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Online Appendix
APPENDIX A: PROOFS OF PROPOSITIONS 4, 5, 6, AND 7

Proof of Proposition 4: Define v > 0 as

— G G <7rHG—B>2 1 )
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and Uy = Up+2v(U(I¢, R, H)~Ug) /(v N —1) with Ug = max{U(0), U(I¢, R¢, H)—

BI°¢}. Assume N satisfies N > N = (2y+1)2. See that Uy < U(I¢, R¢, H) for any

N > N. Note also that, when B > 7gG—1, Ug = U(0) so that Nlim Uy =U(0)
—00

as stated in Proposition 4.

We exhibit a profile of investors’ strategies that supports any allocation (I*, R*)
satisfying (6) at equilibrium. Each investor i = {1,2,..., K}, with K = |[V/N]|,
offers M = {(0,0); (I*/K, Rj())}, with R¥(I) = G(I + A) for I ¢ {I*,I*/K},
Ri(I*) = R*/K, and R;(I*/K) = R* — GI*(K — 1)/K. Each investor j = {K +
1,..., N} offers My = {(0,0); (I/(N—K), R;(.))} with R;(I) = G(I+A) VI € Ry.
The investment level I is such that

(OA1) U(I*,R* H) = B(I" + [ + A) — A.

Choosing I*/K in each menu and selecting e = H is an optimal choice for the
entrepreneur. Observe also that R} ([*/K) guarantees that U([*, R*, H) remains
available to the entrepreneur if any of the investors withdraws his offer.

Now consider investors’ deviations. See first that every profitable deviation
must induce the entrepreneur to choose e = H. Indeed, by Lemma A1, an investor
may achieve a positive profit by inducing e = L only if the entrepreneur trades
several contracts out of equilibrium and does not default. Given equilibrium
covenants, this is possible only if she takes up an aggregate loan I'* and chooses e =
L, which yields the entrepreneur a payoff smaller than the (available) equilibrium
one, and cannot be an optimal choice.

We next show that there is no unilaterally profitable deviation for investors.
A deviation of investor i € {1,---, K} can be characterized, without loss of
generality, by the menu M] = {(I*/K + I/,R*/K + R}(.)),(0,0)}, with I} €
[—I*/K,I¢— I*/K]. Similarly, a deviation of investor j € {K+1,---, N} can be
characterized by M} = {(I/(N —K)+1I},R;(.)), (0,0)}, with I} € [-I/(N — K),
I¢ —I/(N — K)]. For any such deviation to be profitable when the entrepreneur
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chooses I and e = H, one needs that

/ L / / i / I
(0A2) Bi(D) > I Ry(D) > — L+ = )

fori € {1,--- ,K},j € {K +1,---,N}. If, following any such deviation, the

entrepreneur defaults, her payoff is Uy = U(I*, R*, H) + BI}, with h =i, j. We
now evaluate the entrepreneur’s payoff when e = H is chosen.

First, consider a deviation of an active investor i. If the entrepreneur only
trades with investor ¢ at the deviation stage, her payoff is

(OA3)

WH(G(;

R I*
+I{—|—A)—?—R;(I{+?))+—A <

K—1 U(I*,R*, H)
U0+

+I(rgG—-1),

where the inequality follows from (OA2). Since the equilibrium utility is available
at the deviation stage, the right-hand side of (OA3) must be strictly larger than
U(I*,R*, H), which implies that I/ > 0. Thus, if Uyq is greater than the right-
hand side of (OA3), the entrepreneur finds optimal to strategically default. This
is the case whenever

K-1 * * /
(OA4) T(U(I ,R* H)-U(0)) > (wuG — 1 — B)I;.
We show that each (I*, R*) € F satisfying (6) also satisfies (OA4). We consider
two cases:
1. If B > nyG — 1, the right-hand side of (OA4) is negative for each I/ > 0, and
(OA4) is satisfied by any (I*, R*) € F.
2. If B <7gG — 1, a sufficient condition for (OA4) to hold is

A I, R*, H) — >
(O 5) U( 7R7 ) UYB_[(_1

(Up — U(0)),

in which I/ is replaced by I¢ in (OA4). Note that, as K — 1 > /N — 1, we have
that 2/(vV/N — 1) > 1/(K — 1). Moreover, as
G nG G —1-B Ug — U(0)

A > -
0N 2 pe-E)T B T B U(Ie, Be, H) = Up’

condition (6) implies (OA5) thus the result.

If several contracts are traded at the deviation stage, then, given equilibrium
covenants, e = H is an optimal choice only if the aggregate investment is I*.
In this case, we necessarily have I] = kI*/K, with k € {1,..., K —2}. The
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entrepreneur’s payoff when e = H is chosen is then
(OAT)

. K—-(k+1)]+1
T (G +A)— [ ( )

k
= R*—Ri(I"))—A < U(I*, R*, H)+— (ng R*=TI*),

K

where the inequality follows from (OA2). The entrepreneur strategically defaults
if Usq is greater than the right-hand side of (OA7) which, since mgR* — I* =
(rgG — 1)I* — (U(I*,R*,H) — U(0)), yields

k k
(OAS) —(U(I*,R*,H) = U(0)) > —(7yG —1— B)I".

K K
Since each (I*,R*) € F satisfying (6) is such that U(I*, R*,H) > Up, any of
these allocations also satisfies (OAS8).

Suppose now that an inactive investor j deviates. If the entrepreneur only
trades with investor j at the deviation stage, given (OA2), her payoff when e = H
is chosen is bounded above by U (0)+(rgG—1) (f/(N—K)—i—IJ’.). The entrepreneur
therefore prefers to strategically default if

(OA9) U(I*,R*,H) - U(0) > I}(ryG — 1 - B) + N K(?THG —1).
From (OA1), we get
(OA10) BI < (ryG —1—B)I[* +U(0) + (1 — B)A.
Given (OA10), a sufficient condition for (OA9) is then
(OA11) U(I*,R*,H) -=U(0) > (ngG — 1 - B)I;
+ 5 i K”Hi; ! (U0)+ (1 — B)A+ (ruG — 1 — B)I*).

We show that each (I*, R*) € F satisfying (6) also satisfies (OA11). We consider
two cases:

1. If B > nyG — 1, the inequality U(I*, R*, H) — U(0) > (=1 /(N — K))(7pG —
1—B)+ (ryG —1)I/(N — K) = BI/(N — K) is weaker than (OA9). Indeed,
we obtain the right-hand side by replacing I j’ by its lower bound —I/(N — K) in
(OA9). Given (OA10), and since 7yG — 1 — B < 0, (OA9) is a fortiori weaker
than U(I*,R*,H) — U(0) > (U(0) + (1 — B)A)/(N — K), which in turn implies
(OA11). To show that this inequality holds for each (I*, R*) € F, observe that,
since N > 3 by construction, we get 2/(vVN—1) > 1/(N—-v/N—-1) > 1/(N - K).
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In addition, using 1gG — 1 < B < 1 we have

. (ruG ~ B) (& — (G- &)
(OA12) ¥ = (WHG—l)(G—%) > (WHG—l)(G—%)
(ruG—B)A _ U(0)+(1-B)A

(ruG — 1)I¢ — U(I°,Re, H) — U(0)

Condition (6) then implies

(OA13)

o 1 U()+(1-B)A
U B H) = U0) 25— 5ze, e, B) = U(0)

1
———(U0) + (1- B)4),

(U(Icv Rc? H) - U<O))

thus the result.
2. If B <myG —1, replacing I} and I* by I°, a sufficient condition for (OA11) is

n 1 mgG-1
N-K B

(OA14) U(I*,R*,H)—U(0) > (Ug —U(0)) (Up+(1 - B)A).

As in the former case, 2/(v/N —1) > 1/(N — K). Moreover,

(OA15)

o (WH%—B>2WH<G1_ e <7rHc;—1> <mc;—3> <1+ 7T1H(_G(—GA_B7r)M)>

<7THG—1> <7THG—B—1+7THG—BA>

B B B Ic
7THG—1(7THG—1—B)IC+A(7THG—B)_7THG—1 UB—I-(l—B)A
B BI¢ B  U4Re,H)-Up’

>

Then, (6) implies

(OA16)

. 1 7yG-1 Us+(1-DB)A
U(I*,R*,H) - Ug >

(F R H) =Up 2 =5 U(I¢,Re,H) — Ug

(U(I°,R°,H) — Up),

thus the result.

If several contracts are traded at the deviation stage, then, given equilibrium
covenants, e = H is an optimal choice only if the aggregate investment is I*. In
this case, we necessarily have I = kI*/K — I /(N — K), with k € {1,..., K — 1}.



VOL. VOLUME NO. ISSUE MULTIPLE LENDERS, STRATEGIC DEFAULT AND COVENANTS5

The entrepreneur’s payoff when e = H is chosen is then

(0A17) WH(G(I*+A)—¥R* RY(I")—A < U(I*,R*,H)J%(WHR*—I*),

where the inequality follows from (OA2). The entrepreneur prefers to strategically
default if Uy is greater than the right-hand side of (OA17), which is the case if

I
ko k

_ > T
kN og) 2 g 1)

Using (OA10) and g R* — I* = (ryG —1)I* — (U(I*, R*, H) — U(0)), a sufficient
condition for (OA17) is

(OA18) %((1 + B gG)I* + U(I*, R, H) — U(0) >
NiK (G — 1 — B)I* + U(0) + (1 — B)A).

The left-hand side of (OA18) is increasing in k. This is straightforward if B >
G — 1. If B < 7wyG — 1, the result follows from U(I*, R*, H) — U(0) > Up —
U0) = (mgG —1— B)I¢ and (I¢— I*) > 0. It is hence enough to verify (OA18)
for kK =1, that is,

(OA19)

K
I R* H) — >
U R H) = U(0) 2 4

(U(0)+(1 — B)A) + (rgG — 1 — B)I*.

N_-K
We show that each (I*, R*) € F satisfying (6) also satisfies (OA19). We consider
two cases:

1. If B > 7gG — 1, we show that U(I*,R*,H) — U(0) > (U (0)+AK/N—
K), which is stronger than (OA19), is satlsﬁed Note that (v'N —1)2 > 0, or

equivalently, 2N —2v/N > N —1. This implies that 2/(v/N —1) > (VN +1)/(N
VN) > K/(N — K). In addition,

G ﬂ'HG 1/7TH 7THG A

0OA20 > = > ol

( ) 7_(WHG—1)(G—%) WHG—lG—%_ﬂ'HG—lfc
U(0)+ A

T U(I°,Re, H) —U(0)

To conclude, observe that (6) implies
(OA21)

U, R H) — U(0) > v + 4

N — K U(I¢,Re, H) — U(0)

(U(I¢, R°, H) — U(0)).
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2. If B<mgG — 1, we remark that

(0A22) NI_{K (U(0)+(1 — B)A) + N(xuG — 1 — B)I*
< e (U(0) + (1= B)A) + N(Up - U(0)
—Up —U(0) + (Us + (1 B)A).

N-K

We show that U(I*, R*, H)—Up > (Up+(1—B)A)K/(N — K), which is stronger
than (OA19). As in the former case, we have 2/(vV'N — 1) > K/(N — K). Then,
using (OA16), condition (6) implies that

(0A23) U(I* R H)—Up >— 1 Upt(1=B)A

U(I¢,R°H) — U
_N—KU(IC,RC,H)—UB( (I, B, H) — Up)

= K(UB +(1—-DB)A).

Thus, any allocation (I*, R*) € F satisfying (6) also satisfies (OA4), (OAS),
(OA11), and (OA19). This proves that any such allocation is supported at equi-
librium by the investors’ strategies M7, ..., My;. |

Proof of Proposition 5: We extend the results of Propositions 3 and 4 to the
case in which covenants can be contingent on the initial debt Iy. Assume 77, =
0, take any (I*,R*) € F such that I* > I™ and consider the following pro-
file of strategies. Each investor ¢ = 1,2,...,N offers the same menu M* =
{(0,0,0,0), (I* /N, R*(.), I (.), R*(.)), (0,0,I*(.), R*(.))}. We denote the null
contract (0,0,0,0), the equilibrium contract (I*/N, R*(.),I7(.), R™(.)), and the
latent contract (0,0,77(.), R*t(.)). In each equilibrium contract, R*(.) is such
that

R — N=Llagrx if]O:]F(IO):—I*
A24 (I, I¥(Ip) =4 g N v
(OA24) R* (1o, I" (1o)) { Id otherwise,

where I (Iy) is the amount ultimately invested for a given initial I. The addi-
tional offer (I7(.), R™(.)) is such that

0 ifly=kL, fork=1,2,..,N
+ — 0 N y Ly eeey 4V
(0A25) (1) { I¢L otherwise,
(OA26)
0 if Iy = IT(Iy) = I*,or I = IT'(Iy) = &,
R (Io, I"(I0)) = ¢ GUT(Io) + A) if Iy = I*, 17 (Ip) # I*,or Iy = 5, 17 (1) # &,

p*ICL otherwise,
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with p* = R*/I*. The investment I" is the additional credit line which any
investor stands ready to provide against any competitors’ threat to ask for an
accelerated repayment. It is such that

I*

I*
(OA27) LKji—%ICLJf§N¢+ICQLL)::U(FrRQED.

In each latent contract, the additional offer (I7(.), R*(.)) is such that

) L if Iy =0,
(OA28) ) =4 y5I-%) =%,
0 otherwise,

and Rt (Io,IF(Iy)) = GUIF(Iy) + A) for all Iy and I¥(Iy). As in the proof
of Proposition 3, the investment I is characterized by U(I*, R*,H) = B(I +
A) — A. Given these offers, the entrepreneur cannot obtain a payoff higher than
U(I*,R*,H). At equilibrium, she achieves U([*, R*, H) by trading the same
equilibrium contract with each of the investors, receiving thereby no additional
funds at the second stage, and selecting e = H. As in the proof of Proposition
3, none of the investors is indispensable to provide the equilibrium payoff: the
entrepreneur can get U(I*, R*, H) by trading the equilibrium contract with only
one investor.!

Consider then investors’ deviations. Without loss of generality, any unilateral
deviation can be represented by a menu M’ = {(0,0,0,0), (I', R'(.), I'*(.), R (.)) }.
By Lemma Al, and given that m; = 0, each profitable deviation must induce
the entrepreneur to choose e = H. Hence, it must be that I’ € {0,I*/N} in
any profitable deviation. Indeed, if I’ ¢ {0,1*/N}, the entrepreneur can com-
bine the deviating contract with (at least) one equilibrium contract, and ob-
tain the line of credit (IF,p*I¢L). This guarantees her (at least) the payoff
U(I*/N + I°F p*(I*/N + I°F), L) = U(I¢, R, H). The entrepreneur’s strategy
can therefore be constructed so that she strategically defaults when trading I’
with the deviating investor. In addition, if the entrepreneur chooses e = H,
then the aggregate initial financing induced by the deviation to M’ must be
Iy € {0,I*/N,I*}. Indeed, R*(.) is such that, if she trades any equilibrium
contract together with the deviating one, the entrepreneur strategically defaults
unless her initial outside financing is I* /N or I*.2

Assuming that e = H is chosen, we distinguish two cases, depending on whether
the borrower trades at least one of the equilibrium contracts, or she only trades
with the deviating investor. In the first case, given R™(.), it must be that Iy =
IF(Iy) < I* and I't(Iy) = I*(Iy) = 0, otherwise she would default. It follows

L Alternatively, she can also get U(I*, R*, H) by trading all latent contracts and defaulting.
2R7T(.) is such that trading any of the latent contracts straightforwardly leads to strategic default.
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that, since I’ € {0,I*/N}, we must have I’ = [*/N for the deviation to be
profitable. Thus, the corresponding entrepreneur’s payoff is

(OA29) WH(G<I—* + k% +A) — R'(Io, 1" (Io)) = R"" (1o, 1" (Io)) — k~

N
I* I*
<muGUI*+A)—-TI+ N —agR*—A=U(*,R*,H) + (N

R)—A

_I/)a

where k € {1,..., N — 1} is any number of equilibrium contracts optimally traded
by the entrepreneur when e = H. Inequality (OA29) obtains since mg (R’ (Io, ™)+
R™* (1o, I"))—I' > (rg R*/N—I*/N), which guarantees that the deviation is prof-
itable, and by observing that GI*/N — R*/N > 0 by construction. Thus, (OA29)
implies that, following the deviation, the payoff achieved by the entrepreneur
when choosing e = H is strictly below U(I*, R*, H), which contradicts the fact
that U(I*, R*, H) is still available at the deviation stage.

We next consider the case in which, when choosing ¢ = H, the entrepreneur
only trades with the deviating investor, which implies that Iy = I’ € {0, */N}.
Her corresponding payoff is

(OA30) (G + I'N(I') + A) — R/(I', 1" (I')) - R(I', 1" (I'))) — A

<mp(GI"+ A) — %*) — A+ (mgG - )T (I') + (IN* )
(OA31) <UI*,R* H) + (rugG — 1)I'(I').

Inequality (OA30) follows from 7y (R'(I', I¥'(I')+ R (I, IF(I")) > I' + 'Y (I') +
(rgR*/N — I*/N), which guarantees that the deviation is profitable. Inequality
(OA31) obtains because I' < I*/N and 7gG — 1 > 0. Since U([*,R*, H) is
available to the entrepreneur at the deviation stage, (OA31) implies that I'T (") >
0. We now prove that, by strategically defaulting, the entrepreneur gets a payoff
larger than the upper bound in (OA30). Suppose that, together with the deviating
contract, she takes NV — 1 latent contracts at the deviation stage. Given R+(.),
she then finds optimal to default. Her corresponding payoff is

(0A32) Usg = B(I' + I'N(I') + (N — D)IT(I') + A) — A.

If Iy = I' = I*/N, (OA32) yields U, = U(I*, R*, H)+ BI'H (I') > U(I*, R*, H) +
(rgG — )" (I"), as I't(I') > 0, and B > myG — 1 since 7, = 0. If [y =I' =0,
(OA30) together with the fact that U(I*, R*, H) remains available at the deviation
stage imply 7y (G(I't(0) + A) — I'"(0) — (g R*/N — I*/N) > U*(I*,R*, H).
Since U*(I*,R*,H) — U(0) = (mgG — 1)I* — (g R* — I*), we get I'T(0) > I*.
Thus, without loss of generality, we can write I'T(0) = I*/N + I" with I" >
I*(N—1)/N > 0. Then, (OA30) implies that the entrepreneur’s payoff is bounded
by (U(0)(N —1)+U(I*,R*, H))/N + (rgG —1)I", and (OA32) can be rewritten
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as

N-1. I* by I
OA33) Usy=B(———I1+—=+1 +A)—A=U({I",R"H)+B(I +———).
(0A33) U = B(—— 1+ +1 +4) U, B H) + B+ = )
As shown in the proof of Proposition 3, we have Ugq > (U(0)(N—-1)+U([*,R*,H))/N+
(mgG—1)1 " for each I" > 0. This guarantees that the entrepreneur strategically
defaults and reestablishes that any aggregate allocation (I*, R*) € F satisfying
I* > I™ is sustained at equilibrium.

We now extend the result of Proposition 4. We exhibit a profile of investors’
strategies that supports at equilibrium any allocation (I*, R*) satisfying (6). Each
investor i = {1,2, ..., K}, with K = [V N, offers

*

(OA34)  M; = {(0,0,0,0); (%,RZ‘(-),U(-),RT(-)), (0,0, ;7 (), R ()},

and each investor j = {K + 1, ..., N} offers

I .

(OA35) M* ={(0,0,0,0); (m,R](.),0,0); (0,0, (), RF ()}

J
We denote the equilibrium contract (I*/K, R;(.), I (.), Rf (.)), the type-1 latent
contract (I/(N — K), R;j(.),0,0), the type-2 latent contract (0,0, (.), B (.)),
and the type-3 latent contract (0, O,I;r(.), Rj()) In each equilibrium contract,
R}(.) is such that
* _ x  K-1 *\ 1 _ JF S
R} (Iy) = 7 otherwise.

The additional offer (I;7(.), R;"(.)) is such that:

(OA37)
. _ I I _ — _
I;F(IO) _ OclfL Iy = kK +ily—g, fork=1,2,.., K and [ =0,..., N — K,
I~* otherwise,
and
(OA38)
0if Iy = I* and I¥(Iy) = I*, or if Iy = & and 17 (L)) = L,
G(IF(Io) + A) if Iy = I'* and I (1) # I*, i
R} (Io, 1" (Io)) = { orif Iy = L and 17 (Ip) # &, orif Iy = kL2 + 151, VIT ()

fork=1,2,..,K and [ =0,...,.N — K, with (k,1) ¢ {(K,0),(1,0)},
G(IC" + A) otherwise,

where 1% is such that B(I*/K + 1%+ A) — A = U(I¢, R°, H) and I is such that
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U(I*,R*,H) = B(I* + 1+ A)— A. The additional offer (I;"(.), B} (.)) is such that

I*

J A I
— _— f[ = O or I = = Or I =
OA39 I+ I = K 1 0 0 K 0 N—-K>
( ) i (o) { 0 otherwise,

and R (Io, I (Ip)) = G(IF (Io) + A) for all Iy and I¥ ().
For any j € {K + 1,2,..., N}, the repayment R;(.) satisfies R;‘(IO,IF(IO)) =
G(IF(Io) + A) for all Iy and I*(Iy) and the offers (1:;'(), Rj()) are such that

I : I*
= = iflp=%or,l[h=0
OA4O I+ I = N-K 1 0 K » 40 9
( ) J (To) { 0 otherwise,

and RY (I, 1" (Iy)) = G(I*'(Iy) + A) for all Iy and I”(Ip).

Given these offers, the entrepreneur cannot obtain more than U(I*, R*, H).
At equilibrium, she achieves U(I*, R*, H) by trading the equilibrium contract
with each lender ¢ € {1,2,..., K}, the null contract with each lender j € {K +
1,2,..., N}, obtains no additional funds in the second stage and selects e =
H. As before, none of the investors is indispensable: the entrepreneur can get
U(I*,R*, H) by trading the equilibrium contract with only one investor.?

Consider then investors’ deviations. Without loss of generality, a deviation by
any investor is represented by M’ = {(0,0,0,0), (I', R'(.),I'*(.), R""(.))}. Every
profitable deviation must induce the entrepreneur to choose e = H. Indeed,
given Lemma Al, a single investor may achieve a positive profit by inducing
e = L only if the entrepreneur trades several contracts out of equilibrium and
does not default. Given the equilibrium contracts, this is only possible if she
chooses initially Iy = I*, invests ultimately I7(I*) = I* and chooses e = L,
which yields the entrepreneur a payoff smaller than the available equilibrium one,
and thus cannot be an optimal choice.

Suppose an investor i € {1,...,K} deviates. Any profitable deviation must
be such that I’ € {0,I*/K}. Indeed, if I’ ¢ {0,I*/K}, the entrepreneur can
combine the deviating contract with (at least) one equilibrium contract, and get
access to the line of credit (IF, G(IL + A)), which ensures her a payoff at
least equal to B(I*/K 4+ I°Y + A) — A = U(I¢,R° H). This shows that in
any profitable deviation the borrower defaults, which constitutes a contradiction.
In addition, at the deviation stage, the initial investment Iy belongs to the set
{0,1*/K, I*}. Indeed, R;(.) is such that, if she trades any equilibrium contract
together with the deviating one, the entrepreneur necessarily defaults if [y ¢
{I*/K,I*}. Assuming that e = H is chosen, we distinguish two cases, depending
on whether the entrepreneur trades at least one of the equilibrium contracts, or
she only trades with the deviating investor.

3She may also get U(I*, R*, H) by trading the type-1 latent contract with each investor j € {K +
1,2,..,N}.
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Consider that the entrepreneur trades equilibrium contracts at the deviation
stage. Given R;(.), we have Iy = I''(Iy) which implies I'"(Iy) = It (Ip) = 0,
otherwise the entrepreneur would default. It follows that, since I' € {0,I*/K},
it must be that I’ = I*/K for the deviation to be profitable. Thus, the en-
trepreneur’s payoff is

I R*
(0A41) 7rH(G(f + k? + A) — R'(In, I (Iy)) — R (1o, I (Ip)) — kf) —A
<U(I*,R*,H),

where k € {1,..., N — 1} is any number of equilibrium contracts optimally traded
by the entrepreneur when e = H. The latter inequality obtains since 7 (R’ (I, I")+
R*(Io,I")) — I*/K > (ngR*/K — I*/K), which guarantees that the devia-
tion is profitable, and by observing that GI*/K — R*/K > 0 by construction.
Thus, (OA41) implies that, following the deviation, the payoff achieved by the en-
trepreneur when choosing e = H is strictly below U(I*, R*, H), which contradicts
the fact that U(I*, R*, H) is still available.

Consider the case where the entrepreneur trades the null contract with all non
deviating lenders. This implies that Iy = I’ € {0, I*/K} and her payoff is

(OA42) (G + I (I') + A) — R'(I', I"(I')) - R (I', 1" (I"))) — A
R* I*

<mpg(GI"+ A) — f) — A+ (rpG - D)I'N(I) + (E _ 1)
(OA43) <U(I*,R*,H) + (rgG — 1) I'*(I"),
where (OA42) obtains since
1ot TE gt It T F 7 PRI R I
(OAL) g (R(, 17 (1)) 4 B I (1) > T4 (1) o+ (g e~ )

for the deviation to be profitable. The second one obtains because I’ < I*/K
and myG — 1 > 0. Since the payoff U(I*, R*, H) is available to the entrepreneur
at the deviation stage, (OA43) implies that I'*(I*/K) > 0.

We prove that the upper-bound (OA42) of the entrepreneur’s payoff is less
than what she gets if she strategically defaults. If, following the deviation, the
entrepreneur strategically defaults, she can select (0,0, I;7(.), R (.)) in the menu
of each non-deviating investor ¢ € {1,..., K} and (0,0, f;r(), ~j()) in the menu
of each lender j € {K +1,..., N}. She then obtains

(OA45) U =B(I'+I'"(I') + (K — DI (I') + (N — K)I (I') + A)) — A.

If I' = I*/K, then Ugg = U(I*, R*, H)+ BI'* (I*/K). Thus, using (0OA43), a suffi-
cient condition for the entrepreneur to strategically default is (K—1)/K (U (I*, R*, H)—
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U(0)) > (rgG —1— B)I'"(I* /K). This corresponds to (OA4), which holds from
the proof of Proposition 4. If I’ = 0, we deduce from (OA44) that

R I

(OA46) i (R'(0,17(0)) + R™(0, 17(0))) > I"(0) + (i 4= — =),

from which it follows that I'T(0) > I'*. Thus, without loss of generality, we write
I't(0) = I* /K + 1" with I" > I*(K —1)/K > 0. Then, using again (OA42) and
(OA46), we get an upper bound for the entrepreneur’s payoft:

(OA47) T (G(I'(0) + A) — R'(0,IF(0)) — R'T(0,17(0))) — A
_ U0 -1) ;;U(I*,R*,H) (G- 1)

But (OA45) becomes Usyy = B(I*(K —1)/K + I*/K + 1 + I+ A) — A =
U(I*,R*,H)+ BI ". Thus, a sufficient condition for the entrepreneur to default
is (U(I*,R*,H) —U(0))(K —1)/K > (ngG — 1 — B)I" with I" > 0. Again, we
have established this relation in the proof of Proposition 4.

Suppose an investor j € {K + 1,..., N} deviates. Any profitable deviation

must be such that I’ € {0,I/(N — K)}. Indeed, if I’ ¢ {0,I/(N — K)}, the
entrepreneur can combine equilibrium contracts and/or latent contracts of type-
1, get access to the line of credit, and earn at least the payoff B(I* /K +I¢F+A)—
A=U(I% R® H). This shows that, in any profitable deviation, the entrepreneur
defaults, which constitutes a contradiction. Below, we consider the two cases I’ =
I/(N — K) and I’ = 0 and show that in each case the entrepreneur strategically
defaults following the deviation.
First, consider the case I’ = I /(N — K). Because e = H is chosen at the deviation
stage, the entrepreneur does not trade latent contracts. Furthermore, given the
additional offers (I;"(.), R;(.)) she trades null contracts with each lender i €
{1, ..., K'}. Thus, following the deviation, the entrepreneur trades the null contract
with each non-deviating investor, which implies that Iy = I /(N — K). When the
entrepreneur chooses e = H, her payoff is bounded above by U(0) + (7gG —
D(I/(N—-K)+It(I/(N—K))), where I (I/(N — K)) > 0. Under default, the
entrepreneur’s payoff is bounded below by

(OA48)

I ;T N—-—K-—1- _
It I+ KI[T(———)—
N—K+ (N—K)+ N-K + Z(N—K)

— U*(I*,R*,H) + BI*'( ).

Usq = B(

A)— A

I
N-K
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Thus, a sufficient condition for the entrepreneur to default is
I
N-K

(OA49) U*(I*,R*, H)~U(0) > (15 G —1— B)I*'( )+ (rrG—1)

N-K’

which corresponds to (OA9) established in the proof of Proposition 4.

Second, consider the case I’ = 0. Again, because e = H is chosen at the
deviation stage, the entrepreneur does not trade latent contracts together with
the deviating contract. Remark that we must have I'"(Iy) > 0 for the deviation
to be profitable. Furthermore, given the additional offers (I;7(.), R;"(.)), the en-
trepreneur either raises Iy = I* /K, or Iy = I*.

If the entrepreneur raises Iy = I*/K together with e = H, she must trade one
equilibrium contract at the deviating stage. The inequality I'"(I*/K) > 0 im-
plies that I7(I*/K) > I*/K. Thus, given R; (.), the entrepreneur cannot get
more than her reservation utility. Thus, when choosing e = H, she prefers not to
trade the deviating contract.

The same logic applies if the entrepreneur chooses Iy = I'* together withe = H. In
that case she must trade an equilibrium contract with each investor i € {1, ..., K'}.
The inequality I'"(I*) > 0 implies that I”(I*) > I*, and, given R; (.), the en-
trepreneur cannot get more than her reservation utility. |

Proof of Proposition 6: The proof is developed in two steps. Step 1 identifies
an open set of parameters that allows to characterize the candidate equilibrium
allocation (I*, R*). Step 2 provides our equilibrium analysis.

Step 1: Characterization of the aggregate allocation (I*, R*). We require
that mp, 7 and G satisfy the following

ASSUMPTION OAT1:

(OA50) TH > 37TL,

and
(OA51) Ge (% (2 - %) , min <% \/ﬁ)) .

Note that the interval in (OA51) is nonempty whenever (OA50) is satisfied.* The
inequalities (OA50) and (OA51) imply that

4Precisely, (OA50) implies that (2 — 7w /7g) /g < 1/\/m7a7wr. To see this point, rewrite this in-
equality under the form 2 — 7y, /ng < \/7g /7. Denoting x = \/mg /7, (OA50) implies that x > V3.
Therefore, the former inequality corresponds to 3 + 1 — 222 > 0, which holds at z = /3, and which
left-hand side is increasing in z for > /3.
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(OA52) GAm > 1,
Gl — 7G)
(OA53) G 1 > 1,

which will be used throughout the proof.> We first identify the competitive al-
location (1¢,1¢/mg). The next lemma shows existence and uniqueness of this
allocation under Assumption OA1l. It also characterizes the comparative statics
of I¢ with respect to A.

LEMMA OA1: Under Assumption OA1, there exists only one aggregate alloca-
tion (I¢,R¢) = (I¢,1¢/my) such that U(I1¢,R°, H) = U(I¢, R, L) with I¢ > 0. In
addition, I¢ is increasing in A.

Proof of Lemma OA1: Fix A and consider the function ¢ : R, — R, defined by

(OA54) W(I; A) = (G — 1)1 — %B(I + A) + myGA.

Note that ¥ (I; A) = 0 is equivalent to [/mrg = (G — B/An)(I + A). Thus,
any aggregate allocation (I, R) = (I,I/my) with I > 0 such that ¢(I; A) = 0
makes the entrepreneur indifferent between choosing e = L and e = H. We
show that there exists only one such I, which we denote I¢. Remark that ¢
is convex and decreasing in /. Indeed, we have that ¥;([;A)/(mgG — 1) =
1—mugB' (I +A)/(Ar(rgG — 1)) < 1 — 7y /Ar < 0, with the first inequality
being implied by (7), and the convexity following from the concavity of B. We
have

(OA55)
w(0:4)  B(A) . BOA__ GAx(ruG-1)
TnGA YT GArA YT Gara ! GAr =2-mG >0,

where the first inequality follows from the concavity of B(-), the second from (7)

5Indeed, we first observe that (OA51) is equivalent to 1y G — 1 € (Aﬂ/ﬂ'H, min (1, TH/TL — 1))
In addition, since that An/mg — (1 — 7 G) = (7gG — 1)wr /7w, it is also equivalent to 1 — 7 G €
(max ((7’1’[{ —2np)/7H, 1 — \/7rL/7rH) , (Aﬂ'/ﬂ'H)Q). Then, from GAr = (g G—1)+(1—71G) it follows
that GAn > An/ng+(ng—2n) /7y = 14+ (wg —37r) /7y which, given (OA50) implies (OA52). Finally,
it follows from (OA51) that G < 1/ /Ta7L, equivalently, 1gm G2 < 1, or, (ngG—1) < 1gG(1 -7 G).
This latter inequality is equivalent to (OA53).
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and the last from (OA51). Thus, we have ¢ (0) > 0. In addition,

V(I;A) 7 B(I+A)— B(A) —XLB(A) +7muGA
A —_— :1 _— s
(0A56) (rgG — 1)1 Ar (mgG—1)I + (ryG — 1)I
TH B,(I—l—A)I —%B(A)%—WHGA
(0AST) <1 Ar (rgG — 1)1 (rgG — 1)1
T —% (A)+mgGA
A 1 4
(0AZ8) D e e B )Y A

where the first inequality follows from the concavity of B and the second from
(7). We deduce from (OA58) that I]im ¥(I; A) < 0. Then, the existence of a
—00

unique /¢ € (0, +00) follows from the intermediate value theorem. _
Let I¢(A) be the implicit function defined by (I A) = 0 and denote I¢ =
0I¢/0A. Implicit differentiation yields

(OA59) (LHB'(IC +A) — (G — 1)) i€ =mpG — T BI(IC 1 A)
A AT
(OA60) —1+ ((WHG 1) - T4 A)) ,
AT
and
(OA61) If=—1+ !

TLBI(Ie+ A) — (mpG — 1)

From (7), we have that B'(I¢ + A)ry /An — (G — 1) > (1gG — V)7 /Am > 0
and 7yG — B'(I¢ + A)mg /Ar > 0, which implies that I¢ > 0. [ |

The next lemma characterizes a unique pair ((I*, R*), (I}, R})) that will be used
in Step 2 of the proof to show that (I*, R*) is an equilibrium allocation supported
by latent contracts issued at fair price 1/mp. As an illustration, (I*, R*) and
(I7, R} ) are represented in Figure 3.

LEMMA OA2: Under Assumption OA1, there exists A > 0, such that, for all
A € (0,A) there exists one and only one pair of investments I* and I} with
0 < I* < I} < I¢ such that the aggregate allocations ((I*,I*/mu),(I},G(I} +A))
are connected by a line of slope 1/my, and satisfy U(I*, I* /g, H) = U(I},G(I] +
A),L).

Proof of Lemma OA2: Take any I, > 0. Let I(I1) be the value such that

(0A62) I(Ip) = (B(Ip, + A) — myGA).

TgG —1

For a given I;, > 0, the investment [(I;) > 0 is such that the two allocations
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(I(IL), I(IL)/T&'H) and (IL, G(IL—{—A)) satisfy U(I(IL), I(IL)/T(‘H, H) = U(IL, G(IL-F
A),L). In the following I? denotes the investment level such that I(19) = 0. It
follows from (OA62) that B(I? + A) = nyGA.

We now establish the existence of If > 0 such that (I(I}),I(I})/mx) and
(I7,G(I} + A)) are connected by a line of slope 1/7r. That is,

(0A63) G} +A) - st (BU + A) —7gGA) 1
I} — =1 (B} + A) — mpGA) T

Equation (OA63) is equivalent to g(/}; A) = 0 where the function g : R = R
is defined by

A
(OA64) g(I;A) = —(npG —1)(1 —m,G)I1 + W—WB(IL+A) +apGA(rLG —1),
H

for any given A. We prove that I7 is well defined. The concavity of B and the
inequality (7) yield that g is concave and increasing. Indeed, g;(I; A)/(ryG —
1) = —(1—-7.G)+ AnB' (I, + A) /(7 (7uG — 1)) > —(1 — 7.G) + An/myg =
7w (G —1/mg) > 0.

We remark that g(—A; A) = (ngG —1)(1 —7.G)A+mpGA(n .G —1) = —(1—
7. G)A < 0. In addition we have that

(OA65)

N s ST s
(OA66) > (1— Q) + ﬁ;h; A, FHf:ZC_’Y . 1)2
(OA67) - %(WHG—D—F th% 2.

The first inequality follows from the concavity of B, while the second follows
from (7). We deduce that i lim ¢(I;A) = +oo. The intermediate value theorem

L—+o

guarantees the existence and uniqueness of I7 € (—A, +00) such that g(/7; A) = 0.

We write I* = I(I}) and we show that I* < I}. Using (OA62), this amounts to
showing that B(I] +A) < I} (g G —1)+ 7y GA. Using the relation g(I7; A) = 0,
we re-write the latter inequality under the form (71gG —1)(1 — 7, G)I[ 7y /AT —
GA(rG — V)73 /Ar < Ij(npG — 1) + nyGA. An easy computation yields
I7 (1 = myG) < mgGA which is always satisfied since G > 1/mg and I} > —A.

We prove that, for any A in some interval (0,A) with A > 0, we have 0 < I*
and I} < I°. Let us consider the investment levels I? and I as functions of
A. Specifically, the equality g(I;; A) = 0 defines I3 (A) and the equality B(I? +
A) — 1gGA = 0 defines I9(A). We note I} = 0I;/0A and I? = 9IV/0A.
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Now, if A = 0, we get from (OA62) and (OA64) that 19(0) = 0 and I3(0) = 0
(recalling that B(0) = 0). Moreover, If|a=o > I?|a=o > 0,5 thus there exists
an open interval (0,A4;) with A; > 0 such that for all A € (0,A4;) we have
I3 (A) > I?(A) > 0. Then, because I(I) (defined in (OA62)) is increasing in I,
and that, by definition, I(I?(A)) =0, we get I* = I(I;(A)) > I(I?(A)) = 0.

We last show that I7 < I°. Again, we consider I¢ and I; as functions of A.
We have I3(0) = 0 and, from (OA54), I¢(0) = 0. Thus, if 1°a—g > I}|a=o,
there exists an open interval (0, As) with As > 0 such that whenever A € (0, As),
I7(A) < I°(A). Using (OA61), we get
(OAG68)
jC’A:O - jﬂA:o o 1 1—7G

> )
MB = (ryG—1) " 258 — (ryG - 1)(1 — 7,G)

which can be rewritten under the form An/7mg > 7wg(l — 7 G)/An. The last
inequality is satisfied given (OA51). Indeed, using the lower bound on G, one
gets (1 -7 G)rg/Ar < (1— (2 —np/7mg)nL/7mr)nn/Ar = An /7. To conclude
the proof, it is sufficient to take A = min(A4;, Ag). [ |

Step 2: Proof that (I*, R*) is supported by latent contracts at a fair
price 1/7y. To establish our result, we additionally assume that the number of
investors is sufficiently large.

ASSUMPTION OA2: The number N of investors satisfies N —2 > I} /I*, where
the investment levels I7 and I* are defined in Lemma OA2.

We are now able to provide an explicit formulation of Proposition 6.

PROPOSITION OA1l: Under Assumptions OA1-OA2, and for each A € (0, A)
the following holds:

1) The aggregate allocation (I*, R*) = (I(I}),1(I})/7H) characterized in Lemma
OA2 is supported at equilibrium by investors’ strategies such that each non-
traded contract has a constant price 1/mp.

2) The corresponding allocation is Pareto-dominated in the set of equilibrium

allocations.

6Indeed, differentiating (OA62) yields B/(I9 + A)(Ig + 1) = 7wyG, thus, Ig = (G —
B'(I9 + A)/(B'(I2 + A)) > 0, the inequality coming from (7). Recalling that I2(0) =
0, we get f2|A:0 = =wgG/B'(0) — 1. Differentiating g(I}(A);A) = 0 with respect
to A, we get ((ruG—1)(1-7.G)—B'(If+A)An/my)Ii = B'(I: + AAn/mg — (1 —
)G = (B'(If + A)An/rg — (rgG —1)(1 — n1,G)) — (1 — n,G) and then, Iz = -1+(1-
n.G)/ (If + A)B'An/rg — (rpG — 1)(1 — m,G)) . In particular, since I} = 0 for A = 0, we have
a0 = =1+ (1 — 7.G)/ (B'(0)An/mg — (ngG — 1)(1 = 7.G)). Thus, [F|azo > IP[a=0

(I —-7.G)/(B'(0)Arn/mg — (muG — 1)(1 — n,G)) > mgG/B’(0), or equivalently, B'(0)(1 — 7,G) >
GAmB'(0) — mgG(rgG — 1)(1 — 7, G), that is B’ (0)/(rgG — 1) < ngG(1 — 7.G)/(rg G — 1), which is
satisfied given (7).
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Proof of Proposition OA1: Consider the following profile of strategies. Each in-
vestor i = {1,2} offers M7 = {(0,0); (I*/2, R}(.))}, with R;(I) = G(I + A)
for I ¢ {I*/2,I*,I}}, R;(I*/2) = (R* — GI*/2), and R;(I*) = R;(I}) =
R*/2, where I* = I(I}) and I; have been characterized in Lemma OA2. Ob-
serve also that R!(I*/2), for i = 1,2, guarantees that U(I[*, R*, H) is avail-
able to the entrepreneur if any of the investors withdraws his offer. Each in-
vestor j = {3,..., N} offers M = {(0,0); (I} — I*)/(N — 2), R})}, with R} =
(G(I; +A)—I*/my) /(N—=2) = (I} —I*)/((N —2)71,). We denote [ = I} —I* >
0.

Given these offers, it is optimal for the entrepreneur to choose I*/2 in M

and Mj, (0,0) otherwise, and to select e = H. Her corresponding payoff is
UI*,R*H)=B(I; + A)—A=B(I* +1+ A) — A.
Remark: See that (I*, R*) is not the unique entrepreneur’s optimal choice. She
could alternatively trade with all investors, get the aggregate investment I7 and
choose e = L. See that each of such inactive contracts is issued at the correspond-
ing fair price 1/7.

Consider now investors’ deviations. We first show that there is no profitable
deviation inducing the entrepreneur to choose e = H. A deviation of investor i €
{1,2} can be characterized, without loss of generality, by the menu M; = {(I] +
I*/2,Ri(.) + R*/2),(0,0)}, with I € [—I*/2,1¢—I*/2]. Similarly, a deviation
of any investor j € {3,---, N} can be characterized by the menu M} = {(IJ’ +
I/(N —2),R}(.)),(0,0)}, with I} € [-I/(N —2),1° = I/(N —2)]. For any such
deviation to be profitable when the entrepreneur chooses aggregate investment [
and effort e = H, one needs that

1 1 I
A I > —I, R.(I)>— I+ ——
(0A69) R > 0 B> (1 ).
fori e {1,2},5€{3,--- ,N}.
We first evaluate the entrepreneur’s payoff when e = H is chosen. Consider first

a deviation of an active investor ¢. If the entrepreneur only trades with investor
1 at the deviation stage, her payoff is

(OAT0) nH(G(g + I+ A) — P;* fRQ(I{Jr%)) —A< U(OHU(;*’R*’H)

+ (g G — 1),

where the inequality follows from (OA69). Since the equilibrium utility is avail-
able at the deviation stage, the right-hand side of (OA70) must be strictly greater
than U(I*, R*, H), which implies that I/ > 0. If, following any such deviation,
the entrepreneur defaults, her payoff is

(OA71)  Uyq=B(I;+1;+A)—A>B(I}+A)- A+ B(I;+ I} + A)I},
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by concavity of B, and I/ > 0. Thus, if the right-hand side of (OAT71) is greater
than the right-hand side of (OA70), the entrepreneur finds optimal to strategically
default. This is the case whenever

(OAT2) (U(I*,R*,H)-U(0)) > (wuG — 1 — B'(I; + I} + A))I,

N | =

which is always satisfied, since the right-hand side is negative given (7). If several
contracts are traded at the deviation stage, then, given equilibrium covenants,
e = H is an optimal choice only if aggregate investment is I*. In this case, since
T R* = I, there cannot be any profitable deviation since the entrepreneur must
at least receive U(I*, R*, H).

Suppose now that an inactive investor j deviates. If the entrepreneur only trades
with investor j at the deviation stage, given (OAG9), her payoff when e = H is
chosen is bounded above by U(0) + (7gG — 1)([; + I/(N —2)). In addition,
given equilibrium covenants, any such deviation must guarantee the entrepreneur
at least the equilibrium utility U(0) + (7gG — 1)I*. Thus, for the deviation to be
profitable, it must be I} > I* — (I — I*)/(N —2) > (I} — I*)/(N — 2) — (I} —
I*)/(N — 2) = 0, where the second inequality follows from Assumption OA2. If,
following this deviation, the entrepreneur defaults, then, given the concavity of
B, her payoff is

(OA73) U =B(;+1]+A)—A> B} +A) - A+ B(I} + I} + A)I,.
The entrepreneur finds therefore optimal to strategically default if

I — I
N —2

(OA74) U(I*,R*,H)-U(0) (7aG — 1) > [}(rgG—1—-B(Ij+1; +A)),

which right-hand side is negative by (7). The left-hand side can be written as
(ruG —1)(I* — (I} — I*)/(N — 2)) which is positive since N —2 > (I} — I*)/I*
by Assumption OA2.

To complete the proof we need to show that no investor can profitably deviate
inducing the entrepreneur to choose e = L. Given equilibrium covenants, an
investor may get a positive profit under e = L only if the entrepreneur strategically
defaults. We show that, in that case, any unilateral deviation yields a strictly
negative profit.

Consider first a deviation of an active investor 7, and let I] be the investment
level traded with the entrepreneur when she strategically defaults. Given that
the equilibrium utility is available at the deviation stage, it must be that B(I] +
I)2+(I; —I*)+A) > B(I; + A) = U(I*, R*, H) — A, which implies I > I* /2.
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The corresponding profit to investor ¢ can be written as

I* I

OAT75 V! =m G+ —+ U5 —I")+ A S— —1I
= I(mG — 1+ — I*”LG{ )
I+ 45+ -17)
GA
<7r _ _ A
IZ(T('LG 1+I* (I*—I*))
A I*
_I’(wLG—1+7TLG) I~ -1<o

17

where the first inequality comes from I/ > I*/2 and the last equality comes from
the relation (G(Ij + A) — I*/wy)/(I} — I*) = 1/7r,. Thus, we have V/ < 0.
Consider now a deviation of an inactive investor j and let I j’ be the investment
level traded by the entrepreneur when she strategically defaults. Given that the
entrepreneur’s equilibrium payoff is available at the deviation stage, it must be
that B(I]’-+I*+(Iz—I*)(N—3)/(N—2)+A) = B(IJ’-+(I*—IE)/(N—2)+I}:+A) >
B(I} + A), which implies that I} > (17 —I*)/(N
to investor j can be written as

— 2). The corresponding profit

N -3 I
OA76) V] =n,G(I;+ 1"+ —— (I} —I")+ A — I
(OATO) 1 =myGUL} + I 4 331 = 1)+ A) e =
(OA7T7)  =I(mG-14+-—— ¢4
I+ I+ N3 (1 — 17)
(OAT8) <Ii(7pG -1+ mLGA .
(= )+ I+ 55 (I = 1)

A I*
”Cf ) = I—(W—L—l)<0,
IL

(OAT9) = I(r,G -1+ i

the first inequality coming from I} > (I} — I*)/(N —2). Again we get V/ < 0.
This completes the proof of the first part of Proposition OA1.

We now show that the above aggregate allocation (I*, R*) is inefficient. Specif-
ically, we prove that the competitive allocation (¢, R¢), which Pareto-dominates
it, can also be supported at equilibrium. To this extent, we denote If the in-
vestment level such that U(I¢ R, H) = B(If + A) — A. Consider the following
profile of strategies. Each investor i = {1,2} offers M} = {(0,0); (I°/2, R}(.))},
with Rf(I) = G(I + A) for I ¢ {I¢/2,1°}, R:(I°/2) = (/g — GI¢/2), and
Ri(I°) = I°/(2mg). Each investor j = {3,..., N} offers M7 = {(0,0); (15 —
I°)/(N —2), R))}, with Ry = (G(If + A) — I°/7w) /(N - 2).

Given these offers, and recalling that U(/¢, R°,H) = B(If + A) — A, it is
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optimal for the entrepreneur to choose I*/2 in M7 and M, (0,0) otherwise, and
to select e = H. It is immediate to check that, given the equilibrium covenants,
none of the investors can profitably deviate inducing e = H. It remains to
show that no investor can profitably deviate by inducing the entrepreneur to
strategically default. Following the proof of the first part of the proposition, the
profit at the deviation of an active (or inactive) investor ¢ is bounded above by
V! = (7TLG -1+ WLGA/IE). We remark that, for any i € {1,..., N}, V/ has the
same sign as Zi\;l Vk’ = IE(TFLG -1+ TrLGA/Iz) = (ﬂ'LG — 1)]2 + 1 GA.T We
show that Zivzl V! < 0. Indeed, one can write

N
(OAS0) Ve = (mG = 1)1} + 7 ,GA+ (7,G — 1)(If — I7)
k=1
TL * C *
=(—=—-1I 1) —1
(7TH )+ (mG = 1) (I - I})

< (rpG—-1)(I; —I;) < 0.

The second equality follows from the relation G(I] + A) — I'* /g = (I} — I") /7L,
which holds by construction. The first inequality in (OA80) comes from 7y, < 7w
and the second from the fact that 7, G < 1 and I7 < I¢ < Ij. This completes
the proof of the second part of Proposition OAL. |

Proof of Proposition 7:

The Mechanism. A mechanism consists in a system of transfers from the in-
vestors to the entrepreneur and a randomizing device. Both the transfers and the
device are contingent on the observable investment levels (I, Io, ...Ix) chosen by
the entrepreneur, and on the investors’ decisions to participate. The device selects
a "pivotal” investor who makes no payment to the entrepreneur after investors’
menus have been posted, and participation and effort decisions have been made.
Specifically, letting K < N be the number of investors who provide a loan to the
entrepreneur, any investor j such that I; > 0 is pivotal with probability 1/K. The
pivotal investor will be denoted by k. Clearly, if the entrepreneur raises funds
from one investor only, the latter is pivotal with probability one. Investors learn
who is pivotal after all relevant decisions are made, and before payments occur.

The schedule of transfers from investor ¢ to the entrepreneur when the project
succeeds is denoted T;(.). Transfers are equal to zero in case of failure. If the
N

entrepreneur raises I = »_I;, then the contribution of each non pivotal investor
i=1

"Observe that the allocations (I¢,G(I¢ + A)) and (I¢,1¢/my) are not connected by a line of slope
1/my,. Indeed, the function g defined by (OA64) satisfies g(I§; A) > 0. It follows that we cannot directly
conclude that 7, G — 1+ 7L GA/If < 0 as in the proof of Proposition OA1l. We overcome this difficulty

by studying Zgil Vi
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LLBr if 1ejo,19),
) — g N

(0As1) nn={ g s
whenever all investors agree to participate. In that case, if the project succeeds,
the entrepreneur receives T'(I) = (N — 1)BI/(mgN). The schedule T;(.) is set
equal to zero in all other cases.
No Transfer at Equilibrium. We first establish that the entrepreneur receives
no transfer at equilibrium. To show this result, consider an equilibrium aggregate
allocation (I*, R*) with I* > 0, and the equilibrium surplus (7gG — 1)(I* + A).
The entrepreneur’s equilibrium payoff cannot be lower than (G — 1)A, which
implies that investors’ aggregate profit cannot be greater than (7 G —1)I*. Sup-
pose, by contradiction, that investors decide to pay a transfer at equilibrium.
Given that B > mgG — 1, the aggregate profit earned by the pivotal investors
is bounded above by (N — 1)(rgG — 1)I*/N < (N — 1)BI*/N = ngT(I*), as
equilibrium is symmetric. That is, total transfers of non pivotal investors exceed
their maximal equilibrium aggregate profit. Therefore, at least one investor re-
fuses to participate. This contradicts the assumption that investors pay a positive
transfer at equilibrium.
We now show that, given the subsidy mechanism, only the competitive allocation
is supported at equilibrium. For future reference, we denote I > I* the maximal
available investment at equilibrium.The proof is developed in three steps.
Constructing a profitable deviation. Given (77(.),T5(.),...,Tn(.)), we con-
struct a deviation from each symmetric equilibrium supporting an aggregate al-
location (I*, R*) € F — {I¢, R°}. We denote

1 N—1 I°—TI* A 1-B
A82 — min [ G — — ).
(0A82) “ mm<G mn N BI°+A) agG-1 B >

Thus, in any equilibrium with I* > 0 and (I*, R*) € F — {I¢, R}, implying that
I* < I¢, we have a > 0.8
Suppose that investor k deviates to M, = ((0,0), (I}, R,.(.))) with I} = I*+¢—

(N—=1)(mgR*—I")/(N(mgG — 1)), and € € (0, ). The repayment R;(.) is such
that

g /
R+ — +&2 -G if I=1
(OA83) R.(I) = TH G-l N b
G(I + A) if T,
8Note that I* = 0 cannot be supported in a symmetric equilibrium. If it could, one would have

U(0,0,H) > B(I + A)— A. Any investor j could then deviate to (1}, Rj(.)) such that U(I}, R(I}), H) >
max{U (0,0, H), B((N —1)I/N + I;. +A)— A} and Ty R, (IJ/) - ]]’. > 0. This deviation would induce the
entrepreneur to choose IJ’-, and to select e = H, guaranteeing a positive profit to investor j.
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The pair (I}, R, (I},)) satisfies U(I}, Rj.(I.),H) = U(I*,R*,H) + (rgG — 1)e —
mpe? > U(I*, R*, H) and ry R}, (I})—I}, = [N — (rgG — 1)(N — 1) /(7 G — 1)] (rp R*—
I*)/N + 7ge? = (tg R* — I*) /N + mge®. Observe that, when e = 0, (I, R} (1},))
lies at the intersection of the entrepreneur’s equilibrium indifference curve with
the investor k’s equilibrium isoprofit line. In the relevant case € € (0, ), we have

B B
(OA84) R.(I}) — (G- —)I;+A)=R"— (G- —)I*+ A)
TH TH
B N-1 mgR*—1I* €
ETI’HG—l N +E(B_(7THG_1)+7TH5)<07

for every (I*, R*) € F—{I¢, R}.% Given «, (OA84) guarantees that (I}, R, (I})) €
int(F).

The deviation M, is designed to induce the entrepreneur to exclusively trade
with investor k£ and choose e = H. We now show that, upon receiving a subsidy,
these choices are optimal for the entrepreneur.

Observe first that, if e = H is chosen, and given the covenants in M}, then
the entrepreneur’s (unique) optimal choice is to select (I}, R}.(.)) only, therefore
trading with investor k alone. By doing so, she achieves a payoff strictly above
the equilibrium one. To establish the optimality of e = H, we need to show that

(OAS5)  U(If, Ri(I}), H) + nuT(I}) > B(I + A) — A+ B(I} — I,

which takes into account the fact that, since 7y = 0, the entrepreneur receives
no subsidy under strategic default. Since T'(I}) = (N — 1)BI},/(mgN) the above
inequality can be rewritten as

(OAS6)  U(IL, Ry(IL), H) > % (B, + A) — A] + % [B(i + A) — A],

which is satisfied, since U(I}, Ry (I}), H) > max(B(I, + A) — A; B(I + A) — A);
indeed, (I}, R}(I},)) € int(F) hence U(I}, R} (I}),H) > B(I}, + A) — A, and
U(I;, R,(I}), H) > U* > B(I + A) — A for each ¢ € (0,a).

9To get the result, it is sufficient to show that (OA84) is satisfied in the boundary cases in which
(I*,R*) € ¥, or (I*,R*) € {myI* — R* = 0} with (I*,R*) # (I°, R°). By continuity, (OA84) holds
for every (I*,R*) € F — {I¢, R°}. Observe first that (B — (ngG — 1) + mge)e/myg < Be/mg < (N —
1)(I¢ = I*)A/(rg N(I€ + A)). With 7, = 0, it follows that:
- If(I*,R*) € ¥, then g R*—I* = 7y (G—B/rg)(I*+A)—I* = (—B+(rgG—1))(I*+A)+A =
—A(I*+A)/(I°+A)+ A= A(I°—TI*)/(I°+ A), implying that R} (I}) — (G — B/mg)(I},+ A) <
(1-B/(xgG—1))(N —1)(I* + A)A/(xaN(I°+ A)) <0

- If rgR* — I* =0, then, R* — (G — B/my)(I* + A) = I*/rg — (G — B/mu) (I* + A) = (B —
(ruG — 1))(I* + A) /g — AJ/mg = —(I¢ = I*)A/(wg (I° + A)) , implying that R} (I}) — (G —
B/mg)(I, +A) < —(1—(N—-1)/N)(I¢—T*)A/(rg(I¢+ A)) < 0 when I* # €.
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The entrepreneur’s choices with no subsidy. To fully characterize the en-
trepreneur’s optimal behavior, we also need to consider subgames induced by the
deviation to M}, in which she does not receive a subsidy. In any such situation,
given the covenants associated to (I}, R(.)), she chooses e = H whenever

. J
(OA87) ULy, By, (1), H) > B(I + A) = A+ B(I, — 1),
in which case she only selects (I}, Ry.(.)). If, on the contrary, one has
. J
(OA88) Ul By (1), H) < B(I+ A) = A+ B(I, — 1),

then she strategically defaults on the total loan Ij, + I(N —1)/N.10

In summary, the entrepreneur always selects (I}, R.(.)) and chooses e = H,
except if both condition (OA88) and the decision not to pay the transfer to the
entrepreneur hold.

Investors’ decisions and participation subgame. We now characterize in-
vestors’ equilibrium decisions to pay transfers, given the posted menus (M}, M* j).
See first that, if (OA87) is satisfied, i.e. the entrepreneur chooses e = H even in
the absence of a subsidy, then posting M} and choosing not to pay any transfer
is a profitable deviation for investor k. We henceforth consider the case in which,
following the deviation to M}, (OA88) is satisfied.

Investors participate sequentially, and the history of such decisions is perfectly
observable. Thus, given transfers (OAS81), if an investor j observes that at least
one of his predecessors chose not to pay the transfer, he anticipates that no
subsidy will be provided to the entrepreneur. In this case, given (M}, M* ;) the
entrepreneur strategically defaults, which hinders investor k’s deviation. We now
solve the game backward, starting with investor V.

We first consider the case N # k. Investor N takes as given the mechanism,
the menus (M7, ..., M}, ..., M},) and the entire history of participation decisions
of investors 1,2,..., N — 1. In addition, he anticipates that, as shown in step 1,
the entrepreneur chooses e = H and trades only with investor & if the subsidy is
provided, and that, as pointed out above, (OAS88) is satisfied in the absence of
transfers. We then show that investor NV finds optimal to finance the transfer if all
other investors have already done so. In that case, investor N compares his loss if
strategic default occurs with the transfer he has to pay to the entrepreneur.!! Pay-
ing is therefore the unique optimal choice if —myTn(I}) > —Ix. Using (OAS81),
together with the fact any investor offers at most I /N in a symmetric equilibrium,

10We do not consider the non generic case in which (OA87) holds as equality. Indeed for any & which
induces this equality, one can find € < &, such that € € (0, ) that satisfies (OA88).

Since N # k, investor N perfectly anticipates that he will not be pivotal: If (I}, R}.(.)) is the only
contract selected by the entrepreneur, then investor k ends up being pivotal (i.e. k = k).
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the inequality can be rewritten as

B, I
(OAR9) k<

which, recalling that I>1 * holds if

1
A I < —TI".
(OA90) < g

To show that (OA90) is satisfied, it is enough to observe that

/_l * * _l _
(0A91) [ — pI" =e+1 (1 B)

N—-1 ngR*—1I*
TgG —1 N

SE—I*(il ;B) <0,

with the last holding because € < a.

If N = k, then investor N anticipates that he will not pay any transfer, and
participating is his (unique) optimal choice when all investors j < N decided to
participate. In this case, the subsidy is provided to the entrepreneur.

Using backward induction, one can iterate this reasoning to show that it is
the unique optimal choice for each investor j € (2,..., N — 1) to pay the transfer
if every investor j/ < j paid. If at least one investor j' refused to pay, then
everyone anticipates that the entrepreneur will default and each investor j > j’ is
indifferent between participating or not, since no payment will be required. Thus,
given (OA90), investor 1 strictly prefers to pay, which shows that providing the
subsidy is the unique equilibrium outcome of the continuation game.

Given (OAS86), the deviation to M) then induces the entrepreneur to trade
I, R(.) only, and to choose e = H, so that investor k is pivotal. The deviation
is profitable since

R —1I*
(OA92) WHR%(I];) - I]/<; = ﬂ-HT + 7TH€2,

and investor k’s profit increases by wye?.

To show that the competitive allocation (1€, R°) can be supported at equilib-
rium, it is enough to consider strategies exhibited in the proof of Proposition 3,
and to see that no investor can exploit the subsidy mechanism to construct a
profitable deviation. |

The proof extends to the case in which investors can write covenants contin-
gent on the initial debt I. The system of transfers to the entrepreneur and the
randomizing device are unchanged, and, again, there is no transfer on the equi-
librium path. Then, the proof follows the same logic as above. We only need to
adapt some of the main inequalities.
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Take any aggregate allocation (I*, R*) # (I¢, R®) supported in a symmetric
equilibrium. Let (I/N, R(I,I*)/N,(I*(I))/N,(R*(I,I*))/N) be the equilibrium
trade with each investor with I + I"(I) = I* and R(I,I*) + R*(I,I*) = R*.

Let investor k deviate to the menu M}, = ((0,0,0,0), (I, R;(.),0,0)) where I,
and R, (.) are defined as above, that is, I} = I*4e—(N—1)(rg R*—I*)/(N (g G—
1)) with € € (0, @), and

* i 2 . 4
0A93) R(D={ ¥t T e x if 1_1,?,
G(I+4) it 141,

As in the first part of the proof, Mj is such that investor k has a profitable
deviation whenever e = H is chosen. In this case, (I,;,R;C(.),O,O) is the only
contract selected by the entrepreneur, which guarantees that investor k is pivotal
and that his profit increases by mye?.

It remains to check that, following the deviation to M;, the entrepreneur chooses
e = H provided that all investors agree to pay transfers. As above, this leads to
consider the inequality
(OA94)
N-—-1

1 . .. N-1.
UU@R@Hﬁ>NH%¢+Aynﬂ+4jf{BU+IW—R¢J+ﬁ)+Ay—M

which corresponds to (OA86) derived in the first part of the proof. In (OA94),
I/N and IT((N —1)I/N + I}.)/N denote respectively the largest initial and ad-
ditional investment provided by any equilibrium menu for an initial /. The same
argument as in the first part of the proof applies: following the deviation, the
entrepreneur does not choose e = H when she receives no subsidy from the en-
trepreneur, in which case the condition

(OA95) U(Iy, Ry.(Iy,), H)

s 0 N—1. 1 - -~ N-1.
< B+ I (== 1+ 1)+ A) = A+ Bl — (I + T (—— 1+ 1})),

analogous to (OA88), holds.

To show that paying the transfer is the unique (subgame perfect) equilibrium
of the participation game, the condition

1,. .. N—-1.
(OA96) ¢<EU+ﬁ17rJ+¢m

analogous to (OA90), should be satisfied. The result follows, since BI; < I*. B
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ONLINE APPENDIX B: EQUILIBRIA WITH ALL INVESTORS ACTIVE.

This Appendix provides an equilibrium characterization which differs to that
derived in Proposition 4 by letting all investors be active.

PROPOSITION OB1: FEquilibria with active investors only. If mpG — 1 >
2\/mr /7w, there exists an investment level I < I¢ such that any aggregate al-
location (I*, R*) € F with I* > I can be sustained with equilibrium strategies
such that each investor is active.

COROLLARY OB1: FEach (I*,R*) € F such that I* > I can be supported at
equilibrium with any number N > 2 of investors and all of them being active.

Proof of Proposition OB1 and Corollary OB1: Assume

(OB1) G —1>2, )L
TH

We first establish a set of relationships that will be used throughout the proof.
First, from (1) we get

B nmG—1 7wgG—1 2 T
OB2 G- = >q@ _
(0B2) Ar o YT T AR Ar O A\ 7w

where the last inequality follows from (OB1).
Second, given (OB1), (1) and (4) together imply'? 1—7my B/An > 2np+\/7 /7 /AT
and 7y B/Am > 2+/7/7ng. Adding the two conditions, one gets 1 > 2\ /771y /AT <

\/7TH/7TL - \/7TL/7TH >2 & (\/TI'H/T('L — 1)2 > 2, which yields

0B3) /™M > 142, L oV2—1  and 7y > (3+2V2)mr.
T TH
We now turn to the proof of Proposition OB1. It is useful to characterize
equilibrium allocations in terms of two parameters, which we denote £ and 7.
Precisely, let (e,n) € [0,¢] X [rg (G — B/Am), 1], with

1 . (Anx 1, 7gG—1 T 1
B4 _ B B
(OB4) £ mm( 53¢ p TuAr G B

1
| L B
< AWG—ABW> 2B+(1—7THG)>'

121t is useful to rewrite (1) as 1gG — 1 < An(1 — g B/An)/7r, and (4) as 1y G — 1 < w1 B/ A
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Observe that (1) and (4) imply that Ar(G—1/7g)/B € (0,1), and, given (OB2),
both the second and third terms are strictly positive. Thus, we get 0 < Ne < 1.
Consider now the aggregate allocation (I, R}) = (I°(1 —¢),I°(1 —ne) /7). It
is immediate to check that, if e = H, the aggregate profit my R} — I¢ is strictly
decreasing in 7. See also that Ve € [0,g], I > I™.!3 Letting I = I¢ > I"™,
and considering all (g,7) € [0,g] x [rg (G — B/Ax),1], one can hence generate
a closed subset of F including all aggregate allocations (/¢, Rf]) € F such that
I¢ > I. The subset is represented in the dashed area in Figure OBI1.

) L
CC
Com W
[
© T :

FIGURE OB1. SET OF AGGREGATE ALLOCATIONS (I, RR})

Consider now any allocation (¢, Ry) such that I° > I, and denote it (I*, R*).
We show that it is supported at equilibrium by the following strategies, which are
similar to those used in the proof of Proposition 3. Each investor i = 1,2,..., N
offers the same menu M* = {(0,0), (I*/N,R*(.)), (I/N,R(.))}, with R*(I) =
G+ A) for I ¢ {I*,I*/N}, and

R* . *

& if I=1
(OB5) RA(I) :{ T A
- Mo it =154,

The investment level [ is such that
(OB6) B(I+A)—A=U(I*,R*, H) = U — el*(nrygG — 1),

which guarantees, given that U (I*, R*, H) > B(I*+A)— A whenever (I*, R*) € F,
that I > I* > 0.

As in the proof of Proposition 3, one can check that choosing the investment
I* /N in each menu and selecting e = H is an optimal choice for the entrepreneur.
Consider now investors’ deviations. Without loss of generality, any unilateral

13Indeed, I¢ (1 — An (G — 1/7g) /B) = An (G — B/Am) A/B=1" and ¢ < A7 (G — 1/7y) /B.
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deviation can be represented by a menu M’ = {(I'+1*/N,R'(.)+ R*/N),(0,0)}.
A profitable deviation must necessarily induces e = H,'* and one must have that
R/(I) > I' /7y, with I being the aggregate investment traded at the deviation
stage, and that I’ < I — I*/N. If, following the deviation, the entrepreneur
chooses e = L and strategically defaults, then, given (OB6), she gets Usy =
U(I*,R*,H)+ B(I' + I*/N — I/N).

Assume first that the entrepreneur only trades with the deviating investor. In
this case, choosing e = H yields her the payoff

(OB7) WH(G(']TV VI A) - 11* R’( )T -A<
DO — 1) + U, B H)

N + (7THG — 1)[’
Since the entrepreneur’s equilibrium utility remains available at the deviation
stage, the right-hand side of (OB7) must be strictly greater than U(I*, R*, H),
which implies that I’ > 0. The entrepreneur therefore finds optimal to strategi-
cally default if

N -1 B .
(OB8) T(U(I*, R*,H)-U(0)) — N(I —I*) > (7yG —1—B)I'.
The left-hand side being increasing with N, a sufficient condition for (OBS8) ob-
tains with NV = 2. That is, after rearranging: B(I*+ A) —mgGA > 2(ngG — 1 —
B)I' or B(I°+ A) — m1gGA > Bel¢ + 2(rgG — 1 — B)I'. See that B(I°+ A) —
TuGA = —mB(I¢+ A)/An + (mgG — 1)I¢ which leads to the condition:

(OB9) gG —1> f(I',e),
with f(I',e) = B(np(I°+ A)/(AnI¢) +¢€) + 2(rgG — 1 — B)I'/I°¢. Given the
linearity of f, we have that

(OB10) f(I',e) =f <f;(10,0) +(1— f;) (0’ 81))

(OB11) L0y - Ly (0, ﬂ) .
T Ic

14Tndeed, given Lemma Al, a deviating investor may achieve a positive profit by inducing e = L only
if the entrepreneur trades several contracts out of equilibrium and does not default. Given equilibrium
menus, this is only possible if the entrepreneur invests I = I'* and selects e = L; this in turn provides
her a payoff smaller than the equilibrium one, which guarantees that this is not an optimal choice.
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To prove (OB9), using 0 < I’ < (N — 1)I¢/N < I¢, we simply need to show that

(OB12) mnG —1> f(I°,0),

S
Ic

Condition (OB12) is equivalent to B (2 — 71,/ (7 (AnG — B))) > G —1, which
holds since B (2 — 7., /(mg(AnG — B))) > B (2 — \/7TL/7TH/2> > B2 - (V2 -

1)/2) > B/(1 — (3 —2v2)) > nyB/An > wgG — 1. The first inequality comes
from (OB2), the second and the fourth from (OB3) and the last one is (4). To
prove (OB13), first remark that (OB9) holds for any couple (0,¢) with e < Ne.
Indeed, by definition of €, we have ¢ < (rgG—1)/B—nr/(mu(ArG— B)) for any
e < Ne. To complete the proof of (OB13), observe that, since I’ < (N — 1)I¢/N
and ¢ < g, we have (¢)/(1 — I'/I¢) < Neg/(N(1 —I'/JI°)) < Neg/(N(1 — (N —
1)/N)) = Ne.

Assume next that several contracts are traded at the deviation stage. Going back
to the proof of Proposition 3, following any unilateral deviation, the entrepreneur
strategically defaults if (A30) holds. Again, the left-hand side of (A30) is in-
creasing in k. A sufficient condition for (A30) is therefore, using (OB6) and
I" =11 —¢), BI°*l1—n./(mu(AnG — B))) > eI°(2B + 1 — mgG), which is
equivalent to e < (1 — 7r./(mg(AnG — B))) B/(2B + (1 — mgG)). The inequality
holds by definition of &, which concludes the proof that (I*, R*) is supported at
equilibrium. Corollary OB1 follows immediately from the fact that all conditions
above hold for N > 2. [ |



