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1 Proof Proposition

We first characterize p”. The maximum profits that a bank with the highest collateral
quality p + 77 expects when inducing a run, conditional on no other bank facing a run
(thatis, when E"(p) = p + 7)), are
E(zlp+7,p+70) = (P +mE (¢A—1) = 7.
while the expected profits when not inducing a run, conditional on no other bank fac-
ing a run, are
By (7|p) = Knr(P)(gA — 1)
where, from equation
_ . x gl =
Kol = min |, (0}
There is always a p large enough such that K* < 7—7— and K* < pC such that

1=q)(1-p)
K,,(p) = K*. Then no bank would rather face a run and have a positive probability of

not being able to invest, given that it can invest at optimal scale without examination.
For all p > p#, all banks invest without runs, where p” is defined by E,(r|p + 7, p" +
M) = Epr(n|p™), or
=k g
(" +ME(gA—1) —v = (qA —1).
(1 =q)(1=p")

In this region, p* = p + 7, which trivially increases one for one with p.

We now characterize p”. The maximum expected profits that a bank with the lowest
collateral quality p — 7 can obtain when avoiding a run when all other banks face runs
(thatis, E""(p) = p — 7)) are
where, from equation
_ . Y _
Km(p—n):mm{[(*, — ,(p—n)C’}.
(1-¢)(1—={@~-m)
The expected profits when the bank induces a run, conditional on all other banks in-
ducing a run, are

B(rp—7,5) = 57 [K*@A - %] .

Defining p” by the point at which E,(7|p’ — 7, p*) = E,,.(z|p* — 7)), such that
L — * v Y
p” =1 KqA—l——1> —(qA — 1),
( ){ ( )= (1—q)(1—(pL—77))( )
then when p < p;, all banks invest such that there is examination of their collaterals. In
this region, p* = p — 7, which also trivially increases one for one with p.

In the best equilibrium and by monotonicity, in the intermediate region of p the thresh-
old p* also increases with p. QED.



2 Proof Proposition

Follows from comparing the condition for no information acquisition in the absence of
intervention (equation ) and in the presence of intervention (equation[8), and on the
comparative statics in equation (8) with respect to y.

3 Proof Lemma

Assume first that the central bank chooses p = p; +7, and then no discount even for the
bank holding the highest collateral quality, this is d(p;, + 7, p) = 0. Compare equations
and for p = pr + 7. It is optimal for such bank to participate, but if this is the
only bank participating, then stigma is positive in the sense that participation reveals
the highest possible idiosyncratic component. Then, participating is also the optimal
strategy for all other banks, which implies that there is no learning from participation
and no stigma (i.e., x = 0), confirming that this is indeed the best sustainable equilib-
riumﬂ Hence, for p > p;, + 7, a fraction y(p) = 1 of banks participate, from equation @
o(p) = 0 and from equation (8) K (p) = K*.

For lower levels of p, this is still an equilibrium as long as the bank with the highest
collateral quality finds it optimal to participate, and then all other banks do as well.
The critical level p;, is determined by the point at which the bank with the highest
quality (evaluated at x = 0) is indifferent between participating or not,

H(K") —d(pL +7,pn) = (1 — €)H(K") +eL(pr + 7, pn)-

Using the definitions of L(p,p), H(K(p)) and d(p, p),

B = (0 +7) = 5[0 =~ K (gA = 1) +]. QED

4 Proof Lemma

Assume first the extreme case in which p = p;. From the previous proposition, y(p,) =
1 and o(py) = 0. For p = pj, — € (from the definition of py,),

H(K*) —d(py +7,pn —€) < (1 —e)H(K*) +eL(pL + 7, pn — €),

!Notice that this is only one possible equilibrium. If everybody believes that some banks did not bor-
row from the discount window, x > 0, and it may be indeed optimal for those banks not to borrow from
the window. This shows how endogenous stigma may induce equilibrium multiplicity and may gen-
erate self-confirming collapses in the use of discount windows. Here we focus on the best equilibrium
based on intervention, and show its limitations.



and then banks with collateral quality p; + 7 strictly prefer to not participate at the
discount window. This implies that y(p, —¢) = Pr(p < pi,(pn—€)) < 1, where p (ps, —¢)
is given by the indifference condition

H(K") = d(p,, pn — €) = (1 — e)H(K") + e L(pi,, pn — €),

d(py, Pr — €) = e[H(K") = L(pj,, pn — €)],

where p; declines monotonically as we reduce p. Notice that this construction relies
on the conjecture that o(p;, — €) = 0, but for relatively low e this is the case as long as
y(pr, — €) and E™ (p|p, — €) are such that

5
(1 —-q)(1—y)(1 = Em(p))

Define by p;, the threshold such that 7(p;,) is the fraction of banks borrowing from the
discount window and E"* (p|p,) is the expected quality of the non-participating banks’
collateral, such that depositors are indifferent between running or not when the bank
invests K*, i.e.,

K* <

o v
1-g)(1=y)(1-E" (p))
The bank with the marginal collateral quality p;, (p;,) is determined by

H(K") = (o, pm) = (1 = e)H(K") + e L(P,,, Pm),

such that

B

y=Pr(p <p,(m))  and  E(p)= E(plp > P, (Pm))-

Finally, the threshold 7}, is well-defined, as both y and E™"(p) monotonically increase
in p},, which monotonically decreases in p.

Finally, even when there is no examination and then stigma on the equilibrium path,
there would be stigma in case participation is leaked or voluntarily disclosed. Stigma,
X (p, p), is the cost in terms of a higher probability of a run in the second period coming
from information that the bank participated at the discount window in the first period.
Intuitively, since banks participate when their collateral quality is lower than average
(specifically p < p;,), revelation of participation would make those banks more prone
to be examined in the second period. Formally, in the second period, the bank will suffer
a run in the second period and obtain H (K*) only with probability p and lose the cost
of information + if equation (4) is not fulfilled at optimal scale K*, this is if

- 1—qg)K*
K* > i or E¥(p|p, pr=2) < 1 — &

(1 —=q)(1 = E“(plp, Pi=2)) ¥




where E"(p|p, pi—2) is the expectation of p in the second period, conditional on having
participated in the discount window in the first period and conditional on the second
period displaying an aggregate component p,—,. Since we have assumed that p,—, =
pr > p! we can rewrite this expectation as

E*(plpm, Pr=2) = pu + E* (n]p)-
in which case the bank would lose in net (1 — p) K*(gA — 1) + 7.
This implies that stigma is given by

0 e EU(nlp) > 1—py — L-0K

p— /Y -
X(paﬁ) {(1_p)K*(qA_1)+f>/ if Ew(n‘f)')<1_pH—%.

QED.

5 Proof Lemmalf3

Assume first the extreme case where p = p,,. From the previous lemma, y(p,,) = ¥
and o(p,) = 0. For p = p,, — ¢, the bank that is indifferent about borrowing from the
discount window has slightly lower quality, p} (p,, — €) < p% (D). Then y(pm, —€) <7y
and E™ (p|p,,—€) < E"" (p), and there are incentives to run if investment is K*, as there
are relatively few participants at the discount window (low y) and the collateral of
those not participating at the discount windows are worse in expectation (low E™"(p)).
Formally,
% g
N T 00— yGn = D= Bl — o)

One possibility for banks to prevent runs, o(p) = 0, is to scale back the investment in
the project to K (pf)) < K*, to avoid information acquisition. The size of the investment
K, however, also determines y, as p;, (p,, — €) is pinned down by the condition

d(Dyy Pm — €) = e[H(K (p,)) — L(pyy, Pm — €)].

A lower K relaxes the constraint and reduces the incentive to run, but at the same time
reduces p;, for a given p, increasing the incentive to run. Intuitively, for a given dis-
count, a reduction in the gains of borrowing from the discount window (from lower
H(K)) reduces the quality of the marginal bank which is indifferent between borrow-
ing or not, i.e., reducing p; further.

If H(K(p;,)) declines faster than L(p,), then no participant will go to the discount win-
dow if, at the lowest possible p, which is p;, — 7,

H(K(pL —7)) — Lp =7, p1) <0

4



which we have assumed in the definition of a crisis (p;, is low enough such that all
banks would rather face examination than restricting their investments to avoid runs).
In words, it is not in the best interests of banks to discourage runs by reducing the size
of their investments in the project, which is in contrast to what happens in the absence
of intervention. Our result here comes from the endogenous participation of banks at
the discount window. By reducing K, the effect of a lower y in inducing information
acquisition is stronger than the effect of a lower K in discouraging information acquisi-
tion, thus increasing on net the incentives for depositors to examine a bank’s collateral
as K declines.

Under these conditions, the equilibrium should involve either the discount window
sustaining an investment of K* (when a fraction 7 of banks borrows from the discount
window) or no participation in the discount window at all, which replicates the allo-
cation without intervention. To maintain the fraction ¥ constant in this region as p de-
clines, the marginal bank with collateral quality p? (p,,) should be indifferent between
borrowing from the discount window or not. This is achievable only if depositors
choose to run with some probability and examine the portfolio of banks as p declines,
as this increases the incentives to have bonds in the portfolio.

As the fraction of banks participating at the discount windows is constant at , depos-
itors are indeed indifferent between running or not, and o(p) > 0 is an equilibrium.
To determine o(p) in equilibrium we next discuss the determination of endogenous
stigma.

With positive information acquisition (o(p) > 0) there is stigma when the depositor dis-
covers a bank’s participation at the discount window. The reason there is stigma is that
those banks borrowing from the discount window are the ones with relatively low col-
lateral quality (relatively low 7,). Once a bank is stigmatized, it may face withdrawals
during normal times in the second period. To be more precise about the endogeneity
of stigma, once back in normal times, the bank will face a run when investing at the
optimal scale of production if

5
(1—-q)(1—E>“(p))’

and the bank will not suffer a run in the second period based on an indifference condi-
tion that pins down pj in the second period where

E,(m|p5, E"(plp < p,)) = E.(7|E™ (plp < py,))-

We denote by K" (p,p) the investment size that a bank with a collateral of quality p
can obtain in the second period conditional on it having been revealed that the bank
borrowed from the discount window in the first period.

K* >

Then, stigma is given by

x(p,p) = [K* = K“(p,p)](¢qA — 1),

5



where x is an increasing function of the discount (a decreasing function of p). As the
discount increases, p;, decreases, y(p:) decreases and E*(p) decreases. This leads to a
decline in K and then an increase in stigma from going to the discount window.

Given 7, to maintain the investment size K* without triggering information, the indif-
ference of the marginal bank p}, pins down the probability the depositor runs. This is
E™(r|p},) = E*(m|p},), which implies

o L(py, p) + (1 = 0)[(1 =€) H(K") + eL(p,,, p)] = [H(K") — d(pi,, P)] — ox(P,,, P)
and then B _
d(py, p) — e[H(K™) — L(p},, P)]
(1 —&)[H(K*) = L(py,, P)] = x(P, P)
Finally, depositors randomize between running and not running given that the bank is

investing K* in the project, and a bank with collateral quality p;, is indifferent between
borrowing from the discount window or not. QED.

a(p) = (1)

6 Proof Lemmald

From equation (1), o(p},) = 1 for d(p;,,p) > H(K*) — L(P;,,p) — x(75,,p). Define p; to
be the discount that solves this condition with equality. Evaluating £, (7) and E)
at o(p) = 1 given a project of size K* and at the threshold p}, a bank with collateral p;,
goes to the discount window whenever

H(K*) - d(ﬁfmﬁ) - X(Z_?Znﬁ) > L(ﬁ*unﬁ)

which is never the case in this region by the previous condition. Then y(p) = 0 and
then it is indeed optimal for depositors to run, that is o(p) = 1. QED.

7 Proof Lemmal5

Define pr by
H(K") — d(pr +7,pr) = L(pL + 7, pr)-
Forall p > pr
H(K") —d(pr +7,p) > L(pL + 7, D)
and the bank with collateral of quality p; + 7 strictly prefers to borrow from the dis-
count window. Notice that as all banks participate, x(p, pr) = 0 for all p.

For all p < pr, the fraction of participating banks y; in a transparent window is given
by the threshold p}, such that H(K*) — d(p},r.p) — x(0ir,p) = L(plr,p) and yr =
Pr(p < plyr).



Recall the condition that pins down pj, in Lemma [T}is
H(K") = d(pL +7,n) = (1 — ) H(K") + eL(pL + 7, Pn).

Then, as the right-hand side is larger than in the condition above that pins down py,
the discount has to be smaller and pr < p;,. QED.

8 Derivation of Intervention Distortions

As banks keep the net gains from production, welfare is an aggregation of the payoffs
of all banks with different quality p, given by

WE) = [Lulf +B=p0)+ (1~ L)L) + (1= 0)((1 - H + L)) dF (o)

p

" / Lla(pC — B) + (1 — q)(épC — B)dF ()
" / Llg(H — ox(p) — (1 — 0)5(1 — )pC] + (1 — L,)H] dF(p),

where [, is an indicator function that takes the value 1 if the bank participates at the
discount window and 0 otherwise.

Taking integrals and rewriting the expression,

W(p) = y(H+B—E“(p)C)+ (1—y)oL+ (1—0)((1—e)H +¢eL)|
+ylq(E*(p)C — B) + (1 — q)(¢E" (p)C — B)]
+ylg(H —oX) — (1 — q)6(1 — ¢)E“(p)C] + (1 —y)H,

where H = H(K"), L= fpmw L(p,p)dpand X = pr(paﬁ)dp-

The first two terms (the first line) represent the welfare of banks in the crisis period.
A fraction y of banks borrow from the discount window leading to a production of H
and exchanging private collateral for bonds at an average discount of B — E*(p)C. A
fraction 1 — y of banks do not participate and their investments lead to a production
level that depends on whether they suffered a run or if there was an informational leak.
This first line of the welfare function can be rewritten as

~

H —y(E"(p)C = B) = (1 —y)le +o(l—e))(H - L).

The third term (the second line) represents the welfare for the government. From the
fraction y of banks borrowing from the discount window, a fraction ¢ has their private
collateral seized, which delivers E*(p)C' in expectation while a fraction 1 — ¢ defaults
and the private collateral has to be liquidated, recovering just ¢£*(p)C. Still in both

7



cases the government has to repay B for the bonds. This second line of the welfare
function can be rewritten as

y(E"(p)C — B) —y(1 —q)(1 — ¢)E“(p)C.

The last term (the third line) captures investments in the second period (no discount).
Those banks that did not borrow from the discount window and those that did without
their participation being revealed can borrow without triggering a run in the second
period (then leading to production level H). Those banks that participated and their
participation was revealed (because they were examined) can potentially suffer a run
in the second period because of stigma (captured by L). Finally, the government has to
repay (facing inefficiency costs 1 — ¢ and distortionary taxation costs ¢) the bonds that
could not be covered by liquidating private assets in the previous period. The third
line can then be rewritten as

H —ylgoxX + (1 —q)o(1 — ¢)E*(p)C].

Adding (and canceling) terms, total welfare is

W(P) =2H — (1 —y)(c +o(1—2))(H = L) = y[(1 — ¢)(1 + 5)(1 — §) E*(p)C — qoX].

Since the unconstrained welfare is 2H in both periods, we can denote the distortion
from the crisis as equation (14).

The first component shows the distortion that comes from lower output from banks
that did not participate, either due to leaks or runs. The second component shows
the costs of the distortionary taxation that is needed to cover deposits from defaulting
banks, and that cannot be covered by liquidating the private collateral. Finally, the
third component shows the lower production in the second period that arises from
stigma — banks who were discovered borrowing from the discount window and then
were revealed to have collateral of relatively lower quality — being more likely to suffer
a run and produce less in the second period.

9 Proof Proposition

Here we compare the distortions for different levels of discount p (in the different re-
gions that we characterized in the previous section) for different disclosure policies.

We consider first the parametric case for which pr < p;. Under transparency, all banks
participate when p > pr. This implies that y = 1, x = 0 and E¥(p) = py. Distortions in
this range are then

Dist(p|Tr) = (1+6)(1 —¢q)(1 — ¢)pL.C.

In contrast, for all p < pr, the discount window is not sustainable and distortions are
the same as without intervention, H — L = (1 — p;,) K*(¢A — 1) + 7.

8



Under opacity, distortions also depend on the equilibrium regions. In the “very low”
discount region all banks participate, then y = 1 and x = 0, and distortions are the
same as under transparency (in the region p > py above).

In the “low” discount region, y < 1 but ¢ = 0, then from equation (14)

Dist(p|Op) = (1 —y)(H — L)z + y(1 + 6)(1 — ¢)(1 — ¢)E“(p|Op)C.

Since yE¥(p|Op) < p, and H — L > H — L, the sufficient condition for the distortion
under opacity is lower than the distortion under transparency is

(1+0)(1—q)(1 = @)pC > e(H - L).

In the “intermediate” discount region, y = 7, but 0 > 0 and increases with the discount.
From equation it is clear that in this region the distortion increases with ¢ and then
with the discount. While the fraction of banks participating is fixed, there are more
runs and then more banks not participating end up producing less, both in the first
period (less deposits) and the second period (more stigma).

Finally, in the “high” discount region, the discount window is not sustainable under
opacity, so distortions are the same as without intervention, H — L.

Summarizing, as the discount increases, distortions under opacity are fixed in the very
low discount region, decrease in the low discount region, increase in the intermediate
discount region and reach the maximum in the high discount region. In contrast, dis-
tortions under transparency are fixed whenever the discount window is sustainable,
as either all banks participate or neither does. This implies the optimal discount is p,,
under opacity.

Consider finally the parametric case for which py > p;. In this case the discount win-
dow under opacity collapses at lower discount levels than under transparency. Still the
optimal policy is a discount of p,, under opacity because pr < pj, as shown in Lemma

QED.
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