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I. Data and Simulation with Alternative Distress Thresholds

Model Simulation and Data

The table presents standard deviations and covariances for intermediary equity growth (Eq),
investment growth (I), consumption growth (C), land price growth (PL), and Sharpe ratio
(EB). Growth rates are computed as annual changes in log value from ¢ to ¢ + 1. The Sharpe
ratio is the value at t 4+ 1. The columns labeled data are the statistics for the period 1975 to
2015Q4. The Sharpe ratio is constructed from the excess bond premium, and other variables
are standard and defined in the text. The data columns correspond to distress classification
of the 10% worst observations and the 20% worst observations. For the model simulation,
the distress period is defined as the 10% and 20% worst realizations of the Sharpe ratio.

Data 10 Model 10 Data 20 Model 20

Panel A: Distress Periods

vol(Eq) 38.16 32.08 29.63 22.67
vol(I) 8.71 8.14 7.31 7.27
vol(C) 2.39 6.70 1.88 5.72
vol(PL) 21.38 22.45 17.61 18.21
vol(EB) 101.27 113.90 76.66 83.90
cov(Eq, I) 2.71 2.15 1.29 1.27
cov(Eq, C) 0.68 -1.87 0.33 -1.06
cov(Eq, PL) 6.77 6.65 4.05 3.67
cov(Eq, EB) -27.32 -24.18 -11.39 -11.83
Panel B: Non-distress Periods

vol(Eq) 20.78 5.99 20.06 5.56
vol(I) 7.31 5.66 6.35 5.56
vol(C) 1.32 3.29 1.34 3.06
vol(PL) 10.73 9.47 10.28 8.84
vol(EB) 25.25 23.30 19.48 17.95
cov(Eq, I) 0.11 0.33 0.03 0.31
cov(Eq, C) 0.01 -0.16 0.01 -0.13
cov(Eq, PL) 0.03 0.56 -0.22 0.49
cov(Eq, EB) -0.67 -0.56 -0.22 -0.37

II. Derivation of ODE System

Note: equation references with * refer to the main paper text.
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A.  Asset returns and Intermediary Optimality

We write the evolution of e; in equilibrium as

det = ,LLedt + Uchty

The functions p, and o are state-dependent drift and volatility to be solved in equilibrium.

The terms in equation (13*) can be expressed in terms of the state variables of the model. Consider the
risk and return terms on each investment. We can use the rental market clearing condition O = H =1
to solve for the housing rental rate Dy:

@ . K. 2
Dy = ——CY = ——Ki(A —ir — = (it — 6)?),
¢ e t(A—ir = 5 (it = 6)%)
where we have used the goods market clearing condition in the second equality. Note that ¢, as given

in (7*), is only a function of g(et¢). Thus, D; can be expressed as a function of K; and e;.
Given the conjecture P; = p(et) K, we use Ito’s lemma to write the return on housing as,

h dP; + Dqdt Kidpt + ptdKyt + [dpt, dKt] + Dedt
(1) dRry = =
Py peK
P (€) (e + 00e) + 59" (€) 02 + 725 (A —ir — §(ir — 8)°
= © o2 e()l 7 2 )+it—6 dt + ohdzy,
p(e

where the volatility of housing returns is,

/
O‘?’ZU-"-O'EP (e)'
p(e)

The return volatility has two terms: the first term is the exogenous capital quality shock and the second
term is the endogenous price volatility due to the dependence of housing prices on the intermediary
reputation e (which is equal to equity capital, when the constraint binds). In addition, when e is low,

prices are more sensitive to e (i.e. p/(e) is high), which further increases volatility.

Similarly, for capital, we can expand (10*):

g4 et o0e)d (e) +302¢" (0) + A

dt + ot dZy,
q(e)

dRY =

with the volatility of capital returns,

!
o‘f =U+0'5q (e)
q(e)

The volatility of capital has the same terms as that of housing. However, when we solve the model, we

will see that ¢’(e) is far smaller than p’(e) which indicates that the endogenous component of volatility

is small for capital.

The supply of housing and capital via the market clearing condition (16*) pins down ocf and a?. We
substitute these market clearing portfolio shares to find an expression for the equilibrium volatility of
the intermediary’s portfolio,

K
(2) afof +afop = F: (oe(d +9) +0olp+9).
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From the intermediary optimality condition (13*), we note that:

k

™ ™ K

(3) —’;c = —Z =~k [0e(d +P')+ o(p+ q)] = Sharpe ratio.
oy o By

When K;/E; is high, which happens when intermediary equity is low, the Sharpe ratio is high. In

addition, we have noted earlier that p’ is high when E; is low, which further raises the Sharpe ratio.

We expand (3) to find a pair of second-order ODEs. For capital:

1 K,
(4) (e +00e)d' + Soed” + A= (F+1)a =7 (0 +0ed) F: (oe(d +p) +olp+a);
and for housing:
(e +00e) P + 1021}” + _® <A — i — E(it — 5)2> —(0+re—i)p
¢ 2 ¢ 1—¢ 2
K,
(5) = y(op+oep) f: (0e(d +p") +alp+q).

B. Dynamics of State Variables

We derive equations for p, and oe which describe the dynamics of the capital capacity. Applying Ito’s
lemma to & = e; K¢, and substituting for dK; from (2*), we find:

d&:  Kidet + etdKt +ocoKdt  p,+0eo+e (it — 9) Oe + eo

(6) dt + dZ.
e

cST et Ky e

We can also write the intermediary reputation dynamics directly in terms of intermediary returns and
exit, from (6*). When the economy is not at at a boundary (hence diy = 0), equity dynamics are given
by,

@z
&

ak <de — rt> +al (de — rt> + (r¢ —m)dt

af (ﬂfdt + deZt> +al (ﬂfdt + a?dZt> + (r¢e —m)dt.
We use (13*) relating equilibrium expected returns and volatilities to rewrite this expression as,

d€, 2
(7) g—t =x (afaf + a?a?) dt + (afgf + a?o’f) dZi + (r¢ —m)dt
t

where the portfolio volatility term is given in (2). We match drift and volatility in both equations (6)
and (7), to find expressions for u. and o.. Matching volatilities, we have,

(8) I;Z (oe(d +P)+olp+0q) = % +o
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while matching drifts, we have,

Mo+ oeo+e(it —0)
e

2
7(%{%@+#Hﬂ@+ww +re—n

Because )
= 2B G DT i e (1= ) (0) +9(0)

these equations can be rewritten to solve for p, and o in terms of e, p (e), ¢ (e), and their derivatives.

C. Interest Rate

Based on the household consumption Euler equation, we can derive the interest rate r¢. Since

K -1 —1)2
Cf:)ft_ith_u(it_g)?: <A_5_qt_(qt)> K,
2 K 2K

we can derive E¢ [dCY /CY] and Var, [dCY /C{] in terms of q (€) (and its derivatives), along with p, and

oe. Then using (8*) it is immediate to derive r; in these terms as well.

D. The System of ODEs

Here we give the expressions of ODEs, expecially write the second-order terms p” and ¢’ in terms of
lower order terms. For simplicity, we ingore the argument for p (e), ¢ (e) and their derivateives. Let

o sfie] w(e) ,
0 ) = AT w (@ =@ +ae), F ) = 1D g @),
and Gle) = o (e)rF (e)+a(e)d () (1—0(e)w(e),
and
—(A_snt 1m0\ 1-9dkn —ale
(10) HE@=-05+(re-52)T- 1225 50— a ().
where

We have
ew(e)o (0 (e) —1)

w(e) —ed (e)w’ ()
This, together with (8), implies that the Sharpe ratio is

e =

w(e) — ew’ (e)

(11) 'y%: (oew’ (e) + ow (e)) = (% + 0') =06 (e) v b w (@)
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Define
_ / v (e)k 1q (e)o? 1 pd , F (e)
ain = p'(e) < G ) <—(1—6’(e))§ <2¢:y(e)n )w(e)+0(e)2 3)) +m (q(e)q (6)0(6)50§+ 5 3),
ma = 00 (G0 5o) + 5ot 2 (420 @0 502).
= o @ (G ([Fa-o@nei | w@+ po@at) )
1 q(e)é§ / 1 F (e)
1398+ L (4@ @00 o2+ a2 )
C €e)R 2 e
a2 = ¢'(e)0(e) %‘72 { yG((e)) qG((e))ﬁ} )
and
bi = (p(e)o+p (e)oe)orb(e) %(ZU;/(E)
(e) ¥ (e) k . ()2 o2 E(A+8 | (e)cr—iq(@q;(e)ae ? N
_p(é(ye)()(|:(l—9(e)) (P-i-f(i—((;cgzi)ne)— [ 2cy(e)2 ] —i(e)—n| w(e)+06(e) H(e)
ekl Y (e)o— Q(e)q"(e)ae
L0 ) i) + 29 ( (p+6(@) e (w8 (0) 52 (01?02 — <z 7 l — | )
¢ G (e) , ~ ’
~¢a(e)d’ (&) (= ({(e) +n) w(e) +6(e) H(e))
by = (0eq (e) +q(e)o)ovb(e) %(ZU;/(E)
"(e)cY (e) k -~ ! (e))? o2 £1+¢) Cy(e)U*%n(E)%Q ~
e S ([(19@)) (p+a<i(e>(‘;c§,2);> [ i L) 29— al wiorowme

P 4 F(e)n|e¥ (e)o— U ()ae |
—A+q(e)d+ é(e) ( (p—i—i(e)) Y (e)np(e)_gFée) (¢ ()22 — { o ] )
(e) —£q(e) g’ (e) (— (?(e) + 77) w(e) + 0 (e) H (e)>

Then the second-order terms can be solved as

-1
" 1 _ [ a1n ax2 b1 | _ 1 a22b1 — a12b2
(12) 0| = =——| _ .
p a1 a2 ba a11a22 — 12021 a21b1 + ai1b2
E.  Boundary Conditions and Numerical Methods

WHEN e — 0o WITHOUT CAPITAL CONSTRAINT. — When e — oo, we have ¢ and p as constants. Let

i= q;nl, and since
2
~ K
cy = (A—(S—i—é) Ki,
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we have dCf/Cf = dKi/K¢ = Gdt + odZ¢. As a result, both assets have the same return volatility

k — ~h : :
o'% = 0% = 0, and the interest rate is

T=p+§/2'\7§(12+£)02.

Because the intermediary’s portfolio weight 0 = ﬁ, the banker’s pricing kernel is ov0 = % Therefore

,u’}%—r_ ~o :u%:ﬁ+p+§’{7M02:p+¢/{+2775(1+§)(17>\)02.

ok 1-A 11— 2 2(1—¢)

Because ,u% =-0+ % by definition, we can solve for

A

q= — — — .
p+ 8+ €4 BN 52

Because 7 = q;nl, plugging in the above equation we can solve for

2(1-€) 2(1-¢)
(13)  gq= 5

2
(o b+ BN 2 \/(p+5+ 2ogls0on ;2 9)"  ade
13

which gives the value of ¢ and i when e = oo

h —~
Now we solve for p. Using MUR;;T = % we know that ;fé =p+& + %02. Since
(e 2)
— +1i= ,uf”% by definition, we have
(1—9¢) <A _5—i— ﬁ)
(14) p= = 2w—§(1+£)(21—>\) 2
14 + (5 — 1) 1+ WO’

Numerically, instead of (13) and (13) we impose the slope conditions p’ (co0) = ¢’ (c0) = 0 which gives

more stable solutions.

LOWER ENTRY BARRIER. — Consider the boundary condition at e which is a reflecting barrier due to
linear technology of entry. More specifically, at the entry boundary e, we have

d&y =0 (Et) [dR?gg — ’I”tdt} Erdt + dU

where dUy reflects & at e K. Heuristically, suppose that at £ = eK, a negative shock € sends £ to eK — ¢
which is below eK. Then immediately there will be Sz unit of physical capital to be converted into =
units of E, so that the new level £ = eK — e+ = ek = e (K — Bz). This implies that the amount of

capital to be converted to £ is x = @ > 0, and the new capital is K=K- Br=K — Bﬁ.

Now we give the boundary conditions for p () and ¢ (). First, although entry reduces physical capital
K, since ¢ is measured as per unit of K, the price should not change during entry. Therefore we must
have ¢’ (e) = 0. For scaled housing price p (-), there will be a non-zero slope. Intuitively, entry lowers

the aggregate physical capital K, hence future equilibrium consumption as well as future equilibrium
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housing rents are lower, translating to a lower P directly. Formally, right after the negative shock

described above, the housing price is p (%) K can be rewritten as p <%> K=p (g — %) K, which must

equal the housing price p (¢) K = p (e) (K — ﬂﬁ) right after the adjustment (otherwise there will be

an arbitrage). Hence,

p(e)B

== >0
1+eB

p(e) (Kfﬁlfgﬁ) =p(§f%)K=p(§)Kfp’(§)e=>p/(§)=

where we have used the fact that e can be arbitrarily small in the continuous-time limit.

Define A = Fl’(fgg In numerical solution instead of imposing 3, we directly impose the following

boundary conditions for equilibrium pricing functions

(15) p'(e) = Aand ¢’ (e) = 0.

We will treat £ as our primitive parameter, calibrated to match land price volatility.

NUMERICAL METHOD. — Given (15), the following results is useful. From (11), we know that at e the
Sharpe ratio is (recall w (e) = p(e) + q(e))

(e @ e (@ w(@w(e) —ew (DA w(e)—eA
B0 0w @~ " e wie emda T e(-a)

€
which implies that

(16) ple)+qe) =w(e) = %;A) + eA.

Based on (16) numerically we use the following 2-layer loops to solve the ODE system in (II.D) with
endogenous entry boundary e.

1) In the inner loop, we fix e. Consider different trials of g (e); given g (e), we can get p(e) =
%;A) + eA — g (e). Then based on the four boundary conditions

p(e),q(e),p (00) = ¢’ (c0) =0,

we can solve this 2-equation ODE system with boundary conditions using the Matlab builtin

ODE solver bvp4c. We then search for the right ¢ (e) so that p’ () — ¢’ (¢) = A holds.

2) In the outer loop, we search for appropriate e. For each trial of e, we take the inner loop, and

keep searching until ¢’ (¢) = 0.

III. Households with Direct Asset Holdings

Consider the modification in which the household sector consists of three groups of household members:
equity households, debt households, and asset households. For the newly introduced asset households,
we assume that these households directly invest (1 — ¢x) PrH(= (1 — ¢x) ptK¢) dollars into housing and
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(1 — x) gt K¢ dollars into capital, where x € (0,1) and ¢ € (0, 1) are constants. These household investors

are constrained in allocating their wealth into H and K.

In this modification, debt and equity households invest their wealth in the intermediary sector, as in
our baseline model. Their wealth, and hence the size of the inermediary balance sheet, is:

(17) X (Cpt + qt) Kt = Wi - [(1—¢x) pe K¢ + Cqe Kt
N —— ~~

Intermediary Asset Holdings  Aggregate Wealth  Direct Holding of Asset Households

(with Wi = K¢ (pt + qt)). We maintain the same assumption on equity and debt households as in the
baseline model, i.e., equity households invest 1 — X fraction of x ({pt + ¢+) K into intermediary equity,

but constrained by & which is the aggregate intermediary equity capacity.

In (17), x captures the household’s direct holdings of real assets relative to the indirectly, through
intermediaries, holdings of these assets. Intermediaries’ aggregate balance sheets consists of (xp: Kt
housing assets and xq:K; physical capital sitting. Note that the ratio of housing to capital assets is
¢pt/q:- But, from the perspective of the entire economy, the ratio between these two assets is p:/q.
Therefore the introduction of asset households offers a degree of flexibility in calibrating the parameter
¢, which allows relative ratio between housing to capital assets held by intermediaries to differ from the
relative ratio in the economy. But as we discuss when calibrating the model, the data suggest that these

relative ratios are similar, so that we set ( = 1 in the calibration.

The modified model can be solved in a similar way as the baseline, after redefining the state variable
to be the intermediary capital capacity & divided by xKz:

_ &
et = ——.
XKy

We highlight that the resulting ODE system for p(e) and ¢ (e) depends on ¢, but not x. More
specifically, when ¢ = 1, as in our calibration, so that the relative shares of housing and capital held by
intermediaries and that held directly by households are the same, the modified model admits the same
solutions (same pricing functions, e.g. p(e), p(e) and same policy functions e.g. i(e)) and dynamics
as the baseline model without asset households. Potentially the parameter x matters in determining an
initial condition for a simulation, but it is irrelevant in our paper because our simulation exercises focus

on the steady state distribution.

Intuitively, the pricing equations are still determined by the banker’s optimization behavior, which
depend on the relative supplies of housing and capital held by bankers, and hence not on x. Given this
result, investment policy I; and the aggregate household consumption C; = AK; — I; do not change,

implying the same equilibrium interest rate.

When ¢ # 1, one can show that we have the same boundary conditions as in Section (IL.E), and the
form of ODE system is the same as in (12) but with some modifications. More specifically, keep the same
definition as in (9), a11, a21, b1 and ba; but modify the definition of H (e) in (10) to be

C+o—¢9

H () = (4-0)

e (n =BT - AR 150 0).
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and ai2 and asgs to be

2
o, +

ma = @ (0@ 502) +

Yk

p(e)v(

1
2

2 e
a2 = () T eyoe)

9(6) go’g + Wl]

IV. Derivation for Hidden Leverage Case

The dynamics of the state variable are, de; = p.dt + oedZi. We recompute p, and o, based on the
higher leverage. The reputation dynamics are:

d€
g—t =al (ﬂ',]fdt + deZt> +al (ﬂfdt + O’?dZt) + (re — n)dt,
t

where af = L 9tEt gnd of = 1Lt 416 larger than the baseline equilibrium portfolio shares to
t 1-x Wi t 1—x Wi

reflect the higher leverage based on . For illustration here we focus on the case where capital constraint

is not binding and the leverage is simply the intermeidary leverage is simply ﬁ When the capital

constraint is binding, the leverage is determined by W;/&; as the baseline model.

We assume that the interest rate (r;) and ex-ante risk premia (7%, 7}) are the functions of e; that
solve the model based on A rather than A. That is we hold expected returns and interest rates fixed in
the experiment. Recall that,

/ !
U?:aJrUEp (e) and, af:a+aeq (e)'
p(e) q(e)

We also assume that the price functions, p(e) and g(e), solve the model based on X rather than X We
account for the fact that higher leverage implies a more volatile o which in turn means that crf and U,’f
rises. That is, a given shock dZ; causes e; to fall which feeds back into a further fall in asset prices and a
larger fall in e;. It is essential to account for this amplification since it is the non-linearity of the model.
Thus,

! /
& _ af (wfdt + (o’ +0.L (e)) dZt) +al (w?dt + (a +o.k (e)) dZt) + (e — m)dt
& q(e) p(e)
1 w’ (e)
18 = krk + alinh —n)dt + —= { } dz,
(18) (Oétﬂt'f‘atﬂt + 7t 77) +1_)\ o+ w(e)U t

F= Aol ob = L and Wi = K (p(e) + () =

where the second equality uses the fact that o = T P U

Kiw (e). From (6), we can also write,

L&: uﬁ+oea+e(it—6)dt+Ue-l—eadzt

19
(19) Er e e

By matching (18) and (19), we can solve for u, and o, with hidden leverage. For instance, for o., we
have

1
1 ’ —— —1
ﬁ{ w(e)ae}zﬁ_ﬂ,éae:a#
1—X w(e) e 1_ _1_w'(e)
e 1-X w(e)

Increasing A to A increases the numerator and decreases the denominator. In particular, o. rises more
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than one for one with the increase in the leverage ﬁ, which is 1.5 times of the leverage in the base
model. Moreover, this amplification effect is stronger when the economy is closer to crisis. We find that
the o, rises by around 1.5 times relative to the baseline in the first quarter of the simulation, but rises

by about 15 times at the point in the simulation when the capital constraint binds.



