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Section 1 contains the proofs of Propositions 1 to 3 pertaining to the static model
as well as a graphical representation of the model in general equilibrium. Section
2 contains the proof of Proposition 4 pertaining to the dynamic model. Section 3

generalizes the static model to N = 3 islands.

1 Complements for the static model

1.1 Proof of Proposition 1: partial equilibrium with under-employment

Consider first the problem of type-h workers. A type-h worker has two choices, he
can (i) look for a job in island H, or (ii) look for a job in island L, i.e., move down
the occupation ladder. We now consider these two possibilities.

When a type-h worker looks for a job in island H, he faces two possible outcomes:
(a) with probability e~ {(=2r) he is the only applicant and receives By, or (b),
with probability 1 —e~9#(1=21) he is in competition with other workers and receives
0 (regardless of whether he ends up employed or unemployed). The expected payoff

of a worker type-h who searches for a job in island H, Fwyg, is thus
Ewpy = e gy,

The expected wage is increasing in x,. When a lot of type-h workers descend to
island L, it becomes easier for the ones who stayed in island H to be the only
applicant to a job and receive a high wage.

When a type-h worker looks for a job in island L, he faces three possible out-
comes: (a) with probability e~9t%r"he~9L he is the only applicant and receives Sy .

Note that he produces less than in his “home” island and thus receives a lower wage



than would have been the case if he had been the only applicant to a type-h firm,
(b) with probability 1 — e~ %™ he is in competition with other type-h workers
and receives 0 (regardless of whether he ends up employed or unemployed), and (c)
with probability e~ 9%*r" (1 — ¢~9%) he is in competition with type ¢ workers only
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and receives (¢ — wer)." The expected payoff of a worker type-h who searches

for a job in island L, wyy, is thus

Euwyp, = Pe T4l p, 1 4 B~ 9LThMh (@hL _ SWL) [1 _ 6_%} ]

The expected wage in island L is decreasing in xz,: when there are fewer type-h
workers in island L, there is less competition in island L, and type-h workers can
expect a higher wage.

In order to ensure under-employment in equilibrium, we need to assume that a
high-skill worker would have a higher expected wage in the low-tech island when all
high-skill workers remain in the high-tech island. Specifically, the condition writes
Ewpy(xp, =0) < Ewyr(z, = 0), ie.,

e Mopy < @nr — per, + pere” " (A1)

Under condition (A1), there is some under-employment in equilibrium and a type-h
worker must be indifferent between looking for a job in island H or in island L. The

arbitrage condition, A(xy), determines, xy,, the equilibrium allocation of workers

A(zp) = —em 070 oy 4 e TN eTIL oy 1y e TILIRRA (5 p — (g ) [1—e %] =0
(A2)
We now show that when there is under-employment of type-h workers, type ¢
workers remain in island L and do not search in island H.
When a type ¢ worker looks for a job in island L, he faces two possible outcomes:
(a) with probability e~2(+m21) he is the only applicant and receives B¢z, or (b),
with probability 1 —e92(1+m:2r) he is in competition with other workers and receives
0:

EWKL — /Be_qL(l""nhxh)(ng.

Type-f workers will not search for a job in island H as long as there are type-h
workers in island L. Indeed, as long as type-h workers are indifferent between their
“home” island and the island below, type-¢ workers will always prefer to remain

in island L. In island H, type-¢ workers would only receive a positive wage when

TAs noted earlier, despite the presence of competing applicants, a single type-h applicant can
extract some of the surplus thanks to due to his productivity advantage over the other applicants.



not competing with any other applicants, i.e., Ewy = fe (=20, and Equa-

tion (A2) implies:

PeH _ PeH
E(.UgH = EwhH— =€ quhnh—(

Ohr — Qor, + pere” ).
PhH PhH

As a consequence,

_ PeH PnL — P+ pere

Ewiy —~ Ewr,
OhH eIt
. ity, YL« 2L impli
Log super-modularity, < implies that
— _.I_ e_qL
YerH $hL — $PeL T PeL <1

PhH pere

and thus Fuwyyg < Ewyr,.

To see that the equilibrium is unique, note that the trade-off faced by type-
h workers is monotonic, i.e., as they apply more in island L, their relative gain of
doing so is strictly decreasing. Since the relative gain for a type-h worker of searching
in island L is initially positive for 2, = 0 (condition A1) but is negative when x;, = 1
(since ppy > @nr), it only crosses the x-axis once, and the intersection defines the

unique equilibrium.

1.2 General equilibrium with under-employment

Proof of Proposition 2 The workers’ no-arbitrage conditions are already derived
in Proposition 1. The number of job openings in each island is given by the free
entry condition, and we only need to express the firm’s expected profit as a function
the number of job openings v;, or the “initial” queue length q; = Z—f

Consider first a firm that enters island L. The firm’s profit will depend on the

number of applications it receives. There are five cases:
1. The firm has no applicant. Profit is zero.

2. The firm has only one applicant. The firm gets a share 1 — 3 of the gen-
erated surplus, i.e., (1 — )y if the applicant is of type-¢ (which happens
with probability P(a; = 1,as = 0) = gqre e %) and (1 — B)ppr if the
applicant is of type-h (which happens with probability P(a; = 0,a; = 1) =

qu'hnh€7QLwhnh67qL ) .

3. The firm has more than one applicant of type-¢ (and no applicant of type-h).
The firm gets all the surplus: oy



This happens with probability e=*r"hiL [1 — =% — gre~94].

4. The firm has more than one applicants of type-h. The firm gets all the surplus:

wrr- This happens with probability 1 — e™*r"h9L — xynyqpe*r"hIL,

5. The firm has one applicant of type-h, and at least one other low-type applicant.
The most productive worker is hired and gets a share g of the surplus generated
over hiring the second-best applicant. The firm generates a profit ¢,;, + (1 —
B)(pnr — @er). This happens with probability z,n,qre "% (1 — e ).

The expected profit for a firm with technology L is thus given by
TL(@h, qr) = onr — € M [(onp — por + pere” ) (14 (2 = B)znnngr) + (2 — B)perqre” ).

Proceeding in a similar fashion, one can show that the expected profit for a firm
with technology H is given by

TH(Th, qu) = (1 — e (manan _ (1 - wh)QHe_(l_“)QH) en+(1—zp)gge” 37T (1-B)ppp.

Free entry imposes two no-profit conditions in addition to workers’” arbitrage equa-
tions. The uniqueness of the equilibrium is a direct consequence of Corollaries Al

and A2 that we prove next.

Expected wage curves in general equilibrium As in the Partial Equilibrium
(PE) case described in the main text, Figure A2 depicts the equilibrium under-
employment rate as the intersection the Fwy; curve, the expected wage earned in
island L, and the Fwy g curve, the expected wage earned in island H. The following
corollary captures formally how the expected wage in island L or H (accounting for

free-entry conditions) depends on the share of type-h workers searching in island L.

Corollary A1l (Expected income of type-h workers). Conditional on the free-entry
conditions holding in both islands, the expected income of type-h workers searching
in island H, Ewng(zh, qu(zh)), is independent of xy. The expected income of type-h

workers searching in island L, Ewprp(xp, qr(zy)), is strictly decreasing in xj, with

dEth 6E‘th
dxyp, oxy |°

Proof. First, it is straightforward from the expression of 7wy (zp,qy) that the free
entry condition 7y = cy imposes that gy (1 — x;,) is constant, so that the expected
wage in island H, Fwpy, is constant. We can thus restrict our analysis to the
arbitrage condition coupled with the free entry condition in island L.

Ewpr, = [phr — @er + pere” 0] e EEnmn (L%)
ont —cr = [(onr — oor + e %) (1+ (2 — B)graany) + (2 — B)perqre %] e~ (LD)
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The (LP) equation, or free-entry condition, defines a job creation function gz (xy,).

As before, we only consider interior solutions, i.e., we impose the condition
Ewnp (x, = 1,qp(xp, = 1)) < Bwpy < Ewpy (x, = 0,qp(z, = 0)) (A3)

where gy (z5,) captures the general equilibrium response of vacancy posting to move-
ments in x;, and is given by the free entry condition.

Under condition (A3), the relative gain of searching for a job in island L is
positive for 2, = 0 (Ewpy < Ewyy) and negative for z, = 1 (Ewpy > Ewyr). More

specifically, the condition imposes

[‘PhL — YL, + SOZLG_qL(xh:l)} e~ ar(zn=lmnn [(phL — oL + gnge_‘“(”:O)} :

Combining the (LP) and (L®) equations, it can be shown with a little bit of
algebra that:

dEwp;, _ OFEwpp / OFwp1,
dmh - 8zh + L(xh) 8qL

_ (2—B)qr (Bwnr —Ewyr)

= T o+ parFar 4o (Tn) Ewi, <0,

and that qi(xh)% > (. This proves Corollary Al.
Moreover, using that dEwyr,/dz, < 0 with the fact that Ew,g(z,) is constant

guarantees the uniqueness of the equilibrium. O

The Fwyg curve, the expected wage earned in island H, is flat, i.e., the expected
income in island H is independent of the number of high-skill workers searching
in island L. This result comes from the fact that the equilibrium queue length is
independent of the number of job seekers, as we discuss at length in the paper.

Turning to the Ewy,y, curve, an important property of the model continues to hold
in GE: the wage schedule of high-skill workers looking in island L is decreasing in xj,.
This is in stark contrast with random search models with heterogeneous workers, in
which the Fwy,y, curve would be upward slopping. Indeed, worker heterogeneity gives
rise to a general equilibrium effect, in that firms respond to changes in the average
productivity of the unemployment pool: As more high-skill workers search in island
L, this raises firms’ probability to meet high-skill applicants (who generate a higher
surplus than low-skill applicants), which raises firms’ profits, and leads to more job
creation. Thus, in random search model, the job creation effect would lead to an
upward slopping wage schedule. This does not happen in our framework, because

hiring is not random and the wage schedule Fwy, is still decreasing in the number



of high-skill workers searching in island L.2 However, the general-equilibrium job
creation effect is still present in our model, and the wage schedule is flatter with
endogenous firm entry than in PE. As under-employment increases, the average
productivity of the unemployment pool increases, which fosters firm entry and limits
the increase in congestion generated by the inflow of workers.

Turning to type-¢ workers, Figure A3 plots the expected wage curve of type-£
workers, both in PE and in GE, and the following corollary captures formally how

the expected wage in island L depends on the share of type-h workers searching in
island L.

Corollary A2 (Expected income of type-¢ workers). The expected income of type-£
workers searching in island L, Ewgr, (zh,qr(xy)), is a non-monotonic function of xp;

decreasing over [0, x}| and increasing over [z}, 1] with x} € [0,1].

Proof. Combining the (L) and (L) equations, it can be shown with a little bit of
algebra that:

d P 5
5 o gn(0) = 2B )

_ [(2—B)qrzrnp—(1—B)](Ewer —Ewnr) /
= [ onmn (=Bt +o=par Bory 4o (Tn) Ewer, 2 0

We can see that Fwyy, (xp, qr,(z1)) is not monotonically decreasing, implying that
a larger number of high-skilled workers does not necessarily imply lower expected
income for low-skilled workers. For 8 < 1, Ewy, (zh,qr(zy)) is initially decreasing

and then increases once (2 — 3)qrxpn, > (1 — 3). This proves Corollary A2. O

As in the PE case, the expected income of low-skill workers declines with the
share of high-skill workers looking in island L, at least for z; low enough. This
property of the model is again in contrast with a random search model, in which
an increase in the quality of the unemployment pool leads to more job creation,
which raises the job finding rate of all job seekers. This general-equilibrium job
creation effect is present in this model, but it is dominated, at least for low values
of xp, by the effect of skill-biased job competition. Because high-skill workers are
systematically hired over competing low-skill applicants, an increase in x;, implies a

lower expected income for low-skill workers. However, as xj increases and the pool

2With non-random hiring and skill-biased job competition, the wage schedule of high-skill work-
ers is downward sloping, because the expected income of high skill workers is driven by their
uniqueness, as it determines both their ability to find a job easily (by being preferably hired over
low-skill workers) and to obtain a wage premium over low-skill workers. As the number of high-skill
workers increase, they become less unique, leading to a lower job finding rate (as they face more
competition from their peers) and a lower wage premium.



becomes more homogeneous (i.e., becomes dominated by high-skill workers), the
degree of heterogeneity in the unemployment pool diminishes and the skill-biased
job competition effect becomes weaker. This explains why, for large values of x;, an
increase in the number of type-h workers can raise low skill workers’ labor market

prospects.

1.3 Proof of Proposition 3: Constrained optimal allocation

In this section, we prove Proposition 3, and we discuss the inefficiency in more
details.
Denote by ) the aggregate output of the economy. The maximization program

of the central planner can be written as

max {JV},

Th,qL,9H

subject to the free-entry conditions

{ 7TH<xh7QH) = CH

WL(xh,qL) =CL

With free entry, the profit of firms (net of vacancy posting costs) is zero, so that
maximizing output is equivalent to maximizing the wage bill of workers, and the

planner’s problem can be written as

maxg, 2
Q=1 —ap)nnBwng (xh, qu(xp)) + npepEwpr (2h, qr(zh)) + Ewer, (xh, q1.(zh))
(Ad)

with gy (zy) and g (z,) given by firms’ free entry conditions

7L (Th, qr(wn)) = cp

{ 7h(Th, qu(7n)) = cu

Using the expression my(zy,qn), we can immediately see that free entry ensures
that movements in z; do not affect (1 — x)gy. When workers are homogeneous, as
in island H, the number of job seekers has no effect on the ratio of job openings to
job seekers: the firm responds to the addition of one more worker by creating more
vacancies to keep the queue length ¢ constant. As a result, we have, as shown in

Corollary A1,
dEwn (Th, g (zh))
dil?h

=0,



so that a high-skilled exerts no externality on the high-tech island.

The problem then simplifies to

—qrnpx - — QT —
g%i({(l — zp)npEwnn + npene” E [onn — o 4 ppe” ] 4 eT BT g L

subject to
TL(Th, qr) = prr—e """ [(onr — por + pere” ") (14 (2 = B)znnnqr) + (2 — B)perqre” "] = cr.

Denote by Ewy, the expected income for a job seeker searching in island L and by
E7, the expected profit (gross of vacancy posting cost) of a firm in island L. The
planner’s first-order condition with respect to x; gives

5EWL )\aEﬂ'L

Alnsap) = 25 A2 <, (A3)
oxy, Th
where
OEw _ OFEwy OFw
5mhL o fth + Znnn aﬂc}:bL

= qrnpe” T [zpng, (O — Qer + pere” ) + pore 9]
G = grnpe” M [((2 = B)grannn — (1= ) (par — wer + pere™ ™) + (2 = B)pere™ "]

and A(zy,qr) corresponds to the no-arbitrage condition in the decentralized allo-
cation. Note that 557“); = %ET“}LL — npFEwyy is the effect of a marginal high-skill job
seeker in island L on the expected wage of job seekers in island L net of n,Fwy,p,
the compositional change that a high-skill worker triggers (but internalizes) when
he moves to the low-tech island.
The first-order condition in g7, gives:
0Fwr, ony,

— A , =0, A6
aqL aqL (’rh QL) ( )

where

dqr,
ok = an/q1 %= + [qn(2 = B)(1 + apnp) — (1= B)] gepeternmn—ar

{ ek = a3 /qr Bey, (wn, qr) + (1 + @png) pere oo

Combining (A5) and (A6) gives

5EwL 87TL 87TL GEwL

Alzy, q) = 2298 .
(T, 1) Or, Oz, Oqr Oqr

(A7)

The impact of a marginal under-employed job seeker on the average wages of work-



ers in island L can be decomposed into (i) a direct (negative) impact through
dEw

higher congestion, “=*£, and (ii) an indirect (positive) impact through job creation,
h

—g% / g%%, as firms’ expected profit increases with the share of high-skill job

seekers.

Developing and simplifying Equation (A7) gives the expression stated in Propo-

sition 3:

1— —2qrzpnp—qr _
Alen,q) = LD mndngue - lone = ut) (A8)

9qrL

With A(xp,qr) > 0, we have Ew,r, > Ew,g, so that there is too much under-

employment in the decentralized allocation.

To get some intuition behind this inefficiency result, notice that the planner’s

optimal allocation (A7) can be written as

A(xh,QL) =

8EC<JL <5EwL aEwL aEﬂ'L 8E7TL> ~0

dqr, ox, ' 0qr O, | 9qp
0
<

which implies that the inefficiency comes from the fact that

aEﬂ'L

OEw; OEw; OFw;
> .
8xh

oqr 5xh dqr,

/

(A9)

The left-hand side captures how much (in expectation) firms benefit from having
one more high-skilled job seeker in the unemployment pool (an increase in x,) rela-
tive to having one more average job seeker (an increase in ¢r). The right-hand side
captures the same ratio from the perspective of an average job seeker in island L.
Expression (A9) states that firms benefit more than workers from a marginal high-
skill worker (relative to a marginal average job seeker), that is under-employment
distorts the surplus sharing rule between firms and workers by raising firms’ share of
the surplus. This leads firms to post too many vacancies, attract too many high-skill
job seekers, and generates a too high under-employment rate.

To see how wage bargaining drives this result, it is helpful to think in terms of
surplus sharing between firms and workers.

Recall from Equation (3) in the main text that the firm and its first-best applicant
(with productivity (1) share the surplus as follows: the firm captures all the surplus
generated by the second-best applicant (with productivity ¢a,q) and splits with the
first-best applicant the residual surplus (@15 — @2nq) in shares 1 — g and 5. Thus,



firms’ expected profit and workers’ expected wage can be compactly written as

EWy, = B(e — E(w)<p2nd)
E(f)ﬂ-L = E(f)(p2nd + (1 - 5)E(f) ((plst - 902nd)

where E®) denotes expectation for a worker in island L with productivity ¢ and
EY) denotes expectation for a firm in island L (with the conventions that ¢g,q =0
if a worker is the only applicant and that a worker receives zero if he is not the

34

first-best applicant).”* With these expressions and a little bit of algebra, we can

re-write (A9) as

aE(f)gplst / aE(f)gpznd - aE(f)splst /(9E(f)902nd

Oz, Oxy, dqr, dqr, (AlO)

Expression (A10) states that the inefficiency comes from the following property
of the model: compared to adding one more average job seeker in island L (an
increase in ¢r), adding one more high-skill worker (an increase in xy) raises firms’
expected productivity of the first-best applicant by more than it raises firms’ ex-
pected productivity of the second-best applicant.

In turn, this property stems from two key aspects of the model: (i) the ranking
advantage enjoyed by higher-skilled workers, and (ii) the fact that the firm gets a
share of the surplus of the first-best applicant over the second-best.? In other words,
the inefficiency depends on the sharing rule between the firm and the first-best
applicant in the presence of a second-best applicant. When the marginal high-skill

worker gets paid his marginal surplus (over the second-best applicant) and thus does

3The expected productivity of the second-best applicant from the viewpoint of workers verifies:
E™pgnq = P(0,17)per, + znnn [P0, 1) gz, + P(1F,0")pnL ]

where P(ap,ar) denotes the probability of a wage bargaining configuration with a; type-h ap-
plicants and a, type-f applicants and with P(0,17) = e %m%h(] — ¢ 9) and P(17,07) =
1 — e 9L™hTh
4The expected productivity of the first- and second-best applicants from the viewpoint of firms
verifies:
E(f)salst = P(07 1+)90€L + P(1+7 0+)50hL
ED pgng = P(27,0M)onr, + (P(LLT) + P(0,27)) ¢,

with P(27,0%) = 1 — e7 92" — grnpape W@ P(ULT) = gqrnpape” "% (1 — e~ %), and
P(O, 2+) — e—qmlhﬂﬂh(l —eTqL — qLe_QL).

5To see that, note that, because high-skill workers jump the queue in front of low-skill workers
(i), they are more often first-best applicants than second-best applicants. From the perspective
of the firm, a high-skill job seeker will thus have a stronger effect on E(F) 1, than on EU) g4
(compared to an average job seeker), which means that an additional high-skill job seeker raises the
marginal surplus produced by the first-best applicant. Since the firm gets a share of that marginal
surplus (ii), a marginal high-skill job seeker in island L raises the share of the surplus going to the
firm.
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not affect the firm surplus—as in job auctions (Shimer, 1999; Julien, Kennes and
King, 2000) or when § = 1 in our setup—, the decentralized allocation is constrained

efficient.

1.4 Graphical representation of the model in general equilibrium

The General Equilibrium (GE) allocation is the triple (xp,qr,qy) verifying firms’
free entry conditions in islands L and H, and the arbitrage equation between islands
L and H for type-h workers. In this subsection, we show that one can represent this
equilibrium allocation in a graphical manner, in a similar fashion to the standard
Diamond-Mortensen-Pissarides model.

We start with the characterization of the worker’s and firm’s best responses in
island H, which is an homogeneous island only populated by type-h workers.

With free entry, the equilibrium queue length gy (1 — z3) is independent of the
supply of type-h workers. This result comes from the fact that the equilibrium queue
length is independent of the number of job seekers, exactly as in a standard Diamond-
Mortensen-Pissarides model with homogeneous workers. Recall that island H is an
homogeneous island only populated by type-h workers. With free entry, it is easy to
see from the firm’s no profit condition that the equilibrium queue length gy (1 — x,)
is independent of the supply of type-h workers.® Specifically, free entry, or (L)) in
the main text, pins down the equilibrium queue length in island H—qg (1 — xp)—,
regardless of the number of type-h workers (i.e., regardless of 1 —x,). This is similar
to what happens in standard search and matching models (Pissarides, 1985) where
the supply of (homogeneous) labor has no effect on the equilibrium queue length.
Even though a higher number of type-h workers improves the matching probability
of a firm, free entry ensures that more firms enter the market in order to keep profits
constant.”

This result points to a more general property of our model in GE: matching
with ranking reduces to the canonical random matching model when workers are

homogeneous.®

6Recall that the queue length is number of job seekers over the number of job openings and
that the number of job seekers in island H is given by Lo(1 — xp,).

"In a search and matching model, at a given vacancy level, an increase in the number of job
seekers (coming from say out of the labor force, as in Pissarides (2000), Chapter 5) raises firms
matching probability, i.e., reduces hiring costs, and leads more firms to enter the market, keeping
profit and thus the queue length unchanged.

8A technical difference between our framework and Pissarides (1985) is that, in our set-up, an
increase in the supply of workers also improves the bargaining position of the firm (as workers
compete against each other when negotiated the wage). This difference has no consequence on the
equilibrium queue length, because the bargaining position is also solely a function of the queue
length gy (1 — xp). As a result, no matter the level of 1 — xy, free entry ensures that the queue

11



Since free entry in island H fixes ¢y (1 — 1), characterizing the equilibrium allo-
cation reduces to finding the pair (xp, q1) that satisfies (i) firms’ free entry condition
in island L and (ii) type-h worker’s arbitrage condition. Although one could depict
the equilibrium in the (z;,qy) space, we prefer to depict it in the (z,,vr) space
(recall that v, = ny/qr with n, fixed), since it corresponds to the (U, V') space
representation used in standard search and matching models.

As shown in Figure Al, the equilibrium is then determined by the intersection
of two curves: a “labor demand curve”, (LP), given by firms’ free entry condition
(also called job creation condition) as in search and matching models, and a “labor
supply curve”, (L?), characterizing the number of type-h workers in island L and
given by the arbitrage condition of type-h workers between islands L and H.

The labor demand curve is upward sloping and non-linear. To understand the
shape of the labor demand curve (LP), it is again useful to go back to the standard
Diamond-Mortensen-Pissarides (DMP) model, in which workers are homogeneous.
Recall that the total number of job seekers in island L is given by ng(1 + z,np/ny).
We can thus represent the labor demand curve, or job creation curve, in a similar
fashion to DMP models by plotting the job creation curve in (U, V') space. Starting
from a world with only type-¢ workers and x;, = 0 (i.e., being to the left of the y-axis
in Figure A1), all workers are homogeneous and, as in the DMP model, increasing
the number of type-¢ (increasing n,) does not affect the equilibrium queue length
vy /ne. As a result, the labor demand curve (dashed blue line) crosses the origin at
0. Now, consider the case where one adds type-h workers and x; > 0. Because firms
generate a higher profit when hiring type-h workers than when hiring type-¢ workers,
an increase in xj generates a disproportionate increase in the number of firms in

island L, and the equilibrium queue length increases. In other words,

the slope of the labor demand curve is initially increasing with x;. This portion of
the labor demand curve can be seen as capturing a general equilibrium job creation
effect: as the share of type-h workers in island L increases, the quality (i.e., skill
level) of the average applicant improves, and this leads to a disproportionate increase
in job creation. Then, as the number of type-h workers becomes large relative to
the number of type-/, the labor market in island L resembles more to more to that
of an homogeneous market with only type-h workers, in which the queue length is
independent of the number of type-h and the slope of (L?) is again independent of
xp, (dashed red line).

The labor supply curve is capturing how z;, depends on vy and is also upward

slopping: the larger the number of job openings, the less competition type-h workers

length adjusts to keep profits (including the fix cost) nil.
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will face when searching in island L, and the higher their expected wage. As a result,
an increase in vy, raises the incentive of type-h to move down to island L and increases

Th-

2 Complements for the dynamic model

2.1 Proof of Proposition 4

Value functions We start by deriving the expressions for the value of unemploy-
ment and the value for a firm to open a vacancy. We focus on equilibria with a
positive under-employment rate for type-h workers. In such equilibria with non-zero
under-employment of type-h, we will see that (i) type-¢ workers only look for jobs
in island L, (ii) workers of type-h only look for jobs in island H.

First, the values of unemployment for the three types verify

Uy = b+0EUisr + dvge e varamnmn (BWyp.1(1,0) — EUppe41)
Ut = b+ 0EUpp 41 + dvpe Ebttntn e VLA (EWyp 441(0,1) — EUpr 41)
+(1 — e ) (EWhr41(17, 1) — EUnpt41)]
Upirg = b+ 6EUpg 4 + Svgermtmd=end emvamein (EWyg .4 (1,0) — EUpg41)
Uppy = b+ 5EUEH¢+1 + dvge i [efquH’t(lth’t)(EWEH¢+1(O’ 1) — EUEH,tH)
+(1 - efquH’t(lth’t))(EWEH,t+1(1+7 1) = EUsy 1)

where EW;;(m) with m = (a,b) denotes a type-i worker’s expected value of being
employed in island j with initial bargaining configuration m with (including himself)
a higher-type applicants and b lower-type applicants, with the convention that a*
(resp. bT) denotes a bargaining configuration with at least a (resp. b) applicants.
For instance, EW,.(1,0) is the expected employment value for a type-¢ matched
with a firm in island L who is the only applicant during wage bargaining.

Second, the value for a firm to open a vacancy in island L verifies,

de Aty qr g (1 — e EI) BTl (17, 1)

de VbtttV LAL Yy qp BT p41(1,0)

5€*VL(1L,t$h,tnh(1 — e VLALt _ GiquL’tVLQL,t)EtHLg%l(2+7 0)

5(1 — @ VLALtThtNh e—l/L‘IL,twh,tnhVLqL,txhinh)EtHL’t_i_l(0+7 2+)

de  VLALtThath e VLALt yy gy g I 441 (0, 1)

H%(Sﬂh,t, C]L,t)

+ 4+ + +
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the value for a firm to open a vacancy in island H verifies

0 (onsgis) = S M Mgy (1 — e H 020 BTl 4 (17,1
ge v et Ty gy (1 — 2 4) Bl e41(1,0)
Se VHIH K (1 — e (I=2n) (1 4 yyqy (1 — wh,t))) Eillp4(27,0)
§(1 — e VA — = VHIH My p g iy VBT 40 (01, 27)

_ _ 1—
S am e eV HA T y gy BTl 444(0,1)

+ o+ + o+

where ETI;(m) with m = (a,b) is the firm’s expected value of match in island j
with initial bargaining configuration m with a lower-type applicants and b higher-
type applicants. For instance, Eny (07, 2%) is the firm’s expected profit of a match
in island L that initially bargained with at least two type-h applicants (and any
number of type-¢ applicants).

Steady-state We now study the equilibrium in steady-state. First, we show that
(i) higher-types are always preferred by firms upon matching, and (ii) type-¢ workers
only look for jobs in island L and type-h workers only look for jobs in island H when
there is under-employment with some type-h searching in island L.

As a preliminary, we note two results that will be useful. First, super-modularity
Cerr [ per. < onm/onr implies Yo /Yo, < Yug/Yar, given that Y is the present dis-
counted output of a match with Y;;; = @i+ 0(1 — 8)EyYij 141

Second, the probability to be in a bargaining configuration m is not type-specific.
Indeed, the ranking mechanism in the model is an endogenous outcome of the wage
bargaining, it does not come from different contact probabilities for different types.
For instance, in island L, a worker’s probability to be bargaining alone with the firm
is pr(0,0) = e 9Le~ 9 ™ regardless of one’s type. A worker’s probability to be in
competition with no type-h but at least one type-£ is py(17,0) = (1 — e~ 9% )e %1
again regardless of one’s type.

We first show (i): higher-types are always preferred by firms upon matching.
Since a type-f worker only receives a non-zero share of a match surplus when he is

the only applicant, his steady-state value of unemployment Uy, is given by
(]' - 5)U€L =b+ 5pL<Oa O) (EW€L<O7 0) - UfL) :

Using the surplus-sharing rule that gives the worker a share  of the match surplus,
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we get EW,p(0,0) — U, = B(Yer, — %UM), so that we can express Uy, as

(1 -0+ %m(o, 0)) U, = b+ (5pL(O, O)YkL (All)

We can proceed similarly and write Uy, the steady-state value of unemployment

for a type-h worker in island L as

o(l—9
(1 — 6+ 16(—>PL(O, 0)) Unz, = b+6pL(0,0)Ysr+0pr (17, 0)(Yar —Unr—Yer+Usr).

— (1 —s)
(A12)
Subtracting Equations (A11) and (A12) to get rid of b, we get
5(1—=9¢
(1 — 5+ %) (Unr — Usz) = 6(Yar — Yar). (A13)

To prove that firms in island L always prefer higher-type workers, we need to show
that the surplus generated by higher-type workers is always the highest, i.e., that
(YM - Y — %(UM — UZL)) > 0. One can verify that this is indeed the case
by using Equation (A13). The same reasoning works with any two types in any
island, which guarantees (i).

We now show (ii), i.e., that type-¢ workers only look for jobs in island L and
type h workers only look for jobs in island H.

To see that, assume that all type-¢ workers are looking for a job in island L, and
consider a type ¢ worker who would choose to move up the occupation ladder and
search for a job in island H. In island H, this type-¢ worker would only receive a
positive wage when not competing with any other applicants, i.e., his unemployment
value in island H is Uyy = b+ py(0,0)(Weg(0,0) — Upy) + 0Upy with pg(0,0) the
probability of facing no other type-¢ or type-h applicants. Writing up the value of

unemployment of a type-h worker searching island H
U@H =b —I—pH(O, 0) (W@H((), 0) — U@H) + 5U@H,

and noting again that the contact probability is independent of a worker’s type, we
can combine the two employment values to write
Wik (0,0) — Uy

(1=0)Upgr—b = ((1 — 0)Upy — b) W (0.0) = Uy = ((1-6)Upr—0)

Wer(0,0) — Uppy
Wi (0,0) — Upg

where we used the no-arbitrage condition Uy, = Uy for the last equality.
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Substituting the steady-state expression for Uy, we get

wo. — U,
(1= 8) U — b= [fo(W2), = Unr) + FEW2, = Unp — (WS, — Uns))] —rl——2.
WQH - UbH
(A14)

where f(} = pH<07 O) and fll = pH(O7 1)
A type-¢ worker will search in island H if U,y > Uy, which is verified if

WO — Uy fo(Wip = Uns) + (W5 — Unr — (Wi, — Usr))
Wiy — Unm Jo(Wy, = Uer)

> 1 (A15)
using Equation (A14) and (1 — §)Uy, — b= fl(W), — Usp).
However, (log) super-modularity Y;g/Yuy < Yor/Yar implies:®

Wer(0,0) — Upr - Wer(0,0) — Upg,
Wim(0,0) = Upr Wir(0,0) — Upg

so that Equation (A15) cannot hold, which ensures that type-¢ workers do not search
in island H.
We can then proceed in the exact same manner to show the second part of (ii);

type-h only look for jobs in island H.

Next, to guarantee the existence of under-employment in equilibrium, we impose,

similar to condition (A3) in the static model, that
Unt (zn =1, q1(zn = 1)) < Upnr(@h, qu(zn)) < Unr (zn = 0,q1(zp = 0))  (A16)

where ¢;(z) captures the general equilibrium response of vacancy posting in island
¢ to movements in z, and is given by the free entry conditions. Intuitively, the
condition ensures that the relative cost to open a vacancy in island H versus island
L is such that island H is sufficiently congested compared to island L (so that
Ung < Uy, when zp, = 0).

Under this condition, a steady-state equilibrium is uniquely characterized by the
arbitrage condition Upg = Uyr, and the two free-entry conditions. Uniqueness is
guaranteed by the fact that, given I1%,(xp, qy) = cu, the (qr, ;) schedule defined
by the arbitrage equation is steeper (in absolute value) than the (qr,z,) schedule
defined by the free-entry condition I19 (x4, q) = c¢. We leave out the details of the
derivations, since the logic of the proof is the exact same as with Corollary Al for

the static general equilibrium model.

9This can be seen by proceeding as in (i).
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Equilibrium An equilibrium is an allocation of job seekers {x}:} and vacancies

{qr+,qm+} which verify in each period:

Axnt, qreqme) = —Unme(@nt, qut) + Uppt(The, qre) =0 (L5)

and the firms’ free entry conditions:

09 (zhe,qre) = (LP)
09 (zhs, qre) = cx (LE)

The equilibrium is a fixed point where firms respond optimally to the choices
of workers, and workers respond optimally to vacancy openings. Since vacancy
posting is a jump variable, firms’ decisions only depend on the contemporary choice
of workers and the current realization of productivity, and the model can be written
(and solved) as a standard dynamic programming problem for the worker subject

to the policy functions qr(zns, ) and gu(xpt,€:) and the no-arbitrage condition.

2.2 Under-employment rate: flow versus stock

In a dynamic setting, there is a difference between zj,,, the (unobserved) fraction
of type-h workers searching in the low-tech island, and the under-employment rate,
UE;, which is the (observed) fraction of type-h workers employed in the low-tech

island and is given by
Nhrt

Nurt+ Npme + Ny,

where Njp, is the number of type-h workers employed in island L at time ¢, Ny,
is the number of type-h workers employed in island H at time ¢ and Ny, is the
number of type-h workers employed in island H at time t.

To link zp,, and UEy, note that Nyp,, the number of type-h workers employed
in island H, Nym4, the number of type-h workers employed in island H, Nyr ., the
number of type-h workers employed in island L, and Ny, the number of low-skill

workers employed in island L, evolve according to

Nyt = Nppy + (nhnh — NEH,t) Jams — SNRm

Npmi+1 = Nome + (n — Nt — Nupt) (1 — @) fare — SNume
Nuri+1 = Nupt + (n — Name — Nupg) Zhe fors — SNuLy
Nep 1 = Nopt + (ne — Nopt) fort — SNy

(A1)

With the observed under-employment rate U E; given by Equation (A17), we can

combine Equation (A18) with expressions for the job finding rates, and solve the
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system of difference equation to express UE}; as a function of zy,+, qus, qre, UE:—1

and the parameters of the model.

3 A model of under-employment with three worker types and three firm

types

In this section, we show that the under-employment model of Section 2 (in the text)
can be easily characterized in a N > 2 context. To illustrate this point, we study the
Partial and General equilibrium allocations in the N = 3 case, i.e., in an economy
with three worker types and three firm types. As in N = 2 case, we first derive
the conditions to endure the existence of under-employment in equilibrium, then
characterize the partial equilibrium allocation, provide some intuition and compar-
ative statics, then describe the general equilibrium allocation, and finally study the
optimal allocation.

With N > 2, it becomes easier to index islands and workers with numerical
indices, and we will consider type-i workers and type-j islands for 7,57 = 1,2,.., N
with the convention that higher numbers correspond to higher productivity worker-
s/islands.

The N = 2 case is a good benchmark to understand how workers decide on
which island to search. However, it has no “propagation mechanism”, in the sense
that type-1 workers cannot respond to the competition of type-2 workers by moving
further down the occupation ladder. To capture this possibility, we now study an
economy with 3 islands and 3 worker types. For the sake of clarity, we limit our
analysis to NV = 3, but the mechanisms are general and would be present with more
islands or worker types.

When workers can respond to the presence of higher-skill individuals, the equi-
librium level of under-employment is determined by the interaction of two forces,
instead of just one in the N = 2 case: (i) a force that “pushes” workers down the oc-
cupation ladder: as high-skill workers invade the island below, they push lower-skill
individuals further down the ladder, exactly as in the N = 2 case, and (ii) a force
that “pulls” workers down the ladder: as low-skill workers move down the ladder,
they free up space in their island, which pulls the higher-skill individuals down the
ladder.

Conditions to ensure under-employment in equilibrium First, and as in
the N = 2 case, we derive here the conditions that ensure that the equilibrium we
consider is an under-employment equilibrium. Our conditions boil down to ensuring

that the equilibrium is not at a corner solution in which either everyone or no one
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is under-employed.

In the N = 3 case, we impose conditions guaranteeing (i) there is some under-
employment of types 3 and 2, (ii) not all type-2 workers search in island 1 and (iii)
type-3 workers do not search in island 1. These conditions ensure that at most 2
types co-exist in a given island.

First, a positive fraction of type-3 and type-2 workers are under-employed as
long as:

{ e B33 < (P32 — Poo + pa2e”?) (CF)
ey < (a1 — P11 +prae®) (C3)

Second, a positive fraction of type-2 workers search in island 2 as long as:

6—Q2h3g02,2 > e th2 (90271 — P11 + 901,16_q1) (Dg)

This condition implies that, even with all type-3 workers in island 2, type-2 workers
would not all descend to island 1. Finally, we derive the condition under which
type-3 workers have no incentives to search in island 1. Consider the equilibrium
allocation verifying As(xs,z5) = 0 and Ag(zg,x1) = 0. The expected wage of a

type-3 worker searching in island 1 would be
Ewsy = (31— 21) + € 92" (a1 — 11 + pr1e” "]
Since e 1722 [0y — 11 + prie”B] = e BT ankig,
Ews1 = (p31 — a1) + e 207w mawshag, )
By contrast, the expected wage of a type-3 worker searching in island 2 is:

e 42a3hs [803,2 — g+ g02726*q2(1*962)}

It is then immediate that no type-3 workers have the incentives to descend to island

1 as long as:

—h ¥3,1 p
e 82 > KPT,Q (D3)

Finally, we impose the same conditions on the ¢’s in order to ensure that, as long
as type n workers are indifferent between islands n and n — 1, type n — 1 workers

will never move up to island n.
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Partial equilibrium with exogenous labor demand We now characterize the
equilibrium allocation and then present some comparative statics exercises to illus-

trate the mechanisms underlying the equilibrium.

Proposition Al. With N = 3, there is a unique equilibrium allocation of workers

satisfying

o type-3 workers are indifferent between islands 3 and 2, and x3, the share of

type 3 workers searching in island 2, is given by the arbitrage condition
Ag(ﬂfg, ZL’Q) = —EW3,3 + Ew3,2 =0 (Ag)
with

Ews 3 = Be=0(1723) g o
By = fer2shsem(7m2) gy o - fematshs [1 — e72072)] (g5 — y o)

o type-2 workers are indifferent between islands 2 and 1, and x4, the share of

type 2 workers searching in island 1, is given by the arbitrage condition
A(ng,iCQ) = —ELUQQ + Ewm =0 (Az)

with

Ew2’2 — Be_qz(l_m)_q2x3h3802,2
EwQ,l = 56_‘11“’126_‘11()02’1 + ﬁe—qwzh2<90271 _ 90171) [1 _ e—‘h]

e Type 1 workers only look for jobs in island 1.

Proof. We directly consider the general problem of a worker n € {1,..., N} who
can decide to look for a job in his home island, or instead move down the occupation
ladder to look for a job. In the spirit of the N = 2 case, we can exclude the possibility
that workers look for jobs in higher technology islands or that they descend to
lower levels than the one immediately below. The intuition is the same as the one
developed in the 2 islands case: as long as a particular type is indifferent between
two islands, the more (resp. less) skilled types will always prefer the island above
(resp. below). The reason lies in the fact that the relative rent extracted between
island n — 1 and n is increasing in the skills of agents.

A type n worker has two choices, he can (i) look for a job in island 7, his “home
island”, or (ii) look for a job in island —1, i.e., move down the occupation ladder.

As in Proposition 1, we consider these two possibilities, and the only difference with
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the N = 2 case is that workers now have to take into account the fact that some
higher type workers may be looking for work in their home island.

When a type n worker looks for a job in island n, he faces two possible outcomes:
(a) with probability e~9(1=@r)e=@n@n+ihn+1 e is the only applicant and receives
BPn.n, or (b), with probability 1 — e=(1=#n)g=@n@nt1hnt1 he is in competition with
other workers (either from his own island n or from island n + 1) and receives 0
(regardless of whether he ends up employed or unemployed). The expected payoff
of a worker type n who searches for a job in island n, w,, ., is thus

Ewn7n — /86_Q”n(1_xn)e_ann+lhn+l(10”n

)

Consider now the case in which worker type n moves down to island n — 1.
There are 3 possibilities: (a) with probability e=dn-17nhne=tn-1(1=20-1) " he is the
only applicant and receives B¢, 1, (b) with probability 1 — e~4=1%2hn he is in
competition with type n workers coming, like him, from the island above, and he
receives 0 (regardless of whether he ends up employed or unemployed), and (c),
with probability e=dn-1¥n/n (1 — e*q"—l(lf‘r”—l)), he is in competition with type n —1
workers only and receives 8(¢nn-1 — @n_1.n-1)-" The expected payoff of a worker
type n who searches for a job in island n — 1, wy, ,—1, is thus

—qn-1Tnhn ,—qn-1(1—Tn— —qn—-1Tnhn —qn-1(1—xpn—
Ewn,n—l :66 dn—1 € d 1( 1)<Pn,n—1+ﬂ€ In—t |:17€ a 1( 1) (Sﬁn,n—lfﬁan—l,n—l)

In equilibrium, a type n worker must be indifferent between staying in island n or

moving down to island n — 1, which implies the arbitrage equation

— —qn(l—2x —qnT h
An($n+laxn) = —¢ Qn( n)e dnTn+1 n+1¢n,n

_i_e_anlxnhne_anl(l_mnfl)wn,nil + e_CInl’nhn |:1 _ G_anlxnhn} (QDTL,nfl _ Spnfl,nfl) — O

These equations characterize the equilibrium allocation.

Uniqueness

As in the N = 2 case, uniqueness comes from a monotonicity argument. Condi-
tion (C%) implies that there will be some high-skilled workers descending even when
all mid-skilled workers are applying in island 2. Condition (C%) implies that mid-
skilled workers descend even when none of the high-skilled workers are applying in
their island. As in the case N = 2, some high skilled workers always apply in island
3 in island 3 because @33 > @3 9.

Under this set of conditions, we now show that there exists a unique equilibrium.

With two types of actors, the relative gain depends on the others’ behaviors: there is

10As noted earlier, despite the presence of competing applicants, a single type n applicant can
extract some of the surplus thanks to due to his productivity advantage over the other applicants.
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a complementarity between their choices. To see it, let us write down the conditions
under which wages are equal for workers 3 in islands 2 and 3, and workers 2 in
islands 1 and 2.

@33 BUTT) = [pg5 — o5 + (g e 21772 ema2mshs  (A4;)
902,26_(12(1_902)_"‘{23:3h3 = [pa1 — P11 + prae D] e nT2hz (Ay)

The two curves (As) and (Ay) both describe a positive relationship between z3 and
To, respectively the pull z3 = f3(z2) and push z3 = fo(xs) effects. Any interior

equilibrium should be at the intersection of those two curves. It can be shown that:

{ f;;(iUQ) — Q1;LQ2};ZQ2

f/($ )= @ 2,06 12(1—2)
22 as+azhs 3 2—p2 2+ 2e~92(1722)

. . h
It can be easily verified that —2—— £22  @h2ta
q3+q2h3 32 q2hs

steeper than (Ajs), e.g. the push effect is always stronger than the pull effect and

. As a consequence, (As) is always

uniqueness derives from this observation (see figure A4). O

As illustrated in figure A4, the two arbitrage equations (A3) and (As) implicitly
define a unique equilibrium allocation (x2,z3). Both curves are increasing, but the
(As) curve is always steeper than the (As) curve.

To get some intuition, recall that the (Ay) curve captures the decision of type-
2 workers to search in island 2 or 1. The (Ay) curve is increasing, because an
increase in x3, the number of type-3 workers in island 2, raises congestion in island
2, which “pushes” type-2 workers down to island 1 and increases x5. The (Aj3) curve
captures the decision of type-3 workers to search in island 3 or 2. The (Aj3) curve
is increasing, because an increase in x,, the number of type-2 workers in island 1,
lowers congestion in island 2, which attracts, i.e., “pulls”, type-3 workers down to
island 2 and increases x3. The fact that the (As) curve is always steeper than the
(A3) curve means that the “pushing effect” is always stronger than the “pulling
effect”.

Mechanisms Compared to the N = 2 case, under-employment is determined by
the interactions of two forces: (i) a force that “pushes” workers down the ladder,
captured by the (As) curve: as higher type workers invade the island below, they
push the lower types further down the ladder, as in the N = 2 case, and (ii) a force
that “pulls” workers down the ladder, captured by the (Asz) curve: as the lower types
move down the ladder, they free up space in their islands, which pulls the higher

types even further into their island.
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In order to understand how these two forces interact, consider the thought ex-
periment in which island n = 1 was closed for agents of type n = 2,3. This initial
point corresponds to the point Ej in Figure A4 and is identical to the N = 2 case
previously discussed: type-2 agents are stuck in island 2 and x5 = 0. Imagine that

island 1 suddenly opens, allowing anyone to look for a job in island 1.

1. Given z9, the initial fraction of type-3 workers in island 2, workers in island 2
have an incentive to look for a job in island 1, because Fy is above the (As)
curve, so that (A3(0,23)) > 0 and Fwy; > Fwss. As a result a fraction zj of
type-2 workers moves down to island 1, up until the point where (As(x3, x3)) =
0 (point Ej in figure A4). In effect, type-2 workers are “pushed down” the
ladder by type-3 workers, and this “pushing” effect is captured by the curve
(Az).

2. Following the downward movement of type-2 workers, island 2 is less congested
than when type-3 agents initially made their island choice, and E; is below
the (As) curve, so that Fws 3 < Ewso. As a result, more type-3 workers will
descend to island 2 up until the point where (Az(x}, 22)) = 0 with 22 the new
number of type-3 workers in island 2 (point F, in figure A4). In effect, type-3
workers are “pulled down” the ladder by type-2 workers leaving their island,

and this “pulling” effect is captured by the curve (Aj).

3. Again, type-2 workers respond to the increased number of type-3 workers by
further descending to island 1, which triggers a response from type-3 workers

and so on. This cascade ends at the equilibrium point E.

Job polarization We now discuss one comparative statics exercise to illustrate
how the interactions between agents’ decisions across islands (when N > 2) play out
in equilibrium, and how a local shock can end up affecting all workers.

Consider an adverse labor demand shock hitting the middle productivity island,
i.e., an increase in the queue length ¢,. This thought experiment can be seen as
studying the effect of job polarization and the disappearance of jobs in middle-skill
occupations (the “hollowing out” of the skill distribution, Autor (2010)) on the
allocation of workers.

Job polarization has two effects (see Figure A5). On the one hand, the (Ay) curve
shifts down, because of fewer job opportunities for type-2 workers in island 2, which
would increase xq, i.e., under-employment. On the other hand, the (A3) curve also
shifts down, because of fewer job opportunities for type-3 workers in island 2. This

shift decreases s, because there are fewer type-3 workers pushing type-2 workers
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down the ladder. Overall, the effect of job polarization on the under-employment
rate of middle-skill workers is thus ambiguous. However, under-employment amongst
high-skill workers will unambiguously decrease.

In terms of expected income, it is easy to show that job polarization leads the
expected income of type-3 (high-skill) workers to decrease and the expected income
of type-2 (middle-skill) workers to decrease. However, the expected income of type-
1 (low-skill) workers can either increase or decrease, depending on the effect of job

polarization on the under-employment rate of middle-skill workers.

3.1 General equilibrium with endogenous labor demand

The equilibrium with three types of workers and firms is characterized by the fol-

lowing Proposition:
Proposition A2. With N = 3, there is a unique equilibrium allocation satisfying

e The arbitrage conditions characterizing the allocation of workers

o Type 3 workers are indifferent between islands 2 and 3, and x3, the share

of type 3 workers searching in island 2, is given by the arbitrage condition
A(xs, 29, q2) = —FEws s + Ews (23, 22,q2) =0

o Type 2 workers are indifferent between islands 1 and 2, and x5, the share

of type 2 workers searching in island 1, is given by the arbitrage condition
A(z3, 72, G2, q1) = —Ews (13, 72, q2) + Ewz 1(22,q1) =0
« Type 1 workers only look for jobs in island 1: x; = 0.
o Firms’ free entry conditions (market clearing) in islands 1, 2 and 3

7T1($27Q1) =G
7T2(333,3727Q2) = C2

7T3(333> C]3) =C3

Proof. The proof for the N = 3 case is very similar to the N = 2 case. The
equilibrium is characterized by the allocation of workers of type 3 and 2, and the
free-entry conditions in islands 1, 2 and 3. First, the free entry condition imposes

that ¢3(1—x3) is constant, and thus the expected wage in island 3, Ews 3, is constant.
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We can thus restrict our analysis to the arbitrage conditions for workers of type 2

and 3 coupled with the free entry conditions in island 1 and 2. O]

The general equilibrium allocation with N = 3 is the vector (z3,x2,¢s,q2,q1)
determined by firms’ free entry conditions in islands 1, 2 and 3, and the arbitrage

equations for type-2 and type-3 workers.

3.2 Constrained efficient allocation

The following proposition states that the decentralized allocation is generally ineffi-
cient when N = 3. In the constrained allocation, there is less under-employment of
type-2 workers (lower z3) and less under-employment of type-3 workers (lower x3)

than in the decentralized allocation.

Proposition A3. When N = 3, the constrained optimal allocation (x5, 2%, 45, 45, q3)
does not coincide with the decentralized allocation. It is characterized by the same
free entry conditions in islands 1, 2 and 3 but the difference in expected income

between two islands for type-3 and type-2 workers is now respectively

As(3, 73, 41,43, 43) = —Ewss+ Ewsp
(1 - 5) hshz(l - x§)2q>2k902,2€_2q590§h3_q5(1_963) (903,2 - 902,2)

87T2 (m§ 71‘; 7q§)
0q2

Vv
o

and

AQ(-CI:;? .T;, q>1k7 q;) - —EWZQ + EO)QJ
(1 — B) hagipr1e720%2m270 (g1 — 0y 1)

8771(137QT)
Oq1
_2 * *h' _ * 1_ *
(1= B)(1 — a3) (32 — P2.2)p22hogiaihge2Brsha—a(17w3)
Oma(x3,23,43)
9q2

> 0

with the expression for %{1’:2"12) >0 and %{j’ql) > 0 given in the proof.

Proof. We proceed here exactly as we did for Proposition 4. The maximization
program of the central planner can be written as follows (denote Y the aggregate
output of the economy):

max {Y}

z2,23,41,92,93
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subject to

m3(T3,q3) = C3

To (73, T2, q2) = Co

mi(T2,q1) = &1
As before, two remarks help us simplify the program. First, with free entry, the
aggregate profit of firms (net of investment costs) is zero: the central planner max-
imizes the wage bill of workers. Second, free entry in island 3 imposes that qs is set

such as to make (1 — x3)gs constant.
— C3
(1 —a3)gs = f ' <—)
¥3,3
The program then sums up to (where each line represents wages earn by agents of

different types):

hohs(1 — x3) Bws s + hohsmge 2375 (g0 — g5 + g pe™21772)]

max +ho(1 — )y pe ™22 ~2(1=22) 4 hogy (1 — 11 + 1107 1) e NT2h2

Z2,23,41,92 h
+901716*Q15E2 2—q1

subject to

032 — e—Tshaqe [(@3,2 — oo+ 902,267(12(1712)) (14 (2 = B)zzhsg) + (2 — B)p22(1 — IQ)Q*%(lfm)] = ¢y
P21 — e "2 (g1 — o114+ pr1e7 M) (1+ (2= B)z2hoqr) + (2 — Bler1e ] =1

We need now to write the four first-order conditions:

As(w3, 72, q2) — Bay (23, T2, G2) — XaCly (3, 72, q2) = 0 (23]
— By, (3,72, q2) + A2Cy,y (3,72, q2) = 0 (2]
A2(1‘37$2, G2, q1) — Bz2($3, L2, 42, Q1) - /\2Cx2($3, T2, Q2) - /\1Da;2($37$2, q) =0 [IQ]
—Bq1($27 Q) — Ao Dy, (2,q1) =0 (1]

Let us detail the notations, As (resp. As) denotes the difference between wages
earned in level 2 and 3 (resp. 1 and 2) for workers of type 3 (resp. 2). B,, and By,
represents the additional terms deriving from differentiating W with respect to x3
and ¢o. We report their exact expression below.

Bay(23,22,q2) =  hagoe"292h3 [(p30 — o0 + 206 20722)) (1 4 w3h3¢2) + 92,2¢2(1 — )~ 2 (1772)]
By, (3,22,q2) = 22 Bay(w3,22,q2) + (w3hs + 1 — 22) ha (1 — 22) (2 g6~ I2haTa—a2(1-w2)

B,, and B,, represents the additional terms deriving from differentiating W with
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respect to x3 and x5. We report their exact expression below.

B, (73,22, @2, q1) = —QQh2802,2€*q2h3x37q2(1’“) (x3hg + 1 — x9)
+qrhgem 12 [hoxa (o1 — @11 + 11" T) + o116
By (22, q1) = Tohoe™ 1272 (oo (o1 — @11 + rae” ™) + 111

+(1 + m2h2)801716*q1h2127q1

() represents the additional terms deriving from differentiating the profits in
island 2 with respect to [. D; represents the additional terms deriving from differ-
entiating the profits in island 1 with respect to [. We report their exact expression
below.

Cuy (23,22, q2) =  hagee ™92 [ (g5 — 025 + 226~ 21772)) (2 = B)ashsge — (1 — B))
+(2 = B)p2,2q2(1 — wa)e92(1772)]
Ca(w3,22,42) = 72Cuy (w3, 22, G2) + P2,2(1 — wa)e ™M= 2022 [(w3hy + 1 —w2) (2~ B)gz — (1 - B)]
Doy (23,22, 1) =  haqre™ ™" [ (pa1 — o114+ o117 ) (2 — B)w2haqy — (1 — B))
+(2 = B)p1,1q1e7 %]
Dy, (x2,q1) = %2 Day (3,02, q1) + prae” 72" 0 70 [(22h2 + 1) (2 = B)gr — (1 = B)]
Cuy(73,2,q2) =  —qapas [(w3hs +1—22) (2= B)ga — (1 — B)] e~ shstzm(17r2)

The main difference with the N = 2 case comes from an additional interaction
term between workers of type-2 and 3. Workers of type-2 influences the profits that
firms can make in island 2. C,, represents this gain in profits. We eliminate the
shadow prices in the first-order conditions:

Cyy (23,22,92)

Cay (23,%2,92) B Dy, (QU379L‘27<11)B

Ca T2,
As(x3, 22, q2) = Bay (23, 22, ¢2) — MB@ (23,22, q2)
Ag (23,22, 42, q1) = Ba, (€3, 2,42, 1) = T35 500 Da= (€3, 72, 42) = =5 g Ba (%2, 1)

Let us focus on the first equation:

B:Eg (I’g, X, qQ)CQQ (.Tg, X2, (12) - Cx3 (LU3, X2, q2>BQQ (,’L’g, X2, q2>
CQQ (l’g, X2, QQ)

A3($3,$2>Q2) =

As in proposition 4,

(1 — B) haha(1 — 29)%qaipg ge20273ha=02(1=22) (5 — (g 5)
C‘Z2($37ZE27 qQ)

As(3, 72, q2) =
It is easy to see that As(zs,zs,q2) > 0. The centralized allocation gives a higher

wage to agents 3 in island 2 than what they would receive in island 3. x3 is lower

than in the decentralized allocation, g3 is higher.
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We now turn to the second equation.

BZ2D611 — D:szcn _ Clvz

A2($3,$2>QQ,91) = qu

DQl C(D
1—-B)h2q1p1,1e 201720291 (g 1 — 1 1)
Alr _ ( . : ,
( 2,(]1) Dq, (z2,91)
+ (1-8)(1—x2)(03,2—p2,2)p2,2hagoarghze 292733 —a2(1-22)
Coy

]

Compared to the N = 2 case, interactions across agents’ decision introduces an
additional effect. Comparing with the N = 2 case, we can notice an additional
(positive) term in Ay in the N = 3 case, which brings the constrained allocation
further away from the decentralized one. This additional term captures the fact
that, when deciding to search in island 1, type-2 workers affect not only the ratio of
type-1 to type-2 workers in island 1, which affects the job creation decision of firms
in island 1 (as is the N = 2 case), but also the ratio of type-2 to type-3 workers in

island 2, which affects the job creation decision of firms in island 2.
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Additional figures
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Figure A1l. Labor market equilibrium—N=2.
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Figure A2. General Equilibrium—wages for type-h workers.
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Figure A3. General Equilibrium—wages for type-¢ workers.
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Figure A4. Partial Equilibrium — N=3.
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Figure A5. Partial Equilibrium — Effect of job polarization — N=3.
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