0Vi. Therefore, (8) implies that ®%;(®*) > 0. If there is no variation in
the sensitivity of the debt positions with respect to the excess burden of taxation, then formula
(8), implies again ®7,(®*) = 1, by using (6). Furthermore, the same formula implies that the
monotonicity of the entries of each row i of the matrix ®, and therefore the allocation of tax
distortions across shocks, depends on the monotonicity of the sensitivity of the debt positions,
z§(<1>*). The same comment applies for the sensitivity of the debt positions and the size of the
®%;(®*) with respect to unity.

|4

]

Formula (8) connects the allocation of distortions across states and states to the sensitivity of
the debt positions in the proximity of the balanced budget, 2(®*). The relative debt sensitivity,
i.e. the sensitivity at j relative to the “average” sensitivity (average according to the probability
measure encoded in matrix I o M o ®), determines the increase or decrease of the excess burden
over time and states. Formula (8) provides also the direct analogue to the results of proposition
5 in the text: if there is no variation of the sensitivity of debt positions across shocks, then there
is no room for price manipulation through the worst-case beliefs, and therefore no reason to vary

the excess burden across states and dates.

Lemma 3. The sensitivity of debt positions depends on the sensitivity of surplus in marginal utility

units through the present discounted value formula:

2 = (I _ B(I* o q>)>_1ﬂ’, (10)

where ' = [Q(D*), ..., Yy (®9)]T, i.e. the vector that collects the sensitivity of the surplus in
marginal utility units, C;(d*).

Proof. Consider the implementability constraints

zi(®) = i(®) + 6 Z (Gl (Prjp(®), -.., Pvia(P)) 25 (L1:(P)), Vi



Differentiate implicitly with respect to ® to get

@) = 00(8) + 5 3 w10 (30 Gl (@)] (@) + 5 3 il (2,)9),(2)

J

which at ®* becomes

(%) = QO) + B w(jliymi, @) (D7) 2 (9°)Vi
J
The differentiated implementability constraints can be written as a system, z’' = '+ ((II*o®)Z/,

and the result follows.
0

A.4 Proof of proposition 7

Part 1 is a direct consequence of the approximate law of motion (2). Part 2 is proved in lemmata
1 and 2. To prove part 3 note that under the assumption of decreasing m;?‘i in 7, the reference
model first-order stochastically dominates the worst-case model. Then, when @;‘ ;(®*) is increasing
;’|i(q>*> >
> m(ili)m}, @5, (®*) = 1, where the first inequality comes from the properties of first-order

in j, ie. if the derivatives are increasing functions of the shock, we have . 7(jli)®

stochastic dominance and the second equality from lemma 1. The opposite inequality holds if
@/

gl
positive and negative drifts when ¢ > &*.

(®*) is decreasing in j. Use the approximate law of motion (2) to get the corresponding

A.5 Proof of proposition 8

Write the surplus in marginal utility units as

Qi(®) = Ue(z, @)(m(®) — A(®))y (i, D)

Differentiating with respect to ® and evaluating at ®* delivers
Q@) = (7'(27) = N (2)) Ue(i, @)y (4, D7) (11)
Thus, when 7/(®*) > A’($*), the sensitivity of the surplus in marginal utility units across shocks,

Q(®*), depends on the variation of output in marginal utility units, U.(i, ®*)y(i, *), at the
balanced budget.



Part 1. Consider now the constant Frisch elasticity utility function. We showed in proposition
6 in the text that for p > 1, output in marginal utility units decreases as the shock increases, and
therefore (®*) is decreasing in i. For p < 1, output in marginal utility units is procyclical, and
therefore Q}(®*) is increasing in 7.

Expression (11) allows us to connect the monotonicity of €2;(®*) to the IES, which holds for
any number of shocks N. For the determination of distortions, we can connect the monotonicity of
QL(P*) to z[(P*) through lemma 3. We would like to show that if €2;(®*) is increasing (decreasing)
in 4, then z/(®*) is increasing (decreasing) in 7. If the monotonicity of the sensitivity of surplus is
bequeathed to the sensitivity of debt, we can use lemma 2 and talk about countercyclicality and
procyclicality of distortions for the case of p > 1 and p < 1 respectively and get the results of the
proposition. The result on the negative or positive drift under a worst-case model that assigns
higher probability to bad (low TFP) shocks follows as in proposition 7.

Given the monotonicity of €2;(®*), the monotonicity of z/($*) depends in general on the per-
sistence properties of the stochastic matrix A = Il oM o ® in the present value formula (10). Let
N = 2 and let the vector y = [y, y2]” be determined by the present value formula y = (I —3A4) !x

with x = [z, 75]T and

We have then

1
T T BA]
B 1
2T [T BA]

(1= Bb)ay + B(1 — a),]
[B(1 = b)ay + (1 — Ba)w]

where |I — SA| = (1 — 8)[1 + B(1 — (a+b))] > 0 (the i.i.d. case corresponds to a +b = 1).
This implies that y; > ys < x1 > x9. Reinterpret then x as 2’ and y as 2/, and the result follows.
Thus, if p > 1 we have 21(®") > z5(®”) and therefore ®},(®*) > ®;(®*). Note that since N = 2
and since the derivatives ®,(®*) > 0 sum to unity by (6), we have ®,(®*) > 1 and ®},(®*) < 1.
The opposite results hold for p < 1.

When we have more than two values of the shock, N > 2, 2/ will inherit the monotonicity of €2,
depending on the persistence properties of the matrix A. It is obvious that if the induced measure
(which is more complicated than the worst-case measure at the balanced budget since it depends
on @;u
of these coefficients, z/(®*), for any N > 2. The same holds if the induced measure is also very

(®*)) is i.i.d., then the monotonicity of Q2 (®*) is directly bequeathed to the present value



persistent (which is something we expect).

Part 2. The entire expansion is valid for any kind of period utility function that generates a tax
rate and a government share that are functions solely of @, i.e. 7, = 7(®;), Ay = A(P). In that
case, ®* such that 7(®*) = A(P*) is always a fixed point of the law motion and all the results up
to now can be used.

Consider now the utility function U = “1:;1, where u = c¢*1*?¢*, «; >0,)>, a; =1, which
satisfies balanced growth restrictions for the case also for p # 1. We show first that 7 and A are

only functions of ®. For these preferences the intratemporal marginal rates of substitution take

the form % =7 and % = g—i’li_l, k = g/c. The elasticities of the utility function are

€ee = 1—a1(1—0p)
h

= axll—p)7

h
€hh = (1—042(1—/)))7
ehe = ai(l—p)
€gc — &1(1_p)

€gh = —042(1—P)7

Remember that the public wedge for ¢ > 1 depends on the elasticities as follows:

(I)(l — €cc — €ch — €gc — 6gh)
1+ ®(ege + €gn)

X =
and note that
€cc + €ch T €gc + €gh = L.

Thus, x = 0 and the government share is the same as in the first-best. In particular, we have

kB = % and A = AFB = +%%-- So we have a constant A independent of o

The optimal tax rate depends on the labor/leisure ratio as follows:

2In numerical experiments we played around with N = 11 and we always faced the case where the monotonicity
of Q) was bequeathed. The induced matrix A was always very persistent.

3We were getting the same result for the basic parametric example of the paper when we had unitary elasticity
of substitution between ¢ and g, 1 = 1. So the zero public wedge result extends for the non-separable case when
we allow also unitary elasticity substitution with leisure.
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B O(1+2)
TR0+ (1= p)lon — a0l

Since we do not have a constant Frisch elasticity as in the basic parametric example, the tax
rate could in principle depend through labor on the shock s. This is not the case though. To see

that, consider the optimal wedge equation that takes the form

U, Q9 C 1—|—Q)(1 _Ecc_ech)
— 4 S

U. a1l 1401+ e+ €ne)

But since ¢ = (1 — A)y = (1 — A)sh, we can eliminate the technology shock and finally get the

following equation

ay h 1+ @(1 = p)(an — az})
l

a TV T TR (0 s — el

This equation determines a quadratic in A/l which allows to solve for labor as a function of
®, h = h(®). Thus, the optimal tax rate becomes function only of ®, 7(®), and not of the shock
s. The reason behind this result is obviously the fact that the income and substitution effect in
labor supply cancel out for these preferences, making labor constant (given a constant ®). Note
that output is then y = sh(®) and that the surplus takes the form S = (7(®) — A)y(s, ?). The
balanced budget ®* satisfies 7(®*) = A = AFB. Thus, the balanced budget approximation can be
used.

To finish the proof of part 2, we need to associate the IES of the composite good 1/p to the
allocation of distortions. Note that marginal utility takes the form U, = o c®(1=p)=1ja2(1=p) gas(1=p)

Using ¢ = (1 — A)y, g = Ay and the fact that leisure is only function of ®, this can be rewritten as

Uvc — K(@) . y(al+a3)(1—p)—1
K((I)) = al(l — A)a1(1—ﬂ)—1Aa3(1—p)l(q))ag(l—p) <0

Thus, the optimal surplus in marginal utility units as function of the shock ¢ and the excess

burden of taxation ® is

Q;(®) = K(®)(7(P) — A)y(d, @)(a1+a3)(1—ﬂ)

Thus, for 7(®) > A, the surplus in marginal utility units is procyclical when p < 1 and countercycli-
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cal when p > 1, so the results of proposition 6 go through. Furthermore, since 7/(®*) > A’(®*) =0,
the monotonicity of Q;(®*) depends on output in marginal utility units, as seen from expression
(11) (there was no assumption for the utility function for its derivation). Given our derivation
above, the sensitivity with respect to shock s is controlled again by the parameter p: Q(P*) is

increasing in ¢ if p < 1 and decreasing in ¢ if p > 1. The results of part 1 follow.

Period utility at the balanced budget. The results about the drifts according to the reference
measure in propositions 7 and 8 are based on the assumption (which always holds numerically)
that at the balanced budget the worst-case measure assigns higher probability on low technology
shocks. This would be so if we could show that V;(®*) is increasing in shock 7 in (1). We will show
here that the period utility function is an increasing function of the shock, so U;(®*) is increasing
in . We show this result for any kind of utility functions that generate optimally a 7 and A that

are solely functions of @, so both of our parametric examples are covered.

V(s,®) = U(c(s, ®),1 — h(s, @), g(s, ®)) = U((1 — A(D))y(s, ), 1 — h(s,®),A(P)y(s, ®)).

We obviously have U;(®*) = V(s;, *). Differentiate with respect to s to get

o dy oh dy
55 = U.(1— A((I)))as - U s + U,A(D) s
[P U o
a C[@ U, Os A<(I))[UC 1 0s

Use now U; /U, = (1 —7)s and U, /U. = 1 + x to get

oy [0y oh dy
s Ue ds (1- 7)585 + A((I))X(?s

Now, note that dy/0s = h + sOh/0s. Use this fact to get

v _
ds

ULl (®) 4 XA@) 2L 4 (1= (@)

Note that there could be a potentially negative effect of s to the period utility if there is a
negative public wedge (or a labor subsidy — which is not optimal for our parametric examples).

At the balanced budget the expression simplifies to

12



2j_Uﬂﬁ@ﬂu+f)

oy*
0s

+ (1= 7(®%)h*] >0,

since 1 4+ x = U, /U, > 0 and 0y/ds > 0. Thus, U;(®*) is increasing in .

A.6 An algorithm

The approximation can be used also for computational purposes, as long as we stay in the vicinity
of the balanced budget. To see how, we sketch here an algorithm.

Solve first for the worst-case measure at the balanced budget m;f‘i, by calculating utilities from
recursion (1). Solve afterwards for N? + N unknowns (®,(®*) and 2;(®*)) from N?+ N equations
((3) and (10)) through the following iterative procedure:

e Make a guess for ®. Derive induced derivatives of the relative debt positions z’ from (10).

e Use z’ to get the Jacobian Jy, Vi from (4) and update the guess for @ by solving the systems

(3)-

e Iterate till convergence.

We use as a first guess €9 = 1. When updating the guess we also use damping in order
to improve the convergence properties of the loop. For small ¢ (in absolute value), we could find
a solution that was also robust to different initial guesses. For large o though the non-convexities
of the problem become pronounced and there is no guarantee of convergence of the algorithm.
We used this algorithm for N = 11 and for the various calibrations used in the text. Results are
available among request. The text features results from the global solution for N = 2.

It is sufficient to use the linear approximation around ®* only for the excess burden of taxation
and for the debt in marginal utility units z. We choose the initial value ®, and the initial allocation
(co, ho, go) by using the optimality conditions at ¢ = 0 and requiring that the implementability
constraint at ¢ = 0 holds. For the allocation and policy at ¢ > 1, we can use the non-linear
functions for (7(®), A(®)) and (¢(P), h(P), g(P)), where & follows the approximate law of motion
(2). So the method we illustrate is “hybrid”.
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B Government consumption share

In our baseline experiments we abstracted from variation in the government consumption share A
and focused on 1) = 1. Consider now the case of substitutes (1) < 1) and complements (¢ > 1).
We consider four pairs of (p, 1) and calibrate all other parameters as previously. For each pair, we

always re-calibrate (o, ap,), so that the same first-best government share and labor are targeted.

Table 1: Correlation of AA with the technology shock.

Substitutes (¢» = 0.9) Complements (¢ = 1.1)

Low IES (p = 2) 0.4884 -0.5364
High IES (p = 0.5) -0.5883 0.5543

The table depicts Corr(AA, s) for 4 different sets of (p, ). For each set of parameters we generated 10,000
sample paths of 200-period length. The reported numbers are mean statistics across sample paths.

Table 1 displays the correlations of A with technology shocks. Recall from our analysis in
proposition 3 that a higher distortion (in the sense of ®) implies a lower (higher) government share
A when we have substitutes (complements). Consider first the case of a low IES (p > 1), where
distortions are negatively correlated with the cycle and exhibit a negative drift. High distortions in
bad times and low distortions in good times imply a government share that decreases in bad times
and increases in good times if we have substitutes. The opposite happens for the complements
case.

So, changes in A are procyclical (countercyclical) if we have ©» < 1 (¢» > 1), as the first
row of table 1 shows. Furthermore, since the excess burden is reduced on average over time till
its balanced-budget value ®* is reached, the respective distortions at the provision of government
consumption are also reduced till the rest point A(®*). Hence, in the case of substitutes, where A is
initially below its balanced-budget value, we have a positive drift of the government share over time.
Consequently, front-loaded taxes are accompanied with back-loaded government expenditures. In
contrast, in the case of complements, where the share of government consumption is initially above
its balanced-budget value, A exhibits a negative drift over time.

When the IES is high (p < 1), distortions are procyclical and exhibit a positive drift over time.
Obviously, a higher distortion when the technology shock is high implies then a lower A in the
substitutes case and a higher A in the complements case, which explains the sign of the correlations
in the second row of the table. Similarly, A exhibits a negative drift for v» < 1 and a positive drift
when ¢ > 1.

Figure 1 summarizes the mean dynamics of the government share. We note that the changes
in the government share over time are small for all pairs of (p, ), a fact which may justify the

focus on ¢ = 1.
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Mean A for p =2, ¢ =0.9 Mean A for p =2, ¢ =1.1

19.84 50.15
- 19.83 -
= = 20147
19.82
‘ 20.13 ‘
1000 2000 1000 2000
t t
Mean A for p =0.5, ¢ = 0.9 Mean A for p =0.5, ¢ =1.1
19.68 P 20.3 P2
XX 19.66 | 1 X 20.287
19.64 : 20.26 ‘
1000 2000 1000 2000
t t

Figure 1: Evolution of the mean government share over time. The two graphs on the top consider the case of
p = 2. The two graphs on the bottom consider the case of p = 0.5. Graphs on the left correspond to the substitutes
case (¢ = 0.9) and graphs on the right to the complements case, () = 1.1). When p = 2 we have convergence
to the balanced-budget government share that is either below (substitutes) or above (complements) the first-best
government share of 20%. When p = 0.5, the government share diverges.

15



	Balanced budget approximation
	Preliminaries
	Approximate law of motion
	Three lemmata
	Proof of proposition 7 
	Proof of proposition 8
	An algorithm

	Government consumption share

