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A Case 4: Earned income taxed non-linearly, child
care expenditures subsidized or taxed at a pro-

portional rate

Assume that, whereas y can be subject to a nonlinear tax function 7" (y) (that does not
depend on D), child care expenditures can only be subsidized at a proportional (and
income-independent) rate § (or taxed at a proportional rate if § < 0). Compared to the
analysis presented in subsection 3.2, to characterize the properties of a solution to the
government’s problem we will also need to take into account the constraint imposed by
the assumed proportionality of child care subsidies. For this purpose we will rely on an
optimal revelation mechanism consisting of a set of type-specific before-tax incomes 7°
and disposable incomes 0" (with ¢ = 1,2), and a proportional subsidy at rate $ on child
care expenditures. Thus, the mechanism assigns (3, 0%, %) to an agent who reports type ;
the household then allocates b* between child care expenditures and consumption of the
composite consumption good C.EI
Formally, given any triplet (53,b,y), a household of type ¢ solves
max u(b—(l—ﬂ)(@—h)p(qc>)+”yf<wh,(@—h)qc>+v<@—wi—h>.
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Denote the resulting “conditional” demand functions by g’ (3,b,y) and k' (3,b,%). Fur-

thermore, denote the indirect utility function by

ViBby) = u(b—(01—8)(0—h (B,by)p(a(8by))
+7'f (W (8,0,9), (€ — B (B,b,y)) 4. (8,5, )
o (@—&—h%ﬁ,b,y)).

Define ¢; = g, (8,0",y"), @ = @2 (5,0*,9%), 4 = @2 (B,0",y"), h' = h' (B,0',y"), I* =
h? (3,0%,y?), h = h? (8,b',y'). The government’s problem can then be formally stated
as (problem P4):

max V! (ﬁ, bt yl)

yl7b1’y27b2’ﬂ
subject to
V2(8,6%4%) >V,
V(8,07 97) = V2 (8,0 y'),
(y' ="' = BD" )7+ (v* = 0* - BD*) (1 —7) > R,
and where D' = (0 — h') p(¢}) and D* = (© — h?) p(¢?).

Denote by D the amount of child care expenditures for a high-skilled agent behaving
as a mimicker (i.e. D = (@ h) (4.)) and define V!, V2, V,, V', V2 and V as

i
Il

: vt (B0t yt) Joyt, V=0V (B0 ) foyE, Y, = 0VE (8,0 y") Joy',
Vo= v (B yt) jabt, V=0V (8,0%,07) [, V= 0VE (B, y") Job'.

The following Proposition characterizes the properties of the solution to the government’s

program.

Proposition 1. Define (
holds we have that:

) as (dD;) = oD _ VoDt o high-skilled house-
dVi=0 dy b

v (0 — 1 — p? , dD?
L= ( w2u’ (c?) ) = (y2) N (W) dV2—0 & (A1)

Denote by \ the Lagrange multiplier attached to the self-selection constraint and by p

the Lagrange multiplier attached to the resource constraint of the economy; for low-skilled

households we have that:

v(e-E-m :T,(yl):<dm> mwb (vy_v;>_ (A2
dv1i=0

wla! (cb) dy!

dD! _ D! Dz

Finally, defining %A 55 = 55

L > 0, the optimal proportional subsidy on child
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care is given by:

therefore, 3 > (<) 0 if D' > (<) D.

Proof Denote by ¢ the Lagrange multiplier attached to the constraint prescribing a min-
imum utility level for the high-skilled households, by A the Lagrange multiplier attached
to the self-selection constraint and by p the Lagrange multiplier attached to the resource

constraint of the economy.
Defining Vj, V7 and Vs as

Vi =ov! (B, y') /0B, Vi=ov? (b7 y7) /08, Vz=0V?(8,b.y") /08,

the first order conditions of the government’s program with respect to 32, b?, y', b and

B are, respectively, given by:

BNV = —u-n)
1

G+NVE = p(i-n)

V[}+(6+/\)Vﬁ2—AV5—u{w lDlJrﬁaal;l] +(1—m) [D2+58D2H:0. (A7)

Combining and gives
2
p-n{ves[o- ) (2) 2 ) 2]
— —u(l—ﬂ){l—ﬂ [(@—}ﬂ)p' (qg) gz‘z —p(qf) Z’;]},

or, equivalently, and taking into account that (© — h?)p’ (¢?) ggé —p(¢?) g—;‘; = %—522 and

2 2 2
(© = r)p (@) 55 — p(a2) 5 = %

1+

V2o \ oy V2o

Given that —V?/V;? represents the marginal rate of substitution between y and b for an

agent of type 2, the right hand side of |D can be rewritten as (% . B. Moreover,
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since from the individual optimization problem max V2(B,y — T (y),y) one can define

the implicit marginal income tax rates faced by a high-skilled household as

v’(@—g}—z—fﬂ)

wu' (¢?)

T'=1+V}/Vi=1-

eq. (A8) can be restated as

T () = (‘Zf)dw . (A9)

Combining (A5]) and (A6) gives

U a1 (o 1)) 2 ) 25}
= /\\A/y—/ur{l—ﬁ l(@—hl)p’(qi) gzci _p<Qi) gzw}’

or, equivalently, and taking into account that (© — k') p/ (¢}) 2% — p(q}) 2 = 22 and

oyl
(© —hY)p' (g}) 2= — p(q}) 2 = 9D

oyl = oyl

(G o on

Vi pr \V, V! dy' V! ob!

AV, (V, V) dD!
pr \Vy dy' ] g1
Moreover, since from the individual optimization problem max VY(B,y—T (y),y) one

can define the implicit marginal income tax rates faced by a low-skilled household as

o (@ — L p
CR

wh! (¢)

T'=1+V,/V) =1~

eq. (A8) can be restated as

AV [V, v1> dD!
T (y') = = (Ay — L)+ | — . A10
(y ) Tk % ‘/bl dyl R 6 ( )
From Roy’s identity we have that
Vi =DV}, Vi=DV?, Vs=DV.

Thus, (A7) can be equivalently restated as

DYW (6 + ) D2Vbz_)\f)\7b—u{7r [Dl +688le +(1—m) [DQ +6881:H =0. (Al1)
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Multiplying (A4]) by D? and (A6) by D' gives:

N oD*\ _,
0+ N D*V? = p(l—m) 1+6—abQ D~ (A12)
DWW = (\V D! oD’ D! Al
b == < b + MTF) + MWBW . ( 3)

Substituting for D'V} and (6 + A\) D*V;? in (A11]) the values provided respectively by
(A12) and (A13) gives

Y oD 9D! oD?  9D?
A(D'=D)V, - — — D' — — 5D’ (1—-7)p =0. (Al4
(0= D)t us{ |50 - G| |5 - S| - mb -0 g
Using a tilde symbol to denote compensated (Hicksian) demands, we have that %—]Zi =
88% — %i): D' (for ¢ = 1,2). Therefore, it follows from (A14)) that
AV, D'-D
B="" (A15)

— .
K W%%‘F(l—ﬂ')aa%

O

As shown in the first part of Proposition 3, the constraint imposed on the tax treatment
of child care expenditures implies that, in contrast to what we obtained in the previous
two subsections, the labor supply of high-skilled households is no longer left undistorted.
Even though it is still the case that, in itself, nothing can be gained by distorting the
behavior of high-skilled households, the fact that [ is an income-independent proportional
rate implies that, if it is optimal to set 5 # 0 to deter high-skilled households to behave
as mimickers, the expenditure on child care by high-skilled households will necessarily be
distorted. As a consequence, the marginal income tax rate faced by high-skilled households
will deviate from zero in order to minimize the overall efficiency losses descending from
distorting their behavior.

For the low-skilled households, the marginal income tax rate is given by the sum of
a term that is the counterpart of the one determining the marginal income tax rate for
high-skilled households, and a self-selection term that depends on the difference between
the marginal rate of substitution between y and b for a low-skilled household and a high-
skilled mimicker.

Finally, as shown in the last part of Proposition 3, a subsidy on child care expenditures
is warranted if and only if a high-skilled behaving as a mimicker were to spend less on
child care than a true low-skilled household. However, there is no guarantee that this is
necessarily the case. The reason is the same that we discussed in the previous subsection.
The difference, in this case, is that even when mimicking-deterring considerations call

for distorting the child care expenditures of low-skilled households, the magnitude of the



optimal subsidy rate (or tax rate) should also take into account that the subsidy (or tax)
is going to apply to high-skilled households as well, distorting also their behavior and
therefore producing additional efficiency losses (on top of those created by distorting the
behavior of low-skilled households).ﬂ

While the optimal sign of § cannot be in general unambiguously determined, the

following Corollary shows that both g < 0 and § > 0 are possible outcomes.

Corollary 1. i) Suppose fi5 >0, p" =0, v* >~ and w? > w'; then, D' — D <0 and it
is optimal to levy a proportional tax on child care expenditures (5 < 0).
ii) Suppose fly, = fil, =0, p" >0, v* =2 and w* = w?; then, D' — D > 0 and it is

optimal to levy a proportional subsidy on child care expenditures (> 0).

Proof Part i). For a given (y,b)-bundle and a proportional subsidy §, an agent charac-

terized by v, w and w, will choose h and ¢. such that

Q=B plg) ' () +y[wfi—gqfo] =" = 0 (A16)
—(1=8)p (g)u' () +7fy = 0 (A17)

Totally differentiating the system above gives:

(1= B)p (@) (¢)dge + 7 [(w)* fly = 2waefy + (ac)” £, dh

+y [Wfly = qefon) (© — h) dqe. — v fodge + v"dh — (5)21)//(171)

v [f1 + whfl] = haefio) dw + [wf] — qefo] dy
+(1-8)’plg.)u" (c) [p(gc) dh — (© — h) p' (q.) dg.]
_ 0 (A18)

[— (1= 8)p" (g) ' (¢) + (O — h) v fao] dge + v (wfr2 — Gcfo2) d
+yhfradw + fady — (1 — B)* ' (g) u” (¢) [p (g) dh — (© — h) P’ (q.) dgc]
=0 (A19)

2In the formula characterizing the optimal value for 4 in Proposition 3, the efficiency losses produced
by setting 8 # 0 are captured by the sum 77‘98—%1 +(1-m ap? appearing at the denominator of the

0B
expression on the right hand side. The term %—DBZ, which we have defined as 86—%1 — Diaa—l?, represents
the change in the compensated gross expenditures on formal child care by households of type 7, i.e. the
change that occurs when a marginal increase in 3 is accompanied by a downward adjustment in b’ which

dD?

leaves the utility of household ¢ unchanged. Therefore, the term 95 captures the variation in D’ which
is only due to substitution effects. If the utility function were linear in consumption, i.e. if v’ = 0, we
would have that % =0 and 86%1' = 86%1'.



Deﬁne Alla Alg, Agl, AQQ as

I's
[

¥ [@)° £ = 2wgefls + (g0)” f5) + 0"+ (1= B)° (p (4e)*u” (c),

Az = 7 (0 —=h)(wfly = qefn) = (1= B)* (O = h)p (¢0) p(qc) u” (c),

YWy = qefh) — (1= B)° P (ge) p (ge) u” (),

—(1=8)p" (g) v () + (© = h)vf3y + (L = B)*(© = ) (¢ ()" u” (c) .

LB
(I

Assuming dw = dy = 0, egs. (A18)-(A19) can then be expressed in matrix form as

dn] [ dw
dg.| 0 '

Defining by A the determinant of the 2X2 matrix above, i.e.

A11 AIQ
A21 A22

A = A11A22 — A12A21, (AQO)

we have that

(dh) (1= 8P (0 (a0 () + 73] (O — )

% A (U})2
(1= 8)p" (g)u' () yv"
- A ()’ (A21)
dqc _ (1 - B)Qp, (qC)p (qc) u”’ (C) — (Wf12 _ qu22) ~ yU//
(dw ) dy=db=0 B A (w)? (A22)

Noticing that A > 0 from the second order conditions for an individual optimum, one
can then conclude that, based on our assumptions about the functions p (+), u (), f (-, )
and v (-) (i.e. p >0,p" >0,u >0,u" <0, fl5 >0, fif, <0,v" <0), dh/dw > 0 and
dq./dw > 0.



From (A21)-(A22) we can calculate dD/dw as

dD B dh o dg.
<m>dy_db_o = —p(a) 5+ (O —h)p'(a) -
() [=(A=B)p" (g) u' (c) + (O — h) vf3] yv”
S (w)?
R =P O -1 ) ) L
— W7 "
+(®A>p(%) (1= B F () p(g0) 1" () 2
(w)
(O =) P (ge) ¥ (Wi — Gefo5) yv”
A (w)?
_ p(g) [= A =B)p"(g) v (c) + (O — h) v f3] yv”
S (w)?
(O =h)p (ge) 7 (WSis — qef32) Yo"
= (w)?
_ (1=8)p(ge) p" (ge) ' (¢) + (O — 1) (épg. — 1) P (4c) V30 yV”
A (w)?
(O =N)p (g) yw ity yv”
A @) (A23)
With p” = 0, so that €,, =1, dD/dw simplifies to
@ __<@_h)p/(q6)7wf{/2 Y
(), A w7t A
Now assume dw = dy = 0. From (A18)-(A19) we have
Ay Agp| | dh _ |~ (f1 + whfiy — hqefiy) vdw
Aoy Ag| |dg. —vh flydw 7
from which one obtains (after some tedious algebra)
dh _ (fi + whfii —hgf15)p' (¢.) | hfi: 2 " /
(@), = | By )] (- 97 0 - 1w (0
LS+ whf) [ = B)p" (ge) W (€) = (O = h) v fz]
A v
L (O D) fiyyw —A(1 —B)p" (4) b g o (A25)
(dqc> R R AL R A (Y AR
dw dy=db—=0 A
/ B — ha.f!
- lp (Aq°>hf1’2 iR flAl del12 (qc)] (L=B) 7w (g)u" (c).  (A26)



From ({A25))-(A26])) we can calculate dD/dw as

<d“’)dy db=0 N p(qC)CTdF(@ Ml )dw
_ hQC 12_Z fll_fl')/p(qc) (1_ﬁ)p//(qc)u/(c)
©—h c !t
L )Ap<q)7 (111 — wh (F15)* + whfls ] (1= €p0) Y

@_hPQC7 / " €p,qc pnr
+< )A< ) (vfiw —v"h) Zcq 12

With p” = 0, dD/dw simplifies to

dD  (®—=h)(vfiw—0"h) p(ge) v [15
<dw>d db=0 - ged 0 e

Finally, assume dw = dw = 0. From (A18)-(A19) we have

dh|
dge|

from which one obtains (after some tedious algebra)

A11 A12
A21 A22

—(Wfi = qcf3) dv]
— fydy ’

(‘jh>  wfl(A=B)p"(g) — (© = )V fh] + [y (© — h)wfy — q.fy (1 — B) " (qc)
dy=db=0

dry A
Sy )4 Ty w] a -t e-mwror @, e
(dqc> _ (Wfia = gefap) wfi+ [(flz% 1) w UT] f2
dry dy—=db=0 A
- Bota + BBy ) 0 s @ 0. (A20)
From (A28)-(A29) we can calculate dD/dy as
dh dq.
() = v G- n @
dy=db=0
= R ) (- ) (a0 ()
POZIR (i) (- )y
O — c 2 1 ! el " ch
HOZ R [ gy — ) -] B (a0)



With p"” = 0, dD/dy simplifies to

> 0.

(dD) (@ = h)pg) [(@)* (fif = )y = " 1]
dry dy=db=0 B A

Based on (A24)), (A27) and (A30]) we can conclude that, when fi, > 0, p” =0, v > !
and w? > w!, we will have that D! < D. In this case (A15)) implies 5 < 0, i.e. child care

expenditures should optimally be taxed rather than subsidized.
Part ii). Assume that fi, = fo, = 0, p” > 0, ' = * and w! = w?. In this case we
have that sign {D — Dl} = sign {dD/dw}. Moreover, from (A23|) we have that in this

case

T A (w)zv < 0.

Therefore, according to (A15]), child care expenditures should optimally be subsidized
(6>0). O

(dD) (=B (@ () y ,
dy=db=0

Finally, Corollary 3 provides an example of an optimum where child care expenditures

should be taxed and all agents face a positive marginal income tax rate.

Corollary 2. Suppose u”" = 0, p” =0, fl5 > 0, v} = 4? and w' = W?; then, 5 < 0,
T'(y*) >0, T' (y') > 0.

Proof Assume that v’ = 0, p” = 0, f5 > 0, v' = 7? and w! = w? From (A24) we
already know that dD/dw > 0, which implies 5 < 0, i.e. a proportional tax on child care

expenditures.
From (A9), and taking into account that v” = 0 = dD/db = 0, we have

dD2
T (v*) = G’
Noticing that
@b _ <dD> v (A31)
dy dw dy=0 Y

from (A24)) we have that p” = 0 implies

( h’) p/ (QC) & J {/2 "

It then follows that 42 e *3 > 0, which in turn implies 7" (y*) > 0.
From (A10)), and takmg into account that u” = 0 implies dD/db = 0 and also V; = V}!,

we have

() = 2 (7)) + s (A33)
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From

A32

and given that § < 0, we know that

5 > (0. Therefore, in order to conclude

~ v O—YLs—h o [O—Y _pt
that 7" (y') > 0, it is sufficient to show that V,, > V!, i.e. —(1§2> > —(wll).

For this purpose, we will prove that

We have:

1

)
O -

dw

h>6—

w

—ht.

Using (A21]) we get (remember that we are now assuming «” = 0 and p” = 0):

(d(@—;f-—h)) B

_Yy_ 1" i
It thus follows that sign { (d(e‘“h)> = sign {1 - M} Exploiting the
dy=0

dw

y
(w)?

[RCEULA

A

w

(A34)

d(6—L—h) >
dw dy=

To assess whether the inequality above holds or not, keep fixed y and consider ( (

(d(@—j{)—h)) oy dh
dy=0 (

definition of A provided by (A20), we have (always taking into account that we are

assuming v’ = 0 and p” = 0):

1—

0

( ),yf// " B 1_ ’Yf// "
A {7 {(W)Q 11— 2wq. fla + (QC) 22} + U”}Vfﬁ% — [y (Wfie = qe 22)]2
and therefore:
— RS {7 [W) iy = 2wqefly + (0)° 5] + 0"} v 5
A {7 [@)° i1 = 2wgefly + (a0)” 3] + 0"} f8 — Iy (Wlh — qef3))
- [y (@l — aef3))” + 120"
hkm?a—m%w+<y/ﬂ+wbﬁfﬁwwﬁ—%mw

(W)2 11

"

2
200ch12 22 (Qc) ( 22

)2

{’Y {(W)Q 11 — 2wqcfia

+

(@)’ (f1y

(QC) 22} "’UH} Vi — v

(wfio —

)2+ (qe)” (f5)° — 2w flyacfih

gef5))”

- {’Y {(“02 11

- 2("-}(]0][‘{/2

i

+ (%)2 5/2} + U”} v f35

1 fa — (f12 2} (700)2

— [y (wifly — . f5)]

{7 {(W)z 11— 2wqcfia

Concavity of the f (-,-)-function (f{}f%

—

therefore <d(®d§jh)> > 0. In turn, (d(yh
dy=0

11

+

2
12)

dw

)
(QC) 22} + U”} Vs — [

> () implies 1 —

) > 0 implies that
dy=0

(wfis —

(©=h)vf3v"
A

qef5)]°

> 0, and

A34

is satis-




fied. Based on this, we can conclude that the first term appearing on the right hand side
of (A33) is positive too, and therefore 7" (y') > 0. O

Having analyzed the properties of the solution to the government’s program when the
subsidy on child care expenditures is proportional and income-independent, it is straight-
forward to characterize the properties of an optimum when the proportional subsidy rate
is allowed to be income-dependent. In such a case, the government would assign the triplet
(B%,b%, 4") to an agent who reports type 4. Intuitively, the only difference with respect to
the case considered in Proposition 3, is that the mimicking-deterring gains from distorting
the child care expenditures of low-skilled households can now be reaped at lower efficiency
costs. This is due to the fact that ' only applies to agents earning y'. Since 52 can be
set independently of 41, and given that there is no mimicking-deterring motive to distort
the choices of high-skilled households, 32 will be optimally set equal to zero, implying
(replacing 3 in (A1) with 5% = 0) that high-skilled face a zero marginal income tax rate.

The following Corollary summarizes the results for this case.

Corollary 3. Assume that child care expenditures can be subsidized (or taxed) at a pro-
portional but income-dependent rate. Then,

i) all margins of choice for high-skilled households are left undistorted;

it) low-skilled households face a marginal income tax rate that is still given by ,

but with B replacing 3, where B is given by the following expression:

AV o~
Bl = M{ﬁﬁl (D1 _ D) .

Proof The government’s problem can then be formally stated as:
1(al g1 1
yl’b1§21%§fglﬂz 4 (5 0%y )
subject to
V(30 y%) =V,
V(3207 y7) = V2 (B0 ),
ﬂ.(yl_bl_ﬂlDl) —|—(1—7r) (y2—b2—52D2) ER,

and where D' = (© — h') p(¢}) and D* = (6 — h?) p(¢?).

Denote by 0 the Lagrange multiplier attached to the constraint prescribing a minimum
utility level for the high-skilled households, by A the Lagrange multiplier attached to
the self-selection constraint and by p the Lagrange multiplier attached to the resource

constraint of the economy.

The first order conditions of the government’s program with respect to v2, b2, 52, y*,
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b, B! are, respectively, given by:

Geav; = —u-m {2 (- 12)w () 5 - () s |
2 2 2\ . s ( 2 8qg oh?
E+NVy = u(l—w){lw [(@—h)p(qc) s P (4 )abQ]} (A35)
O+ Vi —p(l—m) lDQ - 62(;?5] =0, (A36)
V= ot {0 m) () 5 o () G |
Vo= )\171)24—#7?{1—1—51 [(@—hl)p/( )gii_p@i)g};]}’ (A37)
Vi = AV — pr [D1+ 5188121] 0. (A38)

Applying Roy’s identity to (A36|) we get:

O+ N VED? = p(1—m) [D2+6Qg?§] =0,

which combined with (A35]) gives:

=) {DQJ“BQ l(@_m)p/ (q ) ZZZ —P(qc) g;ﬂ D }Zu(l—w) [DM&Q%],

and therefore:
0D? 2 0D?
052 ob?

Applying Roy’s identity to (A38|) we get:

p(l—m) 32 [ 1:O:>52:O.

Dl
V,'D' — A\V,D — ;m[D1+61 5] 0,

which combined with (A37)) gives:

AVZD +pum {Dl + 4! [(@ ~h') v (a}) ZZ% -p(q) g’;] D } = AV, D+pm [Dl + 4! l;]

and therefore:

oD' 0D’
95 b1

oD!
s

it [ 22 |= (-0 == 2 (0t D).

13



B Proofs and derivations

B.1 Proof of Proposition 1

Denote by ¢ the Lagrange multiplier attached to the constraint prescribing a minimum
utility level for the high-skilled households, by A the Lagrange multiplier attached to
the self-selection constraint and by p the Lagrange multiplier attached to the resource
constraint of the economy. The first order conditions of the government’s program with

respect to y?, ¢?, h? and ¢? are, respectively:

v’ (@ — 3—22 — h2>
CESVRE — u(-n) (B1)
0+ N (02> = p(l—m) (B2)

N {77 [ (0 (o - 1)) - g (e, (0 - 1) )] - o (0 ¥ - e |
= —u(1—mp(a)
G+ N f5 (W (0= 12) @) = p(1—m)p (a2) (B4)

Using 1} and taking into account that (2 = © — %22 — h?, one can rewrite conditions

(B1)), (B3) and (B4]) as respectively:

v _
1 W () 0, (B5)
2\, VWS (Wh (0 —1?) q2) — g2 f; (Wh*, (0 — W) q2)] v (%) _
p(a2)+ e v =0 (39
i (wh? (O —hNg) o,
- u' (c?) - (q0> =0, (BT)

i.e. the same kind of conditions that characterize the optimal choices of a high-skilled
household under laissez-faire. This shows that no distortion should be imposed, at the
solution to the government’s program, on the choices of high-skilled households.

1

The first order conditions with respect to y', ¢!, h! and ¢! are instead respectively

14



given by:

wwll = wuf + pm (B8)
o (cl) = A\ (cl) + p (B9)

[ (i (o= ) -ty (s (o - ) )] <o (0= X )
= A {72 WS (@ht (0= h')al) —alfs (@R (0~ h')al)] — v (@ -5 - hl) }
—pmp (g}) (B10)
V(W (0= ht)at) = AP f (PR (0 = ) qp) +pmd (a:)  (BID)
Combining and gives

1_1}’(@—5—11—}&) :i v’(@—i—ll—w) _v’(@—i—;—ﬁ) |
whi (1) un Wl 2

w

Since w? > w' implies © — L — h' < O — % — ! (with © — ¥ —hl = © — L, — ]!
only if y' = 0), the assumed concavity of the function v (¢) ensures that ———~ —

1
v ©—Y5—ht
(;22) > (. Therefore, we can conclude that

V(O - —p
(64— 1)

1—
wlu! (cb)

> 0.

Combining (B10)) and one gets:

D (qi> 4 7! [wlf{ (u)lhl7 (e — hl) qi) _ qgfé (wlhl, e - hl) qcl)] v (@ _ %11 B hl)

u' (') W ()
— u);T {72 [wzf{ (w2h17 (@ _ hl) Qi) 4 (thl, (@ _ hl) Qi)} Y (@ 3 % B h1>}
_/j;T {’yl {wlf{ ((,()1}117 (@ _ hl) qi) _ Q;fé (wlhl, (@ _ h1> qcl)} o <@ B g)ll B hl)}’

which implies that it is optimal to distort 2! downwards (which is equivalent to say that

15



it is optimal to distort h! upwards) when

quﬂ@fm4e_hg¢)_ﬁg@fm4@_hq¢ﬂ_u<@_yl_m>
>
g (o (0= 1) ) = abfy (02 (0 - ) at) - o (0 L - ).

When 7?2 = ! and w? = w!, the condition boils down to

1 1
v’(@—g}l—hl>—v'<@—iz—hl> > 0,

which is indeed always satisfied as long as y! > 0.

However, when either 42 > 4! or w? > w! (or both v > 4! and w? > w'), inequality
(B12) might be violated, implying that one cannot rule out the possibility that it is
optimal to distort h' upwards (which is equivalent to say that it is optimal to distort h}
downwards)

Finally, combining (B11]) and one gets:

rk (W1€,’ ((l)(?)_ M)y (a2) = :ﬂ L (@R (0 = k') @) =t (w'h! (O = k') )]

When 72 = ! and w? = w! the right hand side of the equation above goes to zero,

implying that no distortion should be imposed on ¢!. Otherwise, if either 42 > ~! or

w? > w! (or both v? > 4! and w? > w!), the right hand side of the equation above is

1

strictly positive, implying that a downward distortion should be imposed on ¢,.

3Totally differentiating

3 ] (Whh (6 — ALY ab) — gL fs (wh', (6 — 1) gl)] — o/ (@ v h1> ,

w

with respect to v, w and w gives:

[wfi (wh', (© = h')q}) — qt fh (wh', (© = h') q})] dv
+v [f{ (whl7 (@ — hl) qi) +wh' fy] (whl, (G) — hl) qi) — hlq} {’2] dw

1 1
_yw(e_y_hgdw

(w)® w
or equivalently, defining the elasticity €/ 5, as e 5 = %ﬁfﬂ{ = (wfl] — qcf15) fi{,
[wfi (wh', (© =h') qz) —ac fs (wh', (© = h') qz)] dv

1 1
4y (14 € 1) £ (wh, (© = hY) ) dw — 20" (@ ~L h1> dw,
: (w) w

which is an expression that in general cannot be unambiguously signed.
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B.2 Proof of Proposition 2

Denote by ¢ the Lagrange multiplier attached to the constraint prescribing a minimum
utility level for the high-skilled households, by A the Lagrange multiplier attached to
the self-selection constraint and by p the Lagrange multiplier attached to the resource
constraint of the economy. The first order conditions of the government’s program with

respect to 42, ¢* and D? are, respectively:

(5+A)W — u(1—7), (B13)
G+Nu () = p(1—m), (B14)

o+ A 2 41 _ D? W2 D?g; 2 g1 . D? W2 Dq; 2
P (q?) [_wﬂ((@ p(qf)) ’p(qc)>+qc‘f2<<@ p(q§)> ’M@?))%

§+ )\ , D2 y2
+ Y 2y .2
p(@) \p(¢?) w

= p(l—m). (B15)

Using (B14) and taking into account that ¢? = p{ﬁ;) -

and (B15]) as, respectively:

2 . . .
%, one can rewrite conditions (B13

v’ (7)
b= w2y’ (c?) 0
(B16)
/ _ _D* D?¢z\ _ D? Dg p
p () + fi((e o) s o )u/ (Cq;;t?(( p(qz)>“2’p(jz))h2 B Zl Eg; _ 0
(B17)

Taking into account that, for any given value of y? and D?, a high-skilled household
chooses ¢ to satisfy the conditionﬁ

2 ¢ . D? W2 D*q? () 2 g _ D? w2 D*q? 2 (2
[“”ﬂ((@ p(qz>> ’p<q3>>+<pf<qz> qc>f2<<@ p<q3>> ’p@)% (7).

(B18)

4For given values of y? and D?, a high-skilled household solves the following optimization problem:

e (o= 2) 28 (- 2)
p: u(c)+7f((® p(@))" (@) v p(g?) w?)

The associated first order condition is

D? /(qc) ) D2 2 qug D2 - 2D2p’ (qf) _sz/ (qf)v’ D2 _yi
v l(p(qc)) fl(( p<q§)> ’p(q§>>+<p(q2> t (p(qg))2>f2] ()’ <p<q§) w2)'
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by combining (B17) and (B18)) one gets
D2 D2q2 )
2 2 2 c 12\ (2
q.f O — ) w?, =p (¢ )u (c7). B19
! 2(( p(a2))  "p(dd) (@) () (B19)

Comparing (B16)), (B17) and (B19) with the conditions characterizing the optimal behav-
ior of a high-skilled household under laissez-faire, one can see that at the solution to the

government’s problem all choices by high-skilled households are left undistorted.
The first order conditions of the government’s program with respect to 3, ¢! and D!

are, respectively:

+ o, (B20)
u’ (Cl) = (cl) + pm, (B21)

(o5t} el e (o st)

T )
3l e 2 (o )28
p({c)?}, (pﬁ’z%) - Zl) T p (B22)

== - ' . (B23)

Combining (B22) and (B21)) gives

1 1 1 1 (DY oyl
—p(a) +( w f1+qcfz)u7(;)” (6 — %)

_ ALQD Y B D! W2 D'q, ~ B D' 2 D'q. 2
= (@) [( fl<<@ pm) ’p<z>>+q8f2<<@ pm) @) M
A 1 _ D! n D'gq, 1 _ D! Wl D'q, 1
pr K_w h ((6 (Qé)> ’p(Q§)> ik <<® p(ql) ’Me@))) ! 1

p
/ [2\1 _ yl) D1 1
Ap(qh) | (p(qc) ) V(- 5)
i P (q) p(ql)

=

+

)



implying that there should be a downward distortion on D? iff

(o (o) 178 +a5((o-38) = 178) )
(o (o2 28 s (- 2 28)) ]

/ Dl yl )
U _
(p(q%) w!

p(q)

+
>

(B24)

Consider now the first order conditions characterizing an optimal choice for ¢. by a low-
skilled and a high-skilled household when both choose the bundle intended for low-skilled

households. ¢! and . are chosen to satisfy, respectively:

z];’((i))vlfé ((@ - pl()qlé)> < f(qull)> - (pl()l - gjl)

1 _ D! ot D\
A <@ p(Qé)> ’p(qé)%’
(B25)
p(q) 2 p1 . D! w2 D'g. — D _yil
Y@’ f2<<@ p(@:)) ’p(@)) (p(?jc) ’w2>
=2 ¢ _ D! W2 % 2
+q€f2<<® p(cﬂ)) ’JD(@)7
2 ¢ _ D! W2 D'q, 2
_(“f1<(@ p@c)) ’p@))”
(B26)

Substituting (B25))-(B26) into (B24)) and simplifying terms, one obtains that there should
be a downward distortion on D* iff

210 ([0 — L= )w2 DlAch) 1 g D! \ 1 Dlg
UL (( p(qﬂ) 77’(‘16) > v f2 ((@ B p(aé))w ’p(q}-))'

~

P (Ge) P ()

(B27)

Consider now how, for given values of y and D, the individual optimal choice of ¢, is

affected by changes in w, v and w. The private first order condition characterizing an
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optimal choice for g. (for given values of y and D), is given by

p(Qc) Iy D Y _(wf — ’
p/<qc)7f2_ <p(qc) w) ( fl quQ)P)/'

Totally differentiating the condition above gives:

(p/ (qc))2 —Pp (QC> p” (QC) / P (QC) w D
v (@) fadac + ”{ (

PP () D Dy
”{ )" <p @ ol

q
)
_ pr/(QC) " ( D _Dp/(QC) > "
”{ p@)? 2 @ pa)rk)

S (- e =)

Dy’ (q¢.) , ) Yoo,
+ v'dq. — v fodg. — V" dw
(»(q.)? ? (w)?
/ D ! p(qC) ( D > 1 ( D > 1!
+vfidw+ (O — w fi1dw + O — v fipdw — | © — Yqe frodw
h ( ) <qc>> whidet ro\® v e pla)) 1%

oofldy + (p(qc) ) fido

— qc
P’ (4e)
= 0.
Define €, as €,,, = 1;)/ ((qqcc)) ¢ and A as

v = ot - e ZE (Do rem] 0- g7} 2

€p,qc

D ., _ p(g) " (¢) .,
* [“’p@c) I ] B (B28)

where A < 0 from the second order conditions of an individual optimum. It follows that

we have:
d . "
( ¢ ) = >, (B29)
dw dp=0dy—0 (W) A
dqc f{ + (6 B 1‘%) [w {/1 + (Eplqc B 1) de {,2}
W J aD=0,dy=0
/ 1 /
dq. wfi+ (E - 1) qefs
— = — poge ) (B31)
dry dD=0,dy—=0 A

Denoting by €, = the elasticity of f] with respect tow (i.e. €5 = whf{i/fi = <@ — %) wit /),
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we can equivalently rewrite (dg./dw),p_q 4y —o 5

da. (e ) it (o-a) (B 1) et
<dw>dD 0dy0 A s (B32)

Suppose now that agents only differ in terms of wage rates (v' = 9? and w! = w?). Since

w’

for given values of y and D, leisure ¢ is given by (q 5~ 4 a high-skilled agent behaving

as a mimicker will enjoy a higher amount of leisure if, keeping fixed y and D, it is true

d(-2—_¥ /
that W = # - %% > (. Using (B29) we have:

(d(fr))  (pa))*A-Dy(@)v" 1y
dw dD=0,dy=0 (p(g:))* A (w)*’

implying that

4 (g — £ 2
sign § | —HE—2 = sign { Dp' (¢.)v" — (p (4.))* A} .
dD=0,dy=0

Defining €, 4. as €y 4, = ’; . 5:)) q., and using the definition of A provided by (B28]), we have:

Dy (q)v" — (p(ge)* A = —(wf) — acfa) P () ywD

1—c¢
— (qu 22 +Wle) (1 Ep,qc)p(qc) vD
p7

gc

_ [(1 _ ) frw— 1'2] (@)

Since each of the three terms on the right hand side of the expression above are non-

negative under our initial assumptions on the functions f (-, -) and p (-) | we can conclude
p@ 1) — g]—; > ﬁz) — g]—ll, and therefore, from the concavity
of the v (+) function, the right hand side of (B23] - ) is strictly positive, which in turn implies
that y' is downward distorted (1 — v ( ) Jw'u' (c') > 0). However, when either
w? > w! or 42 > 4! (or both w? > w! and 7% > '), one cannot in general rule out the
possibility that the right hand side of is negative, implying that y' ought to be

distorted upwards.

that, with 4! = 4% and w! = w?

Consider now the condition determining whether a downward distortion on D! is

°For the f (-,-)-function we have assumed f{} < 0, ff, < 0, fio > 0; for the p(-)-function we have
assumed that p(q.) = k(¢.)?, with k¥ > 0 and o > 1. The fact that ¢ > 1 implies that 1 — ¢, 4. < 0 and
0<1— e <1,

€p,qc
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optimal, i.e. condition (B27). We have that, keeping fixed D,

d (p’v(J;éc)) _ apv(j;i) (dCIc) (B33)
dw dD=0 % dD=0 dw dD:dy:O7

Ga))  _ (% (dqc> +<@_ D ) s B3
dw ) 0gc ) \dw ) up g p(gc)) P (gc)’

d (p7(];éc)> _ 81)7(/;2) <qu> n 2 (B35)
dy ) 0 ) o NV ) ap_gyee P (0)

Moreover,

<%) _ H}/(( oot +( (( >)qc) "} ;(/q(j)C) — For" (4e) (B36)

o ) 7 (@) "

and therefore:

n{(5) |} - ol (-2 s 2

( Dy
_ Sign{p’ (gc) " (1_1?’ (qc)qc> .y ,p” (qc)hl}

pa) )" v (q)

| £\ 1
= sign{(nsfl— arafe) b+ G- ) B30

c

B.3 Proof of Corollary 1

Part i). Assume, as in Corollary 1, that f{, > 0, p” = 0 (so that p(q.) = kg, €pq, =1

a2
and €, , = 0), 7' <4* and w! < w?. It follows from (B37) that sign { (%{;‘ZC)) } =
dD=0

vfé

0
sign {w frL }, and therefore (’5;‘?) > 0. Moreover, from (B29) we have that
dD=0

(%) > (0 and from (B31)) we have that (dqc> > (. Thus, from (B33 and
w ) dD=dy=0 dD=dy=0

B3

(@)

d( v Fh ) d( vy )

P’ (gc) p’(qc) ..
we have that — e > 0 and —5 > (. To show that condition
dD=0 dD=0

B27)) is satisfied, and therefore cht D' should optimally bg downward distorted, it is then

a %2
sufficient to show that (Cdijq))) > 0. With €,, = 1, we have that (dq“)dD_O -
e dD=0 o
simplifies to:
da, (e A B33
dw I N (B3
dD=0,dy=0
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where A, defined in (B28)), simplifies to:

/
) D
A= (@)t + 0] LD (539)
(P (4c))
Moreover, with €,,, = 1, (B36)) simplifies to:

0 7% "

( g((Ic)) — W 12D27. (B40)
e dD—=0 [p (QC)]

Therefore, substituting (B38))-(B40)) into (B34]) gives:

vy
(d (P’(;))) - _ (1 ™ Ef{,w) f{ (7)2(.{} {/2 +
dw ) (@)l + "] P (g)
D
_ (0—525) v fiw g, -
W)y fh +o" P ()

(0= 25) v/
P (qc)

Part ii). Now assume that fj, = f¥ = 0, p” > 0 (so that p(q.) = k(¢.)7, with o > 1,
€pge = 0 and €y, = 0 —1 > 0), v' = 7? and w' = w? It follows from (B37) that

, "(gc) — a1 1 "(ac)
sign | | 5o = sign {(1 —0) ia}7 and therefore | —58 < 0. Moreover,
dp=0 dD=0

% > (0, we can conclude from (B33 that
dD=dY =0

condition (B27) does not hold, implying that D! should optimally be upward distorted.

since from (B29)) we have that (

B.4 Derivation of (11) and (12)

From condition (9) one obtains:

'7.][5 — (1 — 6)5/1/] (@ — hLm) dqc (B41)

' = — (0= 1) p(g,) di—

If we now substitute (B41) in (10), this gives:

dhl,in dhl,in
(otty -0t { s+ O

B dhl’i” o .
vttty aut) B (@ - w)p@yas s

+7f2 (€ = h") dg,
= 0,

v f5 — (1= B) pu'] (© — htim)

U/

dq,
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or, rearranging terms:

dhl,in ] dhl n
(T~ 2.ID) [ (01" p(@) ] a9

T b
AR dR g (L= ) (O — B
+7 (W {/2 — 4. £/2> [ dac - dbl u dQC
+7/22 (O — b dg,
. (B42)

Totally differentiating the first order condition (8), that applies to low-skilled households

who opt-in, gives:

dhm u

ZE R [0 L TRy AL B
N Y Y T ¥ (T 2
dq. vy (W) - 20Tt + (@) 3]
dz;m — 0. (B45)

Substituting (B43])-(B45) in (B42) gives:
o
Y (wfiy = Tef20) v (@) s — 2,0 + @ T }p(qc) dg

[f3 = (© = hY™) (wfiy — T fin)] v — (1 = B) '/
vy {(W) 1 — 2w, fly + (7.)" é&]
722 (€ = h'™) dg. = 0,

+7 (Wfis = Tef5) dg

C

from which one obtains

} (il = T3 P (@) W

dg. = d

T @ [ = Fifs] — 0 fa} (O — ) — (wfty — 0.f3%) 15 — (1= B) p] ’
(B46)

Substituting the value found above for dg, into (B41)) gives:

{ 7 (@) [(Fa)? = Fufss] — " 12
7(“)2 {( ) -/t 22} — V" f3p — (me7qu22)(gzj;fljiglliﬁ)pl@w]

= - }(@ B b (a.) dp

(B47)

Finally, taking into account that at the initial equilibrium, 8 = 0 and § = ¢'*, so that
5= (1= B)p (7.) v =0, egs. (B46)-(B47) can be simplified to obtain (11)-(12).
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B.5 Derivation of the negative welfare effect of an opting-out

public provision scheme on the utility of mimicking house-
holds

With respect to the impact on the first self-selection constraint (V2 (b2, 4%) > V2 (b, y'))

we have a positive mimicking-deterring effect since mimickers’ utility change by

v (', y")

dV?2 (bl,yl) = —p(q.) (@ - hln) S4B <0,

With respect to the impact on the second self-selection constraint (V2 (b% y?) >
V2(q,, 3, y')) we have that mimickers’ utility change by

dv* (7.,8,0",4")

8V2 (6(,‘7 /8? bl? yl) av2 <6C’ /87 b17 yl) aVQ (6(;7 /67 b17yl)

= dq d db’
a7, Ge o8 b+ b1
S\ rin (7 Sin\ (Wi = Gef) p (@) W
— @ _ h’LTL ,yf m whln’ @ _ hln qc 4 : dﬁ
(O (A0 =00 ) S iy o (g — ] - @~y
i N (Wt = Gefso) p (@) W
—(©@=n")(1-8)p" (G.)u : : : : dg
( ) (O = hbim) (W) [(f12) — fiufsh] — (© — hbim) v £

+p(@.) (0 — A" w'dp — (6 — k") p (7,)u'dp

I X Zin\ = ! (= / @_Bm (w {g_qcféé)p<qc> u’

— in hzn’ O — " ) - . . :
|:,y 2 (w ( >Q) (1 B)p (q)u]@_hl’zn’y(b«.})Q |:< {/2)2_ {/1 é/2:|_v// 512

+p(q.) (W' = B) u'dB. (B48)

To assess the sign of the expression above one needs to determine the sign of A1 —Rin,
For this purpose, consider the first order condition characterizing the private optimal

choice of h for a household who opts-in:

(1-8)p@)u (0"~ (1—B) (O —h)p(3,)) - <@_?J1_h>

+y[wfi (wh, (© = h)q,) —G.fs (Wh, (© — 1) 7q.)]
= 0.

Totally differentiating the first order condition above gives (and taking into account that
we are here assuming v’ = 0):

o"dh 7 (@) flh — 2l + (@) fi) dh — (y)zv"dw:o
w
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Thus, defining T as
T=v"+7 W) — 271 + (@) 1] <0,

we have:

dh "
e w
dw  (w)* T
which in turn allows us to conclude that A" — hin < 0.

Thus, the last term on the right hand side of (B48)) is negative. Regarding the other

term, its sign is the opposite of the sign of the expression within square brackets. However,
_ ’yfé((A)hl’in,(@—hl’in)ac)

since we know that at the pre-reform equilibrium g, satisfied p’ (g.) = o ,

having established that h' — hin < 0 allows concluding that ~ f4" (wﬁi”, (@ - /ﬂm) qc) —
(1-5)p (G.)w > 0. We can then conclude that the proposed reform also has a detri-

mental effect on a high-skilled households who mimic and opt in.

C Child care subsidies in the United States

Focusing on the case of a family with one child filing jointly, in this appendix we describe
in more detail the rules governing the federal and state subsidies that we model in our
analysis.

At the federal level there are two tax credits. One (the CTC, i.e. Child Tax Credit)
is independent on whether a family had child care expenses or not. It is only based on
the fact that the family has a dependent child. This tax credit (which is displayed in line
22 of the NBER TAXSIM “federal tax calculations”) takes value 1.000 USD for all levels
of family AGI (adjusted gross income) up to 110.000. Starting at an AGI of 110.000, it
starts being phased out: for every 1.000 USD of AGI in excess of the 110.000 threshold,
the value of the credit is reduced by 50 USD (for example, for an AGI=112.000 USD, the
credit is equal to 1.000 — 2x50=900 USD). Thus, this credit goes to zero at AGI=130.000.
The second federal tax credit (the CDCTC, i.e. Child and Dependent Care Tax Credit) is
conditional on the family having incurred child care expenses (this credit is displayed in
line 24 of the NBER TAXSIM “federal tax calculations”). This credit takes the following
form:

BFED (yAGI) - min {3.000, D,w'L, mem} ,

where D denotes actual child care expenses for the family, 3.000 is a fixed amount,
wfL7’ is the earned income of the father, w™L™ is the earned income of the mother,
and prEP (yAGI ) takes value between 20% and 35% according to the decreasing schedule
in table [

Since US states usually offers an additional tax credit that differs in generosity across

states, in our analysis we set focus on the case of California and model the California child
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Table 1: Federal and California tax credit schedule

YAGI 5FED YAGI ﬁFED YAGI 5CAL

0 - 15000 35%  29,000- 31,000 27% 0 - 40,000 50%
15,000- 17,000 34%  31,000- 33,000 26%  40,000- 70,000  43%
17,000- 19,000 33%  33,000- 35,000 25%  70,000- 100,000 34%
19,000- 21,000 32 %  35,000- 37,000 24%  100,000- 0%
21,000- 23,000 31%  37,000- 39,000 23%
23,000- 25,000 30%  39,000- 41,000 22%
25,000- 27,000 29%  41,000- 43,000 21%
27,000- 29,000 28%  43,000- 20%

care tax credit which is a fraction of the second federal tax credit illustrated above. (This
credit is reported on line 38 of the NBER TAXSIM “State tax calculations”.) Thus, the

value of the State tax credit can be expressed as follows:
BC’AL (yAG]) 'BFED (yAGI) . min {3‘0007 D, wafvmem}7

where 3CAL (yAGI ) takes value between 0% and 50% according to the decreasing schedule
in table [Il

Finally, the last subsidy scheme that we model is the CCDF (Child Care and De-
velopment Fund). This is a block grant fund managed by states within certain federal
guidelines. CCDF subsidies are available as vouchers or as part of direct purchase pro-
grams, and is primarily targeted to low income families (eligibility is restricted to families
with income below 85% of the state median income) who are engaged in work related
activities. Whereas the federal recommended subsidy rate for the CCDF is 90%, only a
certain proportion of eligible households (those with income below 85% of state median
income) receive the subsidy: 52%, 37%, and 18% of households (with kids aged under
6) living, respectively, below, between 101% and 150%, and above 150% of the poverty
threshold (US Department of Health and Human Services, 2009). Based on these figures,
and considering a baseline CCDF rate equal to 90%, which is the recommended subsidy
rate under Federal guidelines, we therefore approximate the CCDF effective subsidy rate
(for a family with two adults filing jointly and one kid aged under 6) through a linearly
decreasing function that starts at 97% (when the household AGI is equal to zero) and
reaches zero when the household AGI is equal to 41.000 USD (where 41.000 USD repre-
sents the eligibility threshold in California, defined as 247% of the poverty threshold).

27



D Computational approach

The optimal tax problem that we solve in this paper is a so-called bi-level programming
problem. The challenges associated with solving bi-level optimization problems numeri-
cally are well-known. The difficulties usually derive from the need to impose the first-order
conditions to the agents’ problem as nonlinear equality constraints in the government’s
optimization problem[f] Given the large number of private decision variables, we did not
find a procedure that incorporates the first-order conditions as constraints to be very
robust. Instead, we compute the solutions to the individual decision problems numeri-
cally using a nested optimization procedure. In contrast to the first-order approach, this
procedure allows us to take into account both first and second order conditions in the
individual optimization problem. The drawback is that we have to rely on numerical
approximations of derivatives in the upper level which significantly increases the time it
takes to find an optimal solution. In addition there is a computational overhead associ-
ated with the nested optimization layer. To increase performance, exact first and second
order derivatives to the lower level optimization problem were provided to the numerical
optimization algorithm and we relied on a fast implementation of the key computations
in C++.

The presence of an extensive margin of labor supply for mothers and the heterogeneity
in the fixed cost of working imposes particular challenges for finding the solution to the
government’s problem. Perhaps most fundamentally, since we have both heterogeneity in
the fixed costs of working and in skills, the government’s problem is a multidimensional
screening problem. Such problems are inherently complex to solve since designing a fully
nonlinear income tax implies that the government screens workers by offering a distinct
contract to each type of agent subject to a set of self-selection constraints. When the
type space is multi-dimensional, unless the number of types in each dimension is very
small, achieving an incentive-compatible allocation requires that a very large number of
incentive constraints be satisfied [’

In the main text, we describe the main simplifications that we have adopted. These
simplifications notwithstanding, there are three main obstacles towards increasing the
number of skill types that we consider. First, for every additional type one needs to
compute additional individually optimal decisions (i.e. hours of work and child care de-

cisions), which requires additional computational resources. Second, for every additional

6Similar challenges appear in dynamic mechanism design problems where savings are assumed to be
unobservable to the social planner. In our setting, after all possible substitutions have been made, there
are four privately chosen variables that are handled in the subproblem. These are: the labor supply of
the mother, the hours of maternal care, the hours of formal child care, and the quality in formal care.

“For a discussion about the exponential increase in the number of self-selection constraints in a multi-
dimensional screening setting, see Bastani et al. (2013). In the present case, due to the complexity of the
individual subproblem, each additional incentive constraint that needs to checked entails a substantial
computational cost.
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agent we introduce in the economy, we need to expand the set of pre-tax/post-tax income
points offered by the government, which increases the number of control variables that
need to be optimized in the “main” government problem. These additional income points
also generate additional self-selection constraints, making it more difficult to achieve con-
vergence in the main problem. Finally, and perhaps most critically, as explained below,
adding types increases the number of marginal workers that need to be identified in order
to determine the number of mothers who find it optimal to work.

There are two approaches to modeling the extensive margin. One approach is to let
agents optimally choose their labor force participation status in the lower level optimiza-
tion problem. This implies that the fraction of workers at each skill level is endogenous to
the tax system. While this does not introduce any non-smoothness in the government’s
social welfare function or tax revenue function (provided the number of cost types is suffi-
ciently large), it does imply that individuals might switch discretely from working to not
working, or vice versa, in response to a small change in the income tax. This causes an
undesirable reshaping of the set of incentive constraints, which makes it difficult to find
solutions to the government’s problem using gradient-based optimization algorithms. We
have therefore refrained from this approach. Instead, we add the binary variables associ-
ated with mothers’ labor force participation decision as artificial control variables of the
government, while adding a set of constraints ensuring that the labor force participation
decisions assigned to agents are incentive-compatible. The benefit of this approach is that
the marginal control variables can be treated as exogenous and optimized in a separate
optimization layer. This means that our optimization problem has three layers. An outer
layer where we choose the labor force participation levels at each skill level (equivalent
to identifying the marginal worker), a middle layer where we choose the pre-tax/post-tax
income points as well as the child care subsidy instruments, and a bottom layer, where
agents make optimal decisions taking the tax policy environment as given. For the upper
layer, as will be explained in more detail below, we rely on a customized global search of
the parameter space which has a computational complexity similar to a grid search. We

therefore employ all our parallel computing resources at the upper levelﬁ

E Robustness with respect to specification of innate
ability

In table [2| we show the results for the means-tested subsidy for the case where the innate
(wi,+w'’)/2

8The model was solved on a dual processor Intel Xeon workstation with a large number of computa-
tional cores.
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Table 2: Means-tested subsidy

Allocation in households where the mother works

iy c Lw Ly hm 2 g ¢ ple) 3 T B U

1 4717 4463 0.21 047 0.09 0.13 1.38 126 1.53 -0.08 0.17 -0.06 241
2 58.05 50.6 0.27 044 0.11 0.13 251 134 2 -0.01 0.24 -0.08 3.39
3 79.21 6272 035 046 0.12 0.13 424 146 287 0.08 0.14 -0.03 4.54
4 9521 72 037 042 0.15 0.13 816 16 4.12 0.11 0.17 0 6.31
5 143.84 103.86 0.45 0.4 0.17 0.13 22.05 1.8 747 0.15 -0 0 10.41
Allocation in households where the mother does not work

iy ¢ Ly Ly hn 2 g ¢ pe) 5y Ty B U

1 3862 38.07 0 0.47 0.16 0.13 142 122 136 -0.13 024 -0.12 2.28
2 4555 4141 0 049 022 0.13 265 1.33 196 -0.05 0.22 -0.07 3.14
3 4921 4325 0 046 0.28 0.14 468 142 254 -0.02 0.31 -0.08 4.21
4 6156 4949 0 049 034 0.14 879 159 4.01 0.05 0.2 0 5.77
5 8394 6439 0 0.52 043 0.13 2369 1.8 7.71 0.1 0 0 9.58

Household taxable income y and consumption ¢ expressed in thousands of USD (2006 values).
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