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NoO CAPITAL-SKILL COMPLEMENTARITY

The following derivations apply to all models without capital-skill complementar-

ity. Skill bias can be exogenous or chosen from a technology frontier.

Al1. Notation

It is useful to define commonly used notation at the outset.

1) R(z;) = xj,/x;,p denotes the rich-to-poor country ratio of ;.
2) S(xc) = xs,¢/xu, denotes the skilled-to-unskilled ratio of x; .

3) RS(z) =R(S(z)) =S (R(x)) = % denotes the relative abundance

of skilled versus unskilled z in the rich compared with the poor country.
4) The income share of an input is denoted by I.S, . = income, /Y.
5) The income ratio of two inputs is denoted by IR, . = income, /incomey, ..

In particular, IRy, /1, = S (W).

A number of useful properties of the rich-to-poor and skilled—to-unskilled ratios

are worth noting. For any constant ¢, we have:

1) R(z?) =R (z)? and S (z9) =S ().
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2) The order of rich-to-poor and skilled-to-unskilled ratios is interchangeable:

s/ Tur ?
ay (s () =8 (R () = [eefe]

A2. CES Results

It is useful to state a number of known properties of cost minimization with CES

production. These results will be used repeatedly in the derivations below.

Consider the generic cost minimization problem

1/p

(vjz4)?

J J
=1

(A2) min ijxj +A|y—
Y= j

The cost-minimizing input ratios are given by

BISER

Zj Vil Pi

The ratio of factor incomes is then given by

(A4) pi%; _ [%’wi]p
bix; RiE]
1 .

B R

The income share of each input is given by

(A6) PiTj _ {Wj]p'
y y
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The minimized cost per unit of output is given by

1—p

J

(AT) Z Vipi) e
7j=1

A3.  Firm First-order Conditions

The firm’s first-order conditions for labor inputs are given by

(A8) Pje=(1— @) 2 KL P02 LP ",

If skill bias is endogenous, the first-order condition for ;. is given by

oY, .
— waw
00, il

(A9)

where A, is the Lagrange multiplier on the technology frontier constraint and

Y,

A10 < = Kozlmepl=rmapr g0t
( ) agj’c ( ) 7,c’ 3¢
From (A4), the wage bill ratio is given by
(All) Ws,c/Wu,c =S (chc) =S (ech)p

Since p > 0, an increase in the relative supply of type j labor increases its income

share.

ENDOGENOUS SKILL BIAS

The derivations in this section apply for the model with endogenous skill bias.
A3



B1. Optimal Skill Bias Choice

The first-order conditions equation (A9) imply the optimal skill bias ratio
(B1) SO)"=8 (/f_“L’C)) .

PROPOSITION 5:  Optimal skill bias levels are given by

B

B2 g = _—<¢
(B2) he = meh

Ky Lij v
(B3) Ao — (f) |
; K;] LU,C

This holds whether or not B, is chosen by firms.

PROOF:
Starting from the technology frontier, we have
(B4) By = (k)"

w Kj 0. “
(B5) — (Kubu) Z(,ﬁj) .
J u Vu,c

Substituting in the condition for optimal relative skill bias (B1) yields

e () ()]

J
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Note that w — <> = =2 — _ . This implies

w—p  w—p

Ku Lje

(87) B = (k0" Y )\P — (muue) A

Iﬁj Lu,c
PROPOSITION 6: When skill bias is endogenous, the skill premium is given by

(B8) S(pe) = (S (L))" S ()7

PROOF:

From equation (A3) we have

(BY) S(pe) =S (L)1 S(0.).

Applying the optimal skill bias ratio (B1) implies

s
(B10) S()=S8 <I£_@Lg_p> :
Combining both expressions yields
2
(B11) S(pe) =8 (k7)) S (L) o=t

L2 = U gives equation (BS8).

. p2
Using p + i

B2. Reduced Form Labor Aggregator

PROOF:

(Proposition 1)
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The following hold regardless of how B, is determined (endogenous or fixed). The
definition of the labor aggregator (2) implies

) 1/p
. L e
(Blz) Lc = eu,cLu,c Z |:Z]’C Lj’:|
j u,c Hu,c

Substituting in the condition for the optimal choice of relative skill bias (B10)
yields

Lo [k 17YTL. 7P
B13 Le = 0ycL J’C] [3] [3]
(B13) = Ol z[L )

The exponent on labor inputs is given by

(B14)

Then the summation term becomes A, defined in (B3), and we have
(B15) Le = 0y cLyAY?

Then using (B2), we have

(B16) Lo = Bek 'AZ Y9 Ly, (AYP
Note that

w—p
Bl 1/p—1w=-"-—F_1/¥
(B17) /p—1jw o /
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so that

(B18) Lo = Be (1/ky) Ly AYY
1/v

v
= Bo(1/k) Lue | 3 (45 ' Lse) ) Luc
;

Cancelling terms yields equation (9).

B3.  Closed Form Solution

PROOF:
(Proposition 2)

Using the labor aggregator (9) with x; = 1, we have

10
(B19) Le = BLy. (1 +S (LC)‘I’)
Taking the rich-to-poor country ratio yields

1/
(B20) R(L) =R (LR (1 +8 (L)‘I’)

Since equation (A11) also applies to the reduced form labor aggregator, we have
(B21) Wee/Wae =S (Le)”

Using this to replace S (L)Y in (B20) with W, /W, yields

(B22) R(L) = R (L) R (W/W)'

If S(Ly) > S(Ly), then R (1 4+ W,/W,) > 1 and R(L) > R(L,). Since W; . =
AT



Pj.cLje, the ratio of unskilled labor inputs is given by

(B23) R (Ly) = 772((1;[9/5)

CRW)RY)R( - a)
(B24) = Rlpw) R(1-a)7)
(B25) R(Y) R(1—a)

" R(pu) R(W/W,)

Substituting this into (B22) and rearranging yields

(B26) R(L) = RW/WH)Y' IR (1 - a).

Taking logarithms gives
(B27) Aln(L)=Al(Y)-Inm, + <;} - 1) Aln(W/W,)+Aln(1—-a).

Dividing by Aln (Y') and assuming that labor shares do not differ across countries

yields equation (11).

The solution for ¥ follows from (B21) which implies RS (W) = RS (L)¥. Taking

logarithms and rearranging yields equation (12).
EXOGENOUS SKILL BIAS
C1. Closed Form Solution

PROOF:
(Proposition 3)

Define contrib}’" as the increase in L due to replacing L;, with L;,, holding 6;,,
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fixed:

. (6,,L,,) }/P

o [
poor _
(C1) contriby { T ]/p

0o Lor\P1Y/P
Gu,p |:R( )p_|_ (ﬁm) ]

(C2) OupLup 1 +Wsp/Wu’p}1/p
s,p Ls,p p11/p
(C3) _[R@r+ (FEper )]
[1+ Wep/ W) ?
(C4) _ [R (Lu)p + WS,p/Wu,p (R (Ls))p]l/p

[1+ Wi/ W)/

This uses (A11) to replace S (AL)” with W, /W,. Pulling out R (L,,) yields

1+ W,/ Wy RS (L)p] 1/p

(05) CO’I’Lt’I“Zbg =R (Lu) |: 1+ Ws,p/WU:p

Replacing R (L,,) using (B25) gives

R(Y)R(1—a) [1 + Wep/WupRS (L)p} v

pPooT _
(C6) contriby ROV/WL) 1+ W/ Wy

Since share}™" = In (contrit}”") /Aln (Y), taking logarithms, setting R (1 — o) =
1, and dividing by Aln (') yields (19). To see that contrith””" € (R (Ly),R (Ls)),
note that

[RS (L) + 8 (W,
L+ Wap/Wap]”

(C7) contrity””" = R (Ls)

If R(Ls) > R(Ly), then R(L,) < contrib?”" < R(L); otherwise R (Ls) <
contrith””" < R (Ly).

A9



Using rich country skill bias, we have

(C8) contribh = [Za‘ (HJ'»TLj,T)p} e
[Zj (eijj’p)p] 1/p
(C9) 0 [1 " (3:; fi’,';>p] 1/p

R L e
1+ Ws,r/Wuﬂ,]l/P
[R (Lu)ip + str/Wu,'rR (Ls)ip] 1/p

Assuming that labor shares do not differ across countries, pulling out R (L,,) and

replacing it using (B25) yields (20).

INVESTMENT IN THE FRONTIER

We consider a model where firms can expend resources to shift the technology

frontier outwards, as in ( ). The representative firm solves
(b1) Ko g, Yo T R zj:pj’ch’c ~ CBe)

subject to (1), (2), and (3), taking factor prices as given. We assume the cost
function C'(B.) = b.BY¥ as in ( )’s example 1. The firm takes b, > 0
as given. We assume w > 1 to ensure that optimal skill weights are finite. We
normalize all k; = 1. We also assume that labor shares do not differ across

countries.

Compared with the fixed frontier case studied in Section I, the only change is the
endogeneity of B.. Conditional on its value all quantities and prices are the same
as in the endogenous technology model.

If we treat b. as a parameter, the model has increasing returns to scale. We
A10



show that, in this case, sharer is magnified by the factor —*3 compared with

the endogenous technology model. If b. scales appropriately with Y, so that the
model has constant returns to scale, we show that the development accounting

results of the endogenous technology model remain unchanged.

D1. Reduced Form Labor Aggregator

PROPOSITION 7:  The labor aggregator is given by

A

1 L«
(D2) Lc - ((1 - O[) Zl_ang_lbc_l) wta—1 Lg+a71

¢

where L is the reduced form labor aggregator with a fized frontier, given by (9).

PROOF:

The firm’s problem may be written as

(D3) max Y, — q¢. K. — ij,ch,c — be Z (kj0jc)”
J

clug,eVj,e ]

The firm’s first-order condition for ;. is again given by (A9), except that now

Ae = b so that

(DY) 03" = XLl LI

J,c ¢

where

(1—a)z K2

(D5) Xj,c =

w
bcumj

Together with 1+ p/ (w — p) = w/ (w — p) this implies

1 L

_1 w l—a—p
(DG) eu,cLu,c = X?id,gp sz,gp Lcukp
All




From equation (B15) we have 6, oL, . = LCAc_l/p. From equation (B18) we obtain

L.= %A};/ ¥ and therefore
= \¥Y/p
(D7) eu,cLu,c = L¢ (Lu/{qjl/Lc>

Setting both expressions for 6, .L, . equal and noting that ¥/p = w/ (w — p), we

have

1_17047p ~ % _1
(D8) L e = (MLC)“ X
Since
(DY) 1_1—a—p:w—}-oz—1

w—p w—p
we have
D10 Lo = (K% Xyy0)oFa=t [oToT
u 9

D2. Reduced Form Production Function

PROPOSITION 8:  The reduced form production function is given by
o -~ \1l—«a ﬁ
(D11) Y, = (Kg (ACZCLC) >

11—«
wbe

- o 1/w
where L. is given by equation (9) and A, = ( > s a constant.

PROOF:

Substituting the reduced form labor aggregator (D10) into the production func-
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tion, we have

(D12) Y, = K& (z.L,) ™
Ca B w(l—a)
D13 — KO0 (@ X, )orast (L) <7
c ~7c u 9
B 1—a B w(l—a)
D14 = A, (zloKg) T (L)
Cc C
where
11—«
~ 11—\ wta—1
D15 A, =
(D15) (50
collects all constant terms. Then
. _\l-a\ aFa=T
(D16) Y, = <K3 (ACZCLC) a>

This is true because the exponent on 2! *K¢ is

l—« w

D17 1 =
( ) +w—|—a—1 wt+a-—1

If b, is fixed, the model has increasing returns to scale due to scale effects. In-
creasing any factor input or increasing TFP raises the benefits from investing in

B, but not the cost. The optimal level of B, increases, amplifying the effect on

_w
wta—1"°

output. The imperfect substitutes term is governed by the exponent
The scale effect is eliminated if the cost of investing in B, scales appropriately
with output. Specifically, if b. o< Y., the production function reverts to the one
for the fixed frontier, except that the TFP level z. is multiplied by a constant. In

that case, investment in the frontier has no impact on development accounting.
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D3.  Development Accounting

PROPOSITION 9:  The reduced form production function (D11) satisfies

w

(D18) Y, = [(K./Y)* = Az L.|*

PROOF:

Write equation (D11) as

. _\l-a]@Fe=T _ow
(D19) Y, = [(KC/YC)O‘ <ACZCLC> ] y ot
and note that the exponent on Y, becomes
(D20) 1 aw :w+a—1—aw
wH+a—1 wH+a—1
1 —w
D21 = -1)——
( ) (o ) wta—1
Then
af - ~ \l—« ¢
(D22) Y. = |(K./Y.) (ACZCLC)
with ¢ = & X (1f:)"(‘;i1). Simplify exponents to arrive at equation (D18).

Now the only difference relative to the case where B, is fixed is the exponent
w/(w—1). To perform development accounting, it is necessary to know the
values of w and p, not just the reduced form elasticity governed by ¥. Identifying
both values requires an additional data moment. Relative to the model with a
fixed frontier, the contribution of labor inputs to output gaps is amplified by a

constant factor, w/ (1 —w).

PROPOSITION 10: The share of cross-country output gaps accounted for by
Al4



labor inputs is given by

InR (L)

(D23) Sha'r’eL = mm

where ic takes on the same value as in the model without investment in the

frontier.

PROOF:

Let A, = (K./ Yc)a/ (1-a) Az, collect all country specific terms other than labor
inputs. Then Y, = [Acic] @t and

(D24) “’T_lA In(¥) = Aln (4) + Aln (L)

This implies (D23). Since the calibrated values of h;. and ¥ do not depend on
whether or not B, is endogenous, the labor aggregator is the same as in the model

with fixed B..

CAPITAL-SKILL COMPLEMENTARITY
FE1. Equipment and Structures Data

Calibrating the model with capital-skill complementarity requires additional data
moments related to equipment and structures that are constructed as follows. All
data are constructed for year 2011, which is the latest and most comprehensive
benchmark year for the International Comparison Program. From the Penn World

Tables, we obtain:

1) output per worker Y as cgdpo/emp.

2) capital per worker K as ck/emp.
A15



3) the price levels of capital p1 k and consumption pl_c.
4) the value of the equipment stock at local prices as Kc_Mach + Kc_TraEq.

5) the value of the structures stock at local prices as Kc_Struc + Kc_Other

(from the capital detail file).

From ICP we obtain the PPP prices (series S03) of equipment (classification C20

Machinery and equipment) and structures (classification C21 Construction).

We define the stock of equipment as E. = (Kc_Mach+KcTraEq) /emp/PP Pcog
and the stock of structures as S, = (Kc_Struc+Kc_Other) /emp/PP Pco;.

Before computing the calibration targets, we drop countries with missing output
or employment data or with population (pop) < 1m. We also drop 6 countries
with capital or consumption prices above 10 times the sample median. Finally,
we drop 7 countries for which the discrepancy between k and E + S is above 20

percent.

FE2. Preliminaries

This section contains results that are used in subsequent derivations. They hold

for endogenous and exogenous skill bias.

FIRM FIRST-ORDER CONDITIONS. — The firm’s first-order conditions are:
(El) S a}/c/sc = {s,c

oY, OL
(EQ) : 2 7CZ1_¢/‘?ES)_1 = Qe

"OL.0Z. ¢
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(E4)

where

(E5)

(E6)

oY. L. . ~
PSSOl L = p e

" OL.92."°
Ly : g[}iL‘lzp%chﬁ,cl — D
gzﬁ =(1-a)Ye/Lc
géz =L rgr z07t

If there is a technology frontier, we also have

aY,
(ET) Ouc : 5 Lc LEPOrtLE = Awri !
C
oy, _
(E8) Ose: L. Peg,clzg = Acwgegcl

" OL.

which implies that the optimal skill bias ratio is a constant elasticity function of

Al7



relative inputs:

(E9) S(O)" =S(rk)“(Z/Lu) .

This is analogous to equation (B1) in the endogenous technology model.

INCOME RATIOS AND SHARES. — Applying the generic CES expression (A4) yields

the income ratios of skilled labor to equipment

¢
_ psLs
(E10) IRy, ). = < o )

and of Z versus L,

P
(E11) IRy, = ( 6:2 )

Oy Ly

The income ratio of skilled versus unskilled labor is then given by

¢ p
B ([ sLs 0,7
(E12) W /W, = IRLS/eIRZ/Lu = ( 7 ) <9uLu>

The income share of equipment is given by IS, = ISL IR,/ IRp,;. Again ap-
plying the generic CES expressions yields

o rso =[] [t]

E3.  Endogenous Skill Bias

REDUCED FORM LABOR AGGREGATOR. — PROOF:

(Proposition 4)
A18



We may think of the firm as solving its problem in two steps. First, the firm
chooses Lg./E. to minimize the cost of Z. This is a standard CES cost mini-

mization problem with the solution (according to equation (A3))

4] -le]

and the unit cost

1-¢
_P ¢ 174
(E15) Pz = |(1ea) % + (o) 7 |
In the second step, the firm solves

E16 ax  S%[z.L) " — qsS — puLlu — pzZ

( ) Lu,cglc,g;,c,sc [ZC C] qs Puliy — Pz

subject to the labor aggregator (22) and the frontier constraint (3). This problem
has the same structure as the one solved by the firm in the endogenous technology
model, except that the firm chooses structures instead of capital and Z instead
of Ly. It follows directly that the labor aggregator takes on the same form as in

the endogenous technology model.

JOINT CONTRIBUTION OF LABOR INPUTS AND EQUIPMENT. — We derive a closed
form solution for the joint contribution of labor inputs and equipment to cross-

country output gaps, sharer .

PROPOSITION 11: The joint contribution of labor inputs and equipment to

cross-country output gaps is given by

In (Z%;) %A]n(l—{—IRZ/Lu) —Aln(1+ Ws/Wy)

E1l =1-
(BI7) sharepir Aln(Y) Aln(Y)

perfect substitutes imperfect substitutes
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where the reduced form curvature is given by

. A In (IRZ/LH)

(E18) Aln(Z/Ly)

and the curvature of the Z aggregator is given by

_Aln (IRy, /e)

(E19) ~ Aln(Ls/E)

In terms of observable data moments, the reduced form curvature may be written

as

~ IRS(W)+Aln(1+IR,.;,)

E20 —
(E20) InRS (L) + zAIn (1+1R./yL,)

Throughout, IR, denotes the ratio of incomes received by inputs a and b.

PROOF:

The labor aggregator equation (25) may be written as

1%
(E21) Le=Lye |14 (Ze/Lue)” ,

where B, is normalized to 1. Applying the generic CES expressions for income

shares and income ratios to the reduced form labor aggregator yields

Ze Ky v
(E22) (Lu i /{s> = s,c/Wu,c (1 + IRe/Ls,c)

(E23) =IRz/1,.c
where £; may be normalized to one. Using equation (E23) we have

(E24) Le= Ly [1+Wee/Wue (1 + 1R/, )] 1/
A20



Taking logarithms and replacing R (L,) using equation (B25) yields (E17). If

labor shares differ across countries, the perfect substitutes term is increased by

Aln(l—a)

AWy consistent with the other models.

The solution for ¥ is obtained by taking the rich-to-poor country ratio of (E23)

in logarithms which yields

_ Aln (Wo/Wy (1+1R,1,))

(E25)

Aln(Z/Ly,)
o Aln (IRZ/Lu)
(E26) ~ AIn(Z/Ly,)
where R (Z) follows from
(E27) R(Z)=R(Z/ (uE)) R (E)
(E28) ~R ([1 + IR, ;)" ¢) R (E)
(E29) =R ([1+ 1Ry, ] ") R (L)

The solution for ¥ can be expressed in a form that is closer to the endogenous

technology model. From equation (E23), we have

Z A
(E30) T =7 S =8I)(A+1 Rep,)"?
Therefore
Aln(W,/W,) +Aln (1+ IR,
E31) _ Aln(Wy/W,) + Aln (14 TR,/r,)

InRS (L) + zAIn (1+1R./yL,)

The data moments used in the calibration imply that skilled labor and equipment

are complements (¢ < 0).?2 This is consistent with U.S. time series evidence (see

22The numerator in (E19) is positive because R (ISe) = 1 and R (ISL,) > 1. The denominator is
negative because equipment stocks vary across countries more than labor inputs. Hence ¢ < 0.
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).
Since we assume that the income share of equipment is the same in rich and poor
countries, IR,/ is lower in rich compared with poor countries. Together with
¢ < 0, it follows that the long-run elasticity of substitution between skilled and
unskilled labor is lower than in the endogenous technology model. This increases

the imperfect substitutes term.

The expression for shareryg is similar in structure to the endogenous technol-
ogy model’s (11). The perfect substitutes term is the same, again reflecting the
contribution of human capital in a single skill model. The imperfect substitutes
term now depends on the ratio of incomes received by Z (by skilled labor and
equipment jointly) to unskilled labor. When equipment is “unimportant,” so
that IR, ~ 0, the values of ¥ and R (L) approach those of the endogenous
technology model.

E4.  Exogenous Skill Bias

Our final model treats variation in skill bias 0;. across countries as exogenous.
Except for dropping the technology frontier, the model is identical to the one
described in Section IV.A.

DEVELOPMENT ACCOUNTING. — We define the contribution of labor inputs to
cross-country output variation as the change in steady state output that results
from increasing L;, to L;,, holding capital rental prices and skill bias ;. con-
stant. It follows that share; depends on the fixed levels of ¢g (but not on ¢g)

and now also on those of 8; .. We consider two cases:

1) sharet®” fixes skill bias and ¢ at poor country levels. This corresponds to

increasing labor inputs in the poor country.

rich

2) share}" fixes skill bias and ¢g at rich country levels. This corresponds to

reducing labor inputs in the rich country.
A22



Relative to the model with the technology frontier, one additional parameter
needs to be calibrated because counterfactual output depends on the values of p
and w, not only on the reduced form curvature ¥. The development accounting

results therefore require fixed values of p.

QUANTITATIVE RESULTS. — figure Figure E1 provides a compact visual summary
of the results. When poor country 6;. and gg are used, the results are very
similar to the endogenous technology model. sharef®" is smaller than sharer,
when p < U. It increases with the elasticity of substitution and the skill cutoff.
Values below 0.5 are associated with very large cross-country differences in relative

skill bias (at least factor 10%).

0.8 0.8
0.6 - 0.6
=~ =
§ 04 § 0.4
5 =
Endog. skill bias, poor Endog. skill bias, poor
0.2 =~ = Endog. skill bias, rich 0.2 = = Endog. skill bias, rich
== === Poor skill bias Poor skill bias
-------- Rich skill bias =sxeeaae Rich skill bias
0 n n 0 n n s
1 2 3 4 5 1 2 3 4 5
Elasticity of substitution Elasticity of substitution
(a) SHS Skill Cutoff (b) HSG Skill Cutoff
0.8
T e SR T T
0.6 =
-
-

0.4 F

sharer,

Endog. skill bias, poor
0.2F — = Endog. skill bias, rich
= === Poor skill bias
-------- Rich skill bias

e b

1 2 3 4
Elasticity of substitution

(¢) SC Skill Cutoff

Figure E1. : sharer: Capital-skill Complementarity
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With rich country 6;. and ¢g, sharefc’l is higher than share; when p < V.
Its value decreases with the elasticity of substitution and the skill cutoff. For
conventional values of the elasticity, we find sharefCh between 0.64 and 0.74

(compared with 0.59 to 0.74 in the endogenous technology model).
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